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Generalized Processor Sharing With Light-Talled
and Heavy-Tailed Input

Sem Borst, Michel Mandjes, and Miranda van Uitert

Abstract—We consider a queue fed by a mixture of light-tailed avoid these complexity problems, traffic flows may instead be
and heavy-tailed traffic. The two traffic flows are served in accor- aggregated into a small number of classes with roughly similar
dance with the generalized processor sharing (GPS) discipline. faatres, with scheduling mechanisms acting at the coarser level

GPS-based scheduling algorithms, such as weighted fair queueing, . . . e . ..
have emerged as an ?mp%rtant mechanism fo? achieving servicge of aggregate streams. With a little simplification, the majority

differentiation in integrated networks. We derive the asymptotic Of applications may, for example, be broadly categorized into
workload behavior of the light-tailed traffic flow under the just two classes, one containisyeamingtraffic (e.g., audio
assumption that its GPS weight is larger than its traffic intensity. and video communications), the other one compristastic
The GPS mechanism ensures that the workload is bounded above o ¢fic (e.g., file transfers). This is a crucial element of the

by that in an isolated system with the light-tailed flow served in . - . : .
is%lation at a constant rgte equal to its G?DS weight. We show that DiffServ proposal [5], Wh!(’th defln_es the expedited forwardlqg
the workload distribution is in fact asymptotically equivalent to ~ (EF) class for delay-sensitive traffic and the assured forwarding
that in the isolated system, multiplied with a certain pre-factor, (AF) class for traffic with some degree of delay tolerance.
which accounts for the interaction with the heavy-tailed flow. In view of the delay requirements, it is desirable that
Specifically, the pre-factor represents the probability that the  gaaming applications receive some sort of priority over elastic
heavy-tailed flow is backlogged long enough for the light-tailed ) - - - .
flow to reach overflow. The results provide crucial qualitative traffic, at least over Sh‘?“ time _scale_s. Strict priority schedullng
insight in the typical overflow scenario. may, however, not be ideal, since it may lead to starvation of
Index Terms—Generalized processor sharing  (GPS), the best-effort traffic. Even temporary s.tarvauon effects may
heavy-tailed traffic, large deviations, light-tailed traffic, Markov =~ ©8USe€ end-to-end flow C‘?””‘?' mechanisms such as TCP to
fluid, regular variation, weighted fair queueing, workload asymp- ~ Suffer a severe degradation in throughput performance. The
totics. generalized processor sharing (GPS) discipline provides a
potential mechanism for implementing priority scheduling in
a tunable way, with strict priority scheduling as an extreme
option [28]. In GPS-based scheduling algorithms, such as
HE next-generation Internet is expected to support a wiggighted fair queueing (WFQ), the link capacity is shared in
variety of services, such as voice, video, and data appligeroportion to certain class-defined weight factors. By setting
tions. Voice and video communications induce far more strithe weight factor for the best-effort class relatively low, one
gent quality-of-service (QoS) requirements than the typical s@dn still provide some degree of priority to the streaming
of data applications which currently account for the bulk of thepplications, while avoiding starvation of the elastic traffic.
Internet traffic. The integration of heterogeneous services thusBesides achieving service differentiation, scheduling mecha-
raises the need for differentiated QoS, catering to the specifisms also play a role in controlling the performance impact of
requirements of the various traffic flows. bursty traffic. Extensive measurements have shown that bursty
One potential approach to achieve service differentiation tigiffic behavior may extend over a wide range of time scales,
through the use of discriminatory scheduling algorithms, whicind may manifest itself in long-range dependence and self-sim-
distinguish between packets of various traffic streams. Becauiggity [23], [30]. The occurrence of these phenomena is com-
of scalability issues, it is practically infeasible, though, tenonly attributed to extreme variability and heavy-tailed charac-
manipulate packets at the granularity level of individual traffigeristics in the traffic patterns [3], [13]. These observations have
flows in the core of any large-scale high-speed network. Trggered a strong interest in queueing models with heavy-tailed
traffic processes (see, for instance, [29] and [33]).
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traffic flows from the impact of heavy-tailed traffic processes.
Large-deviations results for GPS models with light-tailed traffic 1

may be found in [26] and [34]. Workload asymptotics for GPS

gueues with heavy-tailed traffic flows were obtained in [6] and .
[21]. The latter results show a sharp dichotomy in qualitative 2 :- """ '

behavior, depending on the traffic intensities and the relative

values of the weight parameters. For certain weight combingg. 1. Schematic representation of our model.

tions, an individual flow with heavy-tailed characteristics is

effectively served at @onstantrate, which is only influenced Ai(s,t) := A;(t) — A;(s) to be the amount of traffic generated
by the average rates of the other flows. In particular, the flow (s, 1], s < t, s, ¢ € R. Define B;(s, ) as the amount of ser-
is essentially immune from excessive activity of flows witlvice received by flow during(s, t]. Then the following identity
heavier-tailed characteristics. For other weight combinationg|ation holds:

however, a flow may be strongly affected by the activity of

heavier-tailed flows and may inherit their traffic characteristics. Vi(t) = Vi(s) + Ai(s,t) — Bi(s,t), foralls <t. (1)

The latter result, in fact, also applies for light-tailed flows wheE

. . . . . . or anyc > 0, denote byW:(t) := sup Ai(s,t)—c(t—s
their traffic intensity exceeds their GPS weight. In this pape| ewo}r/kload attimein ;Vﬂc(ut)lous qééﬁé{wm(w se)rwce( raltét)a%j
we derive the asymptotic workload behavior of the light- talle \ flow i (viewed in isolation). Denote by the traffic intensity
flow for the more plausible situation where its GPS weight i |0f flow i (as will be defined in detail beI(;W) Fars ps, Ve is

larger than |t_s traffic mtepsny. . . a random variable whose distribution is the limit dlstrlbutlon of
The remainder of this paper is organized as follows.
) for ¢ — oo (assuming it exists). Then a similar identity

Section Il, we present a detailed model description and statﬁ'fatlon as above holds:

some important preliminary results. In Section lll, we prowde

an overview of the main results of the paper, which characterize VE(t) = VE(s) + Ai(s,t) — BS(s,t), foralls <t. (2)

the exact asymptotic behavior of the workload distribution of

the light-tailed flow. The subsequent sections give a sketchIn the next two sections, we describe the traffic model that we
of the proofs. We start in Section IV with deriving lower andonsider for both flows. We first introduce some additional no-
upper bounds for the workload distribution of the light-taile@ation. For any two real functiong-) andh(-), we use the nota-
flow. In Section V, we proceed to prove some auxiliary result§onal conventioy(x) ~ h(z) to denotéim, .. g()/h(x) =

for the light-tailed flow in isolation. Although the boundsl (or g(z) = h(x)(1 4 o(1)) asz — oc). Also, g(z) < h(x)
seem quite crude by themselves, we show in Section VI tiggnotesimsup,_, ., g(z)/h(z) < 1,andg(x) = h(z) denotes
they asymptotically coincide, yielding the exact asymptotiém inf, ... g(z)/h(x ) > 1. For any two random variable¥
behavior. One of the asymptotic terms involves the probabiligndY, we write X = Y to denote that they have the same
that the heavy-tailed flow is backlogged long enough fafistribution function. For any positive real-valued random vari-
overflow to occur, which is computed in Sections VIl and Vlllable X with distribution functionF(-), EX < oo, denote by
Fr(-) the distribution function of the residual lifetime &f, i.e.,
Fr(z) = (1/EX) [; (1 — F(y))dy, and byX" a random vari-
able with that distribution. The classessafbexponentialegu-

