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Abstract—Power-line communications are becoming a key
component in home networking because they provide easy and
high-throughput connectivity. The dominant MAC protocol for
high data-rate power-line communications, IEEE 1901, employs
a CSMA/CA mechanism similar to the backoff process of 802.11.
Existing performance evaluation studies of this protocol assume
that the backoff processes of the stations are independent (the
so-called decoupling assumption). However, in contrast to 802.11,
1901 stations can change their state after sensing the medium
busy, which is regulated by the so-called deferral counter. This
mechanism introduces strong coupling between the stations and,
as a result, makes existing analyses inaccurate. In this paper, we
propose a performance model for 1901, which does not rely on
the decoupling assumption. We prove that our model admits a
unique solution for a wide range of conf gurations and conf rm
the accuracy of the model using both testbed experiments and
simulations. Our results show that we outperform current models
based on the decoupling assumption. In addition to evaluating
the performance in steady-state, we further study the transient
dynamics of 1901, which is also affected by the deferral counter.

Index Terms—Power-line communications (PLC), HomePlug,
deferral counter, CSMA/CA, decoupling assumption.

I. INTRODUCTION

OWER-LINE communications (PLC) are increasingly
important in home networking. HomePlug, the most pop-
ular specif cation for PLC, is employed by over 180 million
devices worldwide [1], and offers data rates up to 1.5 Gbps.
Moreover, PLC plays an important role in hybrid networks
comprising wireless, Ethernet, and other technologies [2], as it
contributes to increasing the bandwidth of such networks with
an independent, widely accessible medium. Yet, despite the
wide adoption of HomePlug specif cations in home networks,
little attention has been paid to providing an accurate analysis
and an evaluation of the HomePlug MAC layer.
The vast majority of HomePlug devices employ a multiple-
access protocol based on CSMA/CA that is specifed by
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the IEEE 1901 standard [3]. This CSMA/CA mechanism
resembles the CSMA/CA mechanism employed by IEEE
802.11, but with important differences in terms of complexity,
performance and fairness. The main difference stems from
the introduction of a so-called deferral counter that triggers
a redraw of the backoff counter when a station senses the
medium busy. This additional counter signif cantly increases
the state-space required to describe the backoff procedure.
Moreover, as we explain in more details later, the use of the
deferral counter introduces some level of coupling between
the stations, which penalizes the accuracy of models based
on the decoupling assumption. This assumption was originally
proposed in the 802.11 analysis of [4] and has been used in all
works that have analyzed the 1901 CSMA/CA procedure so
far (i.e., [S]-[7]). In this paper, we show that this decoupling
assumption leads to inaccurate results, and the modeling
accuracy can be substantially improved by avoiding it.

The decoupling assumption relies on the approximation that
the backoff processes of the stations are independent and that,
as a consequence, stations experience the same time-invariant
collision probability, independently of their own state and of
the state of the other stations [4]. In addition, to analyze
1901, it has been assumed that a station senses the medium
busy with the same time-invariant probability (equal to the
collision probability) at any time slot [S], [6]. In this paper,
we show that the deferral counter introduces some coupling
among the stations: After a station gains access to the medium,
it can retain it for many consecutive transmissions before any
other station can transmit. As a result, the collision and busy
probabilities are not time-invariant for 1901 networks, which
makes the decoupling assumption questionable.

Figures 1 and 2 provide some evidence of the coupling
phenomenon described above, for a HomePlug AV testbed
with two stations. While Station A transmits during several
consecutive slots, Station B is likely to remain in a state where
it has a higher probability of colliding or sensing the medium
busy. B is then even less likely to attempt a transmission
while in this state, and it might have to wait several tens of
milliseconds before the situation reverts. Thus, the collision
probabilities observed by the stations are clearly time-varying,
which invalidates the decoupling assumption.

In this paper, we propose a theoretical framework to model
the CSMA/CA process of 1901 without relying on the decou-
pling assumption. We frst introduce a model that considers
the coupling between stations and accurately captures 1901
performance. This model is relatively compact: computing the



throughput of the network only requires to solve a system of m
non-linear equations, where m is the number of backoff stages
(the default value for 1901 is m = 4). We then prove that this
system of equations admits a unique solution. We confrm the
accuracy of the model by using both simulations and a testbed
of 7 HomePlug AV stations. In addition, we investigate the
accuracy of our model and that of previous works relying on
the decoupling assumption, showing that ours is the f rst model
for 1901 reaching this level of accuracy.

The remainder of the paper is organized as follows. We
present the 1901 backoff process in Section II. We then review
the related work on MAC layer in Section III. We present
our model for 1901 and discuss the system dynamics in
Section IV. We evaluate the performance of our model and
discuss the decoupling assumption in Section V. Finally, we
give concluding remarks in Section VI.
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Fig. 1. Testbed trace of 50 successful transmissions by two saturated stations
with 1901 and 802.11a. 1901 exhibits short-term unfairness: a station holding
the channel is likely to keep holding it for many consecutive transmissions,
which causes high dependence between the stations. 802.11 is fairer, which
makes the decoupling assumption viable in this case.

II. THE CSMA/CA ProTOCOL OF IEEE 1901

We describe the main features of the CSMA/CA protocol
used in 1901 [3]. We highlight in particular the mechanism
that causes the strong coupling between stations and that is
the main difference between 1901 and 802.11.

The 1901 CSMA/CA procedure includes two counters: the
backoff counter (BC') and the deferral counter (DC'). Upon the
arrival of a new packet, a transmitting station enters backoff
stage 0. It then draws the backoff counter BC' uniformly
at random in {0,...,CW,y — 1}, where CW, denotes the
contention window used at backoff stage 0. Similarly to
802.11, BC is decreased by 1 at each time slot if the station
senses the medium to be idle (i.e., below the carrier-sensing
threshold), and it is frozen when the medium is sensed busy.
In the case the medium is sensed busy, BC' is also decreased
by 1 once the medium is sensed idle again. When BC' reaches
0, the station attempts to transmit the packet. Also similarly
to 802.11, the station jumps to the next backoff stage if the
transmission fails. In this case, the station enters the next
backoff stage. The station then draws BC' uniformly at random
in {0,...,CW; — 1}, where CW; is the contention window
used for backoff stage ¢, and repeats the process. For 8§02.11,
the contention window is doubled between the successive
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Fig. 2. We study a testbed trace of 5 - 10% successfully transmitted packets

for both 1901 and 802.11a when two saturated stations A and B contend
for the medium. Let X; be the variable that indicates which station transmits
successfully at the i-th transmission. We take X; := 1 if A transmits and
X; := 2 if B transmits. We show the autocorrelation function of X;, 1 <
i < 5-10%. Observe that it is positive for 1901 at lags smaller than 15, which
means that if X; = 1 for some 4, it is likely that X;;; = 1. For 802.11a,
we have in contrast a negative value of autocorrelation at lag 1 and a positive
one at lag 2, which means that if X; = 1 for some ¢, it is very likely that
Xi+1 = 2 and Xi+2 =1.

backoff stages, i.e., CW; = 2!CW,. For 1901, CW; depends
on the value of the backoff stage i and the priority of the
packet: There are four backoff stages, as given in Table I.
Also, there are two groups of priority classes (CAO/CA1 and
CA2/CA3) that correspond to different values for the CW;’s.

Class CAO/CA1 Class CA2/CA3

backoff stage i | CW; d; CW; d;

0 8 0 8 0

1 16 1 16 1

2 32 3 16 3

3 64 15 32 15
TABLE 1

IEEE 1901 VALUES FOR THE CONTENTION WINDOWS C'W; AND THE
INITIAL VALUES d; OF DEFERRAL COUNTER DC, FOR EACH BACKOFF
STAGE ¢ AND EACH PRIORITY CLASS. CAO/CA1 PRIORITIES ARE USED
FOR BEST-EFFORT TRAFFIC AND CA2/CA3 FOR DELAY-SENSITIVE
TRAFFIC.

The main difference between 1901 and 802.11 is that a
1901 station might enter the next backoff stage even if it did
not attempt a transmission. This is regulated by the deferral
counter DC', which works as follows. When the station enters
backoff stage ¢, DC' is set at an initial DC' value d;, where
d; is given in Table I for each backoff stage i. After having
sensed the medium busy, a station decreases DC by 1 (in
addition to BC). If the medium is sensed busy and DC = 0,
then the station jumps to the next backoff stage (or re-enters
the last backoff stage, if it is already at this stage) and re-draws
BC without attempting a transmission. An example of such a
backoff process is shown in Figure 3.

The deferral counter was introduced in 1901, so that 1901
can employ small contention window values — which provide
good performance for a small number of stations — while
avoiding collisions, thus maintaining good performance for a
large number of stations. In particular, to reduce collisions,
1901 stations redraw their backoff counter when they sense a
number of transmissions before their backoff counter expires;
in this way, they react to a high load in the network without the
need of a collision, in contrast to 802.11 that only reacts to col-
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Fig. 3. An example of the time evolution of the 1901 backoff process with
2 saturated stations A and B. Initially, both stations start at backoff stage 0.
Station A wins the channel for two consecutive transmissions. Observe the
change in CW,; when a station senses the medium busy and has DC' = 0.

lisions.

Although the above mechanism achieves its goal, i.e., pro-
viding good performance in terms of throughput, it might lead
to short-term unfairness: When a station gets hold of the chan-
nel and uses a small contention window, it is likely to transmit
several frames and thus trigger the deferral counter mechanism
of the other stations, which further increase their contention
windows and hence reduce even more their probability of
accessing the channel. Such a coupling effect penalizes the
accuracy of existing models that assume that the backoff pro-
cesses of different stations are independent.

III. RELATED WORK

The backoff process of 802.11 can be considered as a
version of 1901 where the deferral counter DC' never reaches
0 (i.e., d;i = oo, for all 7). Hence, we frst review relevant
studies on 802.11 and then we present the existing work on
1901.

A. Analyses of IEEE 802.11

Most work modeling 802.11 performance relies on the
decoupling assumption, initially proposed by Bianchi in [4].
Bianchi proposes a model for single contention domains, using
a discrete-time Markov chain. Under the decoupling assump-
tion, the collision probability experienced by all stations is
time-invariant and can be found via a f xed-point equation that
depends on the parameters of the protocol. Kumar et al. [§]
examine the backoff process of 802.11 using the same assump-
tions and renewal theory. The authors also extract a fxed-
point equation for the collision probability. The decoupling
assumption has later been examined in [9], [10] (analytically
and experimentally) and found to be valid for 802.11.

Sharma et al. [11] study 802.11 without the decoupling as-
sumption. They analyze an m-dimensional chain (m being the
number of backoff stages) that describes the number of stations
at each backoff stage. Drift equations capture the expected

change of the number of stations at each backoff stage between
two consecutive time slots, and their equilibrium point yields
the average number of stations at each backoff stage in steady
state. Similarly to [11], we also use drift equations to obtain
an accurate model for 1901.

