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Optimal Resource Allocation Over Time and
Degree Classes for Maximizing Information
Dissemination in Social Networks

Kundan Kandhway and Joy Kuri

Abstract—We study the optimal control problem of allocating
campaigning resources over the campaign duration and deges
classes in a social network. Information diffusion is modedd
as a Susceptible-Infected epidemic and direct recruitmentof
susceptible nodes to the infected (informed) class is used @
strategy to accelerate the spread of information. We formudte an
optimal control problem for optimizing a net reward functio n, a
linear combination of the reward due to information spread and
cost due to application of controls. The time varying resouce
allocation and seeds for the epidemic are jointly optimized A
problem variation includes a fixed budget constraint. We prae
the existence of a solution for the optimal control problem,
provide conditions for uniqueness of the solution, and prog some
structural results for the controls (e.g. controls are nonincreasing
functions of time). The solution technique uses Pontryagia Max-
imum Principle and the forward-backward sweep algorithm (and
its modifications) for numerical computations. Our formulations
lead to large optimality systems with up to about 200 differatial
equations and allow us to study the effect of network topolog

of their messages, as illustrated by the successful use of
social networks such as Twitter and Facebook in the 2012
US Presidential eIectionE|[1] and 2014 Indian Parliamentar
elections[[2].

This paper studies campaigning strategies aimed at max-
imizing the spread of information in a population for a
fixed-duration political, advertisement or social-awa®n
campaigns. Specifically, the campaigning resource—such as
money, manpower or logistics—is allocated optimally over
time (the campaign duration), and classes of individuatgazh
up based on their degrees. The degree of an individual is the
number of connections she has with others in the network.
We use only node degree information, which makes this work
useful for both partially observed networks—where the &xac
connection pattern is not completely known, but only node
degree has been estimated—an example of which is the face-

(Erd 6s-Renyi/scale-free) on the controls. Results reveal that the to-face human interaction network; and fully observed rmmli

allocation of campaigning resources to various degree class

depends not only on the network topology but also on system
parameters such as cost/abundance of resources. The optima

strategies lead to significant gains over heuristic stratags for

social networks; or a combination of both.
Biological epidemic models are used to model information
spread in a population due to similarities in the ways a

various model parameters. Our modeling approach assumes communicable disease and information spread over a net-

uncorrelated network, however, we find the approach usefuldr
real networks as well. This work is useful in product advertsing,
political and crowdfunding campaigns in social networks.

Index Terms—Erd 6s-Renyi networks, Information epidemics,
Optimal control, Pontryagins Maximum Principle, Scale free
networks, Social networks, Susceptible-Infected.

|. INTRODUCTION

work (e.g.[@, @]). We have modeled information diffusion as

a Susceptible-Infected (Sl) epidemic process. Earlierksior
(such as |__[|5]) have favored the Sl process as a model for
information diffusion. The SI model divides the population
into two compartments. A susceptible node is yet to receive
the message and an infected (informed) node has received
and is spreading the message. Most nodes are susceptible at
the beginning of the campaign—except a small fraction of

AXIMIZING the reach of a piece of information is the population which acts as the seed for the epidemic—and

of interest to many entities, such as, political palchanges to the infected state due to interaction with iefibct
ties (during elections), companies marketing new productgighbor(s). Once the node becomes infected, it stays in tha
governments and NGOs (to spread awareness about sd&iigée. The SI process is suitable for modeling situationsnwh

socially relevant issue), etc. Before the advent of onlimeead

individuals receiving the message do not forget it. This-hap

networks, information used to disseminate in a populatigtens for campaigns of short durationd.those for charities)
(only) due to social contacts between individuals in day-t®r, situations such as political campaigns which generdo¢ a
day life and through the mass media. With the explosidif interest among people. It is also suitable for marketing o
in the number of people using online social networks the#ng lasting products such as video games and smart phones.
days—which has added to the available channels over whicHOther models which may be used, depending on the situa-
information travels—the extent and speed of informatiokion, are: (a) Susceptible-Infected-Susceptible, in Witiodes
propagation is higher than ever. Campaigners are |evgagﬁ'|ternate between susceptible and infected state, smifabl
these social networks in an attempt to maximize the reagrarketing consumable goods with substitutable brands, (b)
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Susceptible-Infected-Recovered, in which nodes losedate

in spreading after fixed amount of time since being infected,
(c) Maki-Thompson model, in which nodes lose interest in
spreading after meeting a fixed number of informed individu-
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als, etc. not just once or twice. This motivates a model which allows

We adapt the standard SI model to incluiiime varying for resource allocatiothroughoutthe campaign horizon, as is
direct recruitment of nodes from susceptible to infected<l the case in our work, and not just at a few time instants as in
to accelerate information diffusion. Similar problems wer].
addressed in [6.] 5]. Such a control may be implemented byThe work in [6] has considered heterogeneous mixing of the
emailing or texting individuals, posting messages on thegdopulation in devising optimal strategies for product nedrk
social network timelines, or by placing advertisements ing, but the results were presented by dividing the poparati
the mass media. Resource and manpower constraints witb two degree classes only; this is inadequate to study the
prevent the advertiser/campaigner from communicatindlto affect of node inter-connection topologies (scale-frediB-
individuals in the network. Hence, to maximize the extent d®enyi degree distribution) on control§o achieve this, we
information dissemination, it is important to identify g of consider a population with up to 100 degree classes. Note tha
individuals who should be targeted and times when campaigeal social networks follow a scale-free degree distr'dmm]
ing should run with stronger intensity. For example, shoulhd two classes are not adequate to characterize them. The
we target high degree nodes because they act as hubs aumithors in ] formulated a problem to mitigate a biologjica
may be better spreaders in the network? Or should we targptidemic on a network. Our approach uses one differential
low degree nodes who are at a disadvantage in receiving #guation for each degree class as against one for each node,
messages from others by epidemic spreading due to fevasrwas the case in [15], and thus scales with number of degree
connections, and let more connected higher degree nodé&ssses in the network and not the actual population size as
receive the message from epidemic spreading. As shown ib){@]. Also, that work presented optimal results for only a
our results, the network topology and the amount of resoursienple case of a five-node network and proposed heuristics
available and/or the cost of application of the control affefor larger networks.
the answer to this question. Notice that epidemic models used in both @ 15] work
well on uncorrelated networks, which is also the case in
o this work. Thus, our modeling approach is no worse than in
A. Related Work and Our Contribution these works and in addition,gwepgre able to study the effect

Many authors have addressed disease mitigation problenfisnode inter-connection topology on time-varying corgrol
on heterogeneous networl&l[__’V, 8]; however, optimal comiifol due to the large system size considered in this work. In
heterogeneous networks has received less attention. @lptiomcorrelated networks, connections are constrained byedeg
control has found use in devising strategies for preverttieg distribution of the network, but are otherwise completely
spread of disease epidemics and computer viruses in workadom. In contrast, real social networks show some level
such as[[9] 10]. Our work differentiates itself from thesef connection correlations.g, friends of an individual are
by considering gopulation of networked individuals insteadalso likely to be friends. Unlike the previous works, we
of homogeneous mixingonsidering networked individualshave tested this modeling approach on a real network via
and many controls, as is the case here, leads to a hgjaulations for both uncontrolled and controlled casese Th
optimality system with about 200 differential equationur results show that the control strategies derived from owleho
case, compared to only a few equations in the above worksad to improvements with respect to heuristic strategies o
Also we discuss the case diked budget constraintwhich real networks as well.
necessitates modifications to the standard forward-batkwa Optimal seed selection for maximizing the influence in a
sweep algorithm needed to solve the optimal control problemetwork with known connections was studied inl[16]. How-
Networks play an important role in epidemic spreading (@ver, once the seed is decided, the process evolves in an
both information or disease) because people interact with auncontrolled manner. In contrast, we allow for the inforimiat
trust only a small subset of the total population to whichythediffusion process to be controlled throughout the campaign
are ‘connected’. Homogeneous mixing assumes that any nédgizon and present results for a problem which allows for
is equally likely to meet any other node in the population arjdint seed selection and resource allocation over timoe
is quite farfetched. maximize information diffusion.

Our method captures information dissemination dynamicsThe works in [5,[ 17] compute bounds on the spreading
more accurately than the homogeneous mixing models times and epidemic thresholds for SI/SIS epidemic infludnce
the prior works which study optimal control of informationby external agents using tools from the probability and grap
epidemics|[3 14, 11] (and security patches in the case o} [L2heories. Although these works show order optimality of the
and provide more accurate controls (campaigning stregegieuniform spreading strategy with respect to strategies fwhic
Also, we are able to discuss tiv#luence of node degrees oncan be tailored to network state for specific networks (such
resource allocationwhich is not possible when homogeneouss line/ring, grid and spatially constrained random geaimet
mixing is considered. graphs), computation of optimal strategies under a cost-cri

Information dissemination with impulsive controls in aion was not undertaken in these works. These networks do not
homogeneously mixed population was considered Lid [13jave heavy tails and long distance links as observed in (smal
However, most systems can be controlled throughout therld) real social networks to which such conclusions may
campaign horizon-e.g.advertisements appear regularly in amot be generalized. In contrast, we compute optimal stiedeg
individual's social network timeline or in the mass mediaadla for scale-free and real networkshich provide more accurate
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insights to campaigners. If a cost criterion is included ireal social network. We test the accuracy of our modeling
problems formulated with exact network state, the compjexiapproach on a real social network via simulations and find the
of computing the solution will increase exponentially witmodel to work well even for real social networks.

network size. A mean field approach for modeling the SlI

epidemic provides computational tractability for handliarge 1. SYSTEM MODEL AND PROBLEM FORMULATION
networks—because computational complexity grows only as|gividuals in the population are organized in a social

the number of degrees in the network and not the netwoﬁ%twork (graph). The network is undirected and remaingcstat
SIZ€. over the duration of the campaign. The number of other

