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Abstract— We have developed a robust method to perform 

retinal vascular fractal analysis from digital retina images. The 

technique preprocesses the green channel retina images with 

Gabor wavelet transforms to enhance the retinal images. Fourier 

Fractal dimension is computed on these preprocessed images and 

does not require any segmentation of the vessels. This novel 

technique requires human input only at a single step; the 

allocation of the optic disk centre. We have tested this technique 

on 380 retina images from healthy individuals aged 50+ years, 

randomly selected from the Blue Mountains Eye Study 

population. To assess its reliability in assessing retinal vascular 

fractals from different allocation of optic centre, we performed 

pair-wise Pearson correlation between the fractal dimension 

estimates with 100 simulated region of interest for each of the 380 

images. There was Gaussian distribution variation in the optic 

centre allocation in each simulation. The resulting mean 

correlation coefficient (standard deviation) was 0.93 (0.005). The 

repeatability of this method was found to be better than the 

earlier box-counting method. Using this method to assess retinal 

vascular fractals, we have also confirmed a reduction in the 

retinal vasculature complexity with aging, consistent with 

observations from other human organ systems. 

 

Index Terms—Blue Mountains Eye Study, Eye Fundus, 

Fourier Fractal Dimension, Gabor Wavelet 

 

I. INTRODUCTION 

HE retinal vasculature is a non-invasively observable 

circulatory system in the eye [1-4], which provides useful 
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information about the microcirculation in the body. It has been 

found to assist in identifying health or disease in the retina and 

other vascular systems [5-9]. Previous studies have identified a 

number of features of the images of the retinal vessels that can 

indicate different disease processes. For example, retinal vessel 

caliber may provide an early indicator of the risk of coronary 

heart disease [8]. Other measures of retinal vascular 

characteristics, such as vessel tortuosity and bifurcation angle, 

have also been explored [10, 11].  

Recent studies have attempted to summarize the structure of 

the retinal vasculature by fractal dimension (FD), assessed 

using the box-counting technique, as a measure of 

“complexity” in a system [12-16]. These studies have 

demonstrated a number of possible applications of retinal 

vessel images. However, box-counting requires the 

segmentation of the vessels in the retina images. While 

automatic segmentation of the vessels has been developed [17], 

these have not been found suitable for images where there are 

number of distracters and there is large variation.  Often there 

is the need for manual and time-consuming tracing of the 

blood vessels, and this has restricted the analysis to relatively 

small datasets [12-15]. Even with the semi-automated approach 

introduced recently, manual deletion of distracters such as 

light artifacts, shadows and background noise is still required 

[16]. Besides the cost, both the manual and automatic vessel 

segmentation processes are prone to error because of 

differences between experts making the outcome dependent on 

the experience of the grader, in the case of the manual process, 

or of variations in image color, brightness and contrast, in the 

case of automatic processes. There is a current need of 

developing a technique that could reliably measure the fractal 

properties of retina images without requiring segmentation 

methods to identify retinal vessels.  

  We have proposed the use of the Fourier Fractal dimension 

(FFD) approach to compute the FD of the retinal images. FFD 

has been used to quantify the grayscale images projected on to 

three-dimensional fractal surface [18]. The advantage of FFD 

is that it computes the fractal dimension of gray scale images, 

and eliminates the need for image segmentation [18]. It has 

also been found to be relatively insensitive to noise and it is 

believed to work effectively with data having low signal-to-

noise ratio [18, 19]. FFD has successfully been used for 

computing FD in some biomedical applications such as for the 
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analysis of the hepatic sinusoidal network in rat liver [20].  

Another major difficulty associated with the analysis of 

retina images is the quality of the image and the need for 

appropriate image enhancement before FD analysis. While a 

number of image enhancement techniques are available, 

wavelet analysis has been considered most suitable [21, 22]. 

However, wavelet transform based techniques involve selection 

of the most appropriate mothers of wavelet functions and 

scales. Soares et al. established that the Gabor wavelet is the 

most suitable wavelet function for retina image enhancement 

[22]. The most suitable scale for the FFD analysis, however, 

has yet not been established. We studied the impact of wavelet 

scales on outcomes and identified the most suitable scale for 

preprocessing of retina images for the fractal surface analysis.  

In this manuscript, we present a methodology for obtaining 

the FD of retinal images. This includes the image enhancement 

using wavelet transforms, the implementation of FFD 

computation, testing the robustness (repeatability and 

reliability) of the technique and validating the results by 

evaluating its associations with age, a well known association 

found with FD in biological organs and systems [23-25]. 