B. Analyses of IEEE 1901 under the Decoupling Assumption

There are a few works analyzing the backoff mechanism
of 1901 that rely on the decoupling assumption. First, Chung
et al. [5] introduce a model using a discrete-time Markov
chain similar to Bianchi’s model for 802.11 [4]. The additional
state required to capture the effect of the deferral counter DC
signif cantly increases the complexity of the Markov chain.

Our works of [6], [12] propose a simplif cation to the model
of [5], reducing the Markov chain to a single fxed-point
equation; by applying a similar theoretical technique to [8],
these papers also prove that this f xed-point equation admits a
unique solution. Being less accurate but simpler than the model
introduced here, the model of [12] enables us to optimize the
performance of the protocol towards high throughput.

Cano and Malone [7] provide a simplifcation of the
analysis of [5] for computing the delay under unsaturated
traff ¢ scenarios. They also evaluate the implications of the
assumption made in [5] that the buffer occupancy probability
is independent of the backoff stage at which the transmission
takes place.

IV. ANALYSIS

In this section, we introduce our model for the 1901
CSMA/CA protocol. Our analysis relies on the following
network assumptions (all of them widely used [4]- [12]):

o There is a single contention domain with N stations.

« All stations are saturated (always have a packet to send).

o There is no packet loss or errors due to the physical layer,
and transmission failures are only due to collisions.

o The stations have an inf nite retry limit; that is, they never
discard a packet until it is successfully transmitted.!

The 1901 standard introduces four different priority classes
(see Section II) and specif es that only the stations belonging to
the highest contending priority class run the backoff process.>
In our analysis, we follow this, and we consider a scenario
in which all the contending stations use the same set of
parameters (corresponding to the highest priority class).

A. Baseline Model

We model the PLC network as a dynamical system that is
described by the expected change in the number of stations at
each backoff stage between any two consecutive time slots. In
the stationary regime, the expected number of stations at each

IContrary to 802.11, 1901 does not specify a retry limit. However, there is
a timeout on the frame transmission that is vendor specif c. For instance, for
the HomePlug AV devices tested in Section V, the timeout for CA1 priority
frames is 2.5 s, which is very large compared to the maximum frame duration
(2.5 ms [3]). Therefore, the infnite retry limit assumption is reasonable.

2In practice, the contending priority class is decided during a so-called
priority resolution phase, using a simple system of busy tones.



backoff stage is constant hence, we can compute performance
metrics by fnding the equilibrium of the dynamical system.
Let us now introduce the variables of our model. Let m
be the number of backoff stages and let n;,0 < ¢ < m —1
denote the number of stations at backoff stage ¢. Note that
Z;’;Bl n; = N and n; € N. Let us further denote with 7; the
transmission probability at stage 4, i.e., 7; is the probability that
a station at backoff stage ¢ transmits at any given time slot. In
addition, for a given station at backoff stage 7, we denote with
p; the probability that at least one other station transmits. We
also denote with p. the probability that no station transmits (or
equivalently, that the medium is idle). Under the assumption
of independence of the transmission attempts, we have p. =

ZL:_Ol (1 — 73,)"*, therefore?
D 1 m—1
— 1 — ¢ = 1 — 1 _ ’rLk. 1
pi 1*7'2' 177—1/‘;];[0( Tk) ()

Model of a station: We now model the behavior of a given
station at backoff stage i. We assume that the event that
some other station transmits in a slot occurs with a constant
probability p;, independent of the station’s backoff and deferral
counters values.* Hence, this corresponds to the probability
that a transmission of the given station collides, as well as to
the probability that the station senses a slot busy when it does
not transmit. The rest of the backoff process of the station is
modeled accurately as a function of p;, drawing the station’s
backoff counter from a uniform distribution. With this model,
we derive the probability that a station transmits and that it
moves to the stage 7 + 1 due to the deferral counter. These
two probabilities are used in our network model presented in
the next section.

In 1901, a station with DC originally equal to d; can change
its backoff stage either (i) after attempting a transmission or
(ii) due to sensing the medium busy d; + 1 times.’ To compute
the probabilities of events (i) and (ii), we introduce z, as the
probability that a station at backoff stage i jumps to backoff
stage i+ 1 in k or fewer time slots due to (ii). Note that we can
compute z} directly from p;. Let T be the random variable
describing the number of slots among k slots during which the
medium is sensed busy. Because a station at backoff stage ¢
senses the medium busy with probability p; at each time slot,
T follows the binomial distribution Bin(k, p;). This yields

doBTsd)= Y (?)pf(lpi)kj-

j=d;+1

@)

Let us denote by be; the expected number of time slots spent
by a station at backoff stage i. Now, recall that when entering
stage 1, the stations draw a backoff counter BC' uniformly at
random in {0,...,CW; — 1}. Let k denote the value of BC.
Depending on k, one of the following happens:

3The collision probability p; is defned only if at least one station is at
state ¢ and is set to 0 if n; = 0.

4With this assumption, we are neglecting the coupling between the deferral
counter decrements of different stations. Note, however, that this does not
couple the actual transmissions, as these follow a separate random process;
as a result, the coupling due to the deferral counter is somehow diluted.

A major difference between 1901 and 802.11 is that, contrary to 1901, a
station using 802.11 can only adapt its backoff because of (i), not of (ii).

o If k > d;, then event (i) occurs with probability (1 — %),
in which case the station spends (k + 1) slots in stage
i (the (k + 1)th slot being used for transmission). This
event is illustrated by the two transmissions of Station A
in Figure 3. Now, (ii) occurs with probability x%. More
precisely, (ii) occurs at slot j, for d; + 1 < j < k, with
probability (% —x%_),% in which case the station spends
J slots in stage .

o If k < d;, then (ii) cannot happen. Event (i) takes place
with probability 1, which yields that the backoff counter
expires and that the station spends (k+ 1) slots in stage 1.

By grouping all the possible cases described above, we have

1 CW;—1 ) k ) )
bei =g Yo |kt D —af)+ Y -
" k=di+1 j=di+1
(di +1)(d; +2)
20W; @)

In the expression above, the frst term in the outer sum captures
the cases where the backoff counter expires and the station
transmits at the (k 4 1)th slot (if the chosen backoff counter
was k). The inner sum captures all the possible cases where
the backoff counter does not expire, because the station senses
the medium busy d; + 1 times before the expiration of the
backoff counter. Finally, the last term arises because if a station
chooses a backoff counter less or equal to d;, then the backoff
counter always expires.

Now, the transmission probability 7; can be expressed as
a function of 952 and bc;, using the renewal-reward theorem,
with the number of backoff slots spent in stage ¢ being the
renewal sequence and the number of transmission attempts
(i.e., 0 or 1) being the reward. Let ¢; be expected number of
transmission attempts at stage ¢ Using a similar reasoning as
for be;,” t; can be computed as

CcCwW,;—1

ti=

k=d;+1

1 a i)+di+1
vm— — X .
CW, T ow;,

“

By dividing the expected number of transmission attempts at
stage ¢ with the expected time slots spent at stage ¢, 7; is given
by
CW;—1 1 i di+1
o Y k—d,+1 oy (L= 23) + Gy,
! bC,‘ '

%

Similarly, we defne 3; as the probability that, at any given
slot, a station at stage ¢ moves to the next backoff stage
because it has sensed the medium busy d; + 1 times (event

(i1)). B; is given by

CW;—1 1 k ; ;
_ Zk:dli-&-l W, Zj:d,;+1 (95; - m;el)

bCi

Bi

(6)

5Observe that (iL'; - x;;l) is the difference of two complementary CDFs
and denotes the probability that (ii) happens exactly at slot j. We have % —
a:;._l = (j;il)p;.i"Jrl (1—p;)?~%~1 because the station senses the medium
busy for d; times in any of the 5 — 1 slots, and for the (d; + 1)th time at
the jth slot.

"To compute t;, observe that when Event (i) takes place we have 1
transmission attempt, and 0 attempts otherwise (Event (ii)).



It will be very important in the following to remember that 7;
and j3; are functions of p; (through z% and bc;). To simplify
the exposition and the analysis of 7; with respect to p;, we
fnally introduce the variable B;; it is defned as B; = 1/7;—1.
After some computations in (5), we have

CW;(CW,;—1 CW,;—1 .
% - Zk):di+1 (CW; =1 — k),
CWifl 7 .
CW; — Z’f:di+1 x;c
Our notation is summarized in Table II. We next study the

evolution of the expected change in the number of stations at
each backoff stage i.

B; =

O]

Notation Def nition (at backoff stage i, 0 < ¢ <m — 1)

n; Number of stations

i Probability that at least one other station transmits at any slot

De Probability that the medium is idle at any slot (independent of ¢)

x}c Probability that a station leaves stage ¢ due to sensing the
medium busy d; + 1 times during k slots

be; Expected number of backoff slots

t; Expected number of transmission attempts

T Probability that a station transmits at any slot

Bi Probability that, at any slot, a station leaves stage 7 due to
sensing the medium busy d; + 1 times

B; 1/7—1

F; Expected change in n; between two consecutive slots

i Expected number of stations

TABLE II

NOTATION LIST RELEVANT TO A STATION AT BACKOFF STAGE %

B. Transient Analysis of the System

Building on the analysis above, we now introduce our
model. A key feature is that we do not assume that the
stations are decoupled, as the collision probability is allowed
to depend on the station’s state. To study the system, we use
a vector that includes the number of stations at each backoff
stage. In particular, let X(¢) = (Xo(t), X1(t),..., Xm—1(t))
represent the number of stations at each backoff stage
(0,1,...,m — 1) at time slot t. We use the notation n(t) =
(no(t),n1(t), ..., nm—1(t)) to denote a realization of X(¢) at
some time slot ¢.

Network model (NM): To model the network, we rely on
the simplifying assumption that a station transmits, or moves
to the next backoff stage upon expiring the deferral counter,
with a constant probability (independently of previous time
slots). This is necessary as otherwise, we would need to keep
track of the backoff and deferral counter values of each station
and the model would become intractable. In particular, our
assumptions are as follows: (7) a station at backoff stage i
attempts a transmission in each time slot with a constant
probability 7;(p;); and (i¢) a station at backoff stage ¢ moves
to backoff stage ¢ + 1 due to the deferral counter expiration
with a constant probability 5;(p;) in each time slot where it
does not transmit. Both 7; and 3; depend on the probability p;
that the station senses a slot busy, which is computed from the
transmission probabilities of the other stations following (1).

With the above assumptions, X(¢) is a Markov chain. The
transition probabilities 7; and 3; depend on the state vector
n(t) and they can be computed from (1), (5) and (6); hereafter,
to simplify notation, we drop the input variable ¢ from p;(t),

7i(t), Bi(t), and n(t) as the equations are expressed for
any slot ¢.