The .au.thors n |E8] formulate a rmxed Integer program , yejindividuals a given node is connected to is termed as
to maximize the spread of cascades in a network. Howev; e degree of that node in the graph. A node with degree
the intervention involves adding new nodes and edges in t 8s said to be in degree class The. set of all degree

networl_<: an appr_oach d'ffe“?”‘ from ours. . classes in the graph under consideration is represented by
We list the main contributions of this paper. We begin K = {k: Kmin < k < Knmas}, fOr two positive integers

by adapting the standard S| model to include a time-varyir}gmm and K. The network is characterized by its ‘degree

clontrol which rlecrwts_ |?d|V|du_aIs f(;(_)m suscept|blev\'tloegfe]cq distribution’, px, which is the probability that a randomly
class to accelerate information dissemination. We define-g,qon node in the social network belongs to degree class

net r((angrd ftuncttr:on Wth'cth |fs _af we|gthtedd(_:omb|_nat;pn % € K. One can empirically calculaig, = N, /N, whereNj,
reward due to the extent of information dissemination I"%/the number of nodes in degree clasandN = 3",y Ni.
e first explain the uncontrolled model and then adapt it to

the population and cost due to application of control, a
formulate a problem to maximize the net reward. The prObIeﬁ'?clude the controls to formulate the optimal control peshl

jointly optimizes the seeds of the epidemic and time varying
controls to maximize the reward. We also study the fixed ) )
budget variation of this problem (where seeds are given aftd Uncontrolled SI Epidemic on a Network
not optimization variables). To the best of our knowledge, t We model the Sl process using the ‘degree based compart-
joint optimization problem formulation does not exist ireth mental model’[19]. It works best on networks which lack any
literature. correlations in the degrees of two neighbors. More pregisel
We show the existence of a solution to our problera half edge (when an edge is cut, it leads to one half edge
using Cesari's theorem and provide some structural resudisch at the two neighboring nodes the edge connected) from
for the shapes of the controls. These results seem novelaimy node is equally likely to connect to any other half edge
the context of a networked population and a controlled $i the network. Such networks are called ‘configuration nhode
model. Further, we provide a sufficient condition under whicnetworks’.
the solution to the optimal control problem is unique. To The degree based compartmental model assumes that all
solve the optimal control and joint seed optimization andodes in degree clagshave the same statistical behavior in the
control problems, we propose numerical algorithms whialetwork. That is, any node with degréein the network has
make use of Pontryagin’s Maximum Principle. The standatde sameprobability of being in infected (or informed) state
forward-backward sweep algorithm needs to be adaptedaany timet. In reality, a node in a dense core is more likely
take care of the specific formulations in this papeg(fixed to be infected than a node at the periphery of the network;
budget constraint). We study the convergence of the forwaftbwever, if the variance of the probability distributiontading
backward sweep algorithm for our system. Our formulation the infected state is low, this approximation works wéhis
requires solving a large number of control functiors(00) happens for configuration model networks in the limit of krg
and leads to large dynamical systems with a similar numbeetwork size,N — oco. Thus the degree based compartmental
of differential equations. For the joint (seed-controlplplem, model may be termed as a ‘mean field model'.
the same number of optimization variables also need to beNodes in the network lie in either of the two states—
optimized in addition to finding the optimal control funaig susceptible or infected (informed). An infected indivitig
We quantify the improvement achieved by the optimaware of the message and is spreading it to her susceptible
strategies over simple heuristics for scale-free and &rdtheighbors who are yet to receive the message. The campaign
Rényi configuration model networks. In many cases, large imuns duringt € [0,7], whereT is termed as the campaign
provements are observed. Results also reveal that theroesodeadline. At any time instant, the fractions of susceptible
allocated to the degree classes under the optimal strategy infected nodes in the degree clasare denoted by (¢)
changes with system parameters and network topology. Fordi,(t). Note thats,(t) = 1 — i (¢) is not an independent
example, in the case of scale-free networks, when lessmasoistate variable of the system. The total fractions of sudiolept
is available, the optimal strategy allocates more resotwceand infected individuals in the network at tinteis given
high degree classes but for the abundant resource case, bows(t) = >, g prsk(t) andi(t) = >, g prin(t). Again,
degrees get more resources than medium degrees. In the cége= 1 — i(¢).
of Erdds-Rényi networks, even for the scarce resource,cas The information epidemic is characterized by its spreading
medium degrees get the most allocation. rate profile 5(t) > 0, t € [0,7]. We have allowed the
Our information diffusion model assumes that networgpreading rate to vary over time because itierest of the
connections are uncorrelated; thus, may not be accurate tnget population in the subject of the campaign may vary
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with time. For example, one can observe monotonically irB. Controlled SI Epidemic on a Network
creasing interest as the election day approaches, mosatni 14 4iq information dissemination, we introduce a control

decreasing interest in a product as it becomes old after é‘iﬁnal uy(t) in each degree clast € K. The control
release or fluctuating interest in movie tickets where demap, . its susceptible individuals in the respective deglass

is more_duri_ng weekends and less during weekda_lys. A sin@ﬁd converts them into infected nodes in degree clas®
susceptible-infected contact passes the information fiioen political/product marketing campaignsy(t) represents the

infected to the susceptible node with a probabilitit)d! at a0 at which attempts are made to recruit individuals in

time ¢, in a small intervalit. The epidemic starts with a Sma"degree clas. This can be done by posting messages in their
fraction of infected nodes at= 0 (also called the seed nodes)-, .ohook/Twitter time-line for example, and requestirgnih

and spreads stochastically in the social network. We ass”fB?e-post/re-tweet the message to their contacts. If tigeted

that _“C(O) = o, Yk € K act as seeds in degree cldss 46 was not aware of the message, we achieve a recruitment.
0 <ior < 1. In the case of a company launching a new medicingy)

We now discuss briefly the notions of ‘neighbor degremay represent the rate at which medical representativés vis
distribution’ and ‘excess degree distribution’ which wile doctors at timet.. We define the set of all admissible control
used later in this section. The neighbor degree distribyticfunctions in the following:

"k, IS the probability that we will reach a neighboring nOdf)efinition 1 (Set of all admissible controls)Define,U £
of degreek by following an edge of any node in the net—{u . u is Lebesgue measurable ere [0, T] and u(t) e R}
work. For configuration model networks, = kpy/k, where ) ’ )

B A S 4ex ki s the mean degree of the graghl[14, Se(':l'hen, the set of all admissible control functions is given by

17.10.2]. It is biased towards higher degrees. Such beha L = {“ = {ur, k€ K}:up € U}'

is expected because high degree nodes are more connectgq ihe following, we formulate the joint optimization—

and will be reached more oftee..there is no way to reach qniimal control problem and then discuss the formulation.
nodes with degree 0 by following an edge,rso= 0, even if

po # 0). maximize J = pyix(T) — /T > gn(ux(t))dt,

Denote byM), (even), the total number of half edges in a.{io: 0<io.<1, keK 0 kek
network. The number of nodes with degrei the network= pkiOk:Bio}
Nps, and number of half edges originating at thenkNp,. ** (2a)
Consider a half edge at any given node in the network. The

probability that it will be connected to a neighbor with degr s.t. iik(t) = B(t)ksk(t) Z (quir(t)) + v () up(t) sk (t);

kis ry = kNpy/(My — 1) ~ kNpy,/Mj, (for large networks). dt e
But M, /N = mean degree in the network; 89 = kpy/k. kc K. (2b)
For epidemic spreading, the quantity of interest is excess ik (0) = ior; k€ K. (2¢)

degree distributiong, 2 rpy1 = (k + 1)pri1/k [14, Sec. . _
17.10.2]. Consider a susceptible nodein the network. The In the above formulations,(f) = 1 — ix(t), are not in-
neighbors of susceptible nodé, if infected, could not have dependent variables. Hence Probld (2) has gkly state
got the information fromA. So we discount the edges fromvariables, which are represented by th& (and not 2K|).
this susceptible nodel to its neighbors and the neighbordn many scenarios it may be possible to decide the initial
behave like nodes with degrédess than their actual degreesset of infected nodese(g. brand ambassadors recruited by
. . corr]gpanies) in addition to deciding resource allocationrove
The message can be passed to a given susceptible nodfte 0 . . . S
. : ime. The seed which kick starts the epidemic is given by the
degreek from its infected neighbors, whose (mean) number . ) . . .
is given by k>, (q14(t)), wheregy is the excess degreeve(.:m”.0 = {io, k € K}, where0 < ig; < 11is the fraction
L2 1€k ' . . . of individuals selected as seed in the degree dlassere B;
distribution discussed above. Assuming neighbors mterallg the ‘seed budget’, the initial fraction of infected nodgs
independently, the probability that the message is trarexdfeo get,

) . . . . — ..~ the whole network.
this susceptible nqde n an mt_ervﬁlat timet = 1—pro_bab|llty The evolution of the state variablég(t) in the controlled
that none of the infected neighbors infects hed = (1 — . L -
oS (i (1)) . . system is governed by Eq.(2b), with initial conditibnl(2dh-
B(t)dt)* Xiex(an ~ B(t)k >, cx(qi(t))dt. The fraction tice the additional term (1 1)sx(t) in Eq. (2B) compared
of susceptible nodes in degree class s (t). Hence, the total : " my (t)u(t)sk(t) in EQ. P

increase in the fraction of infected nodes in degree dlassan :jo Eq. DI). Thi'termtlncorpﬁralt_ez Eﬁec; of ctor;)trol n ﬂbt:;
interval dt at timet is given by sy (t)3(t)k D, cx (quii(t))dt. egree class. Heeg,(1) is multiplied byy(t)ux(t) because the

This leads to the rate of change of the fraction of im‘ectecci)ntrol is only effective on the susceptible individualsrs

individuals in degree clask in an uncontrolled S| epidemic 7(75) 2 0. captures the effectiveness of _the_contr@l(t) at
[IE, Sec. 17.10.2]: time t. Since the interest of the population in the subject of

the campaign varies with time, recruitment should be easier
when the interest is more and vice versa.

d The reward function is given in Eq._(2a). We have used a
Sk (t) = B(e)ksi(t) > (a@ii(1), keK. (1) weighted combination of reward due to information dissemi-
leK nation (given byy ", prir(T)) and cost due to application
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of controls (given bnyT > kek 9k (ux(t))dt) as the net reward variablesiy(t) and sy (t) = 1 — i (t)) with initial conditions
function (note that constant weights are subsumedidy)). 5 (0) = dox. If ior € (0, 1] then (), nk(t) lie in [0,1] at
We consider the instantaneous cost of application of cobntall timest € [0,00), k € K

as a function ofu(¢), and have not multiplied it with (¢) or
ir(t). This is so because in most practical situations, the state lll. EXISTENCE OF ASOLUTION

of the node (susceptible/infected) is either unknown orethe It is important to prove the existence of a solution in optima

a cost involved in determining ite(g, we do not know if an control problems before attempting to solve them. Even Emp
individual already knows about a newly launched productpoking problems sometimes do not have a solution (examples
Hence, campaigning either does not consider the statescaf be foundin[20, Ch. 3]). Existence of a solution to Proble
the specific nodes (information is passed to both classe®) is proved in the following:

or the cost incurred is similar irrespective of node state (irneorem 111.1. There exists a solutiom* ¢ UKl ix and

infecting or determining state of the node, for example, e corresponding solutiod* (¢) to the initial value problem

using text analytics on the time-line posts of the node).il@m (2B), (Z8) so thatu*,if) € argmax J(u, io) in the optimal
assumptions were made in prior works such|}1£|[3, 4] (but for (w,i0)

a homogeneously mixed population). control problem [(R).