We now present a detailed model description (see Fig. 1). \lgly varying, andintermediately regularly varyindistributions
consider two traffic flows sharing a link of unit rate. Traffic fromare denoted with the symbafs R, andZR, respectively. The
the flows is served in accordance with the GPS discipline, whiglgfinitions of these classes may be found in [4].
operates as follows. Flowis assigned a weight;, i = 1,2, i
with ¢, +¢» = 1. As long as both flows are backlogged, floig A Traffic Model Flow 1
served atrate;, i = 1, 2. If one of the flows is not backlogged, We assume that flow 1 is light-tailed. Specifically, we make
however, then the service rate is reallocated to the other flalwe assumption that the input proceds(s,t) is a Markov-
which is then served at the full link rate (if backlogged). (It maynodulated fluid Such a process can be described as follows.
occur that one of the flows is not backlogged, while generatifidhere is an irreducible Markov chain with a finite state space
traffic at some rate; < ¢;. In that case, only thexcesservice {1,2,...,d}. The corresponding transition rate matrix is de-
rate¢; — r;, is reallocated to the other flow.) Denote by(t) noted byA := (Ai;), ,_, , where we follow the convention
the workload of flow: at timet¢ and byV; a random variable that);; := — E /\“ Smce the Markov chain is irreducible,
whose distribution is the limit distribution df;(¢) fort — oo  there is a unlque stationary distribution, which we denote by
(assuming it exists). The goal of this paper is to derive the exdht (column) vectorr. When the source is in statetraffic is
asymptotic behavior of the workload distribution of flow 1, i.e.generated (as fluid) at constant rate < oo. Let R be the
we calculateP(V; > z) for z — oc. diagonal matrix with the coefficient®; on the diagonal. De-

We introduce the following notation. Fér> 0, we denote by note the mean rate by, := E;’Zl m; R;. Denote the peak rate
A,(t) the amount of traffic generated by floiduring the time by Rp := max;—, 4 R;. It is important to observe that the
interval (0, ¢]. For¢ < 0, A;(¢) denotes the negative counterpartlass of Markov fluid input is closed under superposition, i.e.,
of the amount of traffic generated by flawn (¢, 0]. Assuming the superposition of Markov fluid sources can again be mod-
thatA;(-) is reversible and has stationary increments, we defieéed as a Markov fluid source. The following standard result

Il. MODEL DESCRIPTION
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for Markov-modulated fluid sources follows directly from [15], [ll. OVERVIEW OF THE RESULTS

[20], and .[22]' Throughout this paper, we assume< ¢;, 1 = 1,2, which
Proposition 2.1: For anye € (p1, Rp) ensures stability of both flows. We first briefly discuss in Sec-
« The moment generating function 4 (0,¢) reads tion 1l-A what happens if this condition fails to hold. In addi-
54, (00)] _ T (A+sR)t tion, we make the assumption that> ¢, in case of fluid input
E [e } =me 1 of flow 2. Otherwise, the workload of flow 2 would be zero, so
the workload of flow 1 would be equal to the total worklo&d
The tail distribution of the latter quantity has been obtained in
[10]. In Section IlI-B, we provide a heuristic explanation of the
main results of this paper. The main result is then given in Sec-
tion 1lI-C, where we also present an example.

with 1 the all one (column) vector of dimensian
* For continuous and differentiable..(-)

1
tll)rgo n log E [eS(Al(O’t)_Ct)} = M.(s).

For finite positiveC A. Casep, >

E [es(Al(O,t)—ct)] < CeMe(5)t, To put things in perspective, we first briefly review the case
thatp; > ¢1, while p; + po < 1. If either: 1) B5(-) € IR
« Denoting bys*(c) the unique positive root af/.(s) = 0, (instantaneous input); or 285(-) € IR with ro > ¢ (fluid

we haveM/(s*(c)) > 0, and input), then from [6]
1 P2 — p2 P2 . T
iminf = log c — _g* P(Vi>z)~ PP >
hxn_l)gfxlogﬂ:"(vl > 1) = —s"(c). (V1 ) b2 1— p1— po ( 2 p1—¢1>

Although we restrict ourselves to Markov fluid input, welith P> @ random variable whose distribution is the busy-pe-

believe that our results are valid for a more general class ”?d distribution in a queue with constant service ratded by

. — T ) . S ow 2.
lrlfl]:rtl;tzllfd input. This will be discussed in greater detail in Re- The above result may be interpreted as follows. Large-devi-

ations arguments suggest that the most likely way for flow 1 to
B. Traffic Model Flow 2 build a large queue is that flow 2 generates a large burst, or expe-
. . . riences a long on period, while flow 1 itself shows roughly av-
We assume that flow 2 is heavy-tailed. The input procegs,qe pehavior. Note that when flow 2 produces a large amount
Az(s, 1) is either instantaneous or on-off, with heavy-tailegds affic 5o that it becomes backlogged for a long period of
burst sizes or on periods, respectively. _ time, it receives service at rage. Thus, it will experience a busy
1) Instanta_neous InputHer_e, flow 2 generates 'nStan_'rperiod as if it were served at constant rate During that pe-
taneous traffic bursts according to a renewal process. Th&q fiow 1 receives service at rage, while it generates traffic
interarrival times between burstg have distribution function roughly at ratep; , o its queue will grow approximately at rate

Us(-) with meanl/X,. The burst sizes3, have distribution p1 — é1. When flow 2 is not backlogged, the corresponding

function B> (-) with meanj, < oo. Thus, the traffic intensity : . ill drai i | '

IS p2 := A2f2. We assume thaBs(-) is regularly varying of quewe wil crain approximately at rate —p1. i i

IS pa := Aap2. 2 guiarly varying Thus, the backlog of flow 1 behaves as that in a queue with

index —vy, i.e., By(-) € R, for somev, > 1. The next .,nsiant service rate— p; fed by an on—off source with peak

result, which is due to Pakes [27], then yields the tail behavipie s The on and off periods correspond to the busy and idle

of the workload. d'StE!bU“O” of flow 2 in isolation. periods of flow 2 when served at constant rate respectively.
Theorem 2.1:1f B;(-) € S andp, < ¢, then Recall that the workload asymptotics of such an on—off source

e P - are given by Theorem 2.2. Setting= 1 — p1, 72 = ¢2, p2 =
P(Vy > ) c— p2P (B3 > z). 1 — pa/¢=, and identifying A% with PJ, we obtain the above

2) Fluid Input: Here, flow 2 generates traffic according toresult for the workload asymptotics of flow 1.

an on—off process, alternating between on and off periods. Tge Heuristic Explanation of Main Results
off periodsU- have distribution functiol, (-) with meanl /\,. _
We now focus on the casg < ¢;. Before presenting the

The on periodsA, have distribution functiom,(-) with mean : | i ide 2 heuristic derivati fih
s < 0. While on, flow i produces traffic at constant rateMain result, we first provide a heuristic derivation of the asymp-

r9, SO the mean burst size is,r>. The fraction of time that totic behayior of?(Vy > x) based o.n Iarge—deviations argu-
flow 2 is off is p» = 1/(1 + Asaw). The traffic intensity is ments as in [1]. The overflow scenario described above for the
p2 = (L—pa)rs = (Asaars) /(14 Ascrz). We assume thats(-) casepr > </>1 canno: occur, ar_1d now flow 1 also must de-
is regularly varying of index-vs, i.e., As(-) € R_,, for some viate _fr_om its “normal _be_hawor in order for the queue to grow.
Vs > 1. The next result, which is due to Jelenkowied Lazar Specifically, large-deviations results suggest that flow 1 must

[18], then yields the tail behavior of the workload distributiof?€1ave as if its traffic intensity is temporarily increased from
of flow 2 in isolation. p1 to some larger valug: > ¢, (as will be specified below).

Theorem 2.2:1f A5(-) € S andps < ¢ < 72, then Dun_ngthatu_me perlod,flowz|s_cont|nuc_Just backlogged, con-
suming service rate,, thus leaving service ratg for flow 1.