Let now F(n) = E[X(t + 1) — X(¢)|X(¢t) = n] be the
expected change in X(¢) over one time slot, given that the
system is at state n. Function F(-) is called the drift of the
system, and is given by

Fl(n) =

-1
lel nka(l - Pk) — noToPo — nofo,

Ni—1 (Tic1pi—1 + Bi—1) — ni(Ti + Bi),
Nm—2 (Tmf2pm72 + 6m72) - nmfl’rmfl(l - pm71)7
t=m—1.

(DRIFT)
1=20
O0<i<m-—1

(DRIFT) is obtained by balancing, for every backoff stage, the
average number of stations that enter and leave this backoff
stage. In particular, ng increases by 1 only when some station
transmits successfully. Since such a station could be in any of
the other backoff stages and there are ny, stations in stage k,
this occurs with probability Z;n;ll ng Tk (1—pg). Similarly, ng
decreases when some stations at stage 0 are either involved in
a collision (which occurs with probability ngmopg), or do not
transmit and sense the medium busy dp+1 times (which occurs
with probability ngfy). The decrease of ng in both cases is
1, thus the expected decrease is equal to the sum of the two
probabilities. The resulting drift F{y is computed by adding all
these (positive and negative) expected changes in ny.

Similarly, F;, 0 < i < m — 1 is computed by observing
that in these backoff stages, n; decreases if and only if some
stations at stage ¢ sense the medium busy or transmit. n;
increases if and only if some stations at stage ¢ — 1 sense the
medium busy or transmit and collide. Finally, n,,_; increases
after some stations at stage m — 2 experience a collision or
sense the medium busy d,,,—2+1 times. It decreases only after
a successful transmission at stage m — 1.

The evolution of the expected number of stations n(t) =
E[X(t)] is described by the m-dimensional dynamical system

n(t+ 1) =n(t) + F(n(t)), 8)

where F(na(t)) is given by (DRIFT).

Our model relies on the key insight that the stochastic
system X(t) stays close to the typical state given by the
equilibrium of (8), and accurate estimates of various metrics
such as throughput can be obtained by assuming that the
system is in this typical state at all times. However, in reality
the stochastic system might stay in other states with a certain
probability. In the following, we evaluate the accuracy of
approximating our random system by a deterministic model
given by (8).

C. Accuracy of the Deterministic Model Approximation

It is intuitive that the approximation becomes more accurate
as the number of stations in the system grows: If the number of
stations at each backoff stage is very large, the behavior of the
stochastic system is expected to be close to the deterministic
one given by (8) due to the law of large numbers. This has been
proven for 802.11 in [9], [11], [13]: By analyzing a properly
scaled version of the stochastic system, these papers show that



the 802.11 stochastic system converges to the deterministic
model as the number of stations grows to co. In the following,
we show the same result for 1901.

As in all the previous analyses of 802.11 [9], [11], [13], we
consider a scaled version of our system, YN (7), where time is
accelerated by a factor of [N while the transition probabilities
are scaled down by the same factor, i.e., YN(t/N) = X(t)/N
(this factor N being equal to the number of stations):

« By scaling time, the evolution of time slots is accelerated
by N, such that a variable at time ¢ before this operation
is translated into the scaled one at time 7 = ¢/N.

o By scaling the transition probabilities, the evolution of
each node is slowed down by a V.

With this scaling, the expected change of the state of the
system between two consecutive time-slots is order of 1/N,
which tends to zero as N — oco. By accelerating the evolution
of time-slots by IV, the change of the system over time remains
in the same order of magnitude as the original system.

Following this reasoning, to scale down the transition proba-
bilities we let the probability that a station attempts a transmis-
sion at backoff stage i be 7;(p;)/N, and the probability that
it jumps to the next backoff stage due to the expiration of the
deferral counter be 3;(p;)/N. We further set y;(7) equal to the
fraction of stations at backoff stage i, i.e., y;(7) = n;(T)/N.
By substituting in (DRIFT) the transition probabilities by the
scaled ones, ¢t by NT and n;(7T) by Ny;(T), we obtain the
following deterministic (asymptotic) system as N — oo:

dy; .
0T (ODE)
S ek (p)(1 = p) — yo(ro(p)p + Bo(p)), i=0
Yi—1(Ti—1(p)p + Bi-1(p)) — yi(Ti(p) + Bi(p)),
O0<i<m-—1
Z/m—2(7'm—2(P)P + 5i—1(p)) - ym—le—l(P)(l - 0)7
1=m—1,

where the collision probability of a station at stage ¢

m—1 ny.
is given by p = k:ol(_l‘;z—’;)(;’])v/]v) F

th%oo 1— H;cnziol fiff"(k(P)/N)ykN — 11— Ez"zfol yk'rk(p). 8

With this result, the coﬁ)ié{\(])n probability in the asymptotic
system is independent of the backoff stage .

The following theorem shows that the stochastic system
under study converges to the deterministic model given above
as N — oo, which confrms that the proposed analysis
becomes very accurate as the number of stations grows large.

limN*)OO 1-—

Theorem 1. As N — oo, the scaled random system YN (T)
converges to the deterministic process y(T) given by (ODE).

Proof: The proof follows from the work by Benaim and
Le Boudec [14]; according to this paper, it is suff cient to
verify that the system analyzed satisfes the fve assumptions
given in [14], referred to as HI-H5. As our system does not
have the so-called “common resource” (an additional entity
with which the stations can interact), assumptions H1 and H4

i)bN

~ = e~ for any

8Here, we have used the limit limpy_, oo (1 —
a,b e R2,

are not applicable here. By taking the “vanishing intensity”
e(N) = 1/N, it follows that limy_,o F(y)/e(IN) can be
expressed as a function of 7;(p) and 5;(p)° hence, assumption
H2 (“Intensity vanishes at a rate €(N)”) is satisf ed.

To validate assumption H3 (“Second moment of number of
object transitions per time slot has an upper bound of order
NZ2e2(N)”), we proceed as follows. Let o = max; p, (;(1 —
pi), Tipi + Bi). Note that o < 1'°. Then, the probability that
a station changes its state is upper bounded by «/N, and
the number of stations that change their state is stochastically
upper bounded by a random variable Wy that follows the bi-
nomial distribution Bin(N, o/ N)!'. Thus, we have E[W3] =
E[Wy]?+ Var[Wy] < o? + «, which implies that assumption
H3 is satisfed.

Finally, both 7; and B; are smooth functions of p; that
in turn is a smooth function of the n;’s, because all the
aforementioned functions are continuous and continuously
differentiable. Hence, the transition probabilities are smooth
functions of the y;’s. In addition, the transition probabilities
chosen are also smooth functions of N. This also holds for the
boundaries of the transition probabilities, including the case
when N — oo. Therefore, assumption H5 (“F(n) is a smooth
Sfunction of 1/N and n”) is also satisfed.
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D. Steady-State Analysis of the System

We next study the the system under steady state. To obtain
the average number of stations at each backoff stage in steady
state, we compute the equilibrium point(s) of system (8) corre-
sponding to the stationary regime. To compute the equilibrium
point(s) of (8), we impose F(n) = 0, which yields

A _ (TimPict Bica
' 7i + Bi

— _ Tm—2Pm—2 + B’rn—Q _
Nm—-1 = Nm—2.
7—rnfl(l - pmfl)

)ni—h 1<i<m-—2,

Let us defne

Ko =1, K, = TimiPin1 “!‘51‘—17
7i + Bi
Tm—2Pm—2 + B’rn—Q

7_mfl(l - pmfl)

1<i<m-—2,

Km— 1 = (9)

Since 27" i; = N, the equilibrium @ of (8) is given by
NIy K;
ﬁiZ%voﬁiﬁm—L
k=0 szo KJ’
Recall that 7; and j3; are functions of p;, given by (5) and (6).
Thus, the 7;’s in (EQ) are also functions of p;, 0 < i < m—1.

From the above, substituting (EQ) in (1) yields a system of m
equations with m unknowns p; for 0 <i <m — 1.

(EQ)

9Observe that F(y)/e(N) involves products of the form (n; - 7;/N) - N,
because of the scaled transition probabilities, and all the IV terms cancel out.

10We have @ < 1, given that 7;(1 —p;) < 1 and 7;p; + 8; < 1 (the latter
follows from 7; + 8; = 1/be; < 1).

1Note that, under our network model, a station changes its state indepen-
dently of the transitions of the other stations.



After solving the equations for fnding the steady-state
number of nodes ng,...,Nn,—1 at each backoff stage, we
can compute the throughput of the network as follows. The
probability that a slot is idle is p.. The probability of a

successful transmission of a station at stage ¢ is 7;,(1 — p;).

Therefore, the probability ps that a slot contains a successful
transmission is given by ps = Z;’;Bl 7;7:(1 — p;), assuming
that n remains in a neighborhood of the equilibrium point 1.

Let p. denote the probability that a slot contains a collision.

We have p. = 1 — p. — ps. We now have enough information
to compute the normalized throughput S of the network as

_ psD
psTs + peTe+ peo’
where D is the frame duration, T, is the duration of a
successful transmission, 7 is the duration of a collision, and
o is the time slot duration. In Section V, we evaluate the

stationary regime of the system, and show that our model is
very accurate for a wide range of conf gurations.

(10)

E. Uniqueness of the Equilibrium Point

In this subsection we prove that, as long as the conf guration
of CW;’s and d;’s is chosen such that the sequence 7; is
decreasing with ¢ for any n; distribution, then the equilibrium
point given by (EQ) is unique. We argue that such a condition

should be met by any sensible conf guration of CW;’s and d;’s.

The argument is as follows. Jumping to the next backoff stage
is an indication of high contention, either because of a collision
or a sequence of busy slots. Therefore, in this case 7; should
decrease with 7, and the high contention should be dissolved by
reducing the aggressiveness of the sources. Note that similar
studies for the 802.11 MAC protocol [8], [9] require the same
suff cient condition (i.e., 7; decreasing with ¢) for the model to
admit a unique solution. To simplify the exposition, we def ne
this condition as follows.

Ti>Ti+1,0§i§m—2. (COND)

We now prove, in Theorem 2, that if (COND) is satisfed, the
equilibrium point given by (EQ) is unique.

Theorem 2. The system of equations formed by (EQ) and (1)
for 0 < i < m—1 has a unique solution if (COND) is satisf ed.

Proof: Recall that p, =[]y, (1 — 73,)™. For any value
of p., 7; can be computed from the fxed-point equation that
results from combining (1) (i.e., p; = 1 — p./(1 — 7)) with

(5), where (5) is expressed as a function of p; through (2).