AI§0, we haye useq a rewar_d f_ur_1ction which only considers  pygof: In AppendixA of the supplementary materizii
the final fraction of infected individuals @t = 7', and not
the system evolution oved < ¢ < 7. This is suitable for V. ANALYSIS AND SOLUTION
situations such as political campaigns, marketing of derab |n Sec.[TV-A, we first discuss the solution technique for
products/servicese(g. video-games, cell-phone plans) etc.problem [2) where seed, is a given quantity and not an
where the final number (fraction) of the infected populai®n optimization variable. This will be used in S&c. 1V-B to selv
the quantity of interest. the joint problem.

In the special case of Problerql (2) wheig is not an
optimization variable but rather a given vector, we get afy. Solution by Pontryagin’s Maximum Principle (Given Seed
optimal control problem where only the control vector fuant <o)

u is to be optimized. The optimal solution to Problerfil(2) (where sagds given)
Assumption 1. We assume all the cost functionssatisfies the conditions stated by Pontryagin’s Maximum-Pri
ge(ur(®), k € K, to be non-negative, monotonicaIIyCipIe' Let the adjoint variables be d_enoted ,b,y(t) with the
increasing and strictly convex in their arguments in theioeg vectorA(?) = {)"“(t)’_ k < K}, co_lIectmg all adjoint variables.
ug(t) > 0. Further, g.(0) = 0, k € KA The Pontryagin’s Principle applied to our problem leadshto t
- ’ ’ following equations:
For the situation we consider—maximizing the reach @amiltonian:
useful information—the controls are non-negative. For som .
H(i(t), A1), ul(t) = = g;(u;(t)

arbitrary cost function this may not be true. However, the

following assumption on the cost functign (ux(t)), k € K, Jer
ensures that negative values of controls are not optimal. . .
9 P +> o N() (ﬂ(twsj (8) D (auia () + (s (1)s; (t)) :
Assumption 2. We assume all the cost functions  jek €K
gr(ur(t)), k € K, to be even functior. 3)

The above assumption simplifies further analysis and nu;ﬁhc ' (?) - {ii(t), & EdK}' A (ﬁ) - i{/\Z(t)’f ﬁ < K} zlnd
merical computation of controls. It is not restrictive iraptical % (t) = {uk(t), k € K} denote the values of the variables at

scenarios, because controls are never negative, and wakean the optimum, th?n they sa_tlsfy the following conditions:
even extensions of cost functions defined for(t) > 0 as State equationsEq. [2B) withix(t), si(t), ux(t) replaced by

gr(.). Also notice that in Problenil2), we have not explicitlﬁ(t)’ s, (t), uj,(t) respectively.

enforced the conditions that the fractiohdt), sx(t) lie in Adjoint EquationsFor all k € K,

[0,1]. This is due to the following: LY (1) = — 9 HG (1), A (1), w* (1)
. k dir(t) ’ ’
Lemma Il.1. Let,(t) andng(t) = 1—1)x(¢) be the solutions i .
to the system of differential equatiofisl(2b) (correspogdin =BOEN(6) D (a7 (1))
leK

1This is natural because cost will increase with the conti@ngth in any _ * ig* * ().
practical situation. Also, the convexity assumption hdlusnany economic B(t)qk Z(AJ (t)jsj (t)) + W(t)uk (t))\k(t)
applications. JeK

2This ensures that negative values of controls are not optifnaegative (4)

control at timet will incur the same cost as its modulus. However, a negative

value reduces the value of rewardn (Z3), as it would take away individuals ~ >Proof: At any interior point{(vx(t), k € K) : 0 < ¢x(t) < 1, Vk},
from the infected class (EqIRb)). Instead, |ify(¢)| is applied, the cost %1k (t) is positiveVk (from Eq. [2B)), hencepy (t) is increasing. However,
incurred is the same and the value of the reward is more thainiththe at any boundary segmefivyy(t), k € K) : 0 < ¢ (¢t) < 1, k € K —
case when control is negative. Hence for any time instamative values of {j} and;(t) = 1}, for an arbitraryj € K, %%‘ (t) = 0 (from Eq. [2b),
controls will never be optimal and hence we do not need to beddditional asmn;(t) = 0). Once the value of any state variable reaches 1, it stays.the
constraintug, (t) > 0 in Problem [(2). Hence, the solutiong, (t), k € K always lie in[0, 1].
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Hamiltonian Maximizing Conditionsfor all £k € K, the to be computed. Thus, the use of Pontryagin's Principle and

controls satisfy, forward-backward sweep leads to more efficient computation
FrN - " than a direct discretization method for the problems of the
u’“(;) = argmax,, ) (7 (t), A"(¢), u(t)) scale discussed in this paper.
=5~ H(@ (), X" (1), u" (1)) : .
Ouy(t) Algorithm 1 Forward-backward sweep algorithm for Problem
= =g, (ui (1)) + 7O (t)sk(t) =0, @.
=g (ui(t)) = (AL ()55 (D), (5) Input: Naweep, T B(t),v(t) Vt € [0, TT; ok, pr, i, k € K.
» -1 " " Output: The optimal control signals;,(¢), k € K.
=uilt) = g (ON WD) ©  nitlize: () o 0. ve € (0 T]. Wk < K.
; i . 2: for j =1 t0 Nsweep dO
Transversality Conditions: 3:  Calculateiy, Vk:pe K using state equationE{2b) with initial
Ai(T) = pi, k€K 7 conditionsiy (0) = iox, Vk € K. % Forward sweep.
. ) ] 4:  Calculate);, k € K using adjoint equation§](4) with terminal
1) Numerical Solution Using Forward-Backward Sweep Al- conditions \; (7)) = px, k € K (transversaility conditions).

gorithm: Although some structural results may be obtained for ~ % Backward sweep.

the solution to Problenf12) (SEC_IM-C), it is unlikely that a 5  Calculateuj, k € K using [8).
analytical solution to the equations in SEc. TV-A, and hencas: end for
an analytical solution to the control signals, can be oleigin

Thus, the equations in SEC.TY-A have to be solved numeyicall The following provides a sufficient condition for the con-
to obtain the solution. vergence of Algorithni]1.

Notice that we have a huge optimality system with uptoheorem V1. For gi(ui(t)) = cpul(t), the forward-

adjoint equations (with terminal conditions) afil| ~ 100

cpntrol sjgnals, Igading to a boundary value proplem 2| ﬁ_fA x exp{(Bar Komaw + Yarunr ) THx
differential equations. However, the above optimalityteys 2¢em
can be efficiently solved using the forward-backward sweep [eXp{ﬂM(Zk)QMT} — exp{Bm Koo T} <1
technique (see for example [9]), using only (numericaljahi B (CK)anr — Brr Kmax ’
value problem solvers. We sk_etch the tec_hruque in Algor!thWhere, Bu = maxi{B(H)}, vmr = max{y(t)}, cm —
[@. We choseNg,e., = 30, which was sufficient to result in iy {ex ), war = maxg {ur()}, A = maxy, ().
convergence for various sets of parameters used in this.worrlk PR M LR LR

An alternate method to solve optimal control Probléth (2)  Proof: Note that the convergence is aided by small values
is to directly discretize the differential equations infiotime  of 5(¢),v(t), andT’; and large costs of application of controls.
points and find the values of the controls at those time instaiVe use the techniques in [22]. Detailed analysis is in Append
using an optimization routineé [21]. Such a method will ndBl of the supplementary material accompanying this pager.
use Pontryagin’s Principle. In our experience, such a ntetho
becomes extremely slow when large number of controls negd g ution to the Joint Problerfll(2)

to be computed. An additional issue is the large memory . , .
requirement for the computation, which may not be availableWe use_the solution to the f|_x_ed seed problem in Bec.lV-A
in normal desktop computers. and Algorithm[1 to solve the joint problem. In Problef (2),

It is not possible to provide analytical expressions for th € s;lutl(gg to (tjhe contr(_)I d&gnal: areTfrl]m(_:tlp ns OTZO. .
gradient of the objective function with respect to the cohtr ZOkE)I < }_an are ant n .epen ent. The joint optimization
variables atD discretization points (which are the variables tgro em((2) is equivalent to:

be optimized); hence any optimization routine approximmate o T

the gradient at each optimization-iteration numerically. maximize J = Zpkik(T) _/ ng(“k(t))dtv
cannot be made too low because the accuracy and stability{i“: 0<tor <1, kek O ek

of the solution to the differential equations in Systém (2} w %, Prior=5i

be compromised. Even fab = 50 point discretization, the (8a)
number of variables to be computed|i§|D =~ 5000. Thus, subject to: [Zh) and{2c)EX4) andl (7 (6)

an optimization routine will need to evaluate the objective
function at leas{K|D times just for estimating the gradientThe constraints in Problerfil(8) ensure that Pontryagin's-Pri
(e.g.perturbing one variable at a time). Each objective functiaziple is satisfied for the control functions computed By @) f
evaluation amounts to solvini| differential equations. Also, any value ofig (thus the computed controls are optimal).
there are many optimization-iterations before convergeloc ~ Problem [[B) (which in turn solves Problerl (2)) can be
the solution occurs (typically greater thaf,ccp). solved numerically by combination of an optimization solve
On the other hand, in Algorithiia] 1, one needs to evaluasmd Algorithm[1. The optimization routine adjusts the value
2|K| differential equations onlyV,.., = 30 times to obtain of optimization variableg, in the outer loop, and the reward
the solution. In practice this leads to substantial reducth  function is computed by Algorithria] 1 (for the given value of
computational complexity if a large number of controls havé). It is not possible to compute the gradient of the reward
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function [8&) with respect t@y analytically, so the optimiza- Remark: Systems with smallZ; norms for 3(t), ~(¢)
tion routine should be capable of numerically estimating thwhich depend both on function values aigl, small values
gradient values. of Xk, qur, Kimae; and large values of cost of application of
In principle, it may be possible to avoid the use of Alcontrolsc;, have unique solutions.
gorithm[d and Pontryagin’s Principle in solving Probldnh (2)
by using the method irml] and augmentiiygas additional
optimization variables. But as discussed in $ec. IV-Alhsuc V. A CONTROL PROBLEM WITH A FIXED BUDGET
a method will be too slow and will require a large amount of CONSTRAINT
memory for computation.
A. Problem Formulation and Solution by Pontryagin’s Princi

C. Structural and Uniqueness Results for Controls ple

In this section, we prove some basic structural resultdfer t In many practical scenarios, campaign resources are fixed,
solution to Problem{2) when seeds are given (Thedreni 1vV.2)9. political campaigns. For such cases, we modify Problem
and provide a sufficient condition for uniqueness of costro(Z) (where seed vector is a given quantity) to include an
(TheoreniIVB). We first provide LemnialV.1 which is needeéxplicit budget constraint (E§._IDb) in the following:
in subsequent results:

Lemma IV.1. The adjoint variables at the optimum;"(t) = maxmze J= g(pkik(T) (102)
M\i(t), ke K} satisfy\:(t) >0, Vk € K, Vt € [0,T]. _ N

{ k( ) } fy k( ) = [ ] subject to: EZb) and]]zc),

Proof: In Appendix[Q of the supplementary materiait

- B<O0.

