Registration of Images with Varying Topology using
Embedded Maps

Xiaoxing Li

Dissertation submitted to the Faculty of the
Virginia Polytechnic Institute and State University

in partial fulfillment of the requirements for the degree of

Doctor of Philosophy
in

Computer Engineering

Committee Members:
Christopher Wyatt
Ge Wang
Jason Xuan
A. A. (Louis) Beex

William T. Baumann

Nov. 16, 2010
Blacksburg, VA

Key words: registration, deformable, Riemannian embedding, topological change
Copyright 2010, Xiaoxing Li



Registration of Images with Varying Topology using
Embedded Maps

Xiaoxing Li

(ABSTRACT)

In medical images, intensity changes caused by certain pathology can change the topology
of image level-sets and are thus commonly referred to as topological changes. Topological
changes cause false deformation in existing deformable registration algorithms, which in turn
leads to unreliable observations in the clinical study that relies on the deformation fields,
such as deformation based morphometry (DBM). In this work, we develop a new deformable
registration algorithm for images with topological changes. In our proposed algorithm, 3D
images are embedded as 4D surfaces in a Riemannian space. The registration is therefore
conducted as a surface evolution, which is modeled by a diffusion process. Our algorithm
differs from existing methods in the sense that it takes an a-priori estimation of areas with
topological change as an additional input and generates dense deformation vector fields
which are free of false deformation. In particular, the output of our algorithm is composed
of a diffeomorphic deformation field and an intensity displacement which corrects intensity
difference caused by topological changes. By conducting multiple sets of experiments, we
demonstrate that our proposed algorithm is capable of accurately registering images with
considerable topological changes. More importantly, the resulting deformation field is not

impacted by topological changes, i.e., there is no false deformation.
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Chapter 1

Introduction

1.1 Background.

Deformable registration algorithms use dense vector fields to capture detailed structural
differences between anatomical brain images from magnetic resonance imaging (MRI). The
resulting deformation fields are extremely informative in subsequent clinical studies of brain
shapes, such as deformation based morphometry (DBM), both in terms of cross-subject
variation and disease progression. Therefore, the design of robust deformable registration
algorithms is regarded as an important research topic and has attracted significant research
interest [3, 4, 5, 6, 7, 8].

However, many brain diseases or even natural aging will result in intensity changes in certain
regions of anatomical brain images. For example, white matter multiple sclerosis (MS) lesions
appear to be dark spots in T1-weighted MR images, which are referred to as hypointensity
lesions. Leukoaraiosis (LA) lesions appear to be brighter than normal white matter in
T2-weighted images, and are referred to as hyperintensity white matter lesions. Tumors
can have different appearances in MR images; depending upon which type they belong to.
Nevertheless, they usually will appear to be much brighter than normal brain tissue when
imaged with contrast agents. In Fig. 1.1, we provide some examples of MR images with
these diseases to illustrate how they cause some local intensity changes to certain regions of

the brain image.

Ideally, medical images with the same field of view of healthy individuals contain the same

anatomical objects, whose level-sets should have the same topology, up to minor differences



(a) (b) () (d)

Figure 1.1: Examples of brain MR images with local intensity change. (a): a healthy brain.
(b): a brain with MS lesion. (c): a brain with LA lesion. (d): a brain with meningioma, one

type of brain tumor.

caused by noise. However, in the presence of intensity change caused by brain diseases, the
topology of the image level-sets will be changed (which is what we will refer to as topological
changes throughout this work.). Fig. 1.2 gives an example of such topological change, where
(a) and (b) show a pair of synthesized brain MR T1-weighted images with and without a
simulated MS, respectively, while (c¢) and (d) give the iso-contours of the two brain images
in (a) and (b), respectively. Note that topological changes to their respective level-sets are

clearly visible, as pointed out by the arrows in the figure.

Such topological changes can cause false deformation (refer to Sec. 3.1) in the resulting
dense vector fields from existing deformable registration algorithms [9]. For the subsequent
analysis, e.g., DBM, that relies on the dense vector fields, false deformation will be wrongly
associated with local growth or shrinkage [10]. In existing literature, the issue of suppressing
the impact of topological changes on deformable registration has been approached in three

different ways:

e Pre-processing: the lesion-affected regions are removed and the remaining regions are

filled via in-painting. Deformable registration is then performed on the repaired images.

e Blend-into-registration: the registration algorithm can be particularly designed to be-
have differently when lesion is encountered. Ideally, identified lesions shall not cause

any spatial deformation.

e Post-processing: regular deformable registration algorithms are directly applied on

2



Figure 1.2: Tllustration of topological changes to the level-sets of brain MRI under MS. (a)
and (b): a pair of synthesized brain MR T1-weighted images with and without a simulated
MS, respectively. (c) and (d): iso-contour plots of (a) and (b), respectively.

images with topological changes. False deformation is to be removed afterwards.

Of the three ways of handling topological changes, post-processing is regarded as the most
difficult for the following two reasons. First, deformation fields that are useful in clinical
analysis need to satisfy certain constraints, e.g., diffecomorphic (refer to Sec. 2.2.1). After
modifying part of the deformation field in the false-deformation-removal step following de-
formable registration, it is difficult to guarantee that such constraints are still satisfied. Sec-
ond, constraints such as diffeomorphism need to be ensured by smoothness constraints. As a
result, the impact of lesion on the deformation field is not focal, even when the lesion appears
to be focal, and can spread over a large region, depending on the image contrast. Hence,
identifying the boundary of a false deformation is very difficult, if not impossible. Due to
these concerns, the majority of methods handle false deformation for deformable registration
using the first and second categories, i.e., preprocessing and blend-into-registration. In this
work, we take the second approach and design a registration algorithm that handles topo-
logical changes naturally during the registration process. Compared with the pre-processing

methods based on in-painting, our algorithm has the following advantages:

e First, in-painting cannot repair lesions which cover regions of non-uniform intensity
profiles, such as part of both white matter (WM) and gray matter (GM). Our algo-
rithm, on the other hand, can copy the texture from the registered moving image.
As a result, our algorithm can also be used to register images with tumors and after

resection, which cannot be handled by in-painting based methods.



e Second, in-painting is an additional pre-processing step, requiring a sophisticated algo-
rithm with high computational cost. On the other hand, our algorithm is an integrated

process which corrects the topological change (as a by-product) during registration.

1.2 Contributions

Considering the state-of-the-art of deformable registration algorithms, our contributions in

this work are summarized as follows.

First, using two state-of-the-art deformable registration algorithms, namely, diffeomorphic
demons and large deformation diffeomorphic metric mapping algorithms (LDDMM), we
specifically show the impact of topological changes on their performance and thus demon-
strate the necessity of handling topological changes. In particular, we use several simple
cases to demonstrate the false deformation issue associated with the two algorithms and
design a simple in-painting-based tool to show the possibility of removing false deformation
in the targeted brain regions. However, it is demonstrated that this simple method is not

robust enough to handle real-world data and thus not practical for clinical applications.

Second, we design a new deformable registration algorithm based on embedded maps that
is capable of accurately registering images with considerable structural differences while
suppressing the impact of topological changes on the deformable registration process. In our
proposed algorithm, 3D images are embedded as 4D surfaces in a Riemannian space. The
registration is therefore conducted as a surface evolution, which is modeled by a diffusion
process. Our algorithm differs from existing methods in the sense that it takes a priori
estimation of areas with topological change as an additional input and generates dense
deformation vector fields which are free of false deformation. In particular, the output of
our algorithm consists of a diffeomorphic deformation field and an intensity displacement
which corrects intensity difference caused by topological changes. By conducting extensive
experiments, we demonstrate that our proposed algorithm generates accurate registration
results for images with considerable topological changes caused by different pathologies.
More importantly, the resulting deformation field is not impacted by topological changes,

i.e., there is no false deformation.



1.3 Organization of this work

The remainder of this work is organized as follows. In Chapter 2, we give a review on
existing deformable registration algorithms. We first review the currently available registra-
tion algorithms that focus on handling topological changes. Then, we review some of the
diffusion-based deformable registration algorithms that confine the output of the registra-
tion algorithm to be a diffeomorphic dense vector field. These works use similar physical
models to our algorithm and thus are used for comparison purposes. In Chapter 3, we use
experiments to deonstrate the the false deformation that caused by topological changes using
existing deformable registration algorithms and investigate the cause of the false deforma-
tion. We designed a simple in-painting-like tool to show the possibility of removing false
deformation for the targeted regions with topological changes. In Chapter 4, we present our
new deformable registration algorithm based on embedded maps. The proposed algorithm is
extensively tested on multiple sets of experiments. The registration results are compared to
other algorithms where topological changes are not specifically handled. Chapter 5 concludes

the dissertation and propose some future work.



Chapter 2

Related work and Preliminaries

Registration refers to the process of determining a spatial transform that maps points in one
image - source (moving) image - to their homologous points of the same object in another
image - target (fixed) image [11]. Among the vast number of registration methods, such
as rigid registration and affine registration, deformable registration allows an image to be
warped with high degree of freedom. Deformable registration has been found to pick up
detailed structural differences among imaged subjects, and thus has triggered great research
interest [12, 13]. Deformable registration can be modeled in many different ways, which
lead to distinct optimization processes and result in deformation fields of different degrees
of elasticity. Over the past four decades or so, a huge number of deformable registration
methods have been proposed and investigated, many of which have further evolved into
different versions. In the past, several algorithms have been proposed to perform registra-
tion via surface labeling or marker matching [14, 15, 16], and demonstrated encouraging
registration performance. Especially, FreeSurfer [17] is a well designed surface-registration-
based pipeline, which is composed of bias-correction, skull stripping, non-linear smoothing,
gray/white matter segmentation, surface unfolding/flattening and morphing. A similar ap-
proach is High-Dimensional Image Warping (HDW) [18], where the deformation field is
parameterized as piecewise affine transformations within a finite element mesh. Incorporat-
ing smoothing constraints, the registration is modeled as a process of finding the maximum

a posterior (MAP) estimate of the parameters.

The transformations in spline-based deformable registration methods are defined by a linear
combination of a set of basis functions, including thin-plate spline (TPS), elastic body splines

(EBS), or B-splines. Among them, B-spline is the most commonly used one [19, 20, 21]. For



B-spline-based methods, the degree of flexibility is confined by the spacing of the grid of con-
trol points. Compared with algorithms using non-parametric transformations, which rely on
a function defined on certain physical properties of images to guide the registration process,
B-spline-based methods have only limited degrees of freedom, and certain constraints, e.g.,
smoothness, can be easily imposed. However, as a trade-off, the elasticity of the deformation
is also limited and thus it may not be able to represent subtle structural changes that are

finer than the B-spline basis grid.

Aware of many different deformable registration algorithms, in this chapter, however, we only
focus our review on the methods that are closly related to our work, i.e., either using a similar
diffusion model, or trying to handle a similar problem. For a complete review on deformable

registration algorithms, we refer interested readers to survey papers [3, 4, 5, 6, 7, §].

2.1 Deformable registration algorithms for images with

topological changes

As introduced in Chapter 1, it is very common to see medical images with topological
changes in clinical studies. The most frequently seen brain diseases that relate to topological
changes are multiple sclerosis (MS), leukoaraiosis, Alzheimer’s, meningioma etc. All these
diseases are currently attracting intense research efforts in clinical studies. Algorithms such
as deformation-based morphometry (DBM) that rely on the dense vector fields are widely
used in many large scale studies, which, however, is shown to be affected by lesion induced
false deformation [10]. Specifically, when the topology of the moving and the fixed images do
not agree, the diffusion process will attempt to shrink or expand a region with topological
change, depending on the intensity contrast, in order to minimize the intensity residual
as modeled by the objective function. However, topological changes present in brain MRI
can be caused by different pathologies. For example, the growth of tumors pushes the
surrounding tissue aside. MS and Leukoaraiosis usually cause density changes of white
matter (and density change in gray matter as well in the case of stroke), which in fact, is
independent of brain structural change. Consequently, during deformable registration, the
spatial deformation that is generated to shrink or expand the topological changes is incorrect.
As a result, we refer to the topological-change-induced deformation as false deformation. In
addition, despite the shrinked area, regions with topological change will not be completely

eliminated by spatially deforming the region. Instead, the shirnking region will persist with



its mass condensed during the entire registration process. Thus, sources that are driving false
deformation will persist throughout the diffusion process. As a result, the energy caused by
false deformation is correlated to the length of the diffusion. The longer the diffusion process

is, the stronger the false deformation is.

In the past, in-painting was a commonly used method in DBM to remove false deforma-
tion [10, 22]. However, as we discussed in Chapter 1, these works require a reasonably

accurate segmentation of lesions and a possibly sophisticated in-painting algorithm.

A notable algorithm that models image intensity evolution is metamorphosis, proposed
in [23]. A metamorphosis is a Riemannian metric defined on the space of images to ac-
count for both geometric deformation and intensity changes. It resembles an image morph-
ing process and is a pair of curves corresponding to a spatial deformation and a template
evolution, respectively. Using the concept of metamorphosis, topological changes can be
accommodated by template evolution, i.e., intensity displacement, which leads to a smooth
diffusion even in the presence of severe topological changes. Therefore, it has been used in
facial morphing, medical image averaging [24], and brain atlas estimation [25]. However, in
metamorphosis, input images are set to be the base points of the deformation. Topological
changes will impact both spatial deformation and intensity displacement in this registration
process. As a result, false deformation is still expected to be present in the deformation, i.e.,

metamorphosis is not specially designed to solve the false deformation problem.

Alternatively, some registration algorithms use pre-computed pathology models to handle
topological changes [26]. However, the pre-computed model has limited application to spe-
cific pathology types, e.g., a certain type of tumor. Note that brain resections or the pres-
ence of neurosurgical instruments can also be regarded as topological changes in general.
Several works are developed to register brain images with resections by matching subvol-
umes [27, 28], landmarks [29] or segmentation surfaces [30]. In addition, the Expectation-
Maximization (EM) framework has been used for a joint estimation of resection region and
registration [31, 32]. These works rely on local features, and in most cases, their registra-
tion results have limited dimensionality rather than a dense deformation field, due to the
computational complexity of EM. The work by Risholm et al. [29] uses anisotropic diffusion
instead of Gaussian smoothing in a registration framework that generates a deformation
field that is free of the impact from resections. In their work, the anisotropic diffusion is
regulated by diffusion sinks, where it is permitted into the area (resection area) but not out.
In general, compared to resection, other topological changes can occur in many regions of a

brain image. For instance, brain images of MS patients can contain many small regions with



hypointensity. Each region then needs to be modeled as a separate diffusion sink, which will
induce heavy computational load to the registration process. The registration algorithm by
Cuzol et al. [33] models the topological change using a brightness variation model. However,
with the additional luminance change function, the registration needs to be solved with a
generalized conjugated gradient process, which is not as stable as a strict gradient descent

process, and does not guarantee convergence to a true local minimum.