(Notice that if flow 2 were not permanently backlogged, then

' flow 1 would have to show even greater anomalous activity in

P(VE > 1) ~ py—L2 P<A’2“>

C— P2 To —C
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o Forkloadflowl 0,- 0 Remark 6.1.) However, the specific form of the two individual
A \ e terms in (3)doesdepend on the detailed properties of the traffic
slopep, - ¢ 5 : i
: processes. In particular, we need to distinguish whether flow 2
time generates instantaneous or fluid input. In the latter case, it also

;T* depends on whether the peak ratieexceedd — p; or not.
x/( Py ¢|)
C. Main Results

\a Sloped, We now state the main theorem of the paper.
\ Theorem 3.1:Defining p1 := M (s*(#1)) + ¢1
\ time

Fig. 2. Overflow scenario—instantaneous input flow 2. Case | (instantaneous input)'

workload flow 2

l"plé

P(Vi > z) ~P (Vf’l > x) P (T;m > = ¢1> .

order for a given backlog level to occur.) Prior to that period, P’ (T;m > l‘) ~ ﬁp (By > x(d2 — p2)). (4
flow 1 shows normal behavior, leaving an average service rate Case II-A (fluid input withr, < 1 — py):
of 1 — p; for flow 2.

To summarize, the intuitive argument is as follows (see p (T21*P1 > ;L-) ~(1=po)P (Ag > M) . (5
Fig. 2). A large backlog of level of flow 1 occurs as a 2= P2
consequence of two rare events: 1) flow 1 shows similar Case II-B (fluid input withry > 1 — py):
“abnormal” behavior as is the typical cause of overflow when 1—p1 D202 r_ x(d2 — p2)
served in isolation, thus behaving as if its traffic intensity is P (T2 > J“) ~1C p1— p2P (AZ > > )
increased fromp; to p; for a period of timez/(p1 — ¢1); (6)
and 2) during that period, flow 2 is constantly backloggedNoting thatpsps = (1 — p2)(r2 — p2), we can observe that in
demanding capacity,, with ¢, remaining for flow 1. As we the limiting regimer, — 1 — p; cases |I-A and II-B coincide.
will see later, the persistent backlog is most likely caused B\so, case | can be seen as the limiting case of 1I-B if we use
flow 2 generating a large burst or initiating a long on period, 4, = B, and letr, — oo so thatps | 1. In [7], a qualita-

prior to that period. tively similar result as in case | is derived for a system with two
These considerations lead to the following characterizationedupled queues, one having heavy-tailed input, the other one ex-
the asymptotic behavior ¢¥(V; > x): hibiting light-tailed properties.

To illustrate Theorem 3.1, we give an example. Assume
> (3) flow 1 to behave according to an on—off process with expo-
nentially distributed on and off periods with meah4:; and
P]/LQ, respectively. When the flow is in the on state, it generates
traffic at rateR;. We assume flow 2 to generate instantaneous
input with regularly varying burst sizes of indexvs, i.e.,
P(By > z) ~ Coz~"2l3(x), with I2(-) some slowly varying
function. First, we determine the deviant traffic intensity

P(Vi > 1) ~P (Vf" > a;) P (Tg—m > 7
p1— b1
The second term represents the probability that flow 2 is co
tinuously backlogged during a period of timé(p; — ¢1), re-
ceiving a service ratg, starting from some time on, and
having received a service rate- p; prior to timet. HereTzl")1
is a random variable whose distribution is the limit distributio
of Ty """ for t — oo, with

using [25]
Ty' = inf {u > 0: Vi(t) + Ag(t, t 4 u) — ¢ou = 0} B
representing the drain time in a queue with service ¢atéed pr= —— ( He ) ]
by flow 2 with initial workload Vi (). The service raté — p; (% + (31;7;%)2)
reflects the fact that flow 1 has shown normal behavior prior to
time ¢. Using [14], we obtain for flow 1
Thus, the workload distribution is asymptotically equivalen b Ry pe 11 12
to thatin an isolated system, multiplied with a certain pre-fact r.( oz “E) RV {_ <R1 b + E) x} :

The isolated system consists of flow 1 served in isolation at cogg, fiow 2, from (4)
stant ratep; . The pre-factor represents the probability that flow o
2 is backlogged long enough for flow 1 to reach overflow. Th[g(T2 > )
c_ombination of_Iight—taiIed and heavy—tgiled large devia_tions is P2 C2 (2(h2 — p2)) "2 Iy (2(¢h2 — p2)).
similar to that in thereduced-peak equivalencesult derived L—p1—p2 Ba(v2 — 1)

in [10] as well as that for an M/G/2 queue with heterogeneoUsis provides all the ingredients fét(V;, > x) as required in
servers studied in [11]. Theorem 3.1.

Note that the general decompositional form of (3) holds irre- The next sections are devoted to the formal proof of The-
spective of the detailed traffic characteristics of the two flowsrem 3.1. We start in Section IV by deriving lower and upper
(In fact, the above intuitive arguments suggest that (3) may beunds for the workload distribution of flow 1. We then pro-
true under somewhat milder assumptions than those madeéed in Section V to prove some auxiliary results for flow 1
Sections II-A and B. This will be discussed in greater detail iim isolation. Although the bounds derived in Section IV seem
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Substituting, we find that’ (¢) is bounded from below by

A1(s,t) — d1(t —s) + min{O,Al(r, s)—(p1—¢€)(s—1)

r¥ s*

+ inf {Ay(r,u)—(1—p1+e)(s—7r)— pa(u— s)}}

Fig. 3. Intuitive idea lower bound. s<u<t

. i ) forallr < s <t. O
quite crude by themselves, we show in Section VI that they The next step is to translate the above sample-path re-
asymptotically coincide, yielding the exact asymptotic behavigyyit into a probabilistic lower bound. We first introduce

of P(V1 > =). _ S some additional notation. For any and w > 0, define
In order to determine the drain time distribution of flow 2 AY <[] 1= supge <, {Ai(—s,0) — es}. Note that, fore > p;,

specified in Theorem 3.1, we first establish in Section VIl so
preliminary results for flow 2 in isolation. Note that the specific
form of the drain time distribution depends on whether flow Z5 (v, y)

generates instantaneous or fluid input. In the latter case, we also }

need to distinguish whether the peak ratexceeds — p, or = inf yu=>0: S {A2(=r,0)—cr}+A2(0,u) —¢ou<y

C[oo]év,; as defined earlier. For any v > 0, andy, define

not. We calculate the drain time distribution for the case of an ) o ) )
instantaneous input process in Section VIII. In view of spadgPresenting the drain time in a queue of capagifyfed by
constraints, we omit the corresponding analysis for fluid inpffPW 2 With initial workloadsupg <<, {A2(=7,0) — er} —y.
processes (see [9] for details). Define, forc > p»
T5(y) =
V- Bounbs T5(00,) = inf {u > 0 VE(0) + A>(0,u) — o < 7}
In this section, we derive lower and upper bounds for the d ) . )
workload distribution of flow 1. Refer to [9] for detailed proofs2Nd note thal’; (0)=17 as defined earlier. Also, define

of the lemmas in this section. T (y) :=T5(0,y) = inf {u > 0: A3(0,u) — ¢ou < y}

A. Lower Bound (note that the latter quantity does not depend on the valug of

We start with a lower bound for the workload distribution of"9%2 = 15(0). Denote

flow 1. The main idea (see Fig. 3) is that the following scenariB” ~(s*, v, z, y)

is sufficient for the even¥; () > « to occur (in fact, it is the . .