Hence, 7; can be computed as a function of p., and so can
pi, and ;. Now, 7n; can also be computed as a function of p,
using (EQ). Let ®(p.) = [11'=' (1 — 7(pe))™ ®<). Then, a
solution of (EQ) has to satisfy the following equation:

(11

It can be seen that (11) has at least one fxed-point. (p.)
is defned in [0,1 — Ty0z], Where T := 2/(CWo + 1) is
the maximum transmission probability at stage 0. Observe
that ®(0) > 0 and ®(1 — Timaz) < 1 — Tinasx thus, by

Pe = (I)(pe)'

the intermediate value theorem, ®(p.) has at least one fxed-
point in [0, 1 — 7;,4.]. We now show that (11) has only one
f xed-point. To this end, we show that ®(p.) is monotonically
decreasing with p.. The derivative of ®(p.) can be written as

m—1
3<I> dpj 3<I> de >
= — + + — . (12)
; <8pj dpe 0Tj dpe

d®(pe)
dpe

9% dp;
aﬁj dpe

We now examine separately each of the partial derivative
products of (12) with respect to p;, 5; and 7;. To prove
the theorem, we rely on our analysis in the Appendix. First,
Lemmas 2 and 3 imply respectively that dp,/dr; < 0 and
dr;/dpe < 0. Because dp;/dpe = (dp;/dr;) - (d7;/dpe), we
have dp;/dp. < 0. Also, from Lemma 6, we have 0®/0p; >
0. Thus, the frst product of partial derivatives in (12) is nega-
tive for all j. Second, from Lemma 5, we have 0®/93; > 0.
Now, Corollary 1 states that d3;/dp; > 0 and we have shown
above that dp;/dpe < 0. Hence, we have df;/dp. < 0
thus, the second product of partial derivatives in (12) is also
negative. Third, from Lemma 7 we have 0®/071; < 0, and
from Lemma 3 we have d7; /dp. > 0. We have shown that all
the partial derivative products of (12) are negative, so ®(p.)
is monotonically decreasing with pe.

Since (12) is strictly negative and (11) admits at least one
fxed-point, there exists a unique value for p. that solves (11).
Computing the corresponding value for p; by (1), we have a
solution to (EQ). The uniqueness of the solution then follows
from the fact that all relationships between 7;, 5;, p; and pe
are bijective (because all 7;, 3;, and p, are monotone functions
of p;, as shown in the Appendix), and any solution must
satisfy (11), which (as we have shown) has only one solution.
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We next provide some confguration guidelines for
(CW;,d;) that ensure that (COND) is satisfed. In Section V,
we discuss a counterexample of a conf guration that does not
satisfy (COND) and does not yield a unique solution to the
system of equations formed by (EQ) and (1).

F. Protocol Conf gurations Satisfying (COND)

Before showing in Theorem 3 that (COND) is satisf ed for a
wide range of conf gurations, we prove a useful lemma. Note
that compared to 802.11, where 7; is a function of only CW,
the analysis here is substantially more challenging, because 7;
is a function of CW;, d;, and p;.

We have to investigate the relationship between 7; and
Ti+1. Recall that these two transmission probabilities are
functions of two different collision probabilities p; and p;1,
respectively, which makes the analysis challenging. Assume
that the collision probability is the same for two successive
backoff stages ¢ and 7 + 1, and is equal to p;. Under this
hypothesis, in Lemma 1, we show that if 7;(p;) > 7i+1(p:),
Vp; € [0,1], then 7;(p;) > Tiy1(pit1), for any pair p;, piy1
that satisfes (1). In Theorem 3, we provide some suff cient
conditions to guarantee that 7;(p;) > 741 (p;) is satisfed for
all p; € [0,1] and 0 < i < m—1; from Lemma 1, this implies
that (COND) is satisfed.



Lemma 1. Let pj be a value of the collision probability at
stage i. Then, if 7;,(p3) > 741 (p3) for all p € [0,1], we have
7:(pi) > Tit1(pit1) for any n; distribution.

Proof: The proof goes by contradiction. Let us assume
that there exists a solution n®, such that the corresponding
values of 77, pf, 77,1 and pj |, pg satisfy 77 (p) < 77, (p5y1)
and (consequently) p{ > pj,;, which contradicts what we
would like to prove. Note that, for any n; distribution, p; and
pi+1 satisfy (1). Due to (1), we have

1—pj 1—7
|

ST (13)
Let us fx 7; and p; to the values given by the solution
described above, and vary p;+1 by choosing different values of
v, defned as 1—p; 11 = y(1—pj). For each -y, we frst compute
T;+1 that corresponds to this p;1, and then we compute the
expression (1 —77)/(1 —7,41) that results from this 7,41 and
the (fxed) 77 value. Then, if such a solution s exists, there
must be some value of v > 1 for which

fy) =

1—77
T—7n(y)
because of (13) and the defnition of . Next, we show
that such a v does not exist, which contradicts our initial
assumption.

By hypothesis, for v = 1 we have p;11 = p$, so 7(p§) >
Tit1(pf), and f(1) < 1. A suffcient condition to ensure that
there exists no v > 1 value for which f(vy) = ~ is that the
derivative of f(v), i.e. df(vy)/dy, does not exceed 1 in the
region v > 1. To prove this, we proceed as follows.

daf (v) _ 1—7 drip _ 1—-7" driq1 dpiya
dy (1 =7iy1)? dy (1 —=741)% dpig1 dvy

(1—=712)(1 —pj) driy1 dBipy

(1=7iy1)?  dBiy1 dpita
. (1-7)(1 _1%) Tip1 dBit1
B (1- Tz+1> dpit1
1= (1= pit1)771 dBija _ (A =pit1) dBi
T (A =Ti)? dpina Bi2+1 dpit1

From the above, it is suff cient to prove dB;i1/dpi+1 <
B2, ,/(1—pi41). This is shown in Corollary 2 in the Appendix
for p;+1 € [0,1). For p;11 = 1, we also have p; = 1 by (1).
Thus, a solution s cannot exist and 7;(p;) > i1 (pir1). M

The following theorem provides some suff cient conditions
on the (CW;, d;) conf gurations that ensure that (COND)
holds. Notably, Lemma 1 can be employed to show
that (COND) holds for more conf gurations than the ones
covered by the theorem; indeed, it is suff cient to show that
the conf guration satisf es the hypothesis of the Lemma 1 for
all 0 <i<m—2.

Theorem 3. (COND) holds if the following condition is
satisfed for 0 < i <m — 2
CWw;,
20W; —d; — 1,

ifdi1 =d;
otherwise.

CWiJrl > { (14)

Proof: We analyze two cases: 1) d;11 = d;; 2) dijp1 # d;-
1) We start for the case d;+1 = d;. By using Lemma 1, we
need only to prove that 7,11 (p;) < 7:(p;). If this is satisf ed for
CW;y1 = CW;+1, by using induction it is easy to see that it
holds for any CW; 1 > CW,;. Now, as 7; = 1/(B; + 1), it is
suff cient to show that B; 1 > B; when CW,;, = CW, + 1.
If B;y1 > B; holds for CW; ;1 = CW; + 1, by using
induction it is easy to see that it holds for any CW,; 1 > CW,.
Thus, we prove the corollary for CW;; = CW; + 1.
Because d; = diy1, pi = pi+1 and by using (2), we have

xk = xk Y forall d; +1 < k < CW, — 1. Given this, we have
Bit1 — B;
. CW Z] d+1 ;)2
- CW; CW;—1 e
(CWZ'JFI*ZJ =d;+1 J)(CW Z] —d,175)
(1- xCW >CW1(CW,,—1)
o CW; CWi=1 i
(CW1+1_Z] d;+1 j)(CW Z] d+1 j)

(1*xicw)2g d+1(CW 1*])
(CW; +1 =50 at)(CW; — szZ;i at)

By the defnition of zj, in (2), we have zfy, > i, di +
1 < k < CW; — 1, with equality at p; = 0, 1. This yields
ZJCVZ ﬁ xh < (CW —di — Dafy, < CWizly,. We thus
have

BiJrl - Bz

CWi(1 = ziogy, ) (CW; — S0 ;i ;’)

> cw; i
(CWl—i—l_Z] di+1 ])CW Z] d+1 ])
(1 . IECW )CWl(Cwlfl)
(CWi+1— Zj dir1 %5 (CW; — Z] d+1 1)
(1*IZCW)Z]CVZS (CWi —1—j)ri

(CW;+1~ Zj dit1 ;)(CW Zj d+1 ;)
(SRl S OW L (G + 1))

CW; CW;—1 e
Z] di+1 ])(CW Z] d;+1 ])

(1 - mcw
C(CW 41—
>0,

where the last inequality holds because x < 1, for all 4, j.

2) We now look at the case d;+1 # d;. The result for this
case follows from Lemma 2 in the Appendix. Using this, the
minimum value of B; is B/ = (CW; —1)/2 at p; = 0, and
its maximum value is B"** = CW; —d;/2 — 1 at p, = 1.
Setting CWiy1 > 2CW; — d; — 1 yields BI* > B[,
Hence, B;11 > B; for all p; € [07 1], Pi+1 € [0, 1].

|

Observe that, from Table I, the above constraints on CW;
and d; are compliant with the standard, except for the class
CA2/CA3 at backoff stage ¢ = 1. The results obtained in this
paper suggest that it might be worth to revisit the conf guration
of this priority class; indeed, for the proposed conf guration
of CA2/CA3 we have 72 > 71 and (COND) does not hold.

We next discuss whether (COND) is suff cient for the global
asymptotic stability of (EQ).



G. Global Asymptotic Stability and Convergence

In addition to showing that our system has only one equi-
librium point, it is also interesting to show that it converges
to this equilibrium point from all possible initial states. In the
following, we study the global stability of the system to assess
its convergence to the equilibrium. We frst study analytically
the system (ODE) given in Section IV-C, and present two
theorems that guarantee that it is globally asymptotically stable
for m = 2 and m = 3, respectively. Then, we provide
additional numerical results that show that the system given
by (8) converges for a wide range of values of m as well as
of the other system parameters.

Theorem 4. [f (COND) is satisfed, the system (ODE) is
globally asymptotically stable for m = 2.

Proof: Let v(t) = 1oyo(t) + 1y1(t). Then, p=1—e"7
and (ODE) for m = 2 is given by

dyo(t
%0 = —yo(ro(l —e™ )+ Bo) +yhmie”
dyy (T

1O _ (1~ e7) + o) ~ game™,

where the 7;’s and (3;’s are functions of p, or equivalently of
.

Let us consider the Lyapunov function L(y) = (yo(t) —
90)% + (y1(t) — 91)%, where fjo and §; are the values of yo(t)
and y1(t) at the equilibrium point. If at some time ¢ we have
yo(t) > go, this implies y1(t) < g1 (since yo(t) + y1(t) = 1)
and y(t) > 4. The latter can be seen by contradiction. Let us
assume y(t) < 4. Then, from v = —In(1 — p) and Lemma 2
we have 79 > 7y and 7, > 71. Thus, Y= T()y()(t) +7’1y1(t) >
Toyo(t) + T1y1(t) = yo(fo — 71) + 71 > Go(fo — 71) + 71 =
Todo(t) + 7191 (t) = 4, since we have 7y > 71 from (COND).
This contradicts the initial assumption.