We need to point out that, there are other commonly seen intensity non-uniformities on
medical images, such as bias and noise. Bias is typically of low frequency and spread over
the entire image. Noise, on the other hand, is high frequency and possibly non-stationary.
Improved performance in many medical image processing tasks, including registration, is
linked to improved bias and noise correction. As a result, bias and noise has been studied
in previous work [34, 35] and can be included in the preprocessing of clinical data. In our
work, unless segmented in the label map, bias and noise are not regarded as topological
changes. In fact, this segmentation will be very hard, especially for bias. However, as will
be introduced in Chapter 4, during the registration process, if the moving and target images
are well aligned and the diffusion is not terminated, the intensity difference caused by bias

and noise will be corrected to a certain extent.

2.2 Diffusion-based deformable registration algorithms

In this section, we introduce some important constraints in deformable registration, i.e., dif-
feomorphism and symmetry. Their physical meaning and mathematical forms are explained
in detail. Then we study two families of state-of-the-art deformable registration algorithms,
i.e., diffeomorphic demons and LDDMM.

2.2.1 Important physical constraints

In deformable registration, only a subgroup of all deformation fields is regarded as realis-
tic and useful. In other words, certain constraints are crucial and need to be satisfied in
the deformation fields obtained from deformable registration algorithms. The first one is

Diffeomorphism. Mathematically, a diffecomorphism has the following definition [36, 37, 38]:



Diffeomorphism: given two manifolds M and N, a bijective map f from M to
N is called a diffeomorphism if both

f:M—N

and its inverse
ff':N=>M

are differentiable (if these functions are r times continuously differentiable, f is

called a C"-diffeomorphism).

Two manifolds M and N are diffeomorphic if there is a smooth bijective map f
from M to N with a smooth inverse. They are C" diffeomorphic if there is an
r times continuously differentiable bijective map between them whose inverse is

also r times continuously differentiable.

Diffeomorphism is an important physical constraint in image registration. From an anatom-
ical perspective, a diffeomorphism ensures that there is no tearing or folding of the physical
space. For an image, it prevents the image from folding the grid over itself and thus de-
stroying neighborhood structure. Also, a diffeomorphism guarantees the smoothness of the
deformation field by eliminating spikes, which leads to a stable PDE evolution in diffusion-
based methods. Fig. 2.1 gives an example to demonstrate the warping results of an image
grid by a diffeomorphic and a non-diffeomorphic vector field. The original image grid in 2-D
is given in Fig. 2.1(a). After deforming with a vector field that is diffeomorphic, although the
image grid has been distorted, as shown in Fig. 2.1(b), all the pixels stay in the same order
in both the horizontal and the vertical directions as in the original grid. On the other hand,
as shown in Fig. 2.1(c), when the image grid is deformed with a deformation field that is not
diffeomorphic, then the order of the pixels in the horizontal axis has been broken, and thus
the grid folds over itself. Furthermore, for the folded area, the spatial grid and the image
intensity form a one-to-many mapping, which violates the fundamental physical formation

of an image.

It is well known that diffeomorphisms do not form a vector space, but only a Lie group [13]. A
Lie group is a group which is also a differentiable manifold, with the property that the group
operations are compatible with the smooth structure. Lie groups are smooth manifolds and
are studied using differential calculus. In discrete applications, smoothing is always needed to
ensure the diffeomorphism, such examples will be given later when we examine two existing
algorithms in Sec. 2.2.2 and Sec. 2.2.3.
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Figure 2.1: Illustration of the Diffeomorphism. (a) Original grids, ¢ = Id. (b) Deformed

grid with a diffeomorphism. (c¢) Deformed grid with a non-diffeomorphism.

The second constraint is called symmetry. In deformable registration, symmetry refers to
the notion that the resulting deformation remains the same when the moving and the fixed
images are swapped. In terms of practical implementation, symmetry can refer to symmetric
gradient or inverse consistency. Symmetric gradient is imposed on each individual updating,
and does not guarantee symmetry on the final deformation field. Inverse consistency, on the
other hand, ensures strictly the same output regardless of the order of the moving and the

fixed image. Inverse consistency is illustrated in Fig. 2.2.

To understand Fig. 2.2, it is important to be aware of the existence of registration residual.
During the registration process, ideally, if the moving and the fixed images, denoted by I,
and I respectively, only differ in terms of structural changes, the resulting spatial deforma-
tion ¢ is capable of perfectly aligning the two images, i.e., ||I,,, — If o ¢||2 = 0. However, the
intensity profile of the moving and target images are typically not identical. Even in cases
where the two input images have the same intensity profile, during the registration process
certain physical constraints, such as smoothness or diffeomorphism, are usually imposed on
the underlying deformation fields. As a result, the spatial deformation may not be able to
perfectly align them, leading to certain residuals, measured as the intensity distance between
the deformed moving image and the target image. Another source of such residual is the nu-
merical errors from the interpolation scheme used in sub-pixel level computation. Formally,
image residual refers to the intensity difference between the fixed and the registered moving

images: 79 = ||I; — I, 0 ¢|12, and 7 = || I, — I; 0 ¢~ ||12 in Fig. 2.2.

Then we get back to the concept of the inverse consistency constraint: the order of source

and target images can be flipped and still result in the same deformation field, i.e., ¢/ = ¢~ 1;

11
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Figure 2.2: Illustration of the symmetry. The registration is inverse consistent when ¢~ = ¢'.
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Inverse consistency can be ensured by modifying the registration objective as

1
Einverse consistent — §(E(If> Im © ¢) + E([ma [f © ¢_1))a (21)

which is important when the deformation field is used as a metric between the two images.

Despite the power of regularizing deformation in image registration, the diffeomorphism
and symmetry constraints cause or enhance errors when registering images with topological
changes, since there will be no diffeomorphism which can align them. First, as we discussed,
smoothing of the deformation field is always required to ensure a diffeomorphism. Therefore,
the impact of topological changes on the deformation field will not be confined to the region
of topological change. Rather, it will spread its impact over an enlarged neighborhood.
Second, when the symmetry constraint is used in registration, topological changes will cause

false deformation, regardless of whether they originate from the moving or the fixed images.

2.2.2 Demons algorithms

Thirion’s demons algorithm [39] models the image-to-image matching as a diffusion process,
which is analogous to Maxwell’s demons, based on local image characteristics. The resulting

force for evolving the deformation has the same form as optical flow equations, and can be

12



solved using gradient descent.

Given a moving image I,,, and a fixed image I, the demons energy is defined as

1 1 1
E(c,s) = ?Sim(lf, IL,oc)+ Fdist(s, c)? + 0—2Reg(s), (2.2)
% T T

where s represents the function of the transformation, and c is a vector field on the image grid
that realizes the transformation s. The first term Sim(/y, /,,0c) models the similarity between
the deformed moving and the fixed images, and is sometimes referred to as the faithfulness.
Reg(s) is the regularization constraint that can be imposed on the transformation, which is

usually used to ensure the smoothness of s. dist(s,c) is the term that guarantees the quality
2

of the realization c¢. The scalars ¢?, 02 and 02 balance the relative weights of the three

terms.

For medical images, the Ly distance is the most common choice for Sim(Iy, I,,, o ¢) between
images of the same modality. Other metrics, for example, mutual information [40] can be
used to register images of different modalities. Limited by the Cartesian grid of images, the
actual transformation s can be only computed with the fixed resolution of vector field c,
where the sub-pixel level forces are obtained by interpolation. Moreover, under a gradient
descent framework, s is updated incrementally by an update field u at each iteration. Thus
in practice the demons optimization of the energy functional becomes the following updating

rule:

2
u = argmin Esz||If—Imo(s+U)||2+%||U||2~ (2.3)

T

Based on (2.3), the demons algorithm pipeline can be written as follows:
Algorithm: Demons registration:

e Initialize the spatial transformation s in the form of a vector field, (usually I; and I,

are already affine registered, and s is initialized as the identity.)
e [teration till convergence
1. Based on current s, compute update field using
Iy —1I,0s

u = — 2
17112+ %

J (J is a function of the image gradients) (2.4)

2. If choose fluid-like reqularization, u <— K; * u, where K; is a Gaussian smoothing

convolution kernel.

3. s+ s+u

13



4. If choose diffusion-like reqularization, s < Ky* s, where K5 is a Gaussian smooth-

ing convolution kernel.

In (2.4), if 02 is set to the estimated value of image noise, controlling o2 can regularize the
maximum update step. J is the image gradient that indicates the direction of optical flow.

In the original Thirion’s rule, it is only related to the gradient of the fixed image:
J =—-VI;. (2.5)

Another form of J is defined in the Gauss-Newton method, where the gradient of the warped
moving image is used
J==V(I,o0s). (2.6)

The concept of demons registration provides a mathematical framework for non-parametric
registrations, and has quickly become popular. Over the past decade, researchers have
modified the demons algorithm by imposing various constraints to render it anatomically
more realistic and mathematically more stable [13, 41]. Such constraints include symmetry

and diffeomorphism.

As discussed in Sec. 2.2.1, there is no straightforward method to ensure diffeomorphism in the
normal registration formulation, since diffeomorphisms do not form a vector space, but only
a Lie group [13]. As an alternative, optimization can be performed on a Lie group, which is
the space of diffeomorphisms [42, 43]. Therefore, registration results are diffeomorphic when
the Lie algebra is applied during the optimization, which avoids the typical routine of adding
constraints into the objective. Specifically, in the diffeomorphic demons algorithm [13], an

intrinsic updating step using the classic Newton-Raphson method is applied, given by,
s < soexp(u), (2.7)

instead of using the updating rule in (2.4). Here, o is composition operation, and exp is
the vector field exponential. The vector field exponential can be efficiently computed for

diffeomorphisms through compositions [44]:

Algorithm: Fast computation of Vector Field Exponentials:
e choose N such that 27w is close enough to 0, e.g., max]||2™Nu|| < 0.5;
e Perform an explicit first order integration: v(p) < 2~ u(p) for all pixels;
e Do N recursive squaring of v : v <— v ow.

14



In order to make the inverse transform directly available, which is necessary for subsequent
computations and analysis in many cases, the log-domain demons algorithm [41] has been
recently proposed. This algorithm adopts the Baker-Campbell-Hausdorff (BCH) formula [45]

to update the transformations as the log of composed exponentials:

v <+ log(exp(v) o exp(u)). (2.8)

Using this updating rule, both the forward and the inverse transformation are immediately
accessible:

s=exp(v) and s ' =exp(—v). (2.9)
To further render the log-domain demons algorithm symmetric, the demons energy function

has been modified by symmetrizing the positions of the moving and the fixed images:

S = argmin(E(I, Iy, 8) + E(I4, I, s71)), (2.10)

S

where E stands for the typical demons energy given in (2.3). To solve this optimization,

a forward and a backward update, «f™ and 4uP3°K are computed independently, and the
resulting updating rule in the symmetric log-domain demons algorithm [41] can be written

as an average of the forward and backward updates:
1
v §K2 * (log(exp(v) o exp (K7 * uforw)) — log(exp(—v) o exp(K; * ubaCk))), (2.11)

where K7 and K5 are the fluid-like and diffusion-like smoothing convolution kernels, respec-

tively, and are the same as those used in the original demons algorithm.

2.2.3 Large Deformation Diffeomorphic Metric Mapping algorithms

A diffeomorphism is typically ensured by smoothing the deformation vector field. However,
over-smoothing can destroy the correspondence between image details and increase registra-
tion error. To theoretically regulate the amount of smoothing on the deformation field, the
works by Dupuis [46] and Trouvé [47] provide a theory on the minimal amount of smooth-
ness required to ensure the field to be continuous and at least one time differentiable, i.e.,
C'-diffeomorphic. Using this theory, the Large Deformation Diffeomorphic Metric Map-
ping (LDDMM) method has been proposed [48], which is capable of finding the geodesic
path in the space of diffeomorphisms, between images that correspond to each other via

large deformation fields.
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In the work by Beg et al. [12], a complete LDDMM algorithm and its implementation has
been provided. The LDDMM algorithm solves for a geodesic deformation path ¢, connecting
the moving image I,,, and the fixed image Iy, where it starts from I,,, at time ¢ = 0 and arrives
at Iy when t = 1. This path can be computed as ¢; = ¢g + fol vdt where v, is the velocity
vector field of ¢,. Using this formulation, the cost function of LDDMM has the form:

1

A . ) 1 "

b —arg min E(v) = / orl|2 dt + — 117 0 6% g — Ll 2. (2.12)
v (t) =01 0 o

In (2.12), the first term models the cost of the length of the deformation, in the form of

an appropriate Sobolev space V' which ensures enough smoothness of the velocity field.

This Sobolev norm can be converted into an Ly norm using a differential operator L =
(—aA +75)*Lun (@ > 1.5 in 3-D space):

A1l = I A s (2.13)

The second term in (2.12) reflects the data faithfulness with the deformation field ¢, measured

in the Lo space.

The variation of (2.12) with respect to an arbitrary perturbation h on the velocity deforma-
tion field is chosen to be computed in Sobolev space V', using Fréchet derivative for stability,

giving the Euler-Lagrange equation:
1 2 .
OnE(0) = / <2@t - K (;\DWVJ?(J? - JS)) ,ht> dt =0, (2.14)
0 v

where K is the self-adjoint operator: K(L'L) = Id, and |D¢| is the Jacobian determinant
of deformation field ¢:

91 O 01
oz 0z Tt Ozn
Od2 042 942
|Dg| = | o O dan || (2.15)
6¢77l 6¢77l 8¢m
oz 0z Tt O0zn

Since h is a random perturbation, the unique solution to (2.15) is given by
. 2 5
(VoEr)v = 260 — K(—5| DS VI () = J))) (2.16)
The LDDMM algorithm can be summarized as follows:
Algorithm LDDMM: [nitialize at iteration k = 0: (when N = 20, 6t = 1/N = 1/20)
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Tteration k+1.

1. Calculate the new estimate of velocity at each time interval:

o = ok — €V By, (2.17)

2. Reparametrize the velocity field to be a constant speed after every 10 iterations

o= e [l 219
fo ||Ut||th

1
ht = —0 Ut htvht (219)
Sht

* an additional step: Compute all K.
3. Calculate for j = N — 1 to j = 0 the mapping gbfjij(y) using:

k+1 R+

¢ (y) = 0}, r(y + ) (2.20)

4. Calculate for j =0 to j = N — 1 the mapping gbfi o(y) using:

k+1 okl

¢ (y) = ¢, oy — K) (2.21)
5. Calculate for j = N — 1 to 5 = 0 the image JO =1I,0 gbk“
6. Calculate for j = 0 to j = N — 1 the image Jt1 =150 gbk“
7. Calculate for j =0 to j = N — 1 the gradient of the image VJtOj = [%—‘;0 aa—‘g)]’.

8. Calculate for j = 0 to j = N — 1 the Jacobian of the transformation |D¢,,|.

17



9. Calculate for j =0 to j = N — 1 the gradient V1 E for v¥+! using

pkt+1

(Vs By)y = 207! — (—\D@ LV =) (2.22)
10. Calculate the norm of the new gradient||V «+1 E||, Stop if below the threshold.