only plausible one, as we will see later). Flow 1 startstobuildup = F <S*_§1§:<S* {(p1 = e)(s" =7) = Aa (1, s7)}

at some tima™* and, hence, is constantly backlogged throughout -7

the time intervals*, t]. Flow 2 is also continuously backlogged < ylA1(s*,0) + Pp15* > :c) )
during[s*, t]. Thus, during that time period, flows 1 and 2 both

receive service at rates andqjg, respective|y_ Flow 2 a|ready The foIIowing corollary gives the probabilistic lower bound.
becomes backlogged at timé < s* and receives service ap-The proof uses the sample-path relation as given in Lemma 4.1
proximately at ratel — p; during [r*, s*], while flow 1 then and can be found in Appendix A.

shows roughly average behavior. Corollary 4.1: For anyv > 0 andy

Lemma 4.1: Suppose™ < s* < t andy exist such that 1
P(Vl > JJ) Z P <V'1<7)1 [M} > J})

A(s" ) =it —s7) > @ p1— 1
Al(r*7 5*)_(91_6)(5*_r*) > -y XPPI?E(S*,U,(E.y)P <T21p1+6(7j.y) > (} + a)x) )
nf_ {As(r* )= (1= pr+e) (5" =r") = da(u—s5")} > . =
ThenVi(t) > z. B. Upper Bound

Proof: Using (1), GPS implies that We proceed with the upper bound. The idea is that the lower-

Ba(s,t) bound scenario described above is basically also necessary for
> min {¢>2(t =), Vals) + inf {As(s,u) + ¢o(t — “)}} : thi:r\;eggfz(.tz): ;u:;;t;sogzl;; > . Then for ally there exist
Combining this in (1) WithB, (s, ) < ¢ — s — Ba(s,#), which " = < tsuchthat
holds by definition for alls < ¢, gives Ai(s™t) —pi(t—s") >z (7)
Vi(t) > Ai(s,t) — i (t — s) and at least one of the three following events occurs:
#in {0.Vi() 4 V) + i {Aa(sv0) = dalu— )} ). A5 = (1 + (5" = 1) >y ®

or

Using B1(r, s) + Ba(r, s) < s — r together with (1) implies
Vi(s) + Va(s) > Ai(r,s) + Ax(r,s) — (s —1) Vr<s. ViPr@t) >z +y 9)
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or

inf {As(r*,u) = (1= pr — )(s" = 1) = ol — 5")}

s*<u<t
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Corollary 4.2: For anyy
P(Vi >z) < P(Vfbl > x)Q”1+E(s*7a:7y)

> —2y. (10) + P(‘/fi’l > :L,)P<T21—P1—E(_2y) S (Al - Q)LE)
Proof: Because of the GPS discipline, (7) is implied by . pL—¢1
Vi(t) > x,ie., n P(Vl¢1 S +y)+ P(Vf’l [(A — agzx] . x)
1L —P1
Vi(t) < Vi (1) = sup {Aa(s,1) — du(t — 5)} .

s<t

Hence,s < t exists such thatl; (s,t) — ¢1(t — s) > x. Define
s* = inf{s : Aj(u,t) — ¢1(t —u) < = Yu > s}. Using

The proof can be found in Appendix A.

V. PRELIMINARY RESULTSLIGHT-TAILED FLOW

this definition, it can be shown that flow 1 must be continuously In this section, we prove some auxiliary results for flow 1
backlogged durings*, t]. We now show by contradiction thatin isolation. The results will be crucial in obtaining the asymp-

Vi(t) > x implies either (9) or

Vu € [s*,t] : Ba(s%,u) — ¢po(u — s*) > —y. (12)
Suppose
Ju” € [s%, 1] : Ba(s™,u") — do(u’ —s¥) < -y (12)
and
Vg<s*<t:Ai(g,t) -t —q)<z+y (13)

hold. Since flow 1 is continuously backlogged durirg, ¢]
Vi(t) = Vi(s*)+ A1(s*,t) — (t — ™)+ Ba(s*,u™) + Ba(u*, )
and By (u*,t) < ¢o2(t — u*). Because of GPS

Vi(s) < sup {Ax(r. %) = n(s* = 1)}

Hence, using (12) and (13) gives
Vi(t) < SEE{AI(Tvs*)_QSI(S*_T)}

+ A1(s*,t)—(t—s") + Pa(t—s")—y
= Sgg{Al(n t)=p1t—r)—y <z+ty-y

=z
which is in contradiction with; (¢) > . Finally, we show that
(11) implies (8) or (10). By definition
Bs(s*,u) <Vo(s*) + Aa(s™,u)
<V(s*) 4+ Az(s*,u)
= sup {A1(r, 8"+ Ax(r,s")— (8" —r)}+ Ax(s", u).

r<s*

Hence
nf_ {Ba(s"u) = dafu— 7))
(Aa(r )= (1= pr=)(5" = 1)~ da(u—s"))

+ sup {4i(r,s*) — (p1 +€)(s* —7)}.

r<s*

< sup inf
r<s* s*<us

O

totic behavior of?(V; > x) in the GPS model as given in The-
orem 3.1.

The following resultis provenin [10], for a more general class
of input processes than just Markov fluid sources.

Lemma 5.1: For anya > 0

P (fo)l [—(,}:agf] > x) X

P (fo)1 > :L)

wherep, := My (s*(¢1)) + é1.
Lemma 5.2:For anyy > 0,¢ > 0,t* < 0,

lim inf
r— 00

(14)

Jim P <§3fg {(p1 = )" — 1) — As(r,17)}

<l A0+t > 0 ) =1

Proof: Recall that flow 1 is a Markov fluid source. We
condition on the state of the underlying Markov chain at time
t*. Let E;(t*) be the event that the state at tirtieis j, and
mi(t*) = P(E;(t*)|A1(t*,0) + ¢1t* > ), 7 = 1,....d.
Then, the probability of interest equals

5P (sup (1=t =7) = As(r )} < 3l B ) ) ),

The stated then follows by observing that

lim P(Sup{(pl —e)(t" —r)— Al(T,t*)}§7$|EJ’(t*)> =1

r— 00 r<t*

forallj =1,...,d, sinceE[A;(—t,0)] = p1t.
Lemma 5.3:For anyy > 0,¢ > 0, u > 0, t* <0,

O

lim z/P <sup {A1(r,t") — (p1 + e)(t" — 1)}

T—00 r<t*

> ’Y$|A1<t*70) + Pt >z = 0)

Proof: Again, condition on the state of the underlying
Markov chain at timet*. Under this condition, the event

In the next corollary, the above sample-path relation is translated: (¢*, 0) + ¢1t* > =} does not provide any extra informa-

into a probabilistic upper bound. Denote

QP (5" a,y) == P (sup (A(r,s%) = (pr + )

r<s*

X (s*=r)}>y|lA1(s*,0)+ 15" >x>.

tion. The fact that there exist constanitsa (independent of)
such that [25, sec. 4]

P(sEE{Al(r, t*)—(p1+€)(t*—7)} >'y:c|E'j(t*)> <Ce "

proves the stated. O
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Lemma 5.4:For anyy > 0, u > 0, 2) Forz large enough, and allbetweenS,, and7,.(«), due
to Chebychev’s inequality, and Property 2.1

P (Vf’l > (1+ 7)3:)

lim sup ” =0.  Ees(A1(0.)=¢1t)
T—00 P(‘/ll >.fl?) P(A1(07t)—¢1t>$—(rp—¢1>) < ;gfom
. . My, (s)t
Proof: The proof follows immediately from the fact that < Cinf %,
P(V”* > x) decays exponentially at rat¢, wheres* > 0 is s>0 eslr=(rp =i
the solution ofM, (s) = 0[22]. O i .
Lemma 5.5: For anya > 0, yu > 0, Now, replace in (15) byt,.(8) = ((1 — 8)z)/(p1 — ¢1), then
the supremum is ove$ € [a,1]. The infimum overs > 0 is
61 [(1—a)x calculated by differentiation. We get the first-order condition
. P (Vl ! [—ﬁl—dn } > a:) y 9
lim sup ) =0
r—00 1 _ _ Ny —
P (V" >a) M, () = = (B = 61) (51 = 1),