Given 7(t) > 4, we have 1o(1 —e™7) + By > 7o(l —
e )+ Bo. This can be seen as follows. By employing a similar
reasoning to Lemma 2, we have (7o + 80)/97 > 0. We also
have —0(1pe~7)/0v > 0 from Lemma 2. Then, adding both
expressions we obtain d(1o(1 — e~ 7) + By)/dy > 0. Given
v(t) > 4, we also have Te~7 < 71e~7. Thus,

dyo(t)
dt

—yo(ro(1 —€e™7) + Bo) + yamie””

—yo(7o(1 — e 7) + Bo) + yrfre”?

—fo(7o(1 — e ) + Bo) + fnfre” Y = 0.
Since dyo(t)/dt + dyi(t)/dt = 0, this in turn implies

dy; (t)/dt > 0. Putting all this together yields

%(tw = 2l0) - Z?O)dydo—t(t) +2(0(t) - 1)1>dyclz—t(t> <0.

Following a similar reasoning, it can be seen that if yo(t) <
o, then dyo(t)/dt > 0 and dy; (t)/dt < 0. As a consequence,
we have dL(y)/dt < 0 also in this case. Therefore, the system
is globally asymptotically stable. [ |

Theorem 5. If (COND) is satisfed, the system (ODE) is
globally asymptotically stable for m = 3.

AN A

Proof: See the Appendix. [ |

In order to show the convergence of the system for other
values of m, we have conducted a comprehensive numerical
study for the dynamical system given by (8), comprising all the
values of the parameters CW;, m and d; that satisfy (COND)
within the ranges CW; = {8,16,32,64}, m = {3,4,5,6}
and d; = {0,1,2,3,4,5,6,7,8,9,10, 15, 20, 25, 30}. For each
conf guration, we have randomly chosen 100 different initial
points and evaluated the trajectory of the system until it
converges (with an error of 107%). In total, around 106
tests of convergence have been conducted, and in every test,
the system converges to the equilibrium given by (EQ). All
these (numerical and theoretical) results provide very strong
evidence of the convergence of the system.

V. PERFORMANCE EVALUATION

In this section, we evaluate the performance of 1901 under
different conf gurations and scenarios as follows. We frst
validate our simulator by using testbed experiments. We then
compare the accuracy of our model against a model that relies
on the decoupling assumption, called “D.A.” model [6]. Fur-
thermore, we evaluate other aspects of our model, such as the
performance of the conf gurations that do not satisfy (COND)
and the accuracy of our model in the transient regime.

We conduct simulations for a wide range of conf gura-
tions (CW;, d;), comprising the parameters recommended
by the 1901 standard as well as more broad conf gurations,
following the recommendations of [15] and [12]. We consider
the following timing parameters. We use the same time slot
duration and timing parameters as specifed in the standard
(see Table III). The PLC frame transmission has a duration
D and is preceded by two priority tone slots (PRS), and a
preamble (P). It is followed by a response inter-frame space
(RIFS), the ACK, and fnally, the contention inter-frame
space (CIF'S). Thus, a successful transmission has a duration
Ts = 2PRS + P+ D + RIFS + ACK + CIFS. In the
case of a collision, the stations set the virtual carrier sense
(VCS) timer equal to EIFS, where EIFS is the extended
inter-frame space used by 1901, and then the channel state is
idle. Hence, a collision has a duration 7, = EIF'S. Finally,
we assume that all the packets use the same physical rate.

Parameter Duration (us)
Slot o, Priority slot PRS 35.84

CIFS 100.00
RIFS 140.00
Preamble P, ACK 110.48

Frame duration D 2500.00
EIFS 2920.64

TABLE III
SIMULATION PARAMETERS.

A. Experimental Validation of our Simulator

We use simulations to evaluate 1901 performance. To
this end, we wrote a Matlab simulator that implements the
full CSMA/CA mechanism of 1901.'2 In this subsection,

12Qur simulator and the guidelines to reproduce all the testbed experiments
of this work are available in [16].



we validate the accuracy of our model and simulator with
experimental results from a HomePlug AV testbed.

We built a testbed of 7 stations, each comprising a PLC
interface. The stations are ALIX boards running the Open-
Wrt Linux distribution [17]. Each board is equipped with a
Homeplug AV miniPCI card (Intellon INT6300 chip). In our
experiments, N stations send UDP traffc (at a rate higher
than the link capacities) to the same non-transmitting station
using iperf for 240s. We run experiments for 1 < N < 6.
At the end of each test we request the number of collided
and successfully transmitted frames from each station using
the Qualcomm Atheros Open Powerline Toolkit [18]. Using
this information, we evaluate the collision probability. We
compare the collision probability measured on the testbed
with the one obtained with our model. To compute this
probability from our model, we proceed as follows. Let v be
the probability that a transmission in the system collides. We
use our model to compute the steady-state expected number
of nodes Ny, ..., Nm,—1 at each backoff stage. The probability
that a given transmission in the system corresponds to a station
at backoff stage 4 is given by 7;7;/ Zﬁgl 71;7;. We thus have

m—1 . m—1 A
Y= iso MTipi/ Disg MaTi

Figure 4 shows the average collision probabilities, along
with confdence intervals, obtained from 10 testbed experi-
ments and 10 simulation runs (note that conf dence intervals
are so small that they can barely be appreciated). We observe
an excellent ft between experimental and simulation results.

0.3
< ——MAC simulation
B
= X HomePlug AV measurements
Z 0.2
Q
=}
~
[a W)
o1
.2
3
0 L L L L
0 1 2 3 4 5 6

Number of stations N

Fig. 4. Collision probability obtained by simulation and experiments with
HomePlug AV devices for the default class CA1 of 1901 given in Table I.

Contrary to some existing 802.11 interfaces, the MAC pa-
rameters of the HomePlug AV devices cannot be modifed, as
they are stored in the f rmware, and the required offsets of their
binary values are not publicly available. Thus, the following
results have been obtained with our validated simulator.

B. Comparison with Decoupling Assumption Model

We now compare our model (which hereafter we refer to as
“drift model”) with the D.A. model for various conf gurations
and number of stations. In Figure 5, we show the throughput
obtained by 1901 with the default parameters for the two
priority classes CA1l and CA3 (CAO and CA2 are equivalent).
We also show the throughput predicted by the two models. The
model based on the decoupling assumption is substantially less
accurate for CA1 when [V is small, because the class CA1 uses
larger contention windows, which increases the time spent in
backoff and, as a result, the coupling between stations.

0.8
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> D.A. model
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Normalized throughput S

0.5
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Number of stations IV

Fig. 5. Throughput obtained by simulation, with our model, and the models
based on the decoupling assumption (D.A.), for the default conf gurations of
1901 given in Table I.

We now study the accuracy of the two models in more
general settings. To this end, we introduce a factor f, such
that at each stage i, the value of d; is given by d; = fi(do +
1) — 1. This enables us to defne various sequences of values
for the d;’s, using only f and dy. At each stage i, CW; is
given by CW; = 2°CWypnin, and there are m backoff stages
(i € {0,m — 1}). In Figure 6, we show the throughput for
various such values of dy and f, with CW,,;,, = 8 and m =
5. We observe that the D.A. model achieves good accuracy
when the d;’s are large, because in these conf gurations, the
deferral counter is less likely to expire, which reduces the
coupling among stations. Note that the drift model achieves
good accuracy when the d;’s are small, while there is a small
deviation for large d;’s; this is due to the assumptions of our
network model (NM) of Section IV-B, which are not used by
the D.A. model.'?

0.8
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g
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Fig. 6. Throughput obtained by simulation, with the drift model, and the
D.A. model for different conf gurations. The initial values d; of the deferral
counter at each backoff stage are given by d; = f*(do + 1) — 1.

Finally, in Figure 7 we show the throughput for different
values for CW,,,;,,. In all cases, the drift model closely follows
simulation results, in contrast to the D.A. model.

C. Uniqueness of the Solution and Selected Counterexample

One of the fundamental results of our steady-state analysis
is that there is a unique equilibrium for conf gurations that

13The 802.11 model that does not rely on the decoupling assumption [11]
has a similar deviation compared to Bianchi’s model [4].
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Fig. 7. Throughput obtained by simulation, with the drift model, and the D.A.
model for various values of CWpin .

satisfy (COND). In this subsection we investigate the per-
formance of the system depending on the (non-)unicity of
the equilibrium of the dynamical system. To this end, we
explore a counterexample of a conf guration that does not
satisfy (COND) and does not yield a unique equilibrium for
the dynamical system (8). An example of such a conf guration,
which yields 3 equilibrium points for N = 10,'* is the
following:

{32,3}, 0<i<3
{CW;,d;} = { {4,00}, 4<i<53 (15)
{64,3}, 54<i<59

To study this conf guration, we compute the instantaneous
Pe, 1., the probability that a time-slot is idle, for every 500
slots in simulation. Figure 8 shows the results for the CAl
class and for the conf guration given by (15). We observe that
for CAl class, for which we have a unique equilibrium, the
instantaneous p, is approximately equal to the one given by the
equilibrium point of the dynamical system (8). However, for
conf guration (15) p. oscillates between two of the equilibrium
points and the value of p. averaged the entire simulation
run is not equal to any of the equilibrium points; indeed the
average p. obtained by one simulation run is 0.3478, whereas
the values of the equilibrium points of (8) are (pl,p?,p2) =
(0.5202,0.2087,0.0585).

—P, measured for each 500 slots

0.6 == Equilibrium points

Pl =05202

0.4
o

0.2

—P, measured for each 500 slots 0.2

pi‘;,‘ 0.2%7H

= == == == p2=00585

=== Equilibrium point

0 1 2 3 4 5 0
Time-slot «10°

0 |

0 1 2 3 4 5
Time-slot %x10°

Fig. 8. Simulation of a system with a unique equilibrium point (left,
conf guration of CA1 class) and with 3 equilibrium points (right, conf guration
given by (15)). The probability p. is computed for each 500 slots and is shown
for one simulation run (plain black). The values of the equilibrium point(s) are
also shown for each system (dashed red). The same behavior was observed
for both systems for multiple simulation runs, not shown here.

14These 3 equilibrium points have been obtained by plotting ®(p.) (see the
proof of Theorem 2) and computing the fxed-points for which pe = ®(pe).

Our results show that the equilibrium points (EQ) are not
suff cient to characterize the performance of the real system
when (EQ) are not unique: The real system might oscillate
and, as a result, the behavior might not be close to any of
the equilibrium points. They also suggest that such conf gu-
rations should be avoided as they might lead to an unstable
thus, undesirable behavior. Indeed, multiple equilibria yield
metastable regimes and typically involve severe unfairness or
network collapse. For instance, with conf guration (15) some
stations remain at a state with C'W; = 4 for long periods,
leading to a very high collision probability and low throughput.
The problems resulting from metastable regimes are reported
in [19] for 802.11.