N-1

IV Bl = IV s . (2.23)
j=1
11. Calculate the new energy using
N-1
Y = S bR+ SO LR — EW (229)
7=0 N1N2N3 yeN

12. Re-iterate k = k + 1, until maximum iteration reached.
Post Processing and gather results:

1. Compute the final velocity field o:

veL2([0,1],V)

1
i | | 1 )
b—arg inf  E(v) :/ ol e + 1o 650 — Il (2:25)
0

2. Calculate length of the path on the manifold (geodesic distance):

Length(Id, ¢% ) Z [|of [[vdt. (2.26)

Note that in the LDDMM algorithm, the operator L requires special attention to ensure
a diffeomorphism, which is also chosen to be implemented in the Fourier domain for easy
computation. It is given by

0? 0?

L = —aV? +~I; whereV? = 2 + 5y
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For image registration, L, the self-adjoint operator chosen to be of the Cauchy-Navier type

and implemented as a discrete kernel:

0 1 0 000 0 —a 0
L=—-a|1 -4 1|4+7|010]|=|-a 44+ —« (2.27)
0 1 O 000 0 —« 0

Thus, the kernel K can be constructed as: K = (LTL)™!. Since L = LT, K = (L?)~!. The
Fourier transform can then be taken on both sides in: A?(K)F(K) = G(K). As a result,
F(K)=G(K)/A*(K), where

e GG(K) is the Fast Fourier transform (FFT) of g, which is a complex conjugate image;

o A(K) is the FFT of L. We first create a zero real image L of size a x b, then tile
the kernel form of L at the center of L. Take FFT of L and obtain A(K), which is a

complex conjugate image;

e [(K) is the Fourier transform of f. F'(K) is obtained by complex number division of

F(K)yy = m. F(K) is a complex conjugate image;

e f is obtained by taking iFFT of F'(K'), which is a real image.

Although demonstrating a solid mathematical foundation, the original LDDMM algorithm
in [12] is proven to be highly space- and time-consuming, when the discretized time variable
t is sufficiently fine (usually around 20 intervals). To deal with this problem, the stationary
parameterization framework [44] has been proposed to modify the original LDDMM algo-
rithm into stationary LDDMM [49, 50], where the LDDMM registration algorithm has been
greatly accelerated, without compromising its performance. Note that certain versions of
LDDMM algorithm require prior information on the anatomy of the imaged object. For

instance, DARTEL [50] requires segmentation of the entire brain as part of the inputs.
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Chapter 3

Impact of topological changes on

deformable registration algorithms

In order to register images with topological changes, it is important to take two facts into
consideration. First, given a pair of source and target images, if they differ from each other
in terms of both structural and topological changes, the two types of differences will cause
deformation simultaneously. Second, since the space of images and the space of their possible
deformations are both of extremely high dimension, diffusion-based methods have been the
most commonly used method in searching for the optimal registration [39, 12, 13, 41]. Due
to these two facts, if not handled properly, all discrepancies between the pair of images,
including topological changes, will drive the gradient descent process when searching for
the registration solution. If this is the case, the resulting registration will be a mixture of
deformations caused by image structural differences and intensity differences. In this chapter,
we take the diffeomorphic demons and the LDDMM algorithms as examples to demonstrate
the impact of topological changes on deformable registration. We also design a simple in-
painting-based tool as a pilot study to show the possibility of removing false deformation in

targeted regions.
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3.1 Impact of topological changes on deformable reg-

istration methods

Among state-of-the-art registration algorithms, e.g., demons [13, 41] and LDDMM [12, 49],
the evolution of the deformation field is achieved by the minimization of an objective energy
function, as described in Chapter 2. This minimization is performed using gradient descent,
an iterative process that is driven by a PDE. In these works, inverse consistency (the resulting
deformation field will remain the same if the source and the target images are swapped)
and diffeomorphism (both the deformation field and its inverse field are continuous and
differentiable) are the two commonly imposed constraints. With these two constraints, the

energy function of demons is defined as [51],
. 1
Edomons = Slm(If7 [ma ¢) +U_2R'eg(¢)7 (31)
T

and that of LDDMM is given by [51],

1
ELDDMM: SimL2 (If, Im, ¢) +/ ||'Ut||%/dt (32)
0

Note that, in both equations, the first term is a symmetric image similarity measure, given by
Sim(Iy, I, ¢) = 3(Sim(Iy, I,0 ¢~ 1) 4+ Sim (1, If 0 ¢)), which ensures the inverse consistency.
The second term is a regularization term to ensure the diffeomorphism. In these two works,
diffeomorphism is realized differently. Specifically, in demons, a Gaussian kernel is used
on the deformation field or the update of the deformation field, resulting in diffusion-like
or fluid-like regularization, respectively, and a deformation field composition is used in the
updating rule. In LDDMM, diffeomorphism is achieved by confining the deformation within

a Lie group of diffeomorphisms using a differential operator L.

When registering images of healthy subjects, both inverse consistency and diffeomorphism
are important constraints to ensure that the results of the registration algorithm are math-
ematically stable and physically realistic. However, both of them interact with topological
changes and thus cause problems during the registration process. Fig. 3.1 gives a simple
example to illustrate the problem. Suppose a pair of 2-D images, I, (Fig. 3.1(a)) and Iy
(Fig. 3.1(b)), are to be co-registered. Clearly, I,, carries a topological change with much

lower intensity. The glyph views of the registration results using diffeomorphic demons' are

!The implementation is from http://www.insight-journal.org/browse/ publication/644, by Vercauteren

et al..
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Figure 3.1: Registration of simple images with topological change. (a): moving image I,,, (b):
fixed image Iy; (c): glyph view of the deformation field generated from diffeomorphic demons;
(d): zoom-in view of (c) around the region with topological change; (e): the deformation
field generated from symmetric LDDMM; (f) zoom-in view of (e) around the region with

topological change.

shown in Fig. 3.1(c) and (d), and those using symmetric LDDMM? are given in Fig. 3.1(e)
and (f). Note that a similar experiment has been conducted with HDW, which also demon-
strates the same problem as discovered here: “pathology is ... case where the validity of
the registration is compromised” [18]. These results demonstrate that with the symmetric
intensity similarity measure, the intensity difference caused by topological changes forces the
local neighborhood to deform in both algorithms. Note that these local deformations are
toward the inside of the associated topological change, following the direction of the gradi-
ent. Therefore, they are not related to the pathological nature of the topological change,
i.e., false deformations. Furthermore, given a diffeomorphism, the smoothing operations

generally spread false deformation over an enlarged neighborhood.

2This is our implementation of the algorithm by Beg et al.[12], with the symmetric image similarity

measure in (3.2).
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3.2 A simple algorithm to suppress the impact of topo-

logical change through in-painting

As discussed earlier, it is not practical to model the growth of a topological change without
the prior knowledge of its pathological nature. Instead, a more general approach is to
separate the regions affected by topological changes, and perform the registration without
the impact from these regions. Therefore, the result of a registration algorithm designed
in such a fashion reveals only structural changes, while a segmentation label map, as a
by-product, is used to isolate the possible locations of the topological changes for further
clinical study. To achieve this, we proposed a two-round registration method that can be
incorporated onto any currently available iterative PDE-driven registration methods. In the
following, we take symmetric LDDMM as an example to illustrate our proposed method. The
proposed method does not interfere with the execution of the registration process, so using
other registration algorithms, e.g., diffeomorphic demons, will not change the conclusion we
draw here. In addition, because the registration algorithm we use is inverse consistent, we
assume the source image I, is the one that contains topological change in the following
discussion. In other words, the same operation can be performed on the target image Iy, if it
is the one that contains topological change, by simply exchanging the forward and backward

deformations.

We use simple 2-D images I,,, and I; shown in Fig. 3.1 (a) and (b), respectively, as inputs
to explain the above algorithm. The first round of registration takes the original input
images. Thus, due to the presence of topological changes, we expect that the registration
algorithm will not converge to the point where the energy gradient decreases to a sufficiently
small value. Instead, we force the registration to terminate when the energy gradient stops
decreasing. Because of this, we refer to this round of registration as coarse registration.
We can examine how image dissimilarity drops over iterations to model the evolution of
the coarse registration process. Specifically, we compute an absolute image residual Diffy
at iteration k, and sum up these image residuals from all the iterations during the coarse
registration process to obtain a total difference Diff; as shown in Fig. 3.2(a). Note that, all the
absolute image residuals are in the image space of the target image I, we thus need to back
propagate them into the image space of I,,, by applying their corresponding deformation ¢y.
From Fig. 3.2(a), we can clearly observe that regions with intensity disagreement between I,,
and Iy, which are due to structural differences, gradually shrink as the registration process

proceeds. Hence, these regions appear only in some of the Diff;s and consequently have a low
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(e)

Figure 3.2: Ilustration of our registration method. (a): total difference Diff; obtained after

the coarse registration; (b): deformed I; into the image space of I,; (c): the edge map
GM of (b); (d): the probability map P of topological changes in I,,; (e): binary label map
of topological changes in I,,; (f): I/ obtained after repairing; (g): the deformation field
obtained after the fine registration; (h): the zoom-in view of (g) around the topological

change in I,,.

intensity in Diff;. On the other hand, those intensity disagreements caused by topological
changes persist throughout the deformation process and thus accumulate in Diff;. Other
sources of image disagreement that also get accumulated during the registration process
include the interpolation error and local mismatch caused by smoothness constraints. These
disagreements happen to the regions along object edges in I;. To eliminate them, we deform
Iy into the image space of I,,, in Fig. 3.2(b) and compute its edge map GM = 1-V (I;o¢,,)* K
given in Fig. 3.2(c), where K is a Gaussian smoothing kernel with a variance that is enough
to spread the edge over the mismatched band. By performing a pixel-wise multiplication ®
between the normalized Diff, and GM, we obtain a probability map P shown in Fig.3.2(d) of
the topological changes in 1,,,. We threshold P (a threshold of 0.5 is used in both our 2-D and
3-D registration examples), followed by 1 to 2 rounds of 8-neighborhood dilation, to obtain
a binary label map (blue region in Fig. 3.2(e)) which indicates the topological change in

Iy. The region corresponding to the topological change is then replaced by an interpolation
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of the intensity of pixels in its neighborhood. This operation therefore provides us with a
repaired image I], given by Fig. 3.2(f). I, and I; are then taken as inputs to the deformable
registration algorithm with normal stopping criteria, which generates the final deformation
fields ¢ and ¢~!. The resulting ¢ is shown in Fig. 3.2(g) and (h). By comparing these results
to those in Fig. 3.1(c)-(e), we observe that the false deformation caused by the topological

change has been eliminated.

3.3 Results

Our proposed method can be summarized in the following algorithm:

Algorithm: repairing lesion in deformable registration:

Initialize total difference Diff, =0
Coarse registration iteration k:

e compute gradient of energy function: VFE;
e update deformation field and its inverse: ¢, and ¢, ' ;
e compute absolute image difference:
Diffy, = |I,, o ¢,;1 — Iy ;
e back propagate Diff;, and update total difference:
Diff,+ = Diff;, o ¢y, ;
e update energy function: F;

Coarse registration is forced to terminate with a loose stopping criteria after n iterations

with the resulting deformation fields ¢, and ¢ *;
Coarse registration post-processing : repair [,

e compute gradient magnitude of deformed target image:
GM=1-V({jo¢p,) *x K
e normalize GM and Diff; to [0, 1];

e compute probability map of topological changes:
P = Diff, ® GM ;
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Figure 3.3: Registration results of brain MRIs with MS, using our proposed method. (a):
target image Ir; (b): source image I,,, which contains MS and after a nonlinear deformation
from Iy; (c): probability map of topological change P; (d): binary map of detected lesion in
I, (e): an axial slice of I,,;; (f) and (g): the magnitude of the deformation field at the same
slice as in (e), after the coarse and fine registrations, respectively. Inside the green boxes:

regions with MS lesions. Regions within green boxes are enlarged at the bottom.
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e threshold P followed by a slight dilation, to obtain a binary label map of topo-

logical changes;

e segmented topological changes are interpolated using the intensity values of their

neighborhood, leading to a repaired version of the input image I/ .

Fine registration replace [, by its repaired version I/, to re-perform registration with

normal stopping criteria, and output deformation field ¢ and ¢—1.

This in-painting-based simple method is used to register two 3-D image volumes, where
one of them carries simulated MS lesions. These image volumes are obtained from the
McConnell Brain Imaging Center Simulated Brain Database [52]. The Axial, Coronal and
Sagittal views of the healthy image volume are shown in Fig. 3.3(a), and we use it as the
target image [;. To generate source image Iy, simulated MS lesion is introduced into I [52],
followed by a nonlinear 3-D shape distortion, to simulate brain structural change. I, is
shown in Fig. 3.3(b).

We perform a coarse registration to obtain the total difference Diff;, which is then multiplied
by the edge map of deformed I; to obtain the probability map of lesion P, as shown in
Fig. 3.3(c). P is then thresholded at the mid-level, i.e., 0.5, and dilated for two rounds to
obtain a binary label map of possible lesions in I,,,. This label map is shown as blue contours
in Fig. 3.3(d). From Fig. 3.3(d), we notice that our method is able to identify major MS
lesions in Iy. However, several lesions, which have smaller intensity differences from the white
matter, are not successfully identified (can be seen from the axial image). We repair the
identified lesion regions via interpolating the intensity of their local neighborhoods, and re-
register the images to obtain a final deformation field. Fig. 3.3(e)-(g) provides a comparison
between the registration fields before and after lesion-repairing, where the regions within the
green boxes are enlarged at the bottom-right corners for better visualization. Fig. 3.3(f) and
(g) are color coded magnitude of the deformation fields after the coarse and fine registrations,
respectively, and they are of the same image slice as in Fig. 3.3(e). We can observe that the
regions inside the green and red boxes in Fig. 3.3(f) contain false deformation caused by the
lesions, whereas these false deformations are successfully removed from the deformation field

of the fine registration, as shown in Fig. 3.3(g).