1-0)z
Proof. The proof consists of three steps. First, we give a ( )
sufficient condition for the lemma to hold, explicitly using that is easily verified that the right-hand side of the previous equa-
fact that the Markov fluid source has a bounded peak Kate tion equals(p; — ¢1)(1 + B) for z large and3 small. Call the
Then, we estimate the decay rate of the event that a queug@ition s*(6). Recall thats* solvesM,, (s) = 0, and that
capacity¢, fed by a Markov fluid source reaches overflow aMél(S*) = p1 — ¢1 > 0 (see Property 2.1). Using
time ¢. Finally, we identify the most likely epoch of overflow
and show that this implies the required property.
1) Obviously

PV [((1 = @)2)/(p1 — )] > )

Mj, (s) = My, (s%) + M, (s™)(s = 5") + O ((s — 57)?)
=p1—¢1+ M”l(s*)(s -s5")4+0 ((s — 5*)2)

<P (3t < Tp(a): A1(0,t) — ¢p1t > ) we immediately obtain*(3) = s* + § + O(3?), wheres :=
Ty () (P1—¢1)/ (M (s*)) > 0, due to the convexity al/, (-). Also
< P (A1(0,t) — g1t > v — (Rp — 1))
=0 My, (s°(B)) = My, (s*) + M}, (s")86 + O(5?)
with T, (a) == [((1 — a)z)/(j1 — ¢1)]. From = M, (s")66 + O(B?)
o PA1(0,t) — ¢1t > 2 — (Rp — ¢1)) and
s 2 (9) My (5
< P(A1(0,) — 1t >z — (Rp — ' inf ot
< ; (A1(0,t) — ¢p1t > x — (Rp — ¢1)) Jim (1/)log R oy
<o)+ = Tim (8 Mo, (6 () — 5" (B)2)
X max [P’(Al(O,t)—</>1t>a:—(Rp—</>1)) h 1_ﬂ
t=0,.... T, (o) = (— M, (s* —1) o03—s*
(P1—¢1 o (57) A
andlim,_,o 1/zlog(Tx(a) + 1) = 0, we find that M, (s*)
= —5</¢17>,[32_3*
1 To() P1—¢1
limsupglogz PA(0,t)—p1t >z —(Rp—¢1)) = -6 5"
. 1 3) Recall that we have to perform the optimization oges
=1 “log P(A4(0,t)— 1t >2—(Rp— . :
lfi,sogpx Ogt:é,l.li)i(a) A0, 8)=gut > = (Rp = 1) [, 1]. The supremum ove? is clearly attained a6 = o > 0.
. 1 Now the stated follows from the fact thR(V,”* > ) decays
5hffgpglogte;?TPI(QEP(AI(Q t)=dit>s—(Rp—d) at rates*, as explained in step 1). O
. 1
<limsup—log sup P(A4(0,t)=¢1t>z—(Rp—¢1) VI. ASYMPTOTIC ANALYSIS

z—oo T tE[Sz, Tl
(15) We now use the results from the previous section to show that
the lower and upper bounds B(V; > z) of Section IV asymp-

with S, := (z — Rp)/(Rp — ¢1). Notice that we can indeed totically coincide, resulting in the decompositional form of (3).
exclude allt smaller thanS,. from the optimization, because inFor the proof, we need to make certain assumptions on the be-
that range no overflow is possible. Clearly, we have proven thavior of the drain time distributioR(7, ~”* > z/(j1 — ¢1)).
stated if we show that the latter decay rate is strictly smaller thaater, we will determine the specific form of the drain time dis-
s* forall « > 0. tribution, and find that flow 2 indeed satisfies these assumptions.
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For notational convenience, we frequently switch to a variabR{T, ~”* > z/(j; — ¢1)) as in (4)=(6). This is done in the
z, which should be thought of as playing the role:gf, —¢,).  following two sections. In view of space limitations, we focus
Lemma 6.1:If flow 2 satisfies Assumptions 6.1-6.3 listedon the case of instantaneous input processes. Refer to [9] for the

below withc = 1 — py, then corresponding analysis for fluid processes.
Remark 6.1: As the proof shows, Lemma 6.1 and, thus, The-
Y #1 1—p1 T orem 3.1 remain true as long as flow 2 satisfies Assumptions
PVi>w)~P (V1 > 3:) P <T2 > p1— </>1> ' 6.1-6.3 and Lemmas 5.1-5.5 hold for flow 1. Both seem to be
the case under somewhat milder assumptions than made in Sec-
Assumption 6.1:For anya > 0, v > 0, ¢ > 0, either tions II-A and B.
cter . In particular, for the light-tailed flow, the results in [16] sug-
(@) lim inf P (T2 (v&) > (1+ a)x) = F(a,v,¢) gestthat Lemmas 5.1-5.5 hold for a more general class of arrival
E—o00 P(Ts > ) Y processes than just Markov fluid. Upon inspection of the proofs
in the previous section, we see that two properties were explic-
with limg 5,10 F°(a, 7, €) = 1, or itly exploited. In the first place, it was repeatedly used that the
. source has a bounded peak rate. Second, it is required that the
()  liminf P (T > (1 +AO‘)“7) = F(a) dependence betweeh (r, t*) andA; (¢*, 0) is rather mild. This
i—oo P (T5 > ) leads us to believe that the lemmas still hold if the exponential
o sojourn times of the Markov fluid source are replaced by other
with lima o £ (@) = 1. light-tailed random variables. Probably, an essential prerequi-
Assumption 6.2:For anya > 0, > 0, ¢ > 0, site is that the light-tailed arrival process allows application of
e R ) the Gartner—Ellis large-deviations theorem. In particular, this re-
lim sup P (T3 (—v8) > (1 - a)F) _ G°( 7, €) quires that the log moment generating function of the amount of
#—00 P (T35 > 1) o traffic generated in an interval of lengtlyrows at most linearly
with limg 4 cj0 G°(a, v, €) = 1. 1
Assumption 6.3:For somey > 0, tlin;o 7 log Elogexp {#A:(0,t)} < oo

im inf 2 > z) > 1. . . .
hf—l»géfx P(T; > 8) 21 for some positived. This rules out input processes such as frac-

) tional Brownian motion (with Hurst parametéf € (1/2,1)),
Proof of Lemma 6.1:The proof consists of a lower bound,,, M/Gloo-type inputs with heavy-tailed job sizes.

and an upper bound which asymptotically coincide. We startgqy the heavy-tailed flow, the results may be extended to
with the lower bound. We distinguish between two cases, ASami-Markov fluid input or mixtures of fluid input and instan-

sumption.s 6.1(a) and (b). _ taneous input. It may also be possible to extend the results to a
(@) Using Corollary 4.1 withy = oo, y = (vz)/(p1 — ¢1), larger class of subexponential distributions, although that would
Lemmas 5.1 and 5.2 require elaborate refinements in the proofs. In a somewhat re-

lated context, [8] and [19] provide a sharp demarcation of the

lim inf P > x) > F1771(a,~,¢). distributional conditions for a so-called reduced-load equiva-
T p (Vl‘i’l > x) P (Tzl_’“ > ﬁ) lence to hold. We expect that in general there is a complicated
tradeoff between the assumptions on the light-tailed flow and
Letting o, 7, € | 0 completes the proof. the conditions imposed on the heavy-tailed flow.
(b) Using Corollary 4.1 withy = 0, y = 0, and Lemma 5.1,
we obtain, observing that” ~<(s*,0,z,0) = 1 VII. PRELIMINARY RESULTSHEAVY-TAILED FLOW
P To determine the behavior &f(7, 1 — as
Jim inf (V1 > ) > F(a) ! vior 8(T, ' > x/(p1 — ¢1))