.  

II. METHODOLOGY 

A. Materials and Pre-processing 

We used the data collected during the Blue Mountains Eye 

Study (BMES), a population-based cohort study of eye 

diseases and other health outcomes in a suburban Australian 

population (age range, 50-89 years) [1, 26]. After pupil 

dilation, 30-degree field retinal photographs were taken using 

a Zeiss FF3 fundus camera. Optic disk-centred images were 

then digitized using a Canon CanoScan FS2710 slide scanner 

(Canon Corporation, Tokyo, Japan), with 24-bit colour and a 

maximum resolution of 2720 dpi without enhancement.    

Only the healthy subjects’ data were analysed. These were 

subjects without any known eye disease, cardiovascular 

disease or diabetes. This data was subdivided based on age and 

into 2 age groups: (1) 50-69 years; (2) 70-89 years. Random 

samples of right eye retina images were taken from each of 

these subgroups, with 193 images from the first group (50-69 

years), and 187 images from the second group (70-89 years). 

As a first step, these images were down sampled to 778 x 

519 pixels. This was done to reduce the computational 

complexity and make the resolution comparable with other 

similar studies [21, 22]. Only inverted green channel of the 

retina image were used for the analysis [22, 27, 28].  

 The next step was the manual identification of optic disk 

centre (ODC). The region of interest (ROI) was obtained by 

taking 150-pixel radius from the centre of the optic disk 

manually identified, and selected for best visibility of the 

vessels. The image was cropped using a bounding rectangle of 

size 300 x 300 pixels. The images were cropped to avoid 

analyzing unnecessary portion of the image. 

B. Vessel Enhancement 

The next step was to ensure that the analysis were not 

degraded by the influence of illumination, ocular media 

opacity and reduced contrast. The images were enhanced and 

represented as a three-dimensional surface using a wavelet 

transform, based on methods reported previously [22, 27, 28]. 

This was done using directional matched filter with Gabor 

wavelet as the kernel. Matched filter at a single scale was 

employed by maximizing the responses over a discrete set of 

kernel direction at every pixel using two-dimensional Gabor 

kernel for each direction. 

Gabor wavelet is defined as, 
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is a 2 x 2 diagonal matrix that characterizes its elongation in 

any  intended direction.  Based on the work of [22], elongation 

, was fixed at 4 and the vector of the horizontal and vertical 

frequencies, k0 was fixed to k0=[0, 3]. The image was 

decomposed using wavelet transform at five different scales 

with 8,7,6,5,4a . 

Maximum responses were obtained over 18 equally 

separated angles starting from 0 degree to 170 degrees. An 

example of this analysis is shown in Fig. 1 which illustrates 

the original image, the Gabor wavelet at 0 degree orientation, 

and the surface of the enhanced vessels. 

C. Fourier Fractal Dimension (FFD) 

The first step in the computation of FFD is the generation of 

Fourier transform of the enhanced image. The Fourier 

transform of the image ),( yxf  of size NN  is calculated as 
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where F (k,l) is the Fourier transform, with k and l varying 

from 1…N. The magnitude of the Fourier transform (M) of the 

image is given by 
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(a) 

 
(b) 

 
(c) 

Fig. 1.  Steps for vessel enhancement. (a) Original retina image cropped at 200-

pixel radius from optic disk center. (b) Gabor wavelet at 0 degree orientation. 

(c) Surface of the maximum responses of the Gabor wavelet transform over 18 

angles. 

                  

where F  has to be radially sampled from the center of the 

image [18, 20] . To obtain the overall spectrum of the image, 

the overall frequency, ,  is the radial distance, and the 

corresponding magnitude of the Fourier Transform 

corresponding to  is the value of M (k,l) on the circle of 

radius  . To obtain the FFD, the relationship between M and 

the  has to be obtained on a logarithmic scale. M 

incorporating the logarithmic function (equation 6), we plotted 

M  vs.  )log(  as shown in Fig. 2. The FFD is related to the 

slope of the plot,  as  
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(a) 

 
(b) 

Fig. 2.  Calculating the Fourier Fractal dimension. (a) Fourier transform of the 

retina image. (b) The slope of the Magnitude vs. Log (frequency) plot,  is 

associated with Fourier Fractal dimension by 2/)6(FFD . 