This simple method, as well as its registration results, demonstrates that it is necessary
to specially handle topological changes in deformable registration algorithms. Despite the
efficacy of our proposed method, two major aspects require some improvement. First, the

simple in-painting used above requires a relatively accurate segmentation of lesion. However,
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clinical data usually have poorly defined lesion boundaries, where a precise segmentation can
be difficult to obtain. Second, in practical situations, lesion can cover anatomical regions with
different intensity, for example, MS lesion usually covers areas where white matter appears to
be darker and joins the ventricle. In these cases, in-painting will cause a noticeable artifact.
These sharp boundaries and artifacts are essentially the same as topological changes, which
will cause false deformation in the registration. To illustrate this, two samples of simple
in-painting results of lesion segmented by FreeSurfer are given in Fig. 3.4 (a) and (b). In
both subfigures, the first row shows the brain MR image with a severe lesion. The direct
in-painting repaired result is given in the second row, where the artifacts are noticeable alone
the lesion segmentation boundaries. In addition, merely for comparison purposes, in the third
row we include the desired lesion repair results, which are obtained using our deformable
registration algorithm that will be discussed in Chapter 4. From these figures, the lesion

repair result is apparently improved by using our deformable registration algorithm.
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Figure 3.4: Samples of in-painting results of lesion segmented by FreeSurfer. (a) and (b):
each gives Axial, Sagittal and Coronal views of one in-painting example. In both (a) and
(b), the first row shows the brain MR image with severe MS lesion. The direct in-painting
repaired results are given in the second row. In addition, the third row shows the desired
lesion repair results, obtained using our deformable registration algorithm presented next in
Chapter 4.
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Chapter 4

Registration of Images with Varying
Topology using Embedded Maps

In this chapter, we describe a new registration method to handle topological changes by
suppressing their impact on the deformable registration process for brain MRI. Specifically,
images in R? Euclidian space are embedded as surfaces in an R* Riemannian space. The
registration process is then conducted as surface deformation, where the first three dimen-
sions of the resulting deformation field correspond to the spatial grid deformation in the
R3 Euclidian space, and the 4th dimension corresponds to the intensity displacement. The
contribution includes two aspects. First, compared with metamorphosis, our embedding
models the two types of deformation in a metamorphosis, i.e., a spatial deformation and a
template evolution, with a single partial differential equation (PDE) evolution in a higher
dimensional space. This guarantees a smooth convergence of the diffusion to a local mini-
mum (refer to Sec. 4.2.2). Second and more importantly, by carefully choosing a scale-space
in the embedding, we are able to control the distribution of the deformation energy in a
way that topological changes are mainly attributed to intensity displacement, while brain
structural changes are mostly captured by spatial grid deformation. In doing so, topological
changes will not impact the spatial deformation and thus false deformation is effectively sup-
pressed (refer to Sec. 4.2.1). The resulting spatial deformation is a diffemorphism, evolved

using the intrinsic update step, as proposed in [13].
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4.1 Preliminaries

Our algorithm is derived from the Sochen-Kimmel-Malladi general non-linear diffusion [1],
by choosing a particular embedding for our specific problem. The surface evolution follows
the Euler-Lagrange equation that minimizes the surface weight measured by the Polyakov
functional. Specifically, an image manifold (¥, g) in R? is embedded as an R?* feature-space
manifold (M, h), where g and h are the positive definite symmetric bilinear forms defined on
3 and M, respectively. In Riemannian geometry, g and h are called metrics, which defines
an inner product on the corresponding manifold and are used to measure distances on the
surfaces. In the embedding, the map X : ¥ — M is chosen as

X =[z,y,2,1(z,y,2)], (4.1)

where x,y, z are the local image Cartesian coordinates in R?, and I(z,y, 2) is the intensity of
the pixel at (x,y, 2). A exemplar embedding from a 2D image manifold to a 3D feature-space
manifold is illustrated in Fig. 4.1.

We have the freedom of choosing a particular metric A on the embedded surface M to achieve
a desired surface weight measurement (refer to Sec 4.2). Based on the chosen map X and
h, the metric g on the image manifold ¥ can be uniquely constructed. This is called the

pullback procedure, and is given in the following,
uv = hz’jauXiaqu- (42)

Note that (4.2) uses Einstein summation convention, with u,v € {z,y, 2}, 4,7 € {z,y,2,1}
in our embedding. The summation convention will be used in all our equations from now
on. In (4.2), g, represents the (p, v)th element of g and h;; stands for the (i, j)th element

of h, where both g and h are in matrix form.

Using the above definitions, the weight of the map X : ¥ — M is calculated as:
S[XZ, gl“’? hz]] = /dma\/gg‘“’@uXi&,thij, (43)

where g" is the (u, v) element of g7, /9 1s the square root of the metric g’s determinant,
and m is the dimension of 3. This equation is referred to as the Polyakov functional in Rie-
mannian geometry. The variation of the Polyakov functional with respect to the embedding

can be found by the Euler-Lagrange equation,

1 ..08 1 . .
_ (] — pv k k. ( J b
2\@}1 T \/gaﬂ(\/gg 0, X*) +T%.0,X'9,X g™, (4.4)
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a b

Figure 4.1: Embedding and the length element [1]. A 2D image is embedded into a 3D
surface, where the third dimension is the image intensity I. The length element ds on the

embedded surface is to be computed via the metric g.

k
R
geometry, a connection describes how the frame is changed infinitesimally on the manifold.

where I'Y. k,i,7 € {z,y, z, 1} are the elements in the Levi-Civita connection. In Riemannian
A connection is said to be metric compatible if the covariant derivatives of the metric on the

manifold vanish. Thus, the definition of the Levi-Civita connection is given by [1]:

The fundamental theorem of Riemannian geometry: on a Riemannian
manifold (M, g) there exists a unique symmetric connection which is compatible
with the metric g. This connection is called the Levi-Civita Connection and

the components are given by the following expression:

. 1 .
L th(ﬁjhlk + 8khjl — 8lhjk). (45)

ik~ 5
Note that, in Equation (4.4) the factor multiplied before % is to simplify the mathemat-
ical expression and does not change the minimization solution. Equation (4.4) defines the
gradient descent direction that minimizes the Polyakov functional, following which the em-

bedded surface shrinks its area most rapidly. Therefore, (4.4) is referred to as the minimal
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surface flow. It has been shown that many image processing tasks can be accomplished via

minimizing the Polyakov functional, e.g., image smoothing and segmentation [1].

4.2 Registration method

In this chapter, we describe a new registration algorithm in the same spirit, i.e., via the
minimization of the Polyakov Functional. This algorithm differs from existing methods in
the sense that it uses a segmentation of the topological changes as an input and is capable
of registering brain MRI, while eliminating the false deformation. The following describes
the three major components of the proposed algorithm and then summarizes them into a

registration algorithm.

4.2.1 Choice of embedding

To establish a registration objective, we define the metric h to have the following form,

6 0 0 0
h:0¢007 (4.6)
00 ¢ 0
000 B¢

where ¢ is a positive function that influences the shape of a harmonic map, i.e., it changes
the physical meaning of a minimal weight of the surface. ¢ provides us with the flexibility of
adjusting the path of diffusion, similar to the geodesic surfaces [53], and enables the minimal
surface flow to achieve the desired objective. [ defines the scale-space of the embedding,
which is the relative magnitude between feature and space, i.e., image intensity and image

spatial Cartesian grid.

Taking inspiration from geodesic active contours [54], we note that for a specific choice of
metric, the Polyakov action measures the area of the surface in the space M. This gives us
the freedom to use the target image of the registration to define the metric and thus influence
the shape of the harmonic map. In this work, we choose ¢ = (I, — I})?, where I,, and I;
are the moving and the fixed (target) images, respectively. The squared image difference
given by ¢ is the most commonly used error measurement in intensity-based registration
works. The difference is, in this work ¢ is not directly minimized; instead, ¢ is used to

modulate the metric h. Intuitively, within a specific infinitesimal region on the embedded
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Figure 4.2: Influence of # on the deformation field.

surface, if the value of ¢ function decrease its value, the distance measure within this region
will decrease, and the surface area measure will also decrease. Thus the physical meaning of
the Polyakov function is no longer same as the commonly used surface area in the Euclidian
space. Especially, when the moving and the fixed images are perfectly aligned, ¢ will have
minimal-value everywhere and the surface area measured by the Polyakov functional will
achieve its minimal value. In other words, during the diffusion, the surface area is attracted
by a potential well formed by ¢, and our particular choice of ¢ transforms the Polyakov

functional into a registration objective.

The factor § defines the relative magnitude between the feature and the geometric space. The
choice of 5 impacts the distribution of the deformation energy. This is illustrated in Fig. 4.2,
where we use red and blue curves to represent surface cut profiles of a moving and a target
image, respectively and the arrows denote gradient directions of evolving from the moving
image to the target image. In Fig. 4.2(a), [ is set to a small value, and thus image intensity
weight less in the pullback. When the moving image is evolved to the target image, the
gradient direction will be better aligned with the intensity axis, and the deformation energy
will be concentrated on intensity displacement. Alternatively as shown in Fig. 4.2(b), if
[ is set to a large value, the gradient direction evolving the moving image to the target
image will be better aligned with the spatial grid axis, and the deformation energy will be
more distributed to the spatial deformation. Based on this intuition, if we have a function

p(z,y,z), whose value indicates the probability that point (x,y, z) lies within topological
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changes, we can construct the function f in the following form,

1

B(x,y,z) = W’

(4.7)

where € is a small positive value to avoid the ill-condition of division-by-zero. With this func-
tion, for image regions without topological change, p(z,y, z) will have small values and
will have large values accordingly. Then the deformation in these regions will mainly concen-
trate on spatial grid to capture the structural difference between the moving and the target
images. On the other hand, for image regions that do have topological change, p(z,y, z) will
have large values and [ will thus have small values. Then intensity displacement will be
favored during the registration process to correct the appearance of topological changes in

these regions.

4.2.2 Computation of surface variation

Using the map given in (4.1) and the chosen h, we can obtain the metric g through the
pullback procedure,
1+ B2 BLI, PLL
g=0| BLI, 1+B12 BLI |. (4.8)
BLI.  BILI. 1+BI2
Then, the gradient direction that minimizes surface area is given by the Euler-Lagrange
equation (4.4). We take the gradient descent approach to obtain the equation for surface
variation,
ox _ ¢—28 (99" 0, X") + ¢*T%.0,X'0, X7 g" (4.9)
ot \/g w\V39  Ov i7%u (TRA YA .
Here, t is the time variable that represents a step in the diffusion process. Note that in (4.9),
the Euler-Lagrange equation is multiplied by ¢? which is a positive function and will not

affect the solution of the minimization.

Combining all the above definitions, we can obtain the registration updating rule:

0X —BI I —B1L

— =49 v S v S v 4.10

BN 1 Bl + 59 I + O3 _BI. ; ( )
1 41 +12 1
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where,

S :%[(1 + BI2 + BI2) Loy + (L+ BI2 + BI2) L,y + (1 + BIZ + BI2) 1]

- %ﬁuﬂym + LLIL. + I,L1,.) + %(mu + ¢yBL, + .81 — ¢r),
5= 0
Sy == =2 (Bl + BT, + BL)(1 + ),

SETe
k =1+ BL + pI} + BIZ,

Note that in (4.10), we intentionally assemble all the terms that are related to the partial
derivatives of 5 in S3. The first three dimensions in (4.10) define the spatial grid defor-
mation, i.e., the structural differences between the moving and the target images. The
4th dimension in (4.10) defines the intensity displacement, which is mainly concentrated on
the pre-identified topological changes. The detailed derivation of (4.10) can be found in Ap-
pendix A. We want to emphasize that when using (4.10), the distribution of the deformation
energy in the intensity displacement and the spatial grid deformation can be directly con-
trolled by the function 3. This is the major reason that false deformation can be eliminated
from our resulting deformation field. To better understand this, if we set 8 to extreme values

of +00 and 0, we can obtain the following two equations (for details refer to Appendix B),

) 0X /
61—13100 i I,H I,H ILH 0], (4.11)
where
He qﬁlx[(Iy2+lzz)wa+(1§+lzz)[yy+(lg+[5)IZZ—2(leylnyrIxIZIvaIylzIyz)]
(12 + Ig + 12)2
2(12 + Iy2 + 12)
and
- 0X '
élir(l] o LT I,T I.,T oo, (4.12)
where

T =¢11, — 2¢01,(B:1; + By1y + B.1.).

It is easy to observe that (4.11) and (4.12) agree with our expectation (refer to Sec. 4.2.1)

that when [ has very large values, the spatial grid deformation should contain the most
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energy, whereas when [ has very small values, the intensity displacement should dominate
the deformation energy. Note that we do not require a precise lesion segmentation to form a
proper (3 function. It can be based on any estimated probability function p(z,y, z). In real
applications, p(z,y, z) can be constructed from some lesion-likelihood measurements, or a

smoothed version of a rough lesion segmentation, given by
p = Kprob * La (413)

where K, is a Gaussian kernel and L is the segmentation label map for lesions. In most
cases, after intensity displacement, the spatial deformation of lesion-affected areas will be
filled by the interpolation of the deformation from their neighborhood, due to the smoothness
constraints of the deformation field. Thus, when we construct 5 from a smoothed rough lesion

segmentation, slightly over- or under-segmentation is well tolerated.

4.2.3 Diffeomorphism

Most state-of-the-art registration algorithms constrain the resulting deformation field to be
in the group of diffeomorphisms [13, 12]. As described in Chapter 2, a diffeomorphism is
a Lie group of invertible and differentiable bijective mappings. A dense deformation field
that is diffeomorphic indicates no tearing or folding in the physical space after deformation.
Constraining the evolution of deformation field within the group of diffeomorphism also
ensures a stable diffusion process by avoiding spikes when solving the associated PDE. A
subtle difference in our registration is that, only the first three dimensions of the surface
evolution represent spatial grid deformation, and thus are required to be diffeomorphic.
The 4th dimension, however, is the intensity displacement that is expected to capture high

frequency variations and should not be confined in the group of diffeomorphisms!.

Clearly, in our method, adding explicit constraints only to the first three dimensions of the

deformation is mathematically difficult. Instead, as proposed in the work of diffeomorphic

Tdeally, the intensity displacement is expected to have certain smoothness to ensure a smooth PDE
evolution. In the algorithm step 5, note that there is a Gaussian kernel directly applied on the update of
intensity displacement. In all the experiments, a very small Gaussian kernel with o,y = 0.4 for K;,;, was
used and always results in a stable diffusion. However, diffeomorphism is too strong for this smoothness
constraint. Imagine that, there are two pixels, left and right. If the input image has a smaller intensity
on the left pixel, diffeomorphism essentially ensures that after intensity displacement, the left pixel cannot
change to a larger intensity compared to the right pixel, i.e., maintaining the “ordering” of the intensities.
Our algorithm does allow the flexibility of changing intensities and thus the diffeomorphism does not apply

to intensity displacement.
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demons [13], spatial deformation can be directly performed in the Lie group of diffeomor-
phisms. Thus, the registration results are diffeomorphic when the Lie algebra is applied
during the optimization, avoiding the typical routine of adding constraints into the objec-

tive. Following this idea, we adopt the intrinsic updating rule:
s < soexp(u) (4.14)

for the evolution of the spatial deformation field. Here, s is the overall spatial deformation

and u contains the first three components of the surface evolution (4.10): u = [88—‘?88—?68—?]’ .

The intensity displacement, on the other hand, is directly accumulated as follows

A +— A+, (4.15)
where A is the overall intensity displacement, and ¢§ is the last component of the surface
evolution (4.10): § = 88—)?. After applying intensity displacement A on the target image I,

given by
I8 =T} + A, (4.16)

where t is the time variable, the intensity difference caused by topological changes will be

eliminated. As a result, we refer to this step as intensity correction.