T—00 b1 1—p1 z = : x — oo, we will reduce the space of all relevant sample paths to
PV >a)P (15 > —= . . ; : . ;

p1—¢1 a single most likely scenario, which occurs with overwhelming

probability. In this section, we establish some preliminary re-

Then let | 0. . . sults which we will use to neglect the contribution of all non-
We now turn to the upper bound. Using Corollary 4.2 W'tlaominant scenarios

v =00,y = (y£)/(2(p1 — ¢1)), Lemmas 5.3-5.5, and As-

) Large-deviations arguments for heavy-tailed distributions
sumptions 6.2 and 6.3, for some> 0 g g Y

suggest that a persistent backlog as associated with the event
T21’”1 > xz/(p1 — ¢1), for large z, is most likely due to

lim sup P4 > 2) <GP (a,v,€). just a single large burst. To formalize this idea, we first

v P (Vf}l > I) P (Tzl_pl > ;,1'_”471) introduce some additional notation. A burst is called large
if the size exceeds:.z, with k > 0 some small constant,

Letting o, v, € | 0 completes the proof. O independent ofi. Denote byN,;[l,r] the number of large

In order to complete the proof of Theorem 3.1, it remainisursts of flow 2 arriving in the time interval,r]. Define
to be shown that flow 2 satisfies Assumptions 6.1-6.3, witN(t) := {n : U5, + >.i", Up; < t} as the total number of
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bursts of flow 2 arriving in the time interval [@]. An upper Thus

bound for this process is given by R . .
P(T2((0 — (¢2 — p2)n)2) > i, N[0, 0] = 0)

n 6/\
N(t) < Nu(t)=n:» Ui <tp+1 <SP(Boo+ sup S, > o Ne0,nd] = 0
i=1 1<n<N(n2) 2
. . . — . . 0z
with Us ; i.i.d. random variables representing interarrival imes < P| Byo+ sup S, > —x|Nm [0,nE] =0
of flow 2. 1<n<N () 2
We now state a crucial lemma which will allow us to limit 04 .
the attention to large bursts and replace all remaining traffic ac- < P'| B2,0 + - S<u]£3( , Sn 2 7|B2,z‘ < Ki,i 20
SNSN(NT

tivity by its average rate. The lemma is a minor modification of

Lemma 3 in [31]. 6 . .
Lemma 7.1:Let S,, = X; + ...+ X,, be a random walk = P<1<ns<u1€(ni)sn - (5 - K>x|B2’i srnts 1)

with i.i.d. step sizes such th&X; < 0 andEX? < oo for T

somep > 1. Then, for anyu < oo, there exists &* > 0 and a < [P’< sup S, > <§ — );f;|B2 i <KL, > 1)

function¢(-) € R_,, such that for alk € (0, x*], T \i<n<Qoteonz \2 T -

+P(N(nz) > (A2 + €)ni)

P(S, > &|X; < ki =1,...,n) < (&) Cateni )
< > P<SnZ<——H>lf7|B2,iSmf},i:L...,n>
for all n andz. = 2
Note that if X; is the difference of two nonnegative inde- +P(N(nz) > (A2 + e)ni).
pendent random variable§! and X?, then the lemma remains
valid if the X;’s are replaced by th&!’s. The second term decays exponentially fastias+ co. Ac-

We now use the above lemma to show that the workload %rdmg to Lemma 7.1, there existsk&d > 0 and a function
flow 2 cannot significantly deviate from the normal drift OVeRs(.) € R_,, u > v», such that for alkk € (0,x*], each of

intervals of the ordeg when there are no large bursts. the probabilities in the first term is upper boundedffy). The
Lemma 7.2:For anyn > 0, 6 > 0, there exists &* > 0 statement then follows. O
such that for alk € (0, x*], We now prove that it is relatively unlikely for flow 2 to gen-
erate two large bursts in an interval of order
P (T> (0 — (2 — p2)n) &) > ni, Nz [0,m2] = 0) Lemma 7.3:For anye < 1, & > 0,

=0 (P (By > &(d2 — p2))) ) )
P (Nei [0, (1 — a)&] > 2) = o (P (Bj > &(¢2 — p2)))
asi — oo.

Proof: The eventls((f — (¢2 — p2)n)#) > ni means that asz — oo.
Proof: By definition

Ogiilgfnfs {A2(0,u) — ¢ou} > (8 — (2 — p2)n) BN [0.(1— )] > 2)
which in particular implies that SP#{je{l,....Nu((1 - a)d)}: By > ki) > 2).

N N N Conditioni NNy ((1 — a)z), this i bounded b
A5(0,12) — domit > (B — (s — po)n) & onditioning onNy;((1 — «)i), this is upper bounded by

or equivalently,A>(0, ni) — (p2 + 6/2n)nt > 62/2, so that E [(NU (1~ O‘)i))z] P(B; > ri)”.

9 0 Finally, observe thaE[( Ny ((1 — «)&))?] is quadratic ini: for
R e R e P = oo, 0
- The following lemma shows that it is not likely for flow 2 to
Now, letS,, := X, +...+ X, be arandom walk with step sizeshave a workload of at least orderat time 0 and to generate at

X; := By — (pa+0/2n)Us.;, with Uy ; and B, ; i.i.d. random the same time at least one large burst in an interval of arder
variables representing the interarrival times and burst sizes of-émma 7.4:Forany0 <§{ <1—-a,(> 0, >0,
flow 2, respectively. Note thaX; represents the net increase in
the workload in a queue with service rate+ 6 /2n betweentwo P (Vi [£2, (1 — a)2] = 1,V5(0) > (%)
consecutive bursts, and tHak; < 0. Because of the sawtooth =0 (P (B > &(p2 — p2))) as i — oo.
nature of the processds(0,u) — (p2 + 6/2n)u}, we have

Proof: Because of independence, the probability equals

0
As(0,u) — — < B Sh.-
i {400 = (o2 ) o < Wt S P (N [62, (1 — )] = 1) P (VE(0) > Ci).
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By conditioning uporVy ((1 — « — &)z), we have Proof of Theorem 8.1:We start with the proof of (16). We
first prove that for anyy, ~, 6, 8 > 0, the event
P(Npsléd, (1-)]=1) SE[Nu((1-a— )i JP(Bz > ri).
T5(vz) > (14 o)z (19)
As before, the first term is linear ihfor & — oo. The statement
then follows from the fact thaB,(-) € R_,, in combination is implied by the events
with Theorem 2.1. O

V(2*) > (g2 — p2 + 6) (14 @) + 7+ 0) & + c2*
VIil. B ACKLOG PERIOD HEAVY-TAILED FLOW wherez* is the last time before 0 that a burst arrived, and