 

   

D. Effect with Noisy Images (Robustness Test) 

FFD robustness against noise was tested on the image with 

known FFD. This image was added with noise models 

typically found in biomedical images; Gaussian, Poisson, and 

Salt and Pepper [29]. As the first step of generating noisy 

images, 100 synthetic images of known FFD were generated. 

These synthetic images were based on the following 

relationship between spectral density )( fS  and frequency f ,  

 

                                    
ffS )(

.  (8) 

 

The values of  corresponding to the spectral distribution 

of random white noise, pink noise and Brownian noise are 0, -

1 and -2 respectively. White noise comprises of spatially 

independent amplitudes, pink noise exists in wide range of 

natural phenomena and brown noise matches a non-fractal 

deterministic Euclidean surface. 

The generation of these synthetic images follows the 

algorithm described by [30] which is defined as 
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(a) 

 

 
(b) 

Fig. 3.  Synthetic fractal images that follow ffS )(  relationship. (a) 

Fractal dimension of 1.1. (b) Fractal dimension of 1.5. Notice that FFD 

increases with “coarseness”. 
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where Z  is an image of size nm  pixels with spatial 

coordinates  x  and y   and )( ,vufS  is the spectral density of 

frequency f  and the subscripts u  and v  are the frequency 

components in the x  and y  directions.  is the randomizing 

element which is chosen independently from a uniform 

distribution of angles 20 . The fractal dimension FD  is 

related to  as described in (7). Fig. 3 illustrates the images 

generated through this process. 

E. Effect of Different Allocation of ROI (Repeatability Test) 

The identification of the optic centre of the image lacks 

precision and is often dependent on the expertise of the grader 

and may affect the repeatability of the outcome. To test the 

impact of the variation in the identification of the optic centre, 

and test the repeatability of the technique and its independence 

from the expertise of the graders, Monte Carlo simulation, 

based on experimentally determined variations between 

different graders and different images, was used to obtain 100 

different optic centers and the resultant 100 different region of 

interest (ROI). The error of locating the ROI was assumed to 

be Gaussian which was also experimentally confirmed (Fig. 4).  

 
Fig. 4.  Histogram describes the error distribution of locating the ODC. The 

line represents Gaussian fitting of the distribution. 

 

 
Fig. 5.  Illustration of three different ROIs generated by Monte-Carlo 

Simulation. Each circle corresponds to one ROI. 

 

To model the error between different graders, 15 non-

experts were asked to locate the optic disk centre (ODC) from 

retina images after they had been given the definition of optic 

disk to be an elliptical area which is brighter than its 

surrounding and the ODC as a convergence point to the blood 

vessels. They were also given one example of the ODC.  

Based on the outcomes of the identification of the optic 

centre by the 15 lay persons, statistical error was computed  

 

 jijij X  where },{ yxX ,   (10)  

 

where X  represents the (x, y) coordinate of the ODC specified 

by the non-expert grader, i,  is the mean location of ODC 

for image j and ij  is the error which is the Euclidean distance 

between the mean location of ODC and the ODC identified by 

grader i of image j. The histogram of ij  for the resulting 330 

error distribution populated from the 15 graders inputs 

allocating the ODC from randomly selected images is shown in 

Fig. 4. It was observed that the distribution could be fitted by a 

Gaussian function,   
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(a) 

 
(b) 

Fig. 6.  Stereo image. (a) Retina image taken from the right to the optical axis. 

(b) Retina image taken from the left to the optical axis. 

 

where ,844.00x  051.6 . 

Using Gaussian distribution (11), 100 Monte Carlo 

estimates of the optic centre were obtained for each image. Fig. 

5 shows three examples of different ROIs generated by this 

technique. 

F. Effect of Angle of Imaging (Reliability Test) 

Ideally, the retina image should be taken with the camera 

lined with the optical axis of the eye. However, this may not 

always be the case. Variations in the angle can result in 

changes in the light intensity distribution and also cause 

variations in the shadow effects in the image, resulting in poor 

repeatability of the experiments [31]. The technique proposed 

in this paper overcomes this shortcoming because FFD is less 

sensitive to noise as it does not require the image to be 

binarized. While the gray scale image analysis are also 

sensitive to noise and variations, we hypothesis that 

binarization tends to exaggerate this and causes the large 

variations in the outcome.  

To verify the improved repeatability of this technique, 30 

stereo pairs of retina images (n=60) were used. Each photo of 

the two in these pairs was taken using the same camera as 

described previously, from different photographic angles to 

obtain a stereo view of the image pairs.  