Theorem IV.2. (i) The solutions{u};, k € K} to the optimal /0 %gk(uk(ﬁ))dt B<o (106)
control problem[(R) are non-increasing functions of tike €
K andt € [0, 7] for £~(t) <0, We cannot use Pontryagin’s principle in Probldml (10) due to

(i) For gr(ui(t)) = cxui(t), s > 0, the solutions the integral constrain{{I0b). However, the budget coirtra
{uj, k € K} to the optimal control probleni]2) are convexog) can be handled by the standard optimization technique

functions of timer/k € K andt € [0, 77, for constant and non- of relaxing the inequality constraint into the objectiveétion.
increasing spreading rate profiles and effectlveness ofrot®)  proplem [(ID) can then be re-written as:

ie., dtﬁ( ),dﬂ() < 0, and convexy(t), i.e, dtﬂ() >0

(this includes< 3(t), L~(t) = 0, Vt).
@ d% . max J = Zpkik / Z gk uk dt - B
Proof: In Appendix[Q of the supplementary materiait ueUIK| P Pt
Remark: Lemma[IV1 and Theorem 1M 2(i) are valid for a (11a)
spreading rate profile of arbitrary shape,, for any 5(t) > subject to: [(Zb) and(Rc).

0, t € [0,7]. Further, LemmdIV]l and Theorem 1V.2 a
valid for any degree distributiop;, in other words, for any

configuration model network. Problem IZIIL) solves Probleni_(10) for the value of the

Inaulnpher u* for which constraint [[0b) is satisfied. Also,

for a given value ofy, uB is just a constant and can be
eliminated from the objective functiod (11a). Pontryagin’

Theorem IV.3. When seeds are given, faj.(ux(t)) = Principle applied to Problerfi(fL1) produces the same equatio
cipui(t), the solution to the state equatioris](2b) and adjoints Sec_TV=A with two differences: the Hamiltonian in Eg. (3)
equations[(4), and hence the optimal controls for Probleln (& replaced by:

are unigue when

solution of Problem[{2) to be unique.

AlIBOllz, +dal O]z, < 1. @ HEOAOu) == ugs(us(t)
Here, dy = max{(} ,cx k)Aqm + Kiaz A, 2K mas}, do2 =
Y Ty e S M +Zw>< (550> (@in(t)) + (b <>sj<t>>.
maxk{?.kﬂ}, ¢m = ming{cy} and ||.||z, is L1 norm of a jeK leK
functio

Further, the equations in Hamiltonian maximization coiodit
Proof: There are multiple approaches to show uniquene@ and [&), are replaced by:
of solutions. We have used the techmques@ [23] instead of
those in, for examplel]4], because the former leads to more gh(ui(t
insightful conclusions. The proof is in AppendiXl D of the
supplementary material accompanying this paper. |

) =N B)s(B)/ 17, k €K,
=up(t) = g (VONDsk(O)/0"), ke K. (12)

4The result can be generalized for amy() by assuming Lipschitz The state and adjoint equations, and the Transversaility co
continuity of g;~*(.) and assuming a Lipschitz constant. ditions are the same as in SEc. 1V-A.
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B. Structural Results The second synthetic network is scale-free which has a

Lemma V.1. At the optimum, the multiplier of the relaxedPower law degree distributioy, = wk™*, k < K. Here

problem 1) which solves Problefi{1Q): > 0 and con- ¥ normalizes the distribution ta gnd a_is the power law
straint (I0D) is satisfied with equalﬁy. exponent. Most real networks—including the internet, the
world wide web, and more importantly the social networks—
Due to Lemme VL, Lemm& M1 and Theordm V.2 ar@ave power law exponent lying betweands3 [14]. We have
valid even for the solution to the Optlma| control problml chosena = 2 for our scale-free network. The minimum and
(replacegy (u (1)), g;(u(t)) andgy/(uz(t)) bY p*gr(uj(t)),  maximum degrees in the power law distribution are chosen
1" gy, (ui(t)) and p* gy (u(t)) respectively in the proofs). a5 KFPL2 — 14, KPL2 — 120. Degrees are adjusted so

that both PL2 and ER network above have almost the same
C. Numerical Solution mean degrees. The mean degree for F2;2 = 33.29. For

To solve Problem[{I1) (for which/* satisfies constraint networks of the same size, having equal mean degree means

I : f them has any statistical advantage in information
(I0B)), which in turn solves Probleni{10), we modify thé°"¢ O .
standard forward-backward sweep algorithm. The standéﬂr?semmat'on due to more number of links. As suggested by

algorithm cannot handle the budget constraint. Our ap;broa% the pTOb'em formulz_;ltlons in this paper, we only neeq degr
is to adjust the value of the multiplier*, using the bisection Istributions of nodes in the networks for presenting nucagr

algorithm, till constraint[{I0b) is satisfied with equalifgue results. Maximum degree in the scale free network was chosen

to Lemma\/1). We sketch the procedure in Algoritin 2 Th%)llowing the Dunbar’s number which states that most humans
values iy, — '10_3 snion = 100 and N — 30 Wer.e only maintain100 to 230 stable relationships at a time.
ow — ) wgh — sweep

used for all computations in the results section. Default Mode_l Parametersn th? Sl process, the_ deadllﬁﬂ_e
and the spreading ratg¢) determine the extent of information

Algorithm 2 Modified forward-backward sweep algorithm foﬁpread in the uncontrolled system. Fixing one and incrgasin

R o ; - the other has the same qualitative effect. We choose to fix
Problem [(I1) (for whichu* satisfies constrain{_{IDb) with . . i .
equality) ) ( a ) the deadline af" = 1 time units and vary the spreading rate

out 5N . e K T and whenever necessary. When seed is not an optimization Variab
NPUL: Kiow, Hhighs D, Nsweeps ok, Pk dk; € % and  he jnitial fraction of infected nodes in each degree class
B(t),1(1) vt € [0, 7). g ’

Output: The optimal control signals; (¢) and value of the multi- ‘0x = 0-01, ¥k € K. In other cases seed budgé, = 0.01.

plier p* for which (I0B) is satisfied with equality. For the plots studying the effect of system parameters, we
1: By, < min{107% x B,107°%} have used3(t) = 3 = 0.07. Such a choice (withl’ = 1)
;1 repe*ai_ ( N /2 leads to small to moderate information spread (quantified by
4 léalculal{(le;g, Azugr;ijhuz u-sing Algorithn, however, replacing UT) = Z’CEK.pklk(T)) in the uncontrolled system in both

Eq. [@) by Eq. [IR). the netyvorks a((T)ER = 0.095 and Z(T)pm = 0.149). In

5 rur [ S pew gr(up(t))dt % Resource used. @ practical scenario, such a case will call for campaigning.
6: if r,» > B then Throughout this papey(t) = 10 x §(¢).
7 Hiow = p* To demonstrate the results, the instantaneous cost of-appli
8 endif cation of control is chosen to be(uy(t)) = bui(t)px in
9: if r,» < B then . 9 ;
10: Lhigh — 1" (23). The contr.ol strengthy(¢) incurs a costu; (t). Since a
11:  end if degree class with more nodes will consume more resource, so
12: until |r,- — B| < Bun. weighting factorpy, is also present. The parametecaptures

the relative importance of reward due to information spread
(given by}, - prix(T)) and cost of application of control in
degree clas# (given by u? (¢)py). For demonstrating results
we setb = 25.

Networks:We present results by using degree distributions For the problem involving the budget constraint (Problem
from two synthetic networks (in Selc. VII) and a real networffd)), we assume the same cost structure withuy (1) =
(in Sec.[VI) in this study. The first synthetic network iSbuﬁ(t)pk andb = 25, and the value of budgd® = 0.1 in the
an Erd6s-Rényi network which has degree distributign= " budget constrain{{Z0b).
e *M\F/k!l k € K. We choose the minimum and maximum
degrees iNKFF as KFRE = 13 and KEE = 54, so that the

min max

truncated degrees have very less cumulative probabiltig. TA. Accuracy of Degree Based Compartmental Model for Syn-

factor \ = 33.45 is the same as the mean degkdd® for this thetic Networks

network. The degree based compartmental model for SI epidemic is
s o very accurate for configuration model networks. This is con-
Proof: From the standard optimization theory we know that relaximg fi d by th | b h uti

inequality constrainf{{I0b) leads to the value of multiplie at the optimum iIrme y the close agreem?nt etween t e_SyStem evolution,

being non-negativey,* > 0. At optimum, the whole budge® is used; if this measured by the fraction of infected population, generhted

is not the case, we can increase one or more ofuftie in (I0H), so that the the model and simulation for two values of the Spreading
constraint is still satisfied. Doing so will increagg(T")’s (we can conclude

this from state equation§ (Pb)) and hence the value of thectig function .rateslﬁ(t) = B, for the three networks ER, PL3 and PL2,
(I08). Hence, the budgé? is not underutilized at the optimum. in Fig. 1. PL3 network has power law exponemt = 3,

VI. SYNTHETIC NETWORKS AND MODEL PARAMETERS
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strength of the static control is chosen so that it maximizes
the reward function[(2a) (when seeds are uniformly selgcted
The second onis the best ‘two-stage control'. It is constant
in [0,7/2] and0 in (T/2,T]. Again, the strength of non-zero
part is chosen such thdt{2a) is maximized (under uniform

fraction of infected nodes

0.4} PL3 - --simulation ER
e L3 seeding) and the same control is applied to all degree casse
0z TmodelPL3 From Theoreni IVR(i) the best time to apply the controls is
0 —model PL2 the initial period of the campaign, which motivates such a
ot et 8 control. Both the heuristic controls are computed numéyica