In this section, we consider the case where flow 2 generates

instantaneous traffic bursts of regularly varying size. The next sup  {(p2 = 8)u— A(0,u)} < 07

theorem shows that flow 2 then satisfies Assumptions 6.1-6.3 Osuslire)s
and that (4) holds. The second event means thai(0,u) > (p2 — 8)u — 0%, for
Theorem 8.1:For anyc > p; anda, v > 0, allu € [0, (1 + a)z]. Thus, for allu € [0, (1 + «)Z],
P(T5(v2) > (14a)) V3 (0) + A2(0,u) — ou = V5(2") + A2(2",0) — B3(2",0)
2 L2 P(B5> ((¢2—p2)(14+0)+7) &) (16) + 420,0) = dou
P(Tc( f) p<21 )A) Z‘/ZC(Z*)_CZ*+A2(07U)_¢ZU
r)>(l—a)r .
o p2 c+do—2ps > ((p2=p2+0)(1+a)+7)a
S 2P<B§><(¢2—P2)(1—04)—7W> §7> + (p2 — O)u — ¢ou
(17) =(p2—p2+6) (1+ )& —u)+~2
>

and
where the first equality is obtained using (2), and the first in-

P(Ty > z) ~ . p2p2 P (B3 > &(¢a — p2)) - (18) equality using the fact thas(z*,0) < cz*. Hence
Before giving the formal proof of the above theorem, we first inf {u > 0: V3'(0) + A2(0,u) — ¢ou < y2} > (1 + )i
provide an intuitive argument. Consider a queue with serwc%
rate¢,, fed by the arrival process of flow 2. In order for the event’ ich gives (19).
15 > & to occur, the workload must remain positive throughout Using independence dt(z") and A»(0, u)
the interval [0#], given that the initial workload i¥5°(0). Note P(TC(W) > (1+a)i)
that the normal drift in the workload is — ¢ < 0. Thus, PVE(s B §(1 0
there is a “deficit” (¢ — p2)&, which must be compensated (27) > (b2 = p2+0)(1+ ) +y+0)i+c27)
for by the initial workloadVs (0) plus possibly flow 2 showing P (

above-average activity during the interval ],

We claim that the most likely way for the gap to be filled is by
a large initial workload only, i.e¥5(0) > (¢2 — p2)Z. Thisin  Observe thaV;’(0) > 0 implies Vi (0) = Vi (2*) — cz*, thus
turn is most probably due to an extremely large burst of flow 2 . .
at some point before time 0, which is consistent with the usualP (V2 (2") > ((¢2 = p2 + 6)(1 + @) + v +0) & + cz7)
situation for heavy-tailed distributions that a large deviationis > P (V5(0) > ((¢p2 — p2 + 6)(1 + ) + v+ 0) %)
caused by just a single exceptional event. Using Theorem 2.1, P2 N
we see that the probability of this event is indeed exactly the ¢ — ,,2P (By > ((p2—p2+0)(1+a)+v+0)2)
right-hand side of (18).

Note that it is unlikely for the gap to be filled by flow 2 pro-
ducing extra traffic during the interval [@], because this would
require a large burst arriving almost immediately after time 0. <

sup  {(p2 — O)u — A2(0,u)}< 6z |.
0<u<(1+a)

where the last term is due to Theorem 2.1. Also, foraalh,
# > 0,asz — oo,

The probability of this event is negligibly small compared t&
that of V5 (0) > (¢2 — p2)Z. A combination of both is even less
likely, since this would amount to two rare events occurring si- >P (Sup{(ﬂ2 — 8)u— As(0,u)} < %> 1
multaneously. u>0

The above arguments will be formalized in the proof below.
We first prove that the evefiE’(0) > (¢ — p2)# indeed implies  SINCEE[A2(0,u)] = pau. Thus, for alle, v, 6, 6 > 0,
that7s > 7 for largez, thus obtaining a lower bound for the
proba2bility of the latter event. Next, we show that for lafgine P (T3 (v2) ;2(1 +a)i)
eventVy(0) > (ha—po )i is also necessary fdks > i to occur, z EP (By > (($2=p2+6)(1+ ) +7+60)2).
by proving that the probability of all other possible scenarios is
negligibly small. Lettingé, 8 | 0, and usingB3(-) € IR, (16) follows.

sup  {(p2 — 6)u— A2(0,u)} < 63?)

0<u<(14a)&
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We now turn to the proof of (17). By partitioning, we obtainConsider term (20). Using Theorem 2.1, (20) equals

foranya,v,(, 0,k > 0,w > 0,

T5(=v#)> (1 - a)i)
P (T3 (=) > (1 — )2,

Vi(w) > ((p2—p2)(1—a) =7 —0) i —
+P(T5(—vz)> (1 — a)z,

P (

Vy(w) < ((p2=p2)(1 — @)=y = 0) & —(c — p2)w,

Niz[0,w] < 1, Nz [w, (1 — a)2] = 0)
+ P (T5(—yz)> (1 — o)z,

Vs (w) < ((p2—p2)(1 — a)=v—=0) 2 —(c — p2)w,
Nz ]0,w] = 0, Nogs [w, (1 — @)i] =1, VE(0) < &)

+ P (T5(—yz) > (1 — o)z,

Vi (w) < ((p2—p2)(1—a)=y=0) i —(c — p2)w,
Nz ]0,w] = 0, Nogs [w, (1 — @)i] =1, VE(0) > &)

+ P (T5(—y#) > (1 — )i, Nz [0, (1 — )] >2,

Vo (w) < ((¢2 = p2)(1 — a)=y=0) &—(c—p2)w)
which is obviously upper bounded by
P (Vs (w) > (p2—p2)(1—a)— y=0) i—(c—p2)w)

Takew = &z, with := (y+ (+6)/(d2 — p2) <1 — . We
(1 — «)z, which is
equivalent tdnfo<,<(1-a)z{ V5 (0) +A2(0, u) —pau} > —i.

first concentrate on the evef (—~vz) >

Observe that the following two inequalities hold:

Oﬁuﬁlr(llf—a)a‘c {V2(0) + A5(0,u) = pou}

< V5(0) + oJof {A2(0,u) — pou}
and

ocu bl e (VE(O) + 4200) = dou}
< V§(0) + inf  {A2(0,u) — ¢ou}
{A2(0 w) ¢2w

wlu<(l—a)&

=V5(0 f
2 ( ) + m<uéIgl a)d

+As(w,u) — ¢o(u —w

= VE(0) + As(0,w) — baw
+ inf {A2(w,u) — da(u —w)}

wlu<L(l—a)z
< Vi () + (¢ — do)u
+ inf {As(w,u) — pa(u —w)}.

wlu<L(l—a)z

(¢ = pa2)w)

+ P (Ts(—vz) > (1—a)i, Nez [w, (1—a)z] = 0,
V3 (w) < ((p2—p2)(1—a)—v=0) &—(c—p2)w)
+ P (T5 (=) > (1—a)@, Ny [0, w] =0, V5 (0) <Cz) (22)
P (N [w, (1-a)2] = 1,V5(0) > (%)
PNz [0,(1—)2] > 2).

P(Vy > ((p2—p2)(1—a)—y—0—(c—p2)§) 2)
~ L2 P (By > (¢a—p2)(1—a)—y—0—(c—p2)€) 2)

C—p2
_ P2 N
C—p2

P (55> ((62-pe)(1-) -0~
Next, consider term (21). Using (26)
wgug(lf_a)i{AﬂwaU)—¢2(U—w)}>—v2c(w)—(C—¢2)W—7£7
so that (21)< P(Wyz[w, (1 — a)2] = 0,

inf {As(w, u)pa(u—w)>-V5(w)—(c—po)w—7i,

wlu<L(1—a)
V3 (w) < ((¢2—p2)(1 =) =y—0) &—(c—p2)w)
{Az(w,u)—d2(u—w)}

<P <w§u;r(lf—a)£
> 03— (d2—p2) (1—a)i—w),
Nz [w,(1—)z] = 0)

(c—pz)(7+4+9))§3>.