D. Accuracy of the Drift Model in the Transient Regime

The above experiments have focused on the accuracy of our
steady-state analysis for the stationary regime. In the following,
we investigate the accuracy of the analysis for the transient
regime. To this end, we consider a system with N = 20
stations and two different conf gurations, and compare the
expected number of stations n(¢) obtained from (8) and from
simulations, as a function of the time slot ¢, when the initial
condition at time slot 0 is n(0) = {20,0,0,...,0,0}.

We focus on a conf guration that follows the 1901 standard,
i.e., CAl class, and on a conf guration that follows the 802.11
standard, i.e., the deferral counter does not expire. The results
from the experiments described above are shown in Figure 9.
We observe that our model works well both in terms of
accuracy and of convergence times. As far as accuracy is
concerned, there is slightly higher inaccuracy in the transient
regime than in the stationary regime, which is due to the
assumption on the constant transition probabilities 3; and 7;.'°
The convergence time to the equilibrium points is also captured
by our model with reasonable accuracy. This time is higher for
the 802.11 system for two reasons: 1) in the 802.11 system,
the stations are allowed to have larger backoff counters and to
move into higher backoff stages; 2) in the 1901 system, the
stations change their backoff stage with a higher probability
than in 802.11 due to the deferral counter.

E. Conf guration Guidelines with Respect to (COND)

As discussed in Section IV-E, (COND) is not only a
condition for uniqueness, but also a conf guration guideline
for proper reaction to high contention. Jumping to the next
backoff stage is an indication of high contention hence, to
dissolve the current contention, the transmission aggressive-
ness should decrease, that is 7,41 < 7;. We now show that
conf gurations where 7; is increasing with ¢ perform poorly.
To confrm this, in the following we run several experiments
with different o values, where « is the multiplicative factor
of the contention windows between successive backoff stages,
i.e., CW; 11 = aCW;. Figure 10 presents throughput obtained
by simulation and with our model for various values of «, with
CW; = |a*1-8],d; = [a'~1 —1], 0 < i < 4. Results show

13To conf rm that the deviations are due to this assumption, we simulated the
Markov chain X (¢) with constant transition probabilities, and verif ed that the
trajectory of X(t) averaged over 300 runs coincides with the solution of (8).



20 20
—— Simulation —— Simulation
— * Analysis = * Analysis
Nad =10
— 10 IS
1 =
0 0 *
0 20 40 0 100 200

Time slot (t) Time slot (t)

20 —— Simulation
e « Analysis
—— Simulation
* Analysis
0 20 40 0 100 200
Time slot (t) Time slot (t)

Fig. 9. Convergence to the equilibrium point of the number of stations for
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d; — oo and CW; = 2:CWpy, Vi, CWy = 8, m = 7, (right). Both the
expected values obtained from (8) and the average values obtained from 2000
simulation runs are shown.

that conf gurations with 7; increasing, i.e., a < 1, yield poor
performance. This supports our argument that (COND) should
be met to ensure good performance. Theorem 3 provides some
conf guration guidelines to ensure that (COND) is satisf ed.
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Fig. 10. Performance of 1901 with parameters CW; = |a*~!-8|, and d; =
[a?=1 — 1] for different values of o Lines represent throughput obtained
by simulation and points show throughput computed by our model (left). We
also present the ratio 71 /79 computed using our model (right).

As it can be seen from the f gure, throughput performance
improves for large . However, a closer look at the protocol
behavior for different o’s reveals that, while large «’s provide
very good throughput performance, they also suffer from
severe unfairness. Indeed, for such conf gurations only one
station grasps the channel, while the others move to higher
backoff stages with much larger C'W; values and barely
transmit. This shows that throughput considerations are not
suff cient to properly evaluate the suitability of a given 1901
conf guration, and short-term fairness also needs to be taken
into account.

VI. CONCLUSION

Although the IEEE 1901 CSMA/CA protocol is adopted by
the vast majority of PLC devices nowadays, it has received
little attention from the research community so far. In this
paper, we focus on the performance analysis of this protocol.
Our analysis comprises performance in steady-state as well as
in the transient regime, and involves both the long-term and
the short-term dynamics of 1901. One of the key results of the
analysis is the fnding that the decoupling assumption, which
is commonly adopted for the analysis of MAC protocols such
as [EEE 802.11 and 1901, might not hold for 1901. This is due
to the coupling that 1901 introduces to the stations contending
for the medium. Building on this fnding, we have proposed

a model that does not rely on the decoupling assumption, and
as a result, substantially improves the accuracy of previous
analyses. Accuracy is particularly improved for networks with
a small number of stations, which is the most frequent scenario
in practice. We have shown that our model admits a unique
solution for a wide range of conf gurations.

APPENDIX

Table IV can be used as a quick reference for the equations
of Section IV.
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SUMMARY OF VARIABLES

Lemma 2. B; is an increasing function of p;, and T; is a
decreasing function of p; for any 0 <1 <m — 1.

Proof: The probability 7; given by (5) can be recast as

1
T; —
B;+1

(16)

where B; is the expected number of backoff slots between two
transmission attempts of a station that always stays at backoff
stage i. B; can be computed recursively and similarly to bc;



in (3), and it is given by

d,(dl + 1)

g =\ 17
2CW; a7
CW,—1

" Z 1—1‘ +Zk d+1(k+B>( — T 1)
Ccw;
j=d;+1
We simplify (17) as
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where we have used that xili = 0, for all p; € [0, 1] by the

defnition of x?c, and we have combined the terms with the
same under-brace indexes.

To prove the lemma, we proceed as follows. (%) First, we
compute dB; /dp;. (ii) Second, we show that this derivative is
positive at p; = 1. (44¢) Third, we show that if the derivative is
negative for some 0 < p} < 1, it will also be negative at any
value p; > p}. The proof then follows by contradiction: if the
derivative was negative at some p;, it would also be negative
at p; = 1, which would contradict our previous result.

(¢) The derivative of B; can be computed as

CW;—1

>

k=d;+1

dpz (1)

The partial derivative 9B, /dxz} can be computed by (18) as

%7&—(01%—1— (20)
O}, CcWwW; ﬁxk Pt CW
which yields
dz’t
dB; Zk d +1 ( —(CW; = 1-k)) dpf @1
CW; -1 2 '
dpi CW; = g

To compute dz’ /dp;, we observe that z% is the comple-
mentary cumulative function of a binomial distribution and
it can be expressed as the incomplete beta function xi =
1—1I1_p,(k—d;,d;+1) [20]. The derivative of an incomplete
beta function is computed in [21], and by using this we obtain

il S — -y
dpi  (k —d; — Dldg’ (I-p
(i) Next, we show that dB;/dp; > 0 at p; = 1. Note that

i =1latp, =1forall d;,+1<k<CW,; — 1. Given this,
we have

el @)

d; (d, + 1)
2CW;

CW; —d;

1
d; + 1+ B;).
W, (di +1+ By)

B; =

(23)

Solving (23) over B; yields B, = CW;—d;/2—1atp; = 1.
Now, notice that dxi/dpi =0atp;=1foralld; +1< k<
CW;—1, and dxfiq +1/dpi = d; +1 from (22). Substituting in
(21) yields dB;/dp; = d; /2 + 1, i.e., dB;/dp; > 0 at p; = 1.

1i1) Next, we show that if dB;/dp; was negative at some
value p;, then it would also be negative for any p; > p;.
Observe that in (21) some terms are negative for k < CW,; —
1— B;. Let us assume that the derivative is negative at p;. Let
I =[CW;—1—-B;(p})]. Given (21), we can express dB; /dp;
as the product of two terms, dB;/dp; = f1(pi)f2(pi), where

. dxt/dp;
fl(pl) — ! CcW; _1 )
CW Z] =d;+1 ]
CwW,;,—1 i
. - da’ /dp;
i) = B; — (CW; =1 —k))—&—,

Note that fi(p;) > 0 Vp;, which implies dB;/dp; < 0 if
and only if f2(p;) < 0. Note also that

dfa(p dB dxy, /dp;
cgl Z d dmk;d 24
Pi k—dit1 Pi axy /ap;
-1 -
dzt /dpl
+ (Bi — (CW; =1 —k)) (’@—)
k:%;rl Pi dl’z/dpi
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b3 (B (w1 ()
k:zl;rl dp; \ dxj/dp;
and

k(1 — d; — 1))

Th—di—F - D =p)*

d (dzi/dp;
dp; (dmf/dpi> o
which is positive for k£ < [ and negative for k£ > [. From the
above equations, it follows that as long as CW; —1—(I—1) >
Bz(pz) > CW;—1—1and dBZ/dpl < 0, we have dfg/dpl < 0.
Building on the above, next we show that B;(p;) decreases
for p; € [p}, pl], where p! is the p; value for which B;(p!) —
(CW;—1-1) = 0. Atp;, = p} we have fo(p}) < 0,dB;/dp; <
0 and dfy/dp; < 0. Let us assume that, before B;(p;)
decreases down to CW; — 1 — [, there is some p; > p; for
which dB;/dp; > 0. This implies that for some p} € (p}, pi),
f2(p;) has to stop decreasing, i.e., df2(p})/dp; = 0. Note that,
since fa(p;) decreases in [pf,p}], we have fo(p;) < O for
p; € [pf,p}], which implies that B;(p;) decreases in [p}, p}].
Also, since CW; —1— (I —1) > B;(p}) > CW; —1—1 and
(by assumption) B;(p;) does not reach CW; — 1 — I, we also
have CW; — 1 — (I — 1) > B;(p;) > CW; — 1 — l. However,
we have seen that fa(p}) < 0 and CW; —1— (1 —1) >
Bi(p;) > CW,; — 1 — [ implies df2(p})/dp; < 0, which
contradicts df2(p})/dp; = 0. Hence, our initial assumption
does not hold, which implies that dB;/dp; decreases until B;

reaches CW; — 1 — 1, i.e., dB;/dp; < 0 for p; € [p},pt].
Following the same rationale for p; € [pt, pé“] and choos-
ing
dat /dpi
Ji(pi) = Ll 7 )
CW; — Z] d, +1 z}



CW;—1
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k=d;+1

dm}; /dp;

CW; —1-k , ,

we can prove that dB;/dp; < 0 for p; € [p},pit!]. We
can repeat this recursively to show that dB;/dp; < 0 for
pi € | ﬁ“,pi”] pi € | ﬁ+2,pi+3] until reaching p; €
[plC'W 27P1W } If1 < pCW'
Otherwise, we can follow a s1milar argument to show that
dB;/dp; < 0 for p; € [pCW -1 1} Indeed, let us assume
that fo(p;) > 0 for some p; € [p ,1]. This implies that
for some p; € | Z-CWﬁHp}L we have dfg(p;)/dpi = 0 and
f2(pl) < 0, which is not possible according to (24). From the
above, if dB;/dp; was negative at any p, it would also be
negative for all p; > p;. Since this contradicts result (i7), we

conclude that dB; /dp; > 0 for p; € [0, 1]. [

Corollary 1. 3; is an increasing function of p;.