4.2.4 Registration algorithm

To summarize, we have the following registration algorithm:

Algorithm (Image Registration using Embedded Maps):

e Initialization:

1. set the image with normal topology as moving image I,,;

2. set the image with topological change as fixed image I;

3. construct 3 using the binary label map of topological change, L (4.13) (4.7);
4. set deformation field s = Id and intensity displacement A = 0.

e iteration t:

1. compute the update for surface evolution (4.10): u = [%—?%—%%—?]T and 0 = 86—)‘;1;

2. apply fluid regularization on u : u <= Kyyiq * u;
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update deformation field: s < s o exp(u);

apply diffusion regularization on s : s <= Kg;rs * s;
update intensity displacement A < A + K, * 0;
apply spatial deformation It = s(I?);

apply intensity dispalcement ]}H = I} + A;

compute new total error: TotalError = X|I5T — 14+

R

if (TotalError < threshold || t = maxIteration) break;

Note that v and ¢ are both normalized and multiplied by a chosen step size as in typical
registration methods. Following the convention in diffeomorphic demons, the step size for

spatial deformation is set to a constant of 2 pixels, and the step size of intensity displacement
maximum image intensity
number of iterations

can be set to

4.3 Implementation details

The proposed algorithm is implemented using the C++ image processing library Insight
Toolkit (ITK) [11]. The implementation includes the following list of files:

REMRegistration.cxx

ExponentialDeformationFieldlmageFilter.h

ExponentialDeformationFieldlmageFilter.txx

GaussianSmoothingVectorFieldFilterByD.h

GaussianSmoothingVectorFieldFilterByD.txx

CMakeLists.txt

After collecting all the inputs, the source and target pass through an optional smoothing
step, where smoothing will result in low SNR but lose of image information to a certain
extent. This smoothing step is not suggested in most applications. Then the source image

is histogram matched to the target image.
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Before entering the registration loop, several intermediate variables are initialized, including
u, 6, s, A, warped moving image and . Then, within each iteration, we first update ¢
function via calling the itkSquaredDifferencelmageFilter. The first and second order partial
derivatives of I, § and ¢ are computed using the itkGradientRecursiveGaussianImageFilter
and the itkHessianRecursive GaussianImageFilter. The surface variation is then computed
using (4.10).

The fluid regularization and the diffusion regularization are implemented using Gaussian
smoothing GaussianSmoothingVectorFieldFilterByD. Then, both u and 0 are normalized
and multiplied by the chosen step sizes. To map wu into the Lie group of diffeomorphisms,
we used the EzponentialDeformationFieldImageFilter, which is originally included in the
diffeomorphic demons package and was edited for our application. The update of the defor-
mation field given in (4.14) is implemented by spatially warping the deformation field s by
u using itk WarpImageFilter and then incorporate u using itkAddImageFilter. The intensity
displacement is applied also using itkAddImageFilter.

After the update, image Lo residual is re-computed for the current iteration and ¢ function

is updated. This process repeats until the maximum iteration is reached.

The arguments and their common values of our deformable registration algorithm are listed
as follows:

1. argv[l] source image (healthy subject/template)

2. argv[2] target image (image with topological change)

3. argv[3] lesion_probability map

e binary lesion segmentation smoothed using Gaussian kernel of variance 1 works
for most cases.

4. argv[4] Boolen: smooth_input_image

e 0 not to smooth

e 1 smooth
5. argv[b] float: sigma for fluid-like regularization

e (0.8 when template used as source image

e 1.2 when healthy subject is used as source image.
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6. agrv[6] float: sigma for diffusion-like regularization

e 0.8 when template used as source image

e 1.2 when healthy subject is used as source image.
7. argv[7] float: step Size for spatial deformation

e 2 works for almost all cases, same as in diffeomorphic demons
8. argv[8] float: step Size for intensity displacement

e 0 for healthy to healthy registration
e (.05 for template to subject
e 0.01 for subject to subject.

9. agrv[9] float: epsilon 0.02
10. agrv([10] int: number of iterations

e 30 for template to subject
e 100 for subject to subject.

11. argv[11] output prefix
In the following, we list a set of sample arguments used to generate the results in Sec. 4.3.

e Sample arguments for Sec. 4.4.1:
.JREMrederive OASISelderlyTemplate.nrrd OASIS _img0027.nrrd
Oasis_0027_lesionMap.nii 0 0.8 0.8 2 0.05 0.02 30 templateToOASI1S0027 Reg
e Sample arguments for Sec. 4.4.2:
.JREMrederive Oasissubj_0116.nrrd ADN I _brain0023.nrrd
ADNI lesionMap_0023.nrrd 0 1.2 1.2 2 0.01 0.02 100 OASIS0116ToADNI0023 Reg
e Sample arguments for Sec. 4.4.5:

.JREMrederive Oasis_subj_0050.nrrd Oasis_subj_0034.nrrd
allZerolesionMap.nrrd 0 1.2 1.2 2 0 0.02 1000 AS1S500507T00AS150034 Reg

.JREMrederive OASISelderlyTemplate.nrrd Oasis_subj_0034.nrrd
allZero_lesionMap.nrrd 0 0.8 0.8 2 0 0.02 30 templateToOASI1S0034Reg
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4.4 Experiments and results

In this section, the registration algorithm is tested using multiple sets of experiments. The re-
sulting deformation fields are compared with those obtained using diffeomorphic demons [13],
where topological changes are not specially handled. Additional results are given to demon-
strate the impact of false alarm and mis-detection of lesion in the construction of 5. Exper-
iments are also conducted for cases that are currently modeled, e.g., both moving and fixed
images contain topological changes, to show the advantages as well as the limitations of the

algorithm.

4.4.1 Register template to brain MRIs with lesions.

In the first set of experiments, we register a brain template to a set of 20 brain MR images
with lesions. The template was constructed for one of our early studies [55], which is obtained
by aligning and averaging a set of 130 MR images for healthy elderly subjects (age above
58) from the OASIS dataset [56]. The testing set of 20 brain MR images with lesion were

also from the OASIS dataset, but none of them were used in the template construction.

The template is affine registered to the target images before applying our deformable registra-
tion algorithm using the Slicer3 [57] Fast Affine Registration Module. Compared to MR im-
ages of individual subjects, brain templates are very smooth. As a result, in the experiments,
we use small Gaussian kernels for the smoothing of deformation fields: o 10 = 0aify = 0.8?
for Kyiq and Kg;rr. Lesions are segmented using the FreeSurfer tool [17] (segmented with
the label white matter hypointensity lesion), and [ is then constructed with o, = 1 for
Kyrop in (4.13); € = 0.01 in (4.7). Other parameters are set as follows: 0,0, = 1 for Ko
in (4.13); € = 0.01 in (4.7) and 0y, = 0.4 for K;,,. In all of the 20 registration experiments,
the image residual stops dropping and begins oscillating ® within 15-25 iterations, so we
terminate all the registrations at the 30th iteration. Sample curves plotting the registration
residual during the registration process are shown in Fig. 4.3(a), where the solid line plots
image Lo residual after the spatial deformation field of the current iteration is applied to the
moving image, and the dashed line plots image Lo residual after the intensity displacement

is additionally applied. From these curves, we observe a smooth diffusion process both on

2All the parameter settings through this chapter are in pixel scale.
3Residual oscillation is a commonly seen phenomenon in gradient descent based searching. The reason

mainly attributes to the over-shooting and back-and-forth searching when the current solution is close to

the true local minimum.
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Figure 4.3: Registration Residual for the first set of registrations. (a) Sample curves plotting

L2 image residual

N

the registration residual during the registration process. The solid line plots the image Lo
residual after the spatial deformation field of the current iteration is applied on the moving
image, and the solid line plots the image Lo residual when the intensity displacement is also
applied. (b) Image Lo residuals before and after registration. The blue bars shows the Ly
distance between the source and target image before deformable registration. The red bars
show the L, residual between spatially deformed moving image and the target images. The
green bars show the Ly residual after the intensity displacement is further applied to the

target image.
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the evolution of spatial deformation and on that of the intensity displacement. The image
L, residuals before and after registration for all the 20 experiments are shown in Fig. 4.3(b).
The blue bar shows the L, residual between the moving and the target images before our
deformable registration. The red bar shows the L, residual between the spatially-deformed
moving image and the target image, where we can see a significant drop of residual values
compared to the corresponding blue bar. We also observe a further drop of residual values
on the green bars, which are the L, residuals after the intensity displacement is applied to
the target image, in addition to spatial deformation. In other words, the green bar shows
the registration residual after removing the contribution from the intensity difference caused

by topological change.

Some samples of the registration results are given in Fig. 4.4 to Fig. 4.7. Fig. 4.4 to Fig. 4.7
each shows the result of one registration experiment, where the first row shows the checker-
board image of the template and the target image. The second row shows the checkerboard
image of the target image and the registered template, i.e., after spatial deformation. The tar-
get images all contain lesions, which are segmented using the FreeSurfer tool [17] (segmented
with the label white matter hypointensity lesion), and marked out using blue contours, as
shown in the third rows. The fourth rows give the target images after intensity displacement
is applied. The fifth and sixth rows in Fig. 4.4 to Fig. 4.7 plot the iso-contours of the mov-
ing image on top of the target image, before and after the spatial deformation is applied,
respectively. These iso-contour plots help to better visualize the alignment of cortical gray
matter (GM) and white matter (WM). The three columns in Fig. 4.4 to Fig. 4.7 show the
Axial, Sagittal and Coronal views of each volume, respectively. For all the cases, we can
see that the anatomical structures of the template are well aligned with those on the target
images and the intensity within lesions in the target image is corrected to become that of

healthy white matter.

Fig. 4.8 provides some samples of the resulting deformation vector fields using a glyph
view?. The template image (the left-most column) is registered to two subjects with severe
lesions (the second column). After the registration, the template image is deformed to align
with the subjects, as shown in the third column. In the last column, we show a zoomed view
where the deformation fields are plotted as glyph fields on top of the target image. For the
first subject (the upper row), we focus on the lesions around the first ventricle, and for the

second subject (the lower row), we focus on the lesion around the lateral ventricle. From

4Note that the arrows in the glyph plot are only for illustration, and vector may not be length to scale,

to improve visualization. This applies to all the following glyph plots.
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Figure 4.4: Sample of registration results 1: from a template to subjects with lesion from
OASIS dataset. The first row shows the template image which is affinely aligned to the
target image. The second row shows the target images that containing lesions, which are
marked out with blue contours. The third row shows the spatially deformed template image,
and the last row gives the target image after intensity displacement is applied. The fifth and
sixth rows plot the iso-contours of the moving image on top of the target image, before and
after the spatial deformation is applied, respectively. The columns show the Axial, Sagittal

and Coronal views, from left to right, respec‘gligely.



Figure 4.5: Sample of registration results 2. Subfigures are organized in the same way as in
Fig. 4.4.
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Figure 4.6: Sample of registration results 3. Subfigures are organized in the same way as in
Fig. 4.4.
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Figure 4.7: Sample of registration results 4. Subfigures are organized in the same way as in
Fig. 4.4.
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Figure 4.8: Samples of the resulting deformation vector fields from a template to subjects
with lesion from OASIS dataset. Vector fields are shown using glyphs. Left-most column: the
template image. Second column from left: two subjects with severe lesions. Third column
from left: the spatially deformed template image after registration. Right-most column:
zoomed view of deformation fields on top of the target image. For the first subject (upper
row), zoomed region around the first ventricle. For the second subject (lower row), zoomed

region around the lateral ventricle.

both cases, we found no false deformation around the lesion areas.

For comparison purposes, we also used the diffeomorphic demons algorithm to conduct these
experiments. However, in all the experiments, diffeomorphic demons is not successful in the
sense that the algorithm converges to the results that completely shrink the areas of white
matter into a spike. This has been seen in our previous study when the smoothness of the
moving and the target images differ significantly. In Fig. 4.9 and Fig. 4.10, we provide a
comparison of the registration results when our algorithm is set to the same configuration
as diffeomorphic demons: no smoothing on both the moving and the target images, o fyiqa =
ogisf = 0.8 for Kyiq and Kg;rp. Three resolutions are used in the diffeomorphic demons
registration, where 50, 50 and 200 iterations are performed in each resolution, respectively.
In Fig. 4.9 and Fig. 4.10, the first column from left shows the template image, the second
column shows the target image, the third column gives the result of our algorithm and the
fourth column gives that of diffeomorphic demons. The first and third rows show the images
in Axial and Coronal views, respectively. The second and fourth rows show the glyph plots
of deformation fields in Axial and Coronal views, respectively. From these examples, we find

that our algorithm converges to reasonable results, whereas diffeomorphic demons does not.
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Figure 4.9: First example of comparing our registration result with that of diffeomorphic
demons. The first column from left shows the template image, the second column shows
the target image. The third column gives the result of our algorithm and the right-most
column gives that from diffeomorphic demons. The first and third row shows the images in
Axial and Coronal views, respectively. The second and fourth row shows the glyph plot of

deformation fields in Axial and Coronal views, respectively.
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Figure 4.10: Another example of comparing our registration result vs. diffeomorphic demons.

Subfigures are organized in the same way as in Fig. 4.9.
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4.4.2 Register brain MRIs of healthy subject to that of Alzheimer’s

patients.

In this set of experiments, we register the brain MR image of an age 77 healthy female
from OASIS dataset to a set of 20 brain MR images with lesions in the Alzheimer’s disease
Neuroimaging Initiative (ADNI) dataset®. The images from the ADNI dataset are skull-
stripped using the FSL (BET) tool [58].

In these experiments, because we are conducting subject-to-subject registration, the moving
image is noisier and sharper compared to the template image used in Sec. 4.4.1.A. As a
result, we use larger Gaussian kernels for the smoothing of deformation fields, compared
with those used in the previous set of experiments. Specifically, we use oiq = 04irf = 0.8
for Kyuq and Kgrp, respectively. Other parameters are: o, = 1 for K, in (4.13);
e =0.021in (4.7) and 04,y = 0.4 for K;,;. In the registration experiments, the moving image
was first affinely registered to the target images, again using the Slicer3 [57] Fast Affine
Registration Module. Then, when applying our deformable registration algorithm, the image
residual stopped dropping and started oscillating after 50-80 iterations, so we terminate the
registration for all experiments at the 100th iteration. Sample curves plotting the registration
residual during the registration process for one of the experiments are shown in Fig. 4.11(b),
with the same configuration as that used in Fig. 4.11(a). The image Lo residuals before and
after registration for all the 20 experiments are shown in Fig. 4.11(b), in the same fashion
as used in Fig. 4.3(b). Samples of registration results are shown in Fig. 4.12 - Fig. 4.15.
The subfigures are organized in the same fashion as in Fig. 4.4. We can see that in all the
cases, the moving images are spatially deformed and well aligned with the target images,
and the lesions in the target images are corrected after the intensity displacement is applied.
As an alternative visualization, in Fig. 4.16 and Fig. 4.17, we provide the difference images

between the moving and target images, before and after registration. The first rows show

®Data used in this chapter are selected from the Alzheimer’s disease Neuroimaging Initiative (ADNI)
database (http://www. loni.ucla.edu/ADNI). The ADNI was launched in 2003 by the National Institute
on Aging (NIA), the National Institute of Biomedical Imaging and Bioengineering (NIBIB), the Food and
Drug Administration (FDA), private pharmaceutical companies and non-profit organizations, as a $60 mil-
lion, 5-year public-private partnership. The primary goal of ADNI has been to test whether serial mag-
netic resonance imaging (MRI), positron emission tomography (PET), other biological markers, and clinical
and neuropsychological assessment can be combined to measure the progression of mild cognitive impair-
ment (MCI) and early Alzheimer’s disease (AD). Determination of sensitive and specific markers of very
early AD progression is intended to aid researchers and clinicians to develop new treatments and monitor

their effectiveness, as well as lessen the time and cost of clinical trials.
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the difference images between the moving and target images before registration. The second
rows give the difference images between the deformed moving image and the target image.
The third rows provide the difference images between the deformed moving image and the
lesion-corrected target image. We observe from these results, that the image differences
caused by structural shape variation are removed after spatial deformation, and the image

differences caused by lesion are further removed after applying intensity correction.