$2—p2

-F <0§u§(i{1_fa)i4w {A42(0,u) —pou}
> 05—(¢2—p2) (1) —w),
Nz [0,(1—a)i—w] = 0>

=P <0Su§<iln_fa_§)i {A2(07 u) —(]52’11}
> (0—(p2—p2)(1—a—¢)) &,
Ns 0. (1-a-€)i] = 0)
=P (T2 (0—(p2—p2)(1—a=§)) 1)
> (1—a—8&)#, Nz [0,(1—a—£)7] = 0).
Finally, consider term (22). Using (25hfo<y<w{A42(0,u) —
pau} > =V (0) — v&, so that (22) is less than or equal to
Pt (4:(0.0) g} > V5 (0) -,
N[0, w] =0,V (0) < (F)

=F <o<i¥}£w {A2(0,u) = pou} > = (v + ()2, Nz [0, w] =0)
:[F><O<m<f5 {As(0,u)—¢pou}

> (9—(¢z—pz)£):f:,anc[Off]:o)

=P (T2 ((0—(p2—p2)§) ©) >3, N,z [0,£2]=0) .
Now, takingn = 1 —a — ¢ in Lemma 7.2 for (21), taking = ¢
in Lemma 7.2 for (22), using Lemma 7.4 for (23), and using
Lemma 7.3 for (24), we obtain

P15 (—yd) > (1—a)d) < -2 x
C—pP2

P (55> (2= (1-) - 22O ),
2= P2
Letting ¢, 8 | 0, and usingB3(-) € IR, (17) follows.
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Finally, note that (18) follows from (16) and (17) by letting
a,v | 0, and using agail;(-) € ZR. O

IX. CONCLUSION

We analyzed a GPS queue with two flows, one having
light-tailed characteristics, and the other one exhibiting
heavy-tailed properties. We showed that the workload dis-
tribution of the light-tailed flow is asymptotically equivalent
to that when served in isolation at its minimum guaranteed
rate, multiplied with a certain pre-factor. The pre-factor may
be interpreted as the probability that the heavy-tailed flow
is backlogged long enough for the light-tailed flow to reach
overflow.

In this paper, we have focused on a scenario with two flows.
Observe, however, that the light-tailed flow may be thought
of as an aggregate flow, given that the class of Markov-modu-
lated fluid input is closed under superposition of independent

processes. In the case of instantaneous input, the heavy-tailed —

flow also may actually represent an aggregate flow, since the
superposition of independent Poisson streams with regularly
varying bursts produces again a Poisson stream with regularly
varying bursts. Unfortunately, the class of on—off sources is
clearly not closed under superposition. In fact, the superposition
exhibits a fundamentally more complex structure than a single
on-off source, which drastically complicates the analysis of the
gueueing behavior (see [35]).

Despite the above and earlier observations, it would still be
interesting to extend the analysis to general scenarios with sev-
eral light-tailed flows, sayN; > 1 and N, > 1 heavy-tailed
flows. Inthe caseéV; = 1, N, > 1, we expect that the workload
distribution of the light-tailed flow is equivalent to that when
served in isolation at its minimum guaranteed rate, multiplied
with a certain pre-factor, exactly as before. In the cse> 1,

Ny = 1, we conjecture that the workload distribution of the
light-tailed flows is equivalent to that in an isolated GPS queue
consisting of the light-tailed flows only, multiplied again with
a pre-factor. Not surprisingly, the two above-described com-
plicating circumstances conspire in scenarios with > 1,

Ny > 1.

APPENDIX A
PrROOFs

Proof of Corollary 4.1: Using Lemma 4.1, the fact that
A1(+) and A,(+) have stationary increments and the indepen-
dence of4;(s,t) and Ax(s,t), for all v, w > 0, andy

P (Vi(t) > =)
>P(3s* €t —w,t],r* € [s* —v,5%]:

Aq(s",t) — p1(t — ") >z, [P’<
Ay(r*,s") = (p1 — €)(s" = 17) = —y,
Ll {43t u) = (L= py + )
X(s" =1") = da(u—5")} 2 y)

=P (3s* € [-w,0],7* € [s* —v,s"]:
Aq(s%,0) + ¢p15™ > x,
Ar(r*,8%) = (pr = €)(s™ —77) 2 —y,

=P (3s* € [-w,0] : Ay(s

=P(3s€[0,w] : A1(—s,0) —

Takingw = ((1+ a)z)/(p1 -

1nf {Ag (r*,u) —

. (L—p1+e)

p2(u—s%)} > y)
P(3s* € [-w,0],7* € [s* —v,s"]:
Aq(s%,0) + ¢18™ > x,
Lnf_ (A = (- " =)} 2
ol | Al u) = (L= p1to)
X(s" =1") = da(u—57)} 2 y)
*/0) + ()ZSIS* >,
(1 —€)(s" =)} 2 -y,

X(s* —1r") —

i L)
Ir* e [s" —wv,s"]:

inf  {A(r*,u) —

s*<u<ls*4w <1 n + 6>

¢2(u—s%)} 2 y)

X (8" —r") -
> P (3s* € [-w,0]: A1(s*,0) + 15" > x)

P < lgf AAL(r,s") = (p1 — e)(s" —7)}
> —y[Ai(s",0) + ¢15™ >z,
with s* : A1(s™,0) + ¢15™ > $>
X P(afr* = [8* _7}78*]
(with s* : A1(s",0) + ¢15™ > z) :
5*§1}2£*+w {A2(r*u) = (1 =p1+¢)
¢2(u — 5*)} Z y)
$18 > )
<P (s (=0 =) = ) <o
Ay(s*,0) + ¢15* > =,
with s* : A1(8*70) n ¢1s* S x)

x(s* —r*) -

x P <E|r €[0,v]: inf {As(—r,u)

0<u<w

—(1—=p1+e)r—gou} > y)

=P ( sup {s(=5.0) =15} > ) PP (s )
0<s<w

><P<sup inf  {As(—r,u)

0<r<v 0Susw

—(L—=p1+€)r —pou} > u)

=P (Vf’l[w] > x) PP (5%, 0,2, y)

ot {Ozug {A2(=7.0) = (1= p1+e)r}
+A42(0,u) — pau} > y)

=P (Vld’l[w] > x) PPrc(s*, 0,2, y)

X P( Ty =" (v, y) >w>.

¢1) completes the proof. O
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Proof of Corollary 4.2: Using Lemma 4.2, the indepen-
dence ofd, (s,t) andAx(s, t), and the fact thatl; (-) and A (-)
have stationary increments, for all> 0 andy (the numbers in-

~ falu—s)} > —2y)

dicate the events in the corresponding equations in Lemma 4.2) <F <§1>IIO>{A1(—S, 0) — h1s} > w) QP e(s*, 1, y)

—I-P(Vl‘(0)>:v+y)

P(Vi(t) > x)
<P((T)A{(8) V(9 V (10)}) +P (Ozggw {A1(=5,0) = drs} > x)
<P((7),(8)) + P (7). (9) + P ((7),(10) P35> 0 Ay(—5,0) — dr5 > 1)
<P((7),(8) + P ((7) + P ((7),(10)) .
P <8 <t Ay(sh ) — it —57) > x P (i‘;‘goéﬁi {Az(=ru)
Ai(r,5%) = (p1 + €)(s" = 17) > )

+P (Vf’l(t) > a:+y)
+P(3r* <s*<t:A(s"t) — pi1(t —5¥) >z,
il (400", )~ (1= py = s =)
—¢a(u—s")} > —2y)
=P 3 <s*<0:A1(s%,0) + ¢158" > =z,
Ay (r7,5%) = (pr+ €)(s" —77) > y)
+P (V(0) > z+y)
+P(3r* <s"<0:A1(5%,0) + ¢15* > 7,
Lt (A0~ (1= pr = (5" 1)
—a(u—s")} > —2y)
=P (3s* <0:A1(5%,0) + ¢15* > =,

sup {A1(r,s*) — (pr +e)(s* =)} > 1/)

(1= pr— e — o} > —2y)
=P (V" > ) Qe (5", m,)
+P (V71(0) > o +y) + P (V7 [u] > )
+P (21;13{A1(—s, 0) — 15} > a:)

X P (03122“} {i;% {Az(-r,0)

—(1—=p1—€)r+ As(0,u)

—452”}} > —Qy)

=P (Vl > :17) QP re(s*,m,y)

+P (V10) >z +y) +P (V' u] > o)

rset ) +P (Vld)1 > x) P (TQP’)I*E(—Zy) > w) .
+P (V?1(0) >z +
( () > y) Takingw = ((1 — a)z)/(p1 — ¢1) completes the proof. O
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