Proof: From (5) and (6), we have 3, = 1/bc; — 7. be;
in (3) can be simplifed as follows:
CW;—1 «k i
poo = Wit 1l 2i—dit 2ij=dis1 7 25)
’ 2 CW; '

Since dxi /dp; > 0,k > d; + 1, bc; is decreasing with p;.
Hence, by using Lemma 2, §; is increasing with p;. [ ]

Corollary 2. For any value of i, dB;/dp; < BZ/(1 —p;)
Vp; €10,1), and dB;/dp; < B;/p; ¥p; € (0,1].

Proof: We start with the frst inequality. The derivative
dB;/dp; can be computed from (7) as

CW; dzt
_ k= d+1( (CW _1_k>>dp]:' (26)

CW Z] d+1 :L]

a5,
dp;

To prove the lemma, we distinguish two cases: one for d; =
0 and one for d; > 0. First, let us study (26) with d; =
0. We have dz} /dp; = k(l - pl)k ! and xv{f/ 1—(1-
pi)*. Let h(p;) = Y000 P/ ity (=),
We now show that h decreases w1th p;. Let also G(p;) =
fj‘g"_lpf/zkcfé"_l kp¥. By Lemma 5.1 in [8], G(p;) is
strictly decreasing with p; in [0, 1]. Thus, h(p;) = 1/G(1—p;)
is also strictly decreasing with p; in [0, 1], and h(p;) < h(0) =
(CW,;—1)/2. Also, B;(p;) > (CW;—1)/2 by Lemma 2. Given

the above, we have h(p;) < B;(p;) and (26) yields

aB _ B YN R -p)t B2
dp; 1—p; CW—ll_ Nt T 1 —p;
v v k=0 ( i) DPi

We now move to the case d; > 0. From (22) and (2), we
have dxt /dp; = k(zi, — x%_,)/p;. Thus, (26) yields

; CWi—1
.l _ i 7

B; CWizty, 4 f= d+193k < B;

— < —Zow,—1-

CwW,; — Zk d+1 xj, Pi @7
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, the proof is completed.

From the above, we have
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Thus, combining the above two equations we have

dB;/dp; < B?/(1 —p;). Then, dB;/dp; < B;/p; follows
from (27), since x"CWi_l < 1, which completes the proof. W
Lemma 3. Let us consider the expression of T; as a function

of pe resulting from combining (5) with (1). According to this
expression, T; is an increasing function of pe.

Proof: Since 7; =
dB;/dp. < 0. Note that

1/(B; + 1), we need to show that

dBi dBl dpi
= ) 28
dp.  dp, dp. @
From p; =1 —p./(1 —7;) =1 — p.(B; + 1)/B;, we have
dpi Bi+1 pe dB;
=— = . 29
dpe Bz Bzg dpe ( )
Combining (28) and (29) yields
dB;  dB;B;+1 1
=— - (30)
] . e dB;
dpe dp; B; — g_f pi

Let us distinguish two cases to prove this lemma, one for
p; = 1 and the other for 0 < p; < 1. First, for p; = 1, we
have p. = 0 from (1). Thus, (30) is smaller than 0.

We now look at the case 0 < p; < 1. From Lemma 2, we
have dB;/dp; > 0 therefore, dB;/dp. < 0 as long as

dB; B? B(Bi+1

< 2= M (31)
dpi  pe 1 —pi

According to Corollary 2, dB;/dp; < B?/(1 — p;), which

is a suff cient condition for (31). This terminates the proof. H
Lemma 4. Let j;(pi) = 7i(pi)pi + B(pi). Then dj;/dp; < 1.

Proof: Let us defne J; = 1/j;. From (4), (5) and (6),
it can be seen that 7, = ¢;/bc;, 5; = (1 — t;)/be;, hence
ji = (1 — t,(l — p,»))/bci which ylelds

0 (D) + (e — a5 )
CWi = il (1= af)(1 = pi)

(32)

To simplify the exposition in this lemma, observe that in the
above equation, we have all summations starting at k = 0,
which means that in the following we set z}, = 0 and
dzi /dp; = 0 for all 0 < k < d;.



An equivalent expression for J; is as follows

CW;—1

1 i CW; —1
Ji= a2 (=) —p)di+
" k=0
| CWict k
oW, PRI (33)
k=0 j=0
By derivation of the above expression, we obtain
CW,;—1
dJ; 1 i i dJ;
= (1 =) (1 —pi) 7
dpi CW; =0 dpi
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From the above

dJ; kgo (i(d_’”( B _mk>)+;) d’”)

dp;

CWi = Sl (1 —2i)(1 = pi)

Note that dz’ /dp; = j(«)—a%_,)/pi. Furthermore, it holds
Ji > 1/p;. This can be seen as follows. For d; = 0 it can be
seen from (33) that J; is equal to the average of a geometric
random variable of probability p;. By rewriting (32) as follows,
it can also be seen that J; becomes larger as d; increases
(indeed, when d; increases, the terms xg decrease for all j,
hence the numerator increases and the denominator decreases):

SN (CESVED )
CW; — ZCW*(lka)(l—pi)'

Therefore, J; = 1/p; for d; = 0 and J; > 1/p; for any
other d;. From this,

(34
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. ) k—1 . ;
Ji z (fo (=p)+ (1 —2h) + X (] “5)

CW;—1 i
Wi =3 k=o (1 —a)(1 —pi)

_ad
dpi — C

(3%

Recall that 1 — % is the probability of the event that there
have been d; or fewer transmissions in k£ time slots, from

which
k! . —d
(k— di)!dilpgl(l pi)k .

From the above and (22), we have

| gi > (LR dok o Lo pidg
k—d; ) dp; k  dp;
hence, (1 — p;)dzl, /dp; < k(1 — ).
Combining the above with (35) yields

1—ai >
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T (D —2i)+ 3 g — i)
k=0 j=0
CW: = 3300 (= a) (1= pi)
and combining the above with (32) we obtain —d.J; /dp; < JZ,
which proves the lemma due to j; = 1/J;. [ |

dJ;
— <
dpi -

)

The following lemmas relate to the stationary regime
of system (8) (see Sections IV-D, IV-E). Let ®(p.) =
HZ:Ol (1 — 73(pe))™Pe). The following lemmas examine
the function ®(p.), where each 7i;(p.) is a function of
Bi(pe>7 pi(pe>7 Ti(pe)7 0<i<m-—1,as giVGIl by (EQ)

Lemma 5. Let ®(p.) = [[7y (1 — 7k(pe))™Pe). Then,
if (COND) is satisfed, 0®/08; > 0, for any 0 < j <m — 1.

Proof: We consider the expression 1‘[;’;1 (1— 7)™ asa
function of 7, p; and (3;, where n; is computed as a function
of 7, B; and p; from (EQ). We show that if we increase [3;
to 37 for a given j, and leave the remaining 7, p; and f3;
values fxed, then [[-," (1 — 7)™ increases. First, we have
OP/0Bm—-1 = 0, because ®(p.) does not depend on f,,_1.
We next study the cases with 0 < 5 <m — 1.

From (9), it can be seen that the new K; values resulting
from j7, denoted by K, satisfy the following. If j = 0, then
K{ > K and K} = K;, i > 1 by (9). Thus, 1§ < 1o and
n; >ﬁi,0<z<mfl For1 <j<m-2, wehave

H;:l K* Hn 1K”’ i < ] and Hn IK* < Hn 1
We also have [[',_, K7 > [1\_, Kn, i > j, since

i . TP +B5
[ K e 9 (ijj +3j> I Gt )
Tt K 2250 OB\ it 6y (75 +8;)

Let 0 = Y7 14—, Kn. We now show that o* > o,
ie, do/0pB; > 0 For j = m — 2, 0o/0F; > 0 if and only
if T’rn—2(1 - pm—2> - T’rn—l(l - pm—l) > 07 which holds
by (COND)'®.

For 7 < m — 2, we have

— Kyr(1 —

g1+ Kn .
86] 11] +IB] ( T]+1 +IB]+1 ( 127;»271];[4»2 ))
(30)
We prove do/0F; > 0 by induction. We frst show that
0o /0B; > 0 for j = m — 3, and then prove that if this holds
for j = k, then it also holds for j = k — 1. From (36), it can

be seen that we need to show that:

m—1
mi(1—pj) |1+ Z H Ky | = Tit1 — Bit1 > 0. (37)
i=j+2n=j+2

For j = m — 3, the above holds because of (COND). Now,
assume that * > o for j = k. Then, we show that c* > o
holds also for j = k — 1. Let us evaluate (37) at j = k — 1.
By using (37) as true for j = k, we have

Ti—1(1 — pr—1 <1+7§: H K)

i=k+1n=k+1

T +
Th—1(1 — pr—1) (1 + Kk+1k+176k+1>

Te(1 — pr)

16 According to (COND), 7; decreases with i. From p; = 1 —pe /(1 —7;),
we have that p; increases with 4.



Given (9) for Ki41 and (COND), the right-hand side of the
above inequality yields

PR + B

Th—1(1 — pr—1) (1 + — —

> > 7(1 — pr) + 7Dk + B

=Tk + Bk

Thus, we have proven that if ¢* > ¢ for j = k, then the same
holds for j = £ —1. Given ¢* > o it follows that ] < n; for
i < j. Also, since nj <, ¢ < jand ), np =, p =N,
there must be some [ > j for which 2 > 7;. Since for
i > 141, we have n; = K;n;— with K = K, it holds that
ny > ny, i > 1. Thus,

m—1 Ak
1— Ty Sk s P
p=o (L=70)™ [T JT @ = mo)™

1 -
o (L=m)™ k>l

> (1-— TZ>Zk<l ﬁz—ﬁk(l — Tl>zk2l Ay, =,

)

because of (COND). As ), fvy = >, 7, = N, the above is
larger than 1, which proves the lemma. [ ]

Lemma 6. Let ®(p.) = [[vy (1 —7k(pe))™Pe). Then,
if (COND) is satisfed, 0®/0p; > 0, for any 0 < j <m — 1.