 
Fig. 7.  Heat map shows pair-wise correlation of 380 FFD measurements over 

100 different ROIs. The diagonals are correlations of FFD from the same ROI 

(the mean correlation is 0.93 after removing the diagonals). 

 
Fig. 8.  Fourier Fractal dimension for the two age groups (n=380). 

 

If the measurements of the images taken from the right and 

the left angles correlate, the technique can be considered to be 

insensitive to the relative angle between the camera optical axis 

and the eye optical axis. Fig. 6(a) and Fig. 6(b) were captured 

few seconds apart and the angle of imaging differs by 

approximately 7 degrees. The differences in lighting and 

resultant shadows are evident from the two images. 

G. Validation using Age-based Data 

To test the efficacy of this technique, age-based data were 

analyzed. The reduction in the complexity of the body has 

been recognized by [25]. While reduction in FD of the retina 

scan is expected with aging, most FD analysis of the retina 

using box-counting approach has been unable to report 

significant reduction in the FD with aging [13-15]. 

Experiments were conducted to obtain the FD of the retina 

images using FFD and the significance of separation of the 2 

classes was taken as a measure of the efficacy of this 

technique. 

III. RESULTS 

Table I shows the correlation (for 100 images) between the 

known and computed FFD of the noisy image. This table 

shows that there is a strong linear relationship between the two 
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and thus validates the robustness of FFD measurement technique against noises. 
 

TABLE I  

PEARSON'S CORRELATION COEFFICIENT OF THE 

NOISY FFD WITH THE THEORETICAL FFD  

Type of Noise Correlation Coefficient 

Gaussian 0.9908 

Poisson 0.9985 

Salt & Pepper 0.9805 
 

TABLE II 

INTRA-GRADERS REPEATABILITY EXPERIMENT 

Method 

Num

ber of 

Images 

Number of 

Graders Correlation 

Box-counting [16] 60 
2 human 

graders 
0.93 

FD7 380 

100 

simulated 

graders 

0.93 

 
TABLE III 

RELIABILITY EXPERIMENT USING STEREO IMAGES 

Vessel Segmentation/Enhancement Method Method to 

Estimate Complexity 

Correlation 

Nonlinear-orthogonal projection segmentation 

[33] 

Box-counting 0.57 [Centre for Eye 

Research Australia, personal 

communication, March 20, 

2010] 

Curvature-based retinal vessel segmentation [17] Box-counting 0.48 [Centre for Eye 

Research Australia, personal 

communication, March 20, 

2010] 

Gabor Wavelet supervised segmentation  [22] Box-counting 0.61 

Gabor Wavelet enhancement (scale 4)  FFD 0.65 

Gabor Wavelet enhancement (scale 5) FFD 0.64 

Gabor Wavelet enhancement (scale 6) FFD 0.60 

Gabor Wavelet enhancement (scale 7) FFD 0.74 

Gabor Wavelet (scale 8) FFD 0.55 

 

TABLE IV 

STATISTICAL SIGNIFICANCE OF RELATIONSHIP OF AGING WITH CHANGES IN FD 

Method Pearson’s Correlation 

Coefficient, r 

P-Value 

Box-counting on skeletonized vessel D0 

[13] 

-0.2017 0.3561 

Box-counting on skeletonized vessel D1 

[13] 

-0.1270 0.5636 

Box-counting on skeletonized vessel D2[13] -0.0582 0.7919 

Box-counting on vessel tracing [14] 0.5061 0.1356 

Box-counting on vessel width [16]  -0.42 <0.0001 

FFD -0.45 <0.0001 

 

The mean (for 380 images) of the Pearson’s correlation 

coefficient between the fractal dimension computed using FFD 

for the 100 simulated ROI of each of the images are tabulated 

in Table II. This is a measure of the independence of the 

outcome from the grader expertise, thereby the measure of the 

repeatability of the technique. The results show that the mean 

correlation coefficient (standard deviation) was 0.93 (0.005) 

after removing correlations of same elements, when the ROI 

was based on 15 untrained graders which is the same as 

correlation achieved when 2 expert graders were identifying 

the ROI when using box-counting approach. 

Fig. 7 shows the heat map of the Pearson’s correlation of 

380 FD7 measured from 100 ROIs. The diagonals are the same 

ROI pair-wise correlations. Table II compares FFD with box-

counting technique [16]. Table III is a comparison of the 

correlation between the FD of the stereo images based on box 

counting approach and FFD. It indicates that while the 

outcome of using the box-counting approach was sensitive to 

the difference between the stereo images having approximately 

an axial separation of 7 degrees, FFD was much less sensitive. 