Fig. 1. The fraction of infected population (measured b)py an optl_mlzatlon routine. o .
> pex ik (t)py) Vvs. time, produced by the model and simulations. For positive arguments, the cost function is strictly coave
Parameter valuesio, = 0.01 Vk € K, 8 = 0.07 and 0.14. PL3 increasing in nature, more control strength means sugaulin

network has power law exponeat= 3, K,i;? = 20, K5,z = 120 resource expenditure. So, there is a tradeoff between the tw
which leads to the mean degree 3i.58. heuristic strategies: the static applies milder controdrsgth
but for the entire duratiof0, 7'], while the two-stage control
applies stronger control but only for half the durationt{aligh
min mazx uring important times) for the same amount of resource
O_f 33'5_8' We have used the uncontrolled Sl model. Th@xpenditure. Note that the best two-stage control is a gmpl
simulation re_sults are aver.aged_ O\Zerqns for all six curves dynamic(time varying) control.
(corresponding to ‘simulation’) in the figure. A minor difference exists in Probleri{[10). Due to the fixed
For each run, a different configuration model network Wag,jget constraint, the static and two-stage strategiesbean

drawn from the degree distribution of the network undqfniquely calculated. The same are used in Sec_VII-E.
consideration, and a different set of initial nodes wereced

as seeds. Sizes of the networks wéf¢ nodes in all the
. . ~ ~ B. Shapes of Controls and Importance of Degree classes
cases. To construct configuration model networks of $ze

we follow the procedure in [14, Sec. 1:52]3ince the degree (Un?form Seeding) _
distribution for a particular network is fixed and uniform Figs[2k an@2d (left panels) show the shapes of control sig-
seeding is assumed, the model predicts the same trajectd®s: ux(t) for ER and PL2 networks for three representative
for all 20 runs; the plot corresponding to ‘simulation’ iseth d€gree c_Iasses fo#(t) = B = 0.07,~(t) = 10 x @(t). They
mean of the 20 runs. are solutions to Problerhl(2) when seeds are uniformly ssdect
The simulation results for degree based compartmenftm the population and are not optimization parametees,

model of SI epidemic on a real network is shown later ifps = %0, Yk € K. The figures show that the controls are
Sec VI non-increasing functions of time (Theordm 1V.2(i)). Such a

behavior is expected because early infection enhancdsefurt
information spread by susceptible-infected epidemic acint
) - ] ) during rest of the campaign period. Also, for the cost struest

We will see in this section that the importance of degreﬁ(uk(t)) — bu(t)px, in (23) and constanB(t),~(t) the
classes in the optimal campaigning strategy depends ngt opntrols are convex functions of time (Theordm 1V.2(ii)),
on the network topology but also on the system parametgyfich is also confirmed by the figures.
such as the scarcity/abundance of resources and spreadinghe right panels of Fig§._2a andl2d shows the normalized
rate. For scarce resource case, the optimal strategy sarggkource allocated to degree clds$or the whole campaign

highest degrees in the PL2 network but medium degreesggriod for the ER and PL2 networks considered in this study.
the ER network. When resource is abundant or spreading rgi§rmalized resource is calculated as:

high, lower degrees (which are disadvantaged in receiving 1T T
the messages) are also directly targeted. In the joint probl PROT = —/ gk (ug(t))dt = b/ uf (t)dt. (13)
optimal seeding strategy shows a similar behavior. Pk Jo 0

KPL3 — 20, KPL3 — 120 which leads to the mean degre

VIl. RESULTS

Note thatr°™™ represents per capita resource allocated to

each node in the degree classluring campaigning and thus

is a proxy for the importance of nodes in thth degree class
For Problem [[R), we compare the performance of thg information dissemination.

optimal control strategy with two other strategi@he firstone  Ag seen from the normalized resource allocation plots in

is the best ‘constant or static control'. It is the controligfh Figs.[Za an@2d, fob = 25, the heterogeneouscale-free PL2

is constant over time and is applied to all degree classes. T{etwork has different allocation from theomogeneou&R

network. For the scale-free network, higher degree clagses
5The procedure is as follows: The degree distributipp, is sampledN 9 9 a8

times to get degrees oV nodes. Each node is assumed to have half edgé@ore per capita resource than lower degree classes; and in ER
equal to their degree. Two half edges are randomly pairedeate an edge medium degree nodes receive most per capita allocatioreof th
until all half edges are exhausted. If last half edge is Iefiaired, it is ignored. Campaigning resource. We discuss this in the foIIowing.

This procedure may lead to multiple edges between two nadgself loops. . . . .

However, the fractions of these edges are low (and appredcagsN — o), Direct recruitment balances two thlngs—lt targets the degr
and hence not an issue [14, Sec. 13.2]. classes which will lead to further information spread and

A. Heuristic Controls
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Fig. 2: Controls and normalized resource allocation (defined in(E8)) for iox, = io = 0.01, Vk € K, () = 10 x B(t).
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Fig. 3: Controls and normalized resource allocation for increpgift) (as shown above in Fif.Ba)h, = io = 0.01, Vk, v(t) = 10 x 5(t).

it targets susceptible nodes which are at a disadvantageSimapes of controls and per capita resource allocated tousgari
receiving the message from epidemic spreading and direallggree classes for the case whien= 0.2 are shown in
transfers them to the infected class (to increase the netidra  Figs. [2b and_ZJe. For the heterogeneous PL2 network, low
of infected nodes at the deadline, thus increasing the thwardegrees are given more importance than medium degrees. In
Scale-free networks have a heavy tail, meaning that, thehe homogeneous ER network, low degrees are given most
are sizable numbers/fractions of nodes with high degre@sportance.
These nodes have disproportionate advantage in spredding t This behavior is also seen in the ER network (and to a
message due to their large degrees and are often termediexy small extent in the PL2 network) when spreading rate
hubs. The optimal strategy allocates them more per capisaincreased (Figd_Pc arld]2f). Similar to the above, high
resource. Targeting them early in the campaign leads teldargpreading rate allows us to reach large fraction of poprati
diffusion of the message due to more susceptible-infected the optimal strategy targets the disadvantaged nodes.
epidemic contacts during the campaign period due to theirTime varyingg(t), v(¢): It is expected that when effective-
large degree. ness of controlg(t) is a time varying quantity, more resource
On the other hand, in the ER network, node degree \Wll be allocated when it is stronger. For a spreading rate
concentrated tightly around the mean. Thus, higher degi@file 3() which varies as an S shaped sigmoid function
nodes do not have a significant advantage over other node$sown in the left panel of Fid. Ba) angdt) = 10 x B(t),
spreading the message. Due to their larger degree theynwill 4he controls and normalized resource allocationsbfer 25
way receive the message so direct recruitment targets medi@nd 0.2 are shown in Figll3 for PL2 network. The controls
degree nodes. In the ER network, medium degree nodes $ii try to infect nodes early; however, they wait til(t)
decent spreaders and will indirectly transfer the messagebecomes strong enough. This leads to more efficient utitizat
high degree nodes. In addition, their direct recruitmentite Of resources. Note that qualitatively, the importance afrde
to increased fraction of infected population at the deadliflasses are same as in the case of constant~(t). For
(due to direct transfer of susceptible nodes to the infectgevity we have omitted the plots for the ER network.
class). Low degrees are not targeted because disadvantage d
to less spreading is not offset by the advantage due to th@ir Joint Optimization of Seed and Resource Allocation
direct recruitment, as is the case with medium degrees. We now discuss the solution to Problel (2) where optimal
The tradeoff between targeting better spreaders and nodesd and time varying resource allocation are jointly com-
which are at a disadvantage in receiving the message becom@®d. One expects behavior similar to that in Sec. VII-B.
clearer when the resource becomes cheap (and hence is aliinen the seed budget is low;;, = 0.01, optimal seed
dant) which allows us to reach greater fraction of popuratioallocation and normalized resource allocated to the degree
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Fig. 4: Seed and normalized resource allocation (defined in[Edj) (13)ig. 5: Seed and normalized resource allocation (defined in[Ed) (13)
for b = 25, B(t) = B = ~(¢)/10. for b = 25, increasingB(t) as shown in Fig_3a.

classes are shown in Figs] 4a &ndl 4b for ER and PL2 netwoFks Effect of System Parameters in Probldih (2)

for the case3(t) = 8 = 0.07,v(t) = 10 x B(t). For the  |n Figs[B[T an@8, we study the effect of model parameters
scale-free networks, the optimal solution is to target highn optimal reward functions ifi_(Ra). The results are conghare
degree classes as seeds!at 0 because they are the besiith the cases where no controls are used, and when the two
spreaders. The optimal control need not target those degregiristic control strategies explained in SEC. VI-A aredis
classes (because they are already infected); thus, ddgese€ The curves corresponding to the case when seeds are uni-
with largest degrees from the remaining ones are preferrggkmly selected from the population and are not optimizatio

In tf&e ER, network medium degree classes are the preferiggiable are referred to as ‘optUniSeed’ in the figures.

seeds.

When the seed budget is increasedBg = 0.5, we see PL2 PL2

™

an allocation similar to that in the abundant resource case _,ZG’ e niseed .510
in Sec.[VI-B (Figs.[4k and4d). The focus of the optimal g B e,
solution is not to target best quality spreaders but to tafge : CTERED e &2 CLit it
nodes which are at a disadvantage in receiving the message " °% «+2s & ssssiiffas 1 O nisecd it ot
and directly put them in the infected class. Thus we see a lot  {® 00 00 2 Yot o o 0
of low degrees being targeted in both the networks as seeds velgnting factor, b vetghing factor, b
and from optimal controls. o4 o e

When the spreading rate increases /o= 0.18 (Figs. 5% it I
@8 and[4f) we again see the disadvantaged lower degree &°* < roconrol | 8 | oz ot condsn, A\
classes attracting more per capita resource than the came wh %ozl w12 +§é€9§§§§§a§e:§g$;:
spreading rate was lowep (= 0.07). o = o o O v