Proof: The proof is similar to the one of Lemma 5. It can
be easily seen from (9) that if p; increases to pj, we have

ﬁK = HK i< jand li[K:;> HK P>
n=1 n=1 n=1 n=1

Note that the above holds for 0 < j <m —2. Forj=m—1
we have

f[K;;: HK i< m—1, f[K;;> HK i=m—1.
n=1 n=1 n=1 n=1

Thus, as o* > o (with o = 377" []',_, K»,) also holds
here, it is 2} < 7; for ¢ < j and A7 > n,; for i > j, with
0 <5< mf2. For j = mflwehaveﬁ;‘ < n; for
i < m—1and n; > n; for i = m — 1. Then, following
the same reasoning as for the previous lemma, it can be seen
that T} (1 — 7)™ > [T, (1 — 7)™, which proves the
lemma. [ ]

Lemma 7. If (COND) is satisf ed, then 0P /07; < 0, for any
0<j<m-—1

Proof: When Tj increases to T
for i < j, and H

Hn 1 Hn 1K”

< H;:1Kn for ¢ = 7. FOI‘Z > j we

n= 1
have
i i T/ pitB; o
] x; =[] Ko a da_<M)<0'
n=1 n=1 W 7j 7j + ﬁ]

Thus, [[,_, K < Hn , K, for i > j. These yield 6* < ¢
(with o = 31" ! Hn , K). From the above, nf > n; for
i < jand n; < nj, because K7 < Kj. Hence by using
similar arguments as in the two previous lemmas, it follows
that J[,.; (1 - 7)™ decreases. If we show that (1 — ;)™
also decreases, the lemma will be proven. Note that

8(1 — T‘)ﬁj N s — on; 7
Tjj = —n;(1—7)" "t +In(1 - Tj)ﬁ_Tj-(l — 7).
(38)
Computing the partial derivative of 7, we have
O M O N Mg
I7; T+ B 07 7j + Bj 7j

because 0nj_1/07; > 0 from above. This inequality holds for
any 0 < j < m — 1. By taking into account that no = N/o,
it is easy to see that it also holds for ;7 = 0. Note that, in this
case, Jo /071y > 0. For this case, we have

floPo
Topo + Bo

_M

%:7@(071)1)0 > _

1o o Topo+ Bo
Combining (38) and (39) yields
o —m)™ _ (=7 (7

87']' - Tj 1-— Tj

To'

~mu(t- 7).

As —z/(1 — z) < In(1 — z), the above is smaller than 0,
which proves the lemma. ]

The following lemma and proof relate to the asymptotic
continuous-time system (see Section IV-C). Recall that y;
denotes the proportion of stations at backoff stage 7, and that
7; and (3; are now functions of p =1 — e~ XS0 ukTk(P) that
is the collision probability and is independent of the state of
the system compared to all previous Appendix analysis.

Lemma 8. Let v = 1oy0 + m1y1 + 72(1 —yo —y1). If (COND)
is satisfed, it holds that 0 < 0v/0y; < ;.

Proof: The partial derivative can be expressed as

Oy
= 1 - -
oy oy (Toyo + T1y1 + 72 Yo — Y1)
s J19 O @ 0
2 TYo 3 Em 1 37 En
572 oy
1—yo— 40
+ 1-yo—v1)5— Oy oy (40)
from which
oy T — Ty
= - — —. 41
Oyi 11— l,lot?c)—wofy%w1 (1*y0*y1)82

From Lemma 2, we have that 7; is a decreasing function of
p = 1—e77, hence 97; /97y < 0. Furthermore, due to (COND),
we have 7; — 79 > 0 for ¢ = 0, 1. Combining this with (41)
yields 9v/0y; > 0. Now, combining (40) with d7;/0v < 0
and 0v/0y; > 0 yields 0/0y; < ;. [

Proof of Theorem 5: For m = 3, the system (ODE) can
be expressed with the following two equations as a function
of yo and y; (where yo =1 — yo — y1):

dyo

ar ve™ " = yo(70 + Bo) = folyo, 1)
% =yo(ro(1 =€) + Bo) = y1(m + 1) = f1(yo, y1)-

where v = Toy0 + 1191 + 72(1 — yo — y1) (to simplify notation,
we have omitted the dependency of 7; and 3; on «y in the above



equations). 7; and /3; depend on ~ through 1 —e™" that is the
collision probability here. Thus, we will use the same lemmas
proven for the collision probability denoted as p; before.

According to the Markus-Yamabe theorem,!” the above
system is globally asymptotically stable if the real part of the
eigenvalues of the following Jacobian matrix are negative for
all points (yo, y1):

o 0fo
dyo Oy
o Oh
0yo Oy

The characteristic polynomial of the matrix is given by
A? — (coo + c11) X + copcr1 — corcio,

where ¢;; = 0f;/0y;.

According to the Routh-Hurwitz stability criterion, as long
as the following two inequalities are satisfed, the real part
of the eigenvalues of the above characteristic polynomial are
guaranteed to be negative:

— (Coo + C11> > 0, (42)

cooC11 — Co1c1o > 0. (43)

Suff cient conditions for (42) are (i) cop < 0 and (4i) c11 <
0, and suffcient conditions for (43) are: (ii¢) —coo > ci0,
(iv) —c11 > co1 and (v) cyp and cg; are never negative
simultaneously. In the following, we show that each of these
fve conditions is satisfed.

Condition (7): coo < 0.

9fo

Coo = 75— =

o (44)

1 ﬂ)ewg—;o (10 + Bo)

3(70 + 6()) 3(1 — 677) 6’)/
y“a(l —e ) oy Oyo
Removing some negative terms from the above equation and
considering that d(7o+ 89)/0(1—e~7) > 0, 0v/dyo > 0 (see
Lemma 8) and (1—+)e~"” < 1, we obtain the following upper
bound on ¢yg:

v
Coo < — — T0.
Yo

From Lemma 8, the left-hand side of the above is smaller
than or equal to 0.
Condition (i7): ¢y < 0.

6(7’0(1 — 6_7) -+ 6()) 3(1 — 6_7) ﬁ

C11 = Yo

o1 —e) oy oy
B O+ B) 0L —e?) Oy
(11 +B1) =0 1 —e) oy oy
I(ro(1 =€)+ Bo) (1 —e™7) Oy
< — —T1.
=TT —e ) oy oy

From Lemma 4 and by replacing p; with 1 —e™7, we have

3(70(1 — 677) + B())
ai—er) -

17This theorem was initially stated as a conjecture for any n, and was later
proved to be true for n = 2 (which is the case here) and false for n > 2 [22].

By using the above inequality, Lemma 8 and e™" < 1, we
obtain the following upper bound

c11 < yor1 — 71 < 0.

Condition (ZZZ): —Cpo > C10-

We have

3(70 + 50) 6(1 — 677) 37
Ol —e7) oy Ao
de ™ 71) 0(1—e ) Oy
=T o o

6(7’1 + Bl) 3(1 — 677) 6’)/

Mo—e) T v g

c10 = 70 + Bo + Yo —e Ty

Comparing the above equation with (44), it can be seen that
it holds —cgp > c10 as long as

_., Oy _ de M) (1 —e™7) Iy
(11— v 9 S v 97
(1= Yo e yoa(l —e) Oy Oy
O+ p) 01 —e) Oy
n (1l —e) Oy Oy

Removing some terms and rearranging others, we obtain the
following suff cient condition for the above

_ 6’)/ _ 6’)/ 6(6777'0) 6’)/
Y _ > — y_ - .
‘ <TO 8yo> e Yo vo Oy Jyo

Following a similar reasoning to Lemma 8§, it can be seen
that 9v/0yo < 70 + YyoO70/Oyo, from which we obtain the
following suff cient condition

o 0 (e ") O
—e Myl > —ye VL y()i( 0) ey
9y Yo 9y 9o
Taking into account that g—;’] = %—:’5—;}, this is equivalent to
010 d(e 1)
—e Tyg— > —ve T —yo———.
Yo oy Y Yo oy
Operating on the above we obtain
o o
—e Myo—o > —ve Y —yoe T = + yoe 7o,
oy oy

The above is equivalent to
0> —e (v —yomo),

which is true given that v > yo7p for yo < 1 (for the case
yo = 1 it can be seen that this condition also holds).
Condition (1v): —c11 > co1.
A suff cient condition for this case is given by

d(e71y) Oy O(m + B1) Oy
Yo oy on +(m+5)+u B o
0
>1—ye 7Sl 45)
1
The left-hand side of (45) is lower bounded by
_ 6’)/ _ 67’0 6’)/
_ Yo L 20T
T1 — Yo€ T08y1 + Yoe o Oy



Given 209 — 910 44 67 < 71, the above is lower
Oy Oy1 oy1
bounded by
d1o
T —Yoe 'ToT1 +Yoe T =
oy

0
7'1677(1 — y()T()) + Tl(l — 677) + ﬂyoefv.
6y1
From 1 — e™" > xze™ 7, the above is lower bounded by
(46)

o7,
7'1677(1 — y()T()) + Tl’ye*” + —Oyoei’y.
Oy

It can be seen that 0 > 87’0 /Oy > —1. From the proof of

Corollary 2, 6(1‘9360 ) § —%, where By = - — 1. Thus,
1 B, 1—e™7
om _ _ 0By o(—c) | (4

8y (Bo+1)29(1—e) Oy
Combining this with Lemma 8 yields |07 /0y1| < 71, from
which 7ve™ > —ye Tyo gt 870 Combining this with (46)

yields the following lower bound for the LHS of (45)
- AL
nie” " (1 = yoro) + 2 ~yoe ™7 (1 = ). (48)
Y1
From 0v/0y1 < 11+y0070/0y1, the right-hand side of (45)
is upper bounded by
- v, 970
(1 =77+ (1= 7)e "y (49)
Y1
Comparing (48) with (49), it can be seen that that in (48)
the positive term is larger and the negative terms are equal,
which implies that (45) is satisfed.
Condition (v): either c1p > 0 or cy; > 0.
To show that c19 and cg; are never negative simultaneously,

we prove that when yg < 1—-y it holds ¢p; > 0, and otherwise
c10 > 0. Let us start with cgq,

_ Oy 010+ fo) O(1 —e™7) Oy
=(1— v 9T 9
cor = (=) T e &y om
_ 5’)/ 3(7’0(1 — ei’y) + B{)) _ 87
= T— — vy
(L=7)e Oy1 (1 —e™) ¢ Oy1
_ d(roe™") —76_7
9(1—e ) Oy

Given that ¢ is a decreasing function of 1 — e~7 (Lemma
2), the last term of the above expression is positive, hence

_ Oy Oro(l—e ")+ Bo) _., Oy
> _ y_ 'Y_.
cor = (L=19)e Yo (1 —e ) ¢ Oy1

oy
By combining the above with Lemma 4, we obtain

Oy

co1 = ((1—7)e™™ R

_ yoe_v)

which is larger than or equal to 0 as long as yg < 1 — 7.

We now look at c¢;g when yg > 1 — 7,

3(70(1 — 677) + B())

cio = To(1 —e™ ")+ Bo + 5o

(1 —e™)
1 —e M) Iy O(ri4Bi)d1—e7) Oy
&y Oy TA(l-e) 9y Oy
_ 3(7’0(1 — 677) + ﬂo) 5(1 — 677)
— e
To(1—e™7) + Bo + yo o0 —e ) B
Oy dm(l—e )+ B0 —e) Oy
3y0 n 6(1 — 677) 6’)/ 3y0
Ore™™ O(l—e77) Iy
_ > e
T S M LS
o 0n(l—eM)+p)ol—e7) Iy
N0 —e) oy oy

From Lemma 4 we obtain the following inequality
C10 Z T()(l — 6_W) — yle_WTo.

Given yo > 1 — 7, we have y; < 1 — yp < . Substituting
this into the above equation yields

cio > 1o(l —e™7) — 1ye” 7,

which is larger than 0 given that 1 —e™* > xe™*. ]
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