The results also indicate that the best result was obtained when 

the image was enhanced using Gabor wavelets scale 7. 

The FFD box-plot of the two age classes is shown in Fig. 8. 

The box-plot demonstrates a measurable reduction in FD, with 

significant difference between the two classes (p < 0.0001). 

This is consistent with findings of reduced complexity 

associated with aging in other parts of the body [23, 24, 32]. 

Table IV compares our result with box-counting techniques 

previously reported in literature [13]. D0, D1, and  

D2 correspond to box-counting technique measured at 

different resolutions. 
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IV. DISCUSSION AND CONCLUSION 

Automatic vessel segmentation of retina images is essential 

for computing fractal dimension based on box-counting 

technique. While excellent vessel segmentation techniques 

have been developed and reported in literature, [17, 22, 33], 

these have not been tested on datasets with variations in 

illumination conditions. When the automated vessel 

segmentation method was tested on dataset with larger 

variation, there was a need for manual intervention which is 

expensive and the outcomes are grader expertise dependent 

[16].  

We have developed and tested a reliable method to measure 

the fractal dimension of retina images. This includes the 

preprocessing of the retina image to improve its quality using 

wavelet transforms, and the use of Fourier Fractal dimension 

(FFD) to obtain the FD of the image without requiring the 

binarization of the image. The proposed technique does not 

require segmentation of the vessels and thus has overcome the 

earlier shortcoming. This makes it suitable for automated retina 

image analysis and thus makes it possible for analysis of large 

data-sets, which has not been possible due to the need for 

expert graders for manual intervention. It also makes the 

outcomes more reliable as these are not dependent on the 

graders’ expertise. 

The proposed technique has been first validated using 

synthetic noisy images. The results show a significant 

correlation between the known and computed noisy FFD 

(Table I). This confirms the robustness of FFD against noise.  

Experiments were also conducted to test the impact of the 

angle between the camera and the optical axis. Changes in this 

angle cause variations in the brightness of the image (Fig. 6) 

and can also change the direction of shadows in the image. 

There can be a significant impact from these shadows when the 

image is binarized. Some vessels that are observed in the 

segmented image from one angle may be missed from another 

angle. The results of the experiments (Table III) demonstrate 

that the outcomes are more reliable and less sensitive to the 

angle between the camera and the optical axis of the eye 

compared with box-counting method. This is because FFD 

does not require the segmentation of the image  

and there is no global threshold. Thus the impact of the angle 

of the camera, which results in variations in the local 

conditions in the image, is not large. The results indicate that 

wavelet transform at scale 7 provides the best results in terms 

of reliability. This indicates that at this scale, the noise and 

artifacts get diminished while only the relevant retinal 

vasculature is highlighted, making it less sensitive to variations 

in the camera angle.    

To compare this technique with box-counting technique, 

data with known relationship (impact of aging) was studied. 

While many previous studies using box-counting approach 

have been inconclusive regarding the relationship of changes in 

the FD with aging [13-15], the results of experiments 

conducted using 380 retina images demonstrate that this 

technique was able to identify the reduction in complexity 

measured as FD with aging (Fig. 8 and Table IV). Our 

technique has experimentally validated the expected decrease 

in FD with aging [23, 24, 32], results being comparable with 

FD computed based on vessel width which requires high level 

of manual intervention [16]. 

The novelty of this technique lies in the use of FFD on gray-

scale retina images, eliminating the binary segmentation of the 

vessel network which is prone-to-error whether carried out by 

human expert or by automated algorithms. The technique is 

also insensitive to the choice of the optic centre (within the 

range of average grader, Table II). The other factor that 

improves the overall performance of this method is the 

appropriate choice of wavelet scale for matched filters reduces 

the impact of local differences that happen due to the change 

in the illumination conditions. This is evident when comparing 

the employed FFD and the Box-Counting methods, a) the 

better reliability of FFD with higher correlation of 0.74, and b) 

the consistent finding of statistically significant reduction of 

complexity with aging (r=-0.45, p < 0.0001). This technique 

provides an important basis for further exploring the potential 

for fractal measurements of retinal vasculature to be used as 

subclinical markers for systemic vascular conditions such as 

heart disease, stroke, diabetes and other conditions which 

deserves further exploration [16].  
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