10
weighting factor, b weighting factor, b

Fig.[3 shows the same result for the case of time varying

(increasing)s(t) shown in Fig.[3k andy(t) = 10 x 3(t). Fig. 6: Reward.J (defined in [2h)) vs. weighting parameter for
Again, the degree classes are targeted as seeds and ffaym= 0.01 (for Problem [2)),5(t) = 8 = 0.07 = ~(t)/10, iox =

controls in a similar manner as in the constaft), v(¢) case. i = 0.01, Vk € K (when seed is not optimized).
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. . . PL2 PL2
1) Effect of the Cost of Application of ControlBig.[d plots 1 10°
the reward functiory with respect to the weighting parameter -~ 51 ;\\-\_\\/
b, which captures the f:ost of applying control. The I_arger Zos oo 8107 | X mrameonst
the value ofb, the costlier the control becomes. The figure 3 |% - - const £, %o lointwrt2stage
. . . < 4 o 2stage S 0 ~ 3> optUniSeed wrt const
also plots the percentage improvement in the optimal reward . & mocontol |” 5~ optiJniseed wrt 2stage
funCtiona WhICh the SOIUtionS to PrObIeﬂ (2) aChieVe, Om t segdlbudg%izor ini?i'r?fectegﬁ(o) 0% 0 segdlbudggi or init i-nfecleg;‘}(o) 0%
reward function achieved by the heuristic strategies (& th ) ER ER
right panels). =10
- < D .
As expected, largeb leads to lower reward. In the case of H — joint 100 K
.. .. . 0.5 . 2 o A
scale-free networks, the joint optimization leads to muetidy S il |- S *\;; o e o
improvement over just the optimal control problem (compare ~ ~ L g o |5 ER

o

to the case of ER network). Also, if the resource is too cheap, % I R 0% segalbudg‘ifo:m?i.?femeg"?(o)
optimal strategies do not provide any significant improveime ' '
over heuristic strategies as both of them reach large fnasof Fig. 8: Reward J (defined in [2h)) vs. initial fraction of infected
the population. If the resource is too costly, joint optiatian nodes or seed budgét0), for b = 25, 3(t) = 8 = 0.07 = ~(t)/10.
leads to much better performance compared to others. In cGSECUIVes other than joint optimization seeds are unifgrsalected.
of the ER network, the percentage improvement achieved by the X-axisi(0) = 3. prix (0) = 22, Priok.

optimal strategies is low; also joint optimization does offier
significant improvement over only optimal resource allarat
This is because network nodes are behaviorally similar in
network and optimal strategy can exploit their differentes

0.5

Eroé,vscale—free networks, seed selection is more crucial when
seeds are available. High degree seeds are selected when

a very limited extent seed budget is low, as seen in Jec. VII-C (and Higs[4b, 5b).
y ' In the case of high number of seeds, joint problem allocates
oL oL2 geeds 'Fo low degree class_es (Figsl [4d, 5d) thereby d|re_ctly
! e —oint vt conet increasing the reward function. These nodes have fewes link
- g i 2 . . . .
2 z W'?ﬁ,;jge:;agfmnst an_d _hence do not receive the message from epidemic spreading
gO-S =% -optUniSeed émi ¥ > %, §eed wrt 2stage eﬁICIently-
b - - const £ g D
< o 2stage S % e 'g\
< 4 no control o ! *. .
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te, te, .
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Fig. 7: RewardJ (defined in [2h)) vs. spreading ragdt) = 3 = 10 Ygers O 10 W gere O
~(t)/10, for B;, = 0.01 (for Problem [2)),b = 25, iox = i0 = PL2 PL2

0.01, Vk € K (when seed is not optimized). ¥ sim) optuniseed £3 _ 1
£ o6l - -i(T) const ETLE O
g “:‘!(T) 2stage ,6;& . A § o -7
2) Effect of the Spreading RateFig. [7 shows the plots ~ go4 =™ #~ . £, .
of the reward functions with respect to the spreading rate, go2 v,,:-f’; s — optUniSeed wrt corist ~
B(t) = B. Herev(t) = 10 x 3. As expected, high values of ol w22 0 e

0.05 0.1 0 0.05 0.1
3 reduce the importance of campaigning, using both optimal spreading rate. spreading rate. @

and heuristic strategies, as large fractions of populatitan Fig. 9: Reward.J vs. parametersi(5(t) = 8 = ~(t)/10). Wherever
be reached without any effort. As was the case above, in tguiredB = 0.1, b = 25, ior, = 70 = 0.01, Vk € K (for Problem
case of the ER network, joint optimization performs almodiQd)).

the same as only optimal resource allocation.

3) Effect of Initial Fraction of Infected Nodes and Seed For brevity we show plots for only PL2 network. Figl 9
Budget: Fig. [8 shows the effect of the initial fraction ofshows the variations in the reward function (10a) with respe
infected nodes and seed budget on the reward function.system parameters in Problem](10). Recall that this is a
For both the networks, optimal resource allocation (withowesource allocation problem with fixed campaigning resesirc
seed optimization) achieves some improvement over hauristhe reward is simply the fraction of the infected population
strategies only when there are too few seeds. Joint seatlthe campaign deadline. For these results, we assume that
resource allocation achieves significant improvement®fd seeds are fixed and are selected uniformly among all degree
network for too few or too many seeds. The percentagtassesi.e., igr = ig, Vk € K. The results are compared with
improvements achieved by the PL2 network are much highée static control strategy and the dynamic two-stage obntr
compared to the ER network. Due to the heterogeneous natstr@ategy which uses same budget as the optimal strategy.
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Significant percentage improvement is achieved by theThe degree based compartmental model for S| epidemics
optimal resource allocation strategy compared to the kairi presented in SeElll assumes that the process is running on an
strategies only for intermediate values of the budget. Whemncorrelated network—an assumption satisfied by configura-
a lot of resource is available, large fraction of the popafat tion model networks but not real networks. In this sectior, w
is reached even by heuristic strategies and hence not moes$t the accuracy of the model on a real network via simula-
improvement is achieved by the optimum allocation. Alsdions. For this purpose, we use4800 node Slashdot social
very limited resource is not enough to gain any improvememetwork obtained fromlﬂ4]. The network has a minimum

The normalized resource allocation in the fixed budget cadegree ofl, maximum degreé61 and mear80.42.
shows the same qualitative behavior as in $ec. VII-B (which Fig. [I0 compares the system evolution predicted by the
does not have a budget constraint). For very small budget,nmodel and by simulation. The simulation results are aver-
scale-free networks high degree nodes are allocated more aged over400 runs. Optimal controls are computed using
capita resource, followed by medium and low degree nodes.the empirical degree distribution of the network (with the
ER, medium degrees are favored, this behavior being similarplicit assumption that the network is uncorrelated). d&3ee
to the costly resource case in SEC_VII-B. If the budget is tare uniformly selected, but seeding is different in each run
high, the trend is the same as in the cheap resource case.in Sede note in Fig[ID that the model overestimates the frac-
[VII-B] The economic interpretation of multiplier associated tion of infected nodes in the network. This is because real
with the relaxed constraint is cost per unit resource. Hen@ocial networks have high levels of clustering—the numifer o
low budget leads to high value qf, the multiplier's value triangles in the network—because two ‘friends’ of a person
at the optimum, and high budget leads to small valug.of are also likely to be friends. On the other hand, uncorrdlate
which explains this behavior. We are omitting the figures faretworks have very low levels of clustering—they are ‘ldcal

brevity. tree like’ [14, Sec. 17.10.1], devoid of short loops, andenav
many more long edges compared to real social networks. Thus,
VIII. RESULTS FORSLASHDOT SOCIAL NETWORK information diffuses far and wide more quickly in uncorteth
networks than in real networks—which explains the behavior
in Fig.[10.
i 00" Inspite of this inaccuracy in modeling, the controls com-
02 3333$§§§i§$2§°' o,ofAA:A“““‘i puted from the model are still useful for the real network.

This is demonstrated in Fig. 11 for a wide range of model

parameters. The percentage improvement which the optimal

oaforrn 082/ control—with and without seeds as optimization variables—
V973 enjoys over the constant (or static) control is similar: thiee

- predicted by model or observed in simulations. The percgnta

e improvements for the net reward functions in the controlled

A system in the case of simulations are computed with respect

Fig. 10: Time evolution ofi(t) predicted by the model and in to net_ reward_ funct_ions obtained when constant controls are

simulation on Slashdot social netwotk= 25, 3(¢) as shown above, used in the simulations.

~(t) =10 x B(t), iox = 0.01 Vk. All simulation results are averaged ovéd0 runs. In all

the runs, the network is the same but seeds are different—

either selected uniformly from the population (in the caée o

no control, constant control and only time varying resource

“Acsimcontrol g
sim const

0.15

fraction of infected, i(t)

0.05

O

-~ joint model _ 10" —joint model ' optimization) or, in the case of joint problem, a node in @egr
S 0 joint si . . . X .
. Zooopteedmod 8| T O e model classk is selected as seed with probability,, whereigy, is
i « fomtem g |~ opdniseedsip .. the output of the optimization problem.
@ ‘A optUniSeed sim g‘ 10 ST AA\A‘A
= ‘©- const sim = oA B A\
B no sim > oTA

A

IX. CONCLUSION

107" 10° 10" 10°
weighting factor, b

In this work, we have applied techniques from optimal con-

‘ trol on a large optimality system for allocating campaignin
‘ resources over (i) time and (ii) degree classes for maxigizi
P T

=
(=]
~

0.5 PR *H = = joint model
P = = -optUniSeed mod

i

%
0.4 o/ ——const mod
L]

=
o

2 £
§0,3 S o o model g B ointmeder g the spread of a piece of information over social networks. In
Toz a & opuniseeasim £ 0 4o oint sim 1 formation dissemination is modeled as a Susceptible-tatec
o1 £ o nosim s g Aﬁﬁiﬂﬁliiiﬂ e epidemic and direct recruitment of susceptible nodes to the
002004006008 0.1 ' 002 004 006 008 o1 infected class is used as the strategy to enhance informatio

spreading rate, B

spreading. The seed for the epidemic is also jointly optatiiz

Fig. 11: Reward.J vs. parametersh(B(t) = 3 = ~(t)/10)—from along with time varying resource allocation. The whole net-
model and simulation—for the Slashdot network. Whenevguired WOrk is divided into degree classes based on node degrees
b =10,8(t) = B = 0.04,v(t) = 10 x A(t), iox = 0.01Vk when and each degree class is influenced by a separate control. The
seed is not optimized. aim is to maximize a (net) reward function, which is a linear

Copyright (c) 2016 IEEE. Personal use is permitted. For ahgropurposes, permission must be obtained from the IEEE®Bjli@g pubs-permissions@ieee.org.


http://dx.doi.org/10.1109/TNET.2015.2512541

This is the author’s version of an article that has been phbti in IEEE/ACM Transcactions on Networking. Changes wes€le to this version by the publisher prior to
publication. The final version of record is availablehdip://dx.doi.org/10.1109/TNET.2015.2512541 1

combination of reward due to the extent of information sgrea[9] E. Asano, L. J. Gross, S. Lenhart, and L. A. Real, “Optiroahtrol of

and cost due to application of controls. We have also studied \é?ggc?gngésgmtgr?giir?eiriﬁl;ciﬁs5mr?<t)ap20p;;|)aﬂzoln9 “;ggms(%%maﬁca'
a variation of the above problem—maximizing informatiofg; o zhu, x. Yang, L. X. Yang, and C. Zhang, “Optimal cortrof

spread under a fixed budget constraint (fraction of seeds is computer virus under a delayed modeBpplied Mathematics and

given). Computation 2012.
Wi th ist f lution to th timal ¢ al] K. Kandhway and J. Kuri, “Optimal control of informatioepidemics
€ prove the existence or a solution 1o the optmal contr modeled as maki thompson rumorsZommunications in Nonlinear

problem, provide analytical structural results for themhaf Science and Numerical Simulatiovol. 19, pp. 4135-4147, 2014.

the controls, and provide a sufficient condition for uniggss) [121 M. H. R. Khouzani, S. Sarkar, and E. Altman, “Optimal goh of
of solution. We solve the above optimal control problem gsin epidemic evolution,Proceedings of IEEE INFOCOMp. 1683-1691,
- P P 9 2011.