For comparison purposes, we again used diffeomorphic demons algorithm [13] to perform the
same set of registration experiments. Three resolutions are used in the diffeomorphic demons
registration, where 50, 50 and 200 iterations are performed in each resolution, respectively®.
The variances used in the smoothing Gaussian kernel for fluid and diffusion regularization
are both set to 1.2, the same as in our algorithm. In Fig. 4.11(b), we also use magenta bars to
show the registration residual after applying diffeomorphic demons registration. We can see
that in all cases, the residuals after applying diffeomorphic demons have values in between
the residuals before and after intensity displacements (the red and green bars, respectively).
It is intuitive to understand that, in diffeomorphic demons, part of the spatial deformation
is contributed to local deformation that attempts to minimize the error caused by intensity

difference of lesions. This will in turn cause false deformation.

Now we demonstrate the efficacy of our algorithm in eliminating false deformation. Fig. 4.18
(a) and (b) show the registration results using our proposed algorithm and diffeomorphic
demons. In both (a) and (b), the sub-figures in the upper row, from left to right, show
an axial view of the moving image, the target image, the registered moving image (after
spatial deformation) using our algorithm, and the registered moving image (after spatial
deformation) using diffeomorphic demons. In both cases, we find that the diffeomorphic
demons algorithm tries to deform the lateral ventricle into the white matter areas with
lesions, which leads to an incorrect registration result. In contrast, these errors are not seen
in our registration results. Furthermore, in both (a) and (b), the left most sub-figure in the
lower row shows a zoomed region in order to visualize the deformation field. The second and
third sub-figures in both lower rows of (a) and (b) give the glyph view of the deformation
field obtained using our method and diffeomorphic demons, respectively. For diffeomorphic
demons, we observed a dense deformation energy concentration (abnormally long vectors)
around the lesion-affected areas in the resulting deformation field, which is obviously false

deformation. On the other hand, such false deformation is successfully removed in the

6Such multiple resolutions scheme can also be applied to our algorithm with helps to prevent convergence
to local minimums. However, this scheme is currently not yet implemented.
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results obtained using our algorithm. We need to emphasize that, despite the advantages
of our algorithm shown by these results, our algorithm does take lesion segmentation as an

additional input which is important prior knowledge.

4.4.3 Impact of false alarm and mis-detection of lesion.

To eliminate false deformation, our registration method relies on an a-priori lesion estima-
tion. However, the lesion segmentation obtained from automatic segmentation tools may
contain errors, either poor segmentation or false alarm/min-detection. Here, we provide

some examples to demonstrate the impact of these errors on our algorithm.

As explained in Sec. 4.2.2, ( is a function of a smoothed lesion segmentation. Fig. 4.19 shows
such a case in our second set of experiments (Sec. 4.4.2). From Fig. 4.19 (a), we notice that
FreeSurfer underestimates the lesion-affected areas (inside the blue contours), especially the
lesion region to the left of the ventricle. Fig. 4.19 (b) shows the smoothing effect during the
construction of the p(z,y, z) function. All the lesions in the target image are successfully
removed after intensity displacement, as shown in Fig. 4.19 (c). Finally, in Fig. 4.19 (d), we
can see that the deformation field is not affected by the presence of a lesion, i.e., no false

deformation is observed.

However, if a lesion-affected area is completely mis-detected, the registration performance
will be affected. An example is shown in Fig. 4.20(a), which gives the Coronal view of a
moving image, a target image, and a registered moving image after applying the spatial
deformation, from left to right, respectively. We find that the skull stripping of the target
image obtained from FSL (BET) is not perfect, where some extracranial tissue was kept as
part of the brain. This tissue is not part of the brain, and does not have a matching anatomy
structure in the moving image. Thus, it can be regarded as a topological change. In fact,
such errors are commonly seen in large scale studies. Fig. 4.20(b) shows the deformation
field around this area, where we observe some false deformation. Ideally, if this area was
modeled in 3, it would be corrected by intensity displacement and should not cause any

spatial deformation.

Underestimation or even mis-detection is common in automatic lesion segmentation algo-
rithms, due to the minor intensity differences of some lesions. However, it is relatively
uncommon to see false alarms during lesion detection, since it is expected that there always

exists some intensity difference. Thus, we do not have results to show the impact of false

o4



x 10 x10
5 T 5
4 after spatial wapping 4 after spatial warpping 4
after spatial warpping & intensity displacement — = — after spatial warpping & intensity displacement
g3 S3 E
= °
@ 7]
<} I
~ 2 ~ 2
a 3
1 1
0 . . . . 0 . . . .
0 20 40 60 80 100 0 20 40 60 80 100
number of iterations number of iterations
x10° x10°
5 T 5 T T
after spatial warpping
4 4 — = — after spatial warpping & intensity displacement |
after spatial warpping
= — — - after spatial warpping & intensity displacement =
23 2
@ 7]
<} <
~ 2 o~
3 3
1
0 . . . . 0 . . . .
0 20 40 60 80 100 0 20 40 60 80 100
number of iterations number of iterations
(a)
x10°
T T T T L L L
A Il 2 residual befor registration
I 2 residual after spatial deformation
[ L2 residual after spatial deformation and intensity displacement|
s [ L2 residual after diffeomorphic demons registration
©
3
2
[
=
)
D3
©
E
N
N2
1
A (5|l I 0| o
1 2 3 4 5 6 7 10 11 12 13

8 9
index of registration experiments

Figure 4.11: Registration residual for the second set of registration. (a): Sample curves
plotting the registration residual during the registration process. The solid line plots the
image Lo residual after the spatial deformation field of current iteration is applied on the
moving image, and the solid line plots the image Lo residual when the intensity displacement
is also applied. (b): Image L, residuals before and after registration. The blue bars shows
the L, distance between the source and target image before deformable registration. The red
bars show the L, residual between spatially deformed moving image and the target images.
The green bars show the Ly residual after the intensity displacement is further applied to
the target image. In addition, the magenta bars in this subfigure show the Ly residual after

apply diffeomorphic demons registration.
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Figure 4.12: Sample of registration results 1: from a template to subjects with lesion from
ADNI dataset. The first row shows the template image which is affinely aligned to the target
image. The second row shows the target images that contain lesions, which are highlighted
with blue contours. The third row shows the spatially deformed template image, and the
last row gives the target image after intensity displacement is applied. The fifth and sixth
rows plot the iso-contours of the moving image on top of the target image, before and after
the spatial deformation is applied, respectively. The columns show the Axial, Sagittal and

Coronal views, from left to right, respectivel}gG



Figure 4.13: Sample of registration results 2. Subfigures are organized in the same way as
in Fig. 4.12.
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Figure 4.14: Sample of registration results 3. Subfigures are organized in the same way as
in Fig. 4.12.
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Figure 4.15: Sample of registration results 4. Subfigures are organized in the same way as
in Fig. 4.12.
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Figure 4.16: Sample of difference images 1. The first row shows the difference images between
the moving and target images before registration. The second row gives the difference images
between the deformed moving image and the target image. The third row provides the

difference images between the deformed moving image and the lesion-corrected target image.
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Figure 4.17: Sample of difference images 2. Subfigures are organized in the same way as in
Fig. 4.16.
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Figure 4.18: Impact of imprecise segmentation of lesion. In both (a) and (b), the subfigures

in the upper row, from left to right, show an axial view of the moving image, the target
image, the registered moving image (after spatial deformation) using our algorithm, and the
registered moving image (after spatial deformation) using diffeomorphic demons. Also, in
both (a) and (b), the left most subfigure in the lower row indicate a region that we zoom in
to visualize the deformation field. The second and third subfigures from the left gives the
glyph view of the deformation field obtained using our method and diffeomorphic demons,

respectively.
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Figure 4.19: Sample of registration with imprecise segmentation. (a): lesion segmentation
obtained using FreeSurfer, lesion areas are highlighted using blue contours, with part of
lesions underestimated. (b): the constructed [ function. (c): result after intensity displace-

ment applied on the target image. (d): the deformation field.

alarm of lesion detection in the two sets of experiments here. However, even with false alarm,
we still expect our registration algorithm to perform normally. Imagine that if the intensities
of certain region on the moving and the target images are very close, ¢ will have small values
for these regions and no spatial deformation or intensity displacement will be exerted, even

though p(x,y, z) has large values.

Finally, we point out that the current version of our algorithm only deals with lesions in
the target image and a normal anatomy of the moving image is expected. Fig. 4.21 shows
the registration results when both the moving image (Fig. 4.21 (a)) and the target image
(Fig. 4.21 (b)) have lesions (from the ADNI dataset). Only the lesion segmentation for the
target image is modeled in 5. We can observe that around the left side of lateral ventricle,
the deformed moving image (Fig. 4.21 (c)) is not well aligned with the target image after

registration, where false deformation can be observed, as shown in Fig. 4.21 (d).

4.4.4 Example of registering a template to a brain image with a

tumor.

In this experiment, we register a brain MR image template, as shown in the first row of
Fig. 4.22, to a target image that carries a brain tumor of considerable size, as shown in
the second row of Fig. 4.22. The template image was constructed using 233 healthy young
subjects (mean age 34.58) from OASIS dataset in our previous study [55]. The brain image

with tumor was taken for a patient with a meningioma and is available in the testing data
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Figure 4.20: False deformation caused by the miss detection of topological change.
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Figure 4.21: Sample registration when both moving and target image carry lesions. (a):
moving image with lesion. (b): target image with lesion. (c): deformed moving image after

spatial deformation. (d): the deformation field.

distributed within the Slicer3 [57] package. It was skull-stripped using the FSL (BET)
tool[58]. As shown in the second row of Fig. 4.22, instead of a precise segmentation of the
tumor, our interface allows a physician to draw 3 profile lines on the target image to indicate
the location and size of the tumor (with orange line), which gives us an ellipsoid containing

the tumor region (blue contours).

The third row of Fig. 4.22 gives the checkerboard image of the target image and the template;
where the fourth row gives the checkerboard image of the target images and the registered
template, after applying spatial deformation. We find that after registration, the template
is well aligned with the target image. The fifth row shows the target image after applying
intensity displacement, where we see the intensity of the tumor region is replaced by that of
the co-aligned template image”. This step essentially provides us with a “tumor-repaired”
version of the target image, which is an estimation of the brain anatomy had the tumor not
existed. We notice that in the target image, the growth of tumor pushes the surrounding
tissue aside and squeezes the ventricle. After intensity correction, the healthy tissue is moved

back to the normal location and the ventricle is lifted. In the sixth row, we plot the resulting

"Note that in the checkerboard images in the third and fourth rows, the target image appears to be much
darker compared to the template. The appearances of the target image before and after intensity correction,
as shown in the second and fifth rows, are also very different. This is due to the fact that the target image
has a very different intensity profile because of the bright tumor. As a result, the contrast of the whole image
is not good, where CSF appears to be dark and not really visible. However, if we pay some close attention,
it is easy to notice that major features, such as the separation between gray matter and white matter and
the boundary of ventricle are all well aligned after the deformable registration. Also, as shown in the fifth
row, after the intensity of the tumor region is repaired, brain regions other than the tumor can be visualized

with a proper intensity contrast.
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Figure 4.22: Sample registration of a brain template to the MRI of a meningioma patient.
First row: a brain template, the moving image. Second row: target image, MRI of a
meningioma patient. Third and fourth row: checkerboard image of the target and the
moving image, before and after spatial deformation, respectively. The fifth row: the intensity
corrected target image after intensity displacement. The sixth row: glyph plot of the resulting
deformation field. The 3 columns show the Axial, Sagittal and Coronal views of the same
image. Note that the length of glyph is amplified for better visualization and is not in real

pixel scale.
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deformation field using glyphs. Clearly, the tumor does not induce any false deformation,
despite the strong intensity gradient between the tumor region and the surrounding healthy
tissue. In view of these results, we believe that the proposed algorithm might also be used

to register images of resections as well.

4.4.5 Registering images of normal topology.

We need to point out that although our algorithm is motivated by the need for accurately
registering images with topological changes, our algorithm can also be used to register images
of normal topology, i.e., those without topological changes. The spatial deformation, in this
case, contains all the deformation energy by setting the lesion probability map p(z, vy, z) to

zero everywhere and does not allow the intensity to deform.

In Fig. 4.23 to Fig. 4.26 we give 4 examples using our registration algorithm, where both
the moving and the target images have normal topology. In Fig. 4.23 to Fig. 4.26, the
three columns give the Axial, Sagittal and Coronal views of the images. The first shows
the checkerboard image of the target image and the template; and the second row shows
the checkerboard image of the target image and the deformed template, i.e., after applying
spatial deformation to the template. The third and fourth rows plot the iso-contours of the
moving image before and after applying the spatial deformation, on top of the target image.
Fig. 4.23 and Fig. 4.24 each shows the result of registering an elderly brain template, the
same as used in Sec. 4.4.1, to a young and healthy subject from the OASIS dataset (age
27 and 21). Note that the brains of young subjects are of significant structural difference
from the elderly template, which is particularly noticeable in terms of the ventricle sizes. In
both cases the algorithm converges to very good alignments. Fig. 4.25 shows the results of
registering the elderly brain template to an elderly healthy subject in OASIS, the same as
used in Sec. 4.4.2. Fig. 4.26 shows the result of registering the image of the subject used in
Fig. 4.23(b) to the subject used in Fig. 4.24(a). In all the cases, no intensity displacement

was allowed, and thus the spatial deformation carries all the deformation energy.

The parameters used in template-to-subject registrations, i.e., Fig. 4.23 to Fig. 4.25 are set
the same as used in Sec. 4.4.1 and those used in subject-to-subject registration, i.e., Fig. 4.26,

are set the same as in Sec. 4.4.2.
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Figure 4.23: Sample result of registering the elderly template to a young and healthy subject
from OASIS. The first and second rows give the checkerboard image of the target image and
the template, before and after applying spatial deformation, respectively. The third and
fourth row plot the iso-contours of the template, before and after registration, respectively,
on top of the target image.
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Figure 4.24: Another sample of registering the elderly template to a young and healthy
subject from OASIS. Subfigures are organized in the same way as in Fig. 4.23.
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Figure 4.25: Sample result of registering the elderly template to a healthy elderly subject
from OASIS. Subfigures are organized in the same way as in Fig. 4.23.
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Figure 4.26: Sample result of registering a young and healthy subject from OASIS to another.

Subfigures are organized in the same way as in Fig. 4.23.
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4.4.6 Smoothness of .