Pontryagin’s Maximum Principle. Our formulation and syste [13] S. Belen, “The behaviour of stochastic rumourBh.D. dissertation,

parameters lead to large optimality systems with o2e0 University of Adelaide, Australia2008. o
. . . . %4] M. Newman, Networks: An Introduction Oxford University Press,
differential equations. Numerical schemes use the forward™ 55,9

backward sweep technique and its variations to solve @iffier [15] M. Youssef and C. Scoglio, “Mitigation of epidemics obntact net-
problems studied in this paper. These schemes are more effi- Works through optimal contact adaptatioMath. Biosc. & Eng. pp.

) . . ) 1227-1251, 2013.
cient than direct conversion of the optimal control prokdeim [16] D. Kempe, J. Kleinberg, and Tardos, “Maximizing the et of influ-

non-linear optimization problems. We analyse the converge ence through a social networki Proceedings of Knowledge Discovery
of the forward-backward sweep technique for our system. and Data Mining pp. 137-146, 2003.

) ] . 17] S. Banerjee, A. Chatterjee, and S. Shakkottai, “Epidehresholds with
We compare the optimal results with two heuristic straté external agents,” irProceedings of IEEE INFOCOMRO014, pp. 2202—

gies. The first one is constant throughout the campaign hori- 2210.
zon, and second is dynamic in nature and is active only duriﬁg] D. Sheldon, B. Dilkina, A. N. ElImachtouét al., “Maximizing the spread

S . . . of cascades using network design,”Rmoceedings of the Twenty-Sixth
initial peI‘IOdS of the campaign (Wh'Ch was found to be more Conference on Uncertainty in Atrtificial Intelligenc2010, pp. 517-526.

important for information spreading). Results show sigaifit [19] R. M. May, R. M. Anderson, and M. E. Irwin, “The transnitss
gains over these non-optimal strategies. dynamics of human immunodeficiency virus (hiv)[and discugs’

. . Philosophical Tran. of the Royal Soc. of London. B, Biolagi&ci,
We also found that per capita resource allocation over the |, 321, no. 1207, pp. 565-607, 1988.

degree classes varies depending on the network topology @ugl w. H. Fleming and R. W. RisheDeterministic and Stochastic Optimal
system parameters such as cost of the resource and spreadiqgﬁontrol- Springer-Verlag, New York, 1975.

. . . M. Becerra, “Solving optimal control problems wittage constraints
rate. For example, if resource is COStly (Scarce)' medldﬁ% _using nonlinear programming and simulation tool€EE Transcations

degree nodes are allocated more resources in Erd8s-Rényi on Education pp. 377—384, 2004.
networks, but higher degree nodes are favored in the casg28f M. McAsey, L. Mou, and W. Han, “Convergence of the fordar

. backward sweep method in optimal contrafbmputational Optimiza-
scale-free networks. If the resource is cheap (abunddrg), t tion and Applicationsvol. 53, no. 1, pp. 207226, 2012.

allocation to low degree nodes is more than that to medium3s] R. Ma, “Existence and uniqueness of solutions to firsieo three-point
degree nodes in both networks. boundary value problemsApplied Mathematics Lettersol. 15, no. 2,

pp. 211-216, 2002.
We tested the accuracy of the degree based compartme I“Stanford large network dataset collection.” [OnlineAvailable:

model for S| epidemics on a real social network by simulating  |rttps://snap.stanford.edu/data/index. fitml
various control strategies. Although the fraction of inést

nodes is slightly overestimated by the model, the perfoaean

improvements achieved by the optimal control over the con-

stant control strategy is almost the same in the simulatigns

predicted by the model.
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SUPPLEMENTARY MATERIAL

Optimal Resource Allocation Over Time and Degree Classes for
Maximizing Information Dissemination in Social Networks

Kundan Kandhway and Joy Kuri

APPENDIXA 3) The admissible set of control§/%! is non-empty by

PROOF OFTHEOREMI[IIL.I] EXISTENCE OF ASOLUTION construction (Definitiof]1).

4) The control at time, u(¢) takes values in a closed space
R®I. The whole space contains all its limit points and
hence it is closdll

5) The reward due to the terminal state in the reward

function J in @2d), >, cx prin(T), takes values in a
compact space [0,1] andl, i prix(7) is continuous
in i) (T)

6) RI¥l is a convex spacef (u(t),i(t)) is linear inw(t)

and>", x gk (ux(t)) is convex inu(t) (Assumptior]L).

Let the system of ODEs represented byl (2b) be denoted by
44(t) = f(u(t),i(t)), where the RHS is a vector function
with |K| elements whose components are given[by (2b) and
i(t) = {in(t), k € K}. We make use of Cesari’s theorem|[20,
Ch. 3] in this proof. We will use the vector 1-norm throughout
this proof. However, note that gh-norms ¢ > 1) for vectors
are equwaleﬁt hence the result holds irrespective of the norm
used. Cesari’'s theorem states that an optimal control enobl

has a solution if the following conditions are satisfied: 7) The final requirement of the theorem is tHag contin-
D) [f(u(t),e®)] < CL(1 + (D) + [u(t)]), for ¢ > uous functiono(u(t)), such that,y", . gi(ux(t)) >
0. Using 1-norm for vectors, [ f(u(t),(t))] < o(u(t)) and 28 5 o as |u(t)| — oco. Choose

mavkefo,r){ (), ()} K20 (18(1)] + lua(2)]). -
Xte[O 7] maz o(u(t)) = > cx 9r(ur(t)). Now, |u(t)| — oo means
2) }f% i(t)) — f(u(t),i(t)] < Cali(t) — i()|(1 + either the largest component,(t) — oo or, the

for Oz > 0. Evaluatmg the leit hand side (we smallest component,,(t) — —oo. In the former

make use o (t) = 1 — ix(t)), case. lim kexgr(ux(®) o gp(up(®)
. Nult)—oo 2@ up (t)—oo Kl-up(®)
t),4(t)) — t),4(t  (u .
1 (2(2), 4(2)) = £ (@), 2(0)) (h)m % — oo. We use L'Hospital's rule.
. A o Up (t)—00
7%« Bkt %H:((qm(t))_B(t)ksk(t)%:((qm(t)) Since g,(.) is strictly convex andg,(0) = 0, so
g,(.) > 0 = g,(.) is strictly increasing for positive
+yur(t)sk(t) _W(t)“’“(t)ék(t)‘ arguments. In the latter case,lim W >
(1) o0 “
<N 1B®Esk®) Y (@in(t)) — Bt)ksK(E) D (qiia(t)) lim  gla®) gy Sl Note
o=’ lex lex ug(t)——oo ~IKI-4a®) " 4 (1) 5 0o ~IKI _
. that by Assumptiori12g,(.) is an even function, so
+B(Oks(E) Y (@i (1) — BHKSK(E) D (@via(t)) strictly decreasing for negative arguments.
lek ek
+ Z Y ()un(t) sk (t) — v(t)ur(t)Se(t)
keK
) R APPENDIXB
= Z th??é]{ﬂ ()} Kmas ZEZK(Q’““)) |5k(8) = 5 (t) PROOF OF THEOREMIV.I} CONVERGENCE OF
FORWARD-BACKWARD SWEEPALGORITHM
+Zt2?0a¥{5 )V} Kmaw |85 ()] %;((qlhl —a(t I)
+ Z max {v(t)}w(t)||sk(t) — 8 (t)| We use the techniq_ues in [22] for t_he apalysis in this section
€[0,7] In this section we will denote the iteration number py).
§2 max {5( VDKL) — ()] Then forward-backward sweep uses the following iteration:
+ tgﬂgg;]{v( )Hu(@)]-[2(t) —2(t)] Initialize: .
< max {7(0), 280K 70} x [ilt) = i0)] x (14 (1)), iterate:
d (n+1) _ (n+1) (n+1)
which is as required. We have made use of estimations d_l (#) = Bt)ks, () % (q i (t))
such ask < Kpae, | D ex(@ii(t))| < Kmaz (nOte (n) <n€+1>
that ¢;’s and i;’s are probabilities and henceg 1), Fy(uy () ()3

> ke [3k()] < Kinaa, [ur(t)] < |u(t)] anda +b] < i) = o
la| + [b] for a,b € R.

’R. A. Horn and C. R. Johnsomatrix Analysis Cambridge university ~ 8W. Rudin, Principles of Mathematical Analysi#dcGraw-Hill New York,
press, 1990 (Sec. 5.4.7). 1964
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%,\m“)(t) = BEATD (¢ )ZEZK(Q i (@) Using it and [(I6) in[(15) we obtain:
t
—BHar Y (A (1)js (1)) eV (1)) < Bark / quli(r) — i (7)) dr
jeK ‘
(™ (A o) +Burk [ fi(r) =i (lar
ACED(TY = e o
) y(t) S (1) A4 (p), (14) +7MUM/O lig(T) = (7)|dT

2Ck t

o ) _ _ _ _ —I—”yM/ [ug(T) —u,(cn+1)(r)|d7'.
The state/adjoint variables in theh iteration satisfy the above 0
equations. The solutions(t) = {ix(¢), k € K} andA(t) =

Aggregating over alk we obtain:
{A\(t), k € K} satisfy Eqgs.[(2b) and14) respectively ggregating ov W I

Let the errors innth iteration be denoted b_\;zZ ( ) = |e§"+1)( )] < (ﬁM(Ek)qM +3MKWH +7MUM)
it — i, <) = M) — AV and el (1) 414 ar. (@7
ug(t) — u,(C )( t) with vectors of errors represented by) (1), |e mldr +m |e 7ldr. (A7)
ef\")( t) and e (t) respectively. The erroe("+1)( t) evolves
as: A similar procedure l‘orte(’“rl (t)| leads to (note that this

error needs to be mtegrated backwards frénto ¢):
= B O] 0001 < (Bar (S0)Agw + BriAinas) [ el ()l
n (N ¢ t S + max / Zn
;C-i-l)( )Ez(qlzl( +1)(t))] +’Y(t)[uk(t)sk(t) e, ( M qm M ) \ e 7)|dT
n n+1 T
_“é )(t)sl(c " )(tﬂ? + (28m Kmaa +’yMuM)/ |6(An+1)(7')|d7'
") =o. T '
+ymA / el (1) dr. (18)
This leads to: '
Also, (12) leads to:

t

(n+1) .
e ()= [ \BK[se(T)u(qi(r)) (n+1) A () M| (nt1)

(i) )é ({ D] 420 fon(r o) el W] < Grlel 0]+ 5 el VW) (29)
- +

Slzn) T(Hll)qﬂl " TR The analysis uses following Gronwall’s inequalitiés|[22]:
—uy(r)s, " (7)] }dT- if ¢,~ are two continuous functions 00, 7] and  is non-

decreasing, then
=)< [ Bk @) t

- s,(c"H)(T)E (@ zl( n+1) ]|+ |7 (7) [ur(7) s (7) ¢(t) < k(t) + V/o ((r)dr = ((t) < e”'k(t), and,
— ™ (7)s" T (7)] y}dT. (15)

T
C(t) < k(t) +v /t C(r)dr = C(t) < e’TDk(t).  (20)

The first of the two modulus terms in the RHS [pf](15) can be . .
estimated further as: T15) Letting co = Bm (Xk)gnr + Br Komax + ymrun and using
' first inequality of [20) in[(1l7) we obtain:

(n+1) (n+1) t
/ |B() qm( ) =y, (T )%(q i ()] |dr |el(”+1)(t)| < eXp(Cot)’YM/ le\™ (7)|dr
0
. (n+1) T
/ Bk [s(r) 3 @) = se(Mlat,™ () =1l V0] < expleotin [ e (lar. @)
n n .(n 0
+si(r )E(qﬂ( “’( ) = s V@) (" ()] |dr o . N |
t ! The estimation is true because integrand is positive. Again
<Busk |sk(7')|/ ant | S(in(r) — il(”H)(T))\ dr using second inequality of (20) ib_(118) we get,
Bk l (n+1)
=1 <J(r) =it (1) |e>\ ()] < exp{(2BM Kmaz + uneyar)(T —t)}
: T T
+ Bark [Si(qil™ T (7)) / Isk(r) — sV (n)dr. (18) X {Aco /t et (r)|dr + A /0 |e£”’(f)ldf}- (22)
ﬁ_/ 0

<1

Using integration by parts if (21) to obtafn |e("+1)( )|d,
Similarly, we estimate the second term of the RHS[ofl (15and after ignoring some of the negative ternis] (22) can be
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estimated as:
e (1) < exp{(283 Komas + uaryan) (T — ) }yarA
T t
< { o) [ el (nlar - exp(ent) [ el (nlar
- 0 0
+/ (1 —exp(c ey (7')|d7'}.
t

>0

(23)

The last term is negative, hence can be ignored given the
rection of inequality. Note that, inspite of making estifoas,
the RHS of [2B) is maximum at = 0, and0 att = T, as
it should be (because transversaility condition fixes vaitie
adjoint variables at =

Using [21) and[(23) in[{19) we obtain
2 A t

|e7§"+1)( t)] < exp(cot)/ {1 —exp((28m Kmax
2Cm 0

unya ) (T — t))}|e§f> (r)|dr

2

M
+ 2c

exp((zﬂl\f{Kmaz + UM’YM)(T - t)) eXp(Cot)

m

T
/0 () (7). (24)

Putting¢ = 7' in the first term of the RHS of [24)—which _ Proof of Theorem [VXii): For gk(uk(f))

gives an upper bound—and integrating fronto 7' gives

2 A
lel" D) ()| < % X exp{ (B Kmaz + Yarunr )T} X

exp{Sm (Xk)qnT} — eXp{BIWKmamT}} /T ) ()] dr.
0

B (Ek)qnmr — Br Knax

Thus, the algorithm converges when the leading constant is
< 1 which proves Theorerh IM1. Note that this is only a

sufficient condition due to estimations made to obtain it.
Smaller values ofy,,; and larger values of,,, aids conver-

gence. We note that the functidexp(az) — exp(bz))/(ax —

bx) is a monotonically increasing function of for a,b > 0

and a # b. Thus, smaller values of,, aids convergence.

Similarly, smallerT" leads to faster convergence.

APPENDIXC

Proof of LemmalV.Z} The Hamiltonian maximizing condi-
tion of the Pontryagin’s Principle states that for @l [0, 77,
uj(t) = argmax, ) H (" (t), A*(t), u(t)). ThusVk € K,

H@@ (), XN (), ukc,pin (€) coos up(t)y ooy Uk, (1))
>H(E (), N (8),uk,,,, (t)y .y 0, oy uk,, .. (£)).

We usel(B) in the above. After simple algebraic manipulation

and usingg(0) = 0, we get:

Ae @Oy (B)ug(t)sg(8) = gr(ug(1))-

By Assumptior(lL,gx (v} (t)) > 0. Notice also,u}(t) > 0 (a
consequence of Assumptigh 2) aap(t ) > 0 (from Lemma
[MI) and~(t) > 0. HenceX; (¢) > 0

T leading to zero error at that point).

Proof of Theorem [V.2(i): Differentiating Eq. [(b) with
respect to time variable for any k € K, we get,

(1) = A (D)X (1) s3(0) + :

HON(D) 7540
d * *
+2(0) N ()E).

(t) from Eq. [3) and‘isz( )
(t) = —Zix (1),

* d *
gg(uk(t))ﬁuk

Substituting the values of- A;

from Eq. [2B) 6x(t) = 1 —ix(t) = ZLs;
ghd simplifying, we get,

9K (UZ(t))diUZ(t) = —y()B(Harsi(t) Y (A (1)s5 (1)

t ,
jeK

d
+ 20 Ni(0)si 1)
(25)

Now, g}/ (u.(t)) > 0 becausey(.) is assumed to be a convex
function. The spreading ratg(t) > 0 and effectiveness of
control y(t) > 0 at all times,q; being a probability density
function is > 0 [@ Sec. 17.10.2]55(t) > 0, Vk € K
(Lemma[dld) and\j(¢) > 0, Vk € K (Lemma[1V1). For the
second termi+(t) < 0. Hence we gettuj(t) < 0, Vk € K,
which proves the theorem.

crug(t),
Eq. [28) can be re-written as2c,Luj(t)

—B)arsi(t) X jex (195 (w5 (1) + Z(t )X‘() () (using
Eqg. (8)). This, on dlfferennatmg with respect toleads to,

d2 d Z . *
20k~ dt? up(t) = — B(t)qr dt sk () e ()
N—— N—— jEK
—
<o from (20 >0 from Assumptiof L

* - * d *
— B(®)arsi(®) 2% (o). Zuw )

>0

>0

=2¢;>0 <0 TheorenfTV2(i)
d * - ! *
~aa s, Y Udm)
T >0 Lemmel:l:ljje]K

>0 from AssumptiofJL

5w (- smasi) XM ®si)

N—— jeK
<0
<0
d2
+ 257t M(Bsi(t).
T >0
>0
This leads to the conclusion thaf, (¢ ) 0, Vk € K and
t € [0,7), for £5(t), L~(t) <0 and L(t) > 0.

APPENDIXD
PrROOF OFTHEOREM[IV.3LUNIQUENESS OFSOLUTIONS

Condition [9) of Theoreri IV]I3 is obtained by applying the
theorem for uniqueness of the solution of first order two poin
boundary value problem iﬂlZS]:

Lemma D.1 (Theorem 1.2 in[[23]) Let det(May,xon +
Ronxon) # 0, a € R?™ and 4 : [0,T] x R*™ — R?" be
a Caratheodary function. If3w(t) € L'([0,T]) such that
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[ (t,n) = (t, @) < w(t)ln -7l vt € [0,T],n,7 € R*".
Then the two point first order boundary value problgigm; =

P (t,m); Mn(0)+ Rn(T) = o has a unique solution provided
I||w||L, < 1. Here,I' = max{||(M + R)"'M]||,||(M +
R)™'R||} and for a matrix,|| X || = max; ; | X; ;|.

Note that in our casep = K|, n = (¢, A), ¥ = (f, h),
where fi(t,n7) is RHS of [2b) andhy(t,n) is RHS of [4)
for k € K. M and R are both2n x 2n matrices such that
Mj; =1= Rjin j+n,1 < j <n and all other elements are
0. Thus,I" = 1.

We note thaty) is a Carathéodary function because it
satisfies the following requirements:

1) +(.,m) is Lebesgue measurable @h 7] ¥n € R>".

2) (t,.) is continuous orR?" V¢t € [0,T].

3) Forallr € (0,00), t €[0,7], |In|| <r,36:[0,T] x
R?" — R2" such that|yy(t,n)| < (6,)(t), 1 < k<
2n. This is satisfied for(d,)x(t) = B(t)kqnr + 2 ( Ly
forl < k < n, and(6,)x(t) = B Kpmazqur +”2(§k>
forn+1<k<2n.

Noting, gi(ur(t)) = cru(t) = ug(t) = HALLD

(from (8)) and letting# = (z,\); after some algebraic
manipulations, forl < k& < n, we obtain:

|fe(t,m) = filt,2)] < B(6)kanllé — 2l + B(t)k|sk — 3l

2t 2
+,}/2—()A|Sk |><2+ 2()|)\ _/\k|

| (t,m) = hie(t, )] < BE)EAGar||E — 2| + SR\ — Akl
ﬁ( )Qkaam(AH": - %H + ||)‘ - 5‘”)

2
t R N
'f‘/y2—()(A2|SlC — 3k| + 2A|/\;€ - /\k|)
ck

Aggregating over alk and noting thaty = (f, h),

1t m) — (& = 1£En) — FED)
+ [[h(t,m) — h(t, D)l

<|li - ;H(ﬁ(t)(xk)QM + B(t)(Zk) + @A)—i—

m

1A= SIS 1 8150 R + 0K

. Jﬁ) 1A= NI (250 Ko + Z)

2¢m, m
=[di () + day(1)] [l — ]l
Where,d1 = max{(ZkeK k)AQM + Kma;ﬂAa 2Kma;v}u dy =
(A/em) max{1,A/2}.
As stated above, for present cdse- 1; thus, the solutions
to the state and adjoint equations (and hence the contm@s) a
unique whend, ||8(t)||z, + da||v*(t)||L, < 1 (using Lemma
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