In (4.13), we used a Gaussian kernel to construct the probability map by slightly blurring the
boundary of the lesion segmentation. The purpose of this smoothing operation is to provide
a smooth transition between the intensity corrected areas and their neighborhood. It also
helps mitigate the adverse effect of imprecise segmentation, as discussed in Sec. 4.4.3. In
clinical applications, this smoothing kernel should be selected based on the type of lesion, i.e.,
if the lesion of interest has a clear boundary for a precise segmentation, a small smoothing
kernel can be used. On the other hand, for lesions that do not have a clear boundary, a larger
smoothing kernel should be used. Fig. 4.28 provides an example showing the impact of the
smoothing kernel. In particular, we conduct two experiments, where the elderly template, the
same as used in Sec. 4.4.1, is registered to a brain image with lesions in the OASIS dataset,
where 001, for Kppop, is set to be 0 and 1 in the two experiments, respectively. The first row
in Fig. 4.28(a) shows the checkerboard image of the template and the target image before
registration. The second and third rows show the checkerboard images of the target image
and the registered template after applying spatial deformation, using opro = 0 and o0 = 1,
respectively. All other parameters are kept the same as those used in Sec. 4.4.1. From
Fig. 4.28, we can see the registration algorithm converges to very similar spatial deformation
in the two experiments. However, the intensity displacement was affected by the choice of
Oprob-  This can be visualized in Fig. 4.28(b). In particular, the first row of Fig. 4.28(b)
shows a zoomed view of the region with lesion in the target image, where the boundary of
FreeSurfer lesion segmentation was marked by blue contours. The second and third rows
show the lesion-repaired target images using o, = 0 and 0,0, = 1, respectively. From the
second row, we observe that there exists an artifact resulting from lesion-repair along the
boundary of the lesion segmentation. This artifact, however, is mitigated by smoothing the
label map, i.e., 0,0, = 1, as can be seen in the third row. Also, even in the case of o) = 0,
the sharp boundary in p(z, y, z) does not show a strong impact on the diffusion process. This
can be observed in Fig. 4.27, which shows the image L residual during the two experiments.

We see that image residuals in the two experiments decrease in a very similar fashion.

4.4.7 Comparison with in-painting.

As we discussed in Chapter 1, many current DBM methods perform a additional step of in-
painting prior to the deformable registration. Specifically, the brain MRI is first segmented

into multiple classes. The classes corresponding to lesions are merged into proper anatomical
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Figure 4.27: Curves plotting image Ly residuals during the registration with o,,,, = 0 and

Oprob = 1.

structures, e.g., white matter lesions will be merged into white matter. Then, the segments

of each class will be in-painted by the average intensity on the entire class.

In order to compare with the performance of in-painting, we tried to register a young and
healthy subject, as shown in the first row in Fig. 4.29, to a elderly subject with lesion, as
shown in the second row of Fig. 4.29, where both images are from the ADNI dataset. The
moving image is first registered to the target image using our algorithm, where the deformed
moving image is shown in the third row of Fig. 4.29. Then, we perform in-painting on
both the moving and the target image based on the segmentation results obtained using the
FreeSurfer tool. These in-painting results are shown in the first and second rows in Fig. 4.30.
The moving and target images after in-painting are then registered using diffeomorphic
demons, where the deformed moving image is shown in the third row of Fig. 4.30. Comparing
the corresponding rows in Fig. 4.29 and Fig. 4.30, we find that the deformable registration

algorithms converge to reasonable results in both cases.

In Fig. 4.31(a), we show the glyph views of the deformation fields obtained through dif-
feomorphic demons after in-painting (left) and our registration algorithm (right). We find
that in both cases, the lesions around the lateral ventricle did not induce false deformation.
However, when we apply the deformation field obtained through diffeomorphic demons after
in-painting on the original moving image, we notice certain artifacts with blocks of uniform

intensities, as shown in the zoomed images in the upper row of Fig. 4.31(b). This is not seen
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Figure 4.28: Example showing the impact of smoothing kernel K,..,. (a): The first row
shows the checkerboard image of the template and target image before registration. The
second and third row show the registered template after applying spatial deformation, using
Tprob = 0 and 0,05 = 1, respectively. (b): the first row shows a zoom-in view of the region
with lesion in the target image, where the boundary of FreeSurfer lesion segmentation was
marked by blue contours. The second and third rows show the lesion-repaired target images

using 0,00 = 0 and 0,0, = 1, respectively.
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in the result of our algorithm, as in the lower row of Fig. 4.31(b). Clearly, after in-painting,
the deformable registration algorithm is essentially registering image blocks (segments) of
uniform intensities. The artifact is a consequence of this block-wise registration. We believe
this provides some evidence that our registration algorithm maybe capable of capturing more

detailed shape difference, compared with the matching between in-painted blocks.
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Figure 4.29: Sample registration result using our algorithm. First row: moving image.

Second: target image. Third row: spatial deformed moving image.
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Figure 4.30: On the same registration experiment as in Fig. 4.29, registration result when
in-painting is used. First row: moving image after in-painting. Second: target image after
in-painting. Third row: spatial deformed moving image, i.e., after apply the deformation

field obtained using diffeomorphic demons on the in-painted image.
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Figure 4.31: Impact of in-painting. (a) glyph view of the deformation field obtained using
diffeomorphic demons after in-painting (left) and our algorithm (right). (b) upper row:
result when the deformation field obtained using in-painting is applied on the original moving
image; lower row: result when the deformation field obtained using our algorithm is applied

on the original moving image.
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Chapter 5

Conclusion and Future Work

Deformable registration is an important research field in medical image processing, since
the resulting dense deformation fields provide rich information for clinical and basic science
studies. As demonstrated in Chapter 3, topological changes cause false deformation and
degrade the reliability of existing deformable registration algorithms. This motivated the
development of a deformable registration algorithm that is capable of registering images with
topological changes, eliminating false deformation. We now summarize our contributions in

tackling this research problem.

5.1 Research summary

In this work, we first study the impact of topological changes on existing deformable regis-
tration algorithms, which demonstrates the necessity of suppressing false deformation. To
handle the issue, we develop a new deformable registration algorithm for images with topo-
logical changes. The proposed algorithm is capable of using a segmentation of the topological
changes as an additional input to eliminate false deformation in the resulting deformation
field. In particular, the registration is performed by embedding images in R? Euclidian space
into surfaces in an R* Riemannian space. Then the image registration is modeled as a surface
evolution process. Using the information provided by the a-priori segmentation, our algo-
rithm controls the distribution of the deformation energy between the spatial deformation
and intensity displacement. By doing so, false deformation is effectively suppressed, and the

intensity displacement, as a by-product of our algorithm, captures the intensity difference
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caused by the topological change. The algorithm was extensively tested on different brain
MR image datasets containing minor to severe pathology. The registration results are com-
pared with those obtained from diffeomorphic demons, a representative modern algorithm
used in neuroimaging studies. The comparison demonstrates the efficacy of our proposed
algorithm in terms of converging to a resonable registration in the presence of topological
changes. More importantly, the resulting deformation field is free of false deformation, which

correctly reveals the structural differences between imaged brains.

The largest impact we foresee of the algorithm is an improved accuracy of DBM analysis
in the researches that has to deal frequently with lesions, including studies of aging, lupus,
MS, and Alzheimer’s. As shown in Sec. 4.4.7, our proposed algorithm avoids the extra step
of in-painting that is commonly used in DBM, and is believed to capture more detailed
shape differences, compared with the matching between in-painted blocks. In addition, our
registration algorithm also outputs a lesion correction result, which repairs the intensity of
topological changes in the input image. This by-product can also be useful in many clinical

studies, such as template building.

We also highlight the value of our proposed algorithm in terms of ease to implement, ro-
bustness, fast convergence, intuitive parameter settings and limited memory space consump-
tion (around 1/40 of that required by the original LDDMM). As shown in Sec. 4.4.5, our
proposed algorithm is also capable of registering images with normal topology, which proves
that our method is a generally applicable registration tool. Considering all these merits, we
believe our proposed algorithm will find its application in many large-scale group-wise or

longitudinal brain studies.

5.2 Future work

The current version of our implementation only allows the target image to contain a topo-
logical change relative to the source image. A direct extension would be to symmetrize the
energy function and allow lesions in both the moving and the target images to be modeled by
separate probability maps. If mutual information is used instead of the Ly image residual in
the embedding function ¢, our proposed algorithm might also register images across different
modalities. In addition, as shown in Sec. 4.4.3, our algorithm can also be used to register

brain images that are not-skull stripped, where the brain mask can be modeled in p.

In the future, the proposed registration algorithms can be integrated into the pipeline of
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studies related to group-wise analysis, or longitudinal study of disease progression. In our
research group, an automatic unsupervised classification algorithm is currently being devel-
oped to distinguish brain MR images of AD patients from those of elderly normal controls.
The classification uses the metric computed from dense registration vector fields, an exam-
ple result of which is illustrated by Fig. 5.1. However, the issue of false deformation with
existing deformable registration algorithms degrades the classification performance. Ideally,
the structural difference and intensity difference caused by lesions among brains are two
difference sources in the analysis of brain variations. Our proposed registration algorithm
is well suited for this application, where it can provide two separate metrics for such clas-
sification algorithms: one is the spatial deformation field for brain structural changes that
is free of false deformation, and the other is the intensity displacement which contains only
the intensity difference caused by lesions. This well-separated and enriched information is
expected to enhance the performance of classification and provide new information for severe

disease studies.
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Figure 5.1: Classification on dataset using whole-brain distances. Quick shift classification

result in the embedded space [2].
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Appendix A

Derivation of Euler-Lagrange equation

Given an image manifold and its metric (X, g) in R3, we embed it as feature-scale manifold
(M, h) in R* through the map X : ¥ — M:

X - I:x7 y? Z? ](x7 y7 Z)]7 (A']')
where [ is the image intensity feature, which is a spatial varying function with respect to
the image local corrdinates z, vy, 2.

To get a conformal area of the embedded surface that is approprate for a registration objec-

tive, we choose the following metirc in M:

o O O

(A.2)

o o o ©
o O B O
o . O O

Be

where ¢(x,y, z, I') is a chosen embedding function. §(x,y, z) is a scaling function that controls
the relative magnitude of the embedded scale-space. The elements in h are indexed as

hij;,i,7 =1,...,4. The inverse of h can be directly obtained:
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1
3 (1) 0 O
0 = 0 0
Rt = o (A.3)
00 5 0
1
I 000 4 |
whose elements are indexed as h¥,i,5 = 1,...,4.
Now we compute the metric g through the pullback procedure:
9w = hi;0, X0, X7. (A.4)
Note that Einstein summation convention is used, with p,v =1,2,3 and 7,5 =1,...,4.

g = h10,X'0, X" + hu0, X 0, X* = ¢(1 4 BI2);
g2 = h448xX48yX4 = ¢ﬁ]m[y;
gi3 = hi10, X0, X* = PBIL;
g1 = h448yX4axX4 = ¢5lxly;
g2 = h»0,X?0,X* + hyud,X'0,X" = ¢(1 + B1});
g23 = h448yX4azX4 = oB1,1;
g1 = h448zX489cX4 = ¢BI1;
g32 = h448zX48yX4 = ¢5nyz;
933 = h330.X°0.X° + hys0.X'0.X" = ¢(1 + BI2);

thus, we have

1+ 512 BLI, plI.
g=0¢| BLI, 1+pI> BI,L (A.5)

The determinant of ¢ is computed as:

84



gl = [+ B+ BI))(1+ BI2) + 28° 112 — BPI2T7
37272712 3712712 3712712712 3712712 372712712
GBI - BPI12 - BPI2I212 — BPI212 — BPI2I2

zrtytz zrtytz

= ¢*(1+ BL; + BI; + BI2). (A.6)

Then, we get the inverse of ¢:

922933 — g32923 = ¢2+6¢2(Ij+]z2)+62¢2(151z2 _]y2[z2) :¢2(1+5]y2+5]z2);
913932 — g12933 = 62¢2]xlylg - 5¢2ley - 52¢2Ix[y122 = —5¢2ley§
912923 — g13922 = 52452[93]5[,2 - 5¢2[x]z - 52¢2Im[y2[z = —B¢*L1;
923931 — g21933 = 62¢2]xlylz2 - 5¢2ley - 62¢2Ix]y[z2 = —5¢2ley§
gugss — gngis = ¢°+ B+ I2) + BPO}I2I2 — I212) = ° (1 + BIZ + BI2);
913921 — 911923 = ﬁ2¢2]m2]y]z - 5¢2[y[z - 52¢2[§[y]z = —5¢2[y[z§
921932 — g22931 = ﬁ2¢2]x]y2]z - 5¢2Ix]z - 52¢2[x151z = —ﬁ¢2[xfz;
912931 — g11932 = 62¢2[m2]y]z - 5¢2nyz - ﬁ2¢2I§Iylz = —5¢21y1z§
91922 — Gragar = O°+ BN+ 1) + PP (I21) — I212) = ¢*(1 + BIZ + BIY);

thus:
1 L+pI+p12 —BL, —BI,I.
- - SEAE - (AT
! G(1+ BI2 + BI2 + BI2) BL.I, 1+ BI;+ I BI, I, (A.7)
—BLL. —BLL 1+ BI2+BI2

whose elements are indexed by ¢g", u,v = 1,2,3. The evolution of the embedded surface is
defined through the Euler-Lagrange equation of the conformal surface area measured by the

Polykov Functional:

8XZ ¢2 v i 7 j v
5 = o (VEg X + FT0,X00K g, (A8)

whose F; i are the Levi-Civita connection coefficients, computed as:
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SO,

thus,

. 1 .
F;k = §h2l(8jhlk + 8khjl - 8lhjk)7

2

2

1
§h11(8:vh13 + 0,hy1 — Ozhys) = —

2
1

2
1

2
1

2
1

2
1

2

2

1hll(agchll + 0yh11 — Ophay)

1
—hll(axhlg + 8yh11 — 8xh12) =
I
—h " (Oph1a + Orhyy — Ozhiy) = —

—hll(ayhll + 8xh21 — 8xh21) =

—hll(ayhlg + 8yh21 — 8xh22) = ——

1
_hll(azhll + Ophgy — Ophsy) = —

1hll(azhl?, + 0,hg1 — Ozhss) =

_ %

2
é
20
0.
26
o1
2
Dy

SR (Oyhas + Bohay — Oyhag) = 0

§h11(8yh14 + 8[}1,21 — 890}1124) =0

-
2¢

S (0.hag + Byhay — Ouhan) = 0

9
20

1
§h11(8Zh14 + Orhgy — Ozhsy) =0

1
5}111(81}111 + Ophgy — Ophay) =

.
20

1
§h11(81h12 + Oyhy1 — Ozhas) =0

1
5h“(&lhlg + 0.hyy — Oyhys) =0

1
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§h11(81h14 + Orhyy — Ozhyy) =

Bow + Budd

2¢

(A.9)



o
Fl — i ¢y
20 | ¢.
o
Similarly, we have
C g,
1 o
I?=_—
201 0
| 0
[ _¢z
o]0
P
| 0

I'* has a slightly different form:

o %h‘*‘*(@m1 + Oyhus — Dyhny) = —2%
- %h“(am + Ohus — Dyhis) = 0

M %h44(8mh43 + O — Oyhug) = 0

4, — %h44(8mh44 + s — Orhas) = %
ri_ %h‘l‘*(@m1 + Oyhos — Do) = 0

i - %h‘*‘*(ayh42 Oy hos — Drhas) —22—;5

i - %h“(aymg + 0.hos — Oyhas) = 0

F§4 = %h44(5yh44 + Orhos — Orhos) = W

oy O
—¢, 0
0 —¢u
0 0
¢z O
by P-
¢z - ¢y
¢r 0
0 &
—¢s by
by ¢
0 ¢r

i
0

0

0

b1
0

—(Boy + By9)

0
0

b1

1
I3, = =h"(0.ha + Ophag — Orhsy) = 0

2
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1
I3, = =h"(0.hay + Oyhsy — Orhss) =0

2
i } 4 B ¢I
I's; = 2h (8zh43 + 0.hsa a1h33) 25¢
.1, B B.6 + Bo.
F34 = 2h (8 hay + alh34 aIh34) 2B¢
R B.t + Boa
F41 = 2h (81h41 + agch44 aIh4l) 25¢
1 +
Fiz = §h44(81h42 + Oyhas — Orhas) = /8y¢2/8¢/8¢y
PR S B¢+ B¢
Iy = 2h (Orhaz + Ozhas — Orhag) = T 286
4 1 m _ ﬁ@
P44 = 2h (81h44 + alh44 aIh44) 25¢
Thus, we have
1 0 —¢r 0 Boy + Byo
M=_— vy A.13
28¢ 0 0 —¢r Bo. + B¢ ( )
Boa+ Bed By + By0 Bo-+ 0 Bés
Now we get back to Equation A.8:
1 2
8§i _ \‘bf (/39" 0, X1) + 62TL,9,X70, X g, (A.14)
We derive the two righthand terms in Equation A.14 separately:
¢2
=S = 7 (V99" 0,X7)
¢2
= 5 [0:(vag™) + 0(vag™) + 0.(v5g™)]
_ ¢_2 0, \/5(1 + 512 + BP) P \/aﬁlxly -9 \/aﬁlxlz
Vi "VITBE+ L+ B T B+ P+ B2 /14 BI2+ I + 512
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9 o(1 + BI2 + BI2)
O | \Jo(1+ B2+ BI; + BI2)
1
“2p(1+ BI2 + BIZ + BI2)]
+20° (B 1) + 281y Ly + Bo 12 + 2BL.1,.) (1 + BIZ + BI; + BIZ)
— O (B} + 281 Loy + ol + 281, 1oy + B, I7 + 281, ) (1 + I, + BI2)]

3l00a(1+ BI2 + BID (1 + BI2 + BI2 + BI2)

0 PP, 1,
O | \Jo(L+ B2 + BI; + BI2)
~1
“2o(1+ BIZ+ BI + I
+ 20%(By Loy + B, Loy + BL.1,,) (1 + BI2 + BI} + BI7)
— §*BL1,(B, 12 + 28110y + By1] + 281 1, + 3,12 + 261.1,.)]

[0y BL1,(1+ BI3 + BI; + BIZ)

0 OBLL.
07 |\ oL+ B2 + B2 + BI2)

—1
T20o(1 + BI2 + BIZ + BI2)P2 (0¢8I 1.(1+ BI2 + BI; + BI2)
+20%(B. L L + LI + BLL.)(1 + BI2 + BIZ + BI?)

Based on A.15, A.16, A.17, we get

2

S =200,

N 2(1+ BIZ2 + BI2 + BIZ)

1
_|_

20(1 + BIZ + BI} + BI2)? |
— 2811, (1 + BI2 + BI)) + AB° 21, Ly + ABP L1, AR L, L,
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(A.15)

(A.16)

(A.17)

2811 (1+ BI) + BIZ) — 281, 1,,(1 + BI7 + BIZ)

(A.18)



and,

—S10 =¢°T 1,0, X780, X" g
:¢2(F%1g11 + 21—\%2912 + 2:[\%3913 + 2:[\%4([:6911 + [y912 + [Zgl3 _‘_1—\%2922 + Péggi’)?’)
+ T (L2g" + 1297 + g% + 21,1,0* + 21, 1L.g°" + 21,1.4%))

:2(1 T 312 4_15[2 t BI2) 21, (¢oS31: + ¢y B1, + 6.1 — ¢1) + ¢o(1 + BI2 + BI; + BI2)

+ @B (12 + I + I2)] (A.19)

To summarize,

ox*
—— =— 51— 512

ot
GBI [(1 4 BI2 + BI2) Loy + (1 + BIZ+ BIZ) I,y + (1 + BIZ + BI2)I..]
(BI2 + BI2 + BIZ + 1)?
208%1, (I, 1,1, + 1,11, + I,1.1,,)
(BIZ+ BIZ+ BIZ+1)?
N 3]m(¢m5[x + ¢yﬁ]y + ¢z5[z - (bl) - 2¢I[:c
2(1 + BIZ + BIZ + BI2)
GI.(2+ BIZ + BI2 + BIZ)(Be Ly + ByI, + fB.12)

- 2+ B2+ BI2 1 BI2)? (A.20)

Similarly, we have

0X*?
—— =— 521 — S»

ot
 OBL[(1 4 BI + BI2) Loy + (1 4 BIZ + BIZ) Iy + (1 + BIZ + BI7) .. ]
T (BI2 + BI2 + BI2 +1)?
2¢521y(lxlylxy + I, 1,1, + Iylzlyz)
(BIZ+ BIZ+ BIZ+1)?
 31,(¢eBLe + 0,81, + 0B — ¢1) — 2041,
201+ BI2 + BIZ + BI2)
G, (24 BI7 + BI} + BI2)(Bols + Byl + B.1.)

- 2+ B2 1 BI2 1 BI2)? (A-21)
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0xX3

W:_S31_S32

GBLI(1 + BI; + BI2) oo + (1 + BIZ + BIZ) 1y, + (1 + BIZ + BI)1..]
- (BIZ + BIZ + BI2 + 1)?
208* (11,1, + I, 1.1, + I,I.1,.)
(BIZ+ BIZ+ BIZ+1)?
_ 3L.(¢e 1L + ¢yBly + ¢:BL. — ¢1) — 2¢11.
2(1+ BIZ2 + BI2 + BIZ)
OL.(2+ BIZ + BI} + BI2)(Buly + Byl + B.1.)

2(1 + BI2 + BI2 + BI2)? (A.22)
Now for the last term,
ox*+ ¢ i - ok
= ﬁau(\/ﬁg 0, X") + ' T3.0,X70, X g" = Sy + Sz (A.23)

where

¢? y
Sa :ﬁau(\/ggﬂ auX4)

2
:%[aﬂc(\/g(gnlx + 912Iy + 913IZ)) + ay(\/g(gzllx + 922Iy + 92312))

+0.(va9(g* L, + ¢°°1, + ¢°°L))]

For convenience, we divide S4; into 3 terms:

Sy = terml + term2 + term3
2
term1 :%(Qﬂ/ﬁglllx + 8y\/§gzllx + 8Z\/§ggllx)

2
term?2 =——
N{
2

(0er/99"2 L + 0,7 /9972 L + 0./99°* L)

term3 Zﬁ(am/ﬁg”’lz +9,v/99% L + 9./99% 1.,)
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Now we look at each of the three terms:

terml :¢—2 0 VOL( + 515 +05) ) VOB, ) VOBIZL,
VI | VI+BE+ B+ B2 Y\ T+ B2+ B2+ BI2 ~\/T+ BIZ+ BIZ + BI?
- — ]5(;511 + Rl

where

B | o o
b= ssrpry gy g 20 (L AL Bl + BL)+ Bl o GL) Lo

—20° LI, LyB(1 + BIZ + BI; + BI7)

similarily:

term2 = — 1,591 + Ry

- 1 ) . o
B = s prry iz + gz 0 (L AL+ B+ L)+ 51y 4 BI) Ly,

— 20° L1, Ly B(1 + BIZ + BI. + BI2)
— 20°1,1.1,.5(1 + BIZ 4 BI; + B12)]

term3 = — IZS31 + R3

- 1 o o
B =gy 2+ pI2 4 pI2 [20°(1+ BI; + BI; + BE) (A + BT, + BI) .

—20° L. 1,2B(1 + BIZ + BI] + BI2)
— 20°I,1.1,.8(1 + BI? + BI} + BI2))

To summarize:
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Sy = terml + term2 + term3
=— 1,51 — 1,521 — I,Ss1 + R1 + Ry + R3

1
=281+ B+ B2 + g1y Ve P e T ALy T 0:L)

gb[(1+ﬁ[§+ﬁ]§)Im+(1+ﬁlg+6[§)lyy+(1 + ﬁlgwlj)lzz—%[x(Ix[ylnyr[xlzler]ylzlyz)]
(HBI2HBI2 + BI2)?

(12 + I} + I2)(Body + Byly + B.1)]

¢
2(1+ BIZ + BIZ + BI2)

Then,
542 :gsz?kaqu@Vng‘“’
:F[ﬁgn + 2111114(@911 + Iy912 + [z913) + 2F§4(Iw921 + Iy922 + [z923)
+ 205, (Lg™ + 1,g% + L.g%) + 15,97 + Tgy0™
+ T (L2g" + g™ + I2g% + L 1,g" + I,1.g" + I,1.g%)
1
= — (34 2812 + 2817 + 2817
+ 21, (Bde + Bud) + 21,(Bdy + By¢) + 21.(B¢. + B.0)
+ Bor(12+ IT + I2)] (A.24)
So, overall,
0x*
— =S S
BN 41 + D42

QIABLALIE) Lyu HIABLALIZ) Ly H(1 + BIABI) L2081 (Lo dy Lyt L L 1o AT, 1T, )]
(1+BIZ + BL; + BI2)?
+3(¢xﬁ[x + ¢yBL, + ¢8I, — ¢1) — d1(BIZ + BI; + BIZ)
2B8(1+ BIZ + BI; + BI2)
O(Boly + Byl + B.L)(2+ BIZ + BI + BI2)
208(1+ BI2 + BIZ + BI2)?

(A.25)

We immediately notice that Equation A.20, A.21, A.22, A.25 have the same shape, and thus

the variation of the surface can be written in vector form:
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oX _B]y Iy _B]y
= A2
8t Sl _B[Z + S2 ]Z + Sg _BIZ ( 6)
1 D+ + 12 1
where
' (BIZ + BIZ + BIZ + 1)?
+ 3(¢xﬂlx + ¢yﬁly + ¢zﬂlz - Cb[)
2(1+ BI2 + BI2 + BI2)
S - _ ¢I
2 2(1 + BIZ + BI2 + BI2)
g O(Body + Byl + B.L)(2+ BIZ + BI + BI2)
3=

28(1 + BIZ + BI2 + BI2)

Note that in Equation A.26 we intentionally put all the terms that relate to the partial

derivatives of £ in the last term Sj.
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Appendix B

Impact of 3

The value of 3 decides the embedded feature-space.

0X' _ OBL[(ABTABL) Lt (B LHBI) Ly A (1B LHBI)) L. 28(Io Ly Loyt I I LA, I 12|

ot (L4 BIZ + BI; + BI2)?
 3L(¢uBLe + 0B + ¢:81) — 2011,
2(1 4 BI2 + BIZ + BI2)
¢L.(2+ BIZ + BI; + BI2)(Buls + Byl + B.1.)
201+ BIZ + BI; + BI2)?
OL[(GHAL2) Loa (G2 ) Ly (G Lo 2( Lo Ly Ly L L Ly 1T, )]

(5 + 12+ 12+ 12)
 3L(¢uls + Oy, + 6.1) —2¢;1,
205+ 2+12+12) 28(5+ 2+ 17+ 12)
OL(3 + I3 + 1) + I2)(Bo Ly + By, + B.1.)
206(5 + 12+ 12 + 12)?

(when S — o0)
L) Lo ) Lyt (1) Lo 2L Ly Loy H Lo L Loy Ly )]
(I2+ 12+ I2)
 3L(duds + Oyl + $:1)
202+ 12+ 12)

Similarly, when § — oo,
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0X? A1y [(1gHI2) Laarb(LZHL2) Ly H AL Lo 2( L Iy Loyt o Lo Loty 1 1)

ot (I2+ 12+ I2)2
 31y(¢u L + Gy, + 9.11)
22+ 2+ I2)

0xX3 QSIZ[(I§+IZ2)Im—l—([:?—l—[f)Iyy+(I§+I§)Izz—2([xlylxy+lxlzIxz+IyIZIyz)]

ot (12 + 12+ 12)
 3L(¢uls + Oyly + ¢:12)
2012 + 12+ 12)

For the intensity deformation component,

0X*  OHBLAPIE) Lo t(HBIABIZ) LyA-(1 + BIABL) L2011 (I dy Lyt L L 1 A1, 1T, )]

ot (1+ 812+ BI2 + BI2)?
+3(¢xﬁ1‘m +¢yBl, + ¢.8L. — ¢1) — ¢r(BLL + BI] + BI2)
28(1+ BIZ + BI; + BI2)

O(Boly + Byl + B.L.)(2+ BIZ + BI + BI2)

28(1+ BIZ + BI2 + BI2)?
O(GHAL2) Lo H(GHIAI2) Ly (5 + DAL Lo2L (L Ly Loy L L LA T, 1, )]

B+ 2+ I+ I2)?
3(duls + Oyl + G-I — %) — ¢1(I2 + I7 + I?)
26(5 + BIZ + BIZ + BI2)

G(Bely + Byl + B.1.)(5 + BI; + BI; + BI72)

26(5 + BIZ + BIZ + BI2)?

(when S — o0)
=0

These results show that when [ is set to a very large value, the spatial grid deformation will

dominate. Now, we test the case when 5 — 0:
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o (1+ BI2 + BIZ + BIZ)?
| 3L(6uBLe + §,81, + 6.5L) — 2011,
214 p12 + 6[5 + BI2)
01,2+ BI2 + BI2 + BI2)(Bol, + B,1, + f.1.)
201+ BIZ + BI; + BIZ)?

(when S — 0)
=L, — 201, (8.1, + Byl + B.1.)

Similarly, when g — 0

0X?
W = ¢I[y - 2¢]y(5mlx + 5y[y + Bz]z>
0x3
TR o1l — 201, (B. 1, + ByL, + B.1.)

For the intensity deformation component,

OXt  G(HBLABIL) Loy (B IABIZ) Ly H(1 + BEABL) Lo 281 (L Ly Loyl L Ty, 1T, )
ot (1+ BI2 + BIZ + BI2)?
+3(¢xﬂlx + ¢yf1, + .81, — ¢1) — ¢1(BIZ + BI; + BI2)
28(1+ BIZ2 + BI2+ BI2)
O(Bols + Byly + B.1.)(2 + BIZ + BI; + BI2)
26(1+ BIZ + BIZ2 + BI2)?

(when 8 — 0)
= O(Law + Iy + L) — 3%” L 2008 L + ﬁyfy + B.1)
=00

These results shows that when [ is set to a very small value, the intensity deformation will

dominate.
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