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Event-Triggered State Estimation for Discrete-Time
Multi-Delayed Neural Networks with Stochastic
Parameters and Incomplete Measurements

Bo Shen, Zidong Wang and Hong Qiao

Abstract—In this paper, the event-triggered state estimation
problem is investigated for a class of discrete-time multi-delayed
neural networks with stochastic parameters and incomplete mea-
surements. In order to cater for more realistic transmission pro-
cess of the neural signals, we make the first attempt to introduce a
set of stochastic variables to characterize the random fluctuations
of system parameters. In the addressed neural network model, the
delays among the interconnections are allowed to be different,
which are more general than those in existing literature. The
incomplete information under consideration includes randomly
occurring sensor saturations and quantizations. For the purpose
of energy saving, an event-triggered state estimator is constructed
and a sufficient condition is given under which the estimation
error dynamics is exponentially ultimately bounded in the mean
square. It is worth noting that the ultimate boundedness of the
error dynamics is explicitly estimated. The characterization of
the desired estimator gain is designed in terms of the solution
to a certain matrix inequality. Finally, a numerical simulation
example is presented to illustrate the effectiveness of the proposed
event-triggered state estimation scheme.

Index Terms—Event-triggered state estimation; exponentially
ultimate boundedness; incomplete measurements; neural net-
works; quantizations; sensor saturations; stochastic parameters.

I. INTRODUCTION

In the past few years, the dynamical analysis problem of
various neural networks has stirred a great deal of research
interest, and a rich body of research results has been re-
ported in the literature. For example, in [10], [23], [24],
[32], [40], [45], [46], the stability and synchronization issues
have been investigated for different kinds of neural networks.
After decades of constant developments, the context of neural
networks has gone far beyond the traditional biological neural
networks. Nowadays, artificial neural networks have been
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widely applied in a variety of research domains including
statistical signal processing [21], [39], pattern recognition [1],
[8], intelligent data analysis [16], [19], robotics and control
[2], [17], where the conventional meaning of the neurons has
been extended from biological ones to those nodes having
adaptive weights for approximating nonlinear functions of
their inputs. For example, the “neurons” in a recurrent neural
network could be a computing unit as long as it is capable
of biophysical simulation and neuromorphic computing, and
a network of such computing units holds therefore the ad-
vantages of approximation, learning as well as adaption [12].
Depending on the scale of the networked artificial neurons, the
full states of certain primary neurons are vitally important for
achieving certain tasks (e.g. real-time tracking in robotics).
Unfortunately, it is often the case that the states of such
neurons are not immediately available and we are only able
to make a series of observations (e.g. measurement outputs)
transmitted through channels (e.g. in a remote network of lim-
ited bandwidth) subject to communication constraints. In this
case, the network-induced phenomena (e.g., packet dropout,
saturation and quantization) would pose great challenges to
the state estimation issues of the artificial neural networks.

In order to describe the intermittent measurements, consid-
erable research effort has been made and a variety of mea-
surement models have been proposed to reflect the network-
induced phenomena, see, e.g. [5], [11], [15], [20], [26], [29],
[35], [41], [43], where most measurement models are capable
of representing one or two phenomena of the intermittent
measurements. However, in the real communication environ-
ments, more network-induced phenomena could take place
simultaneously and, therefore, it is of great necessity to look
for a novel measurement model that can reflect as more
phenomena as possible in a unified way. To this end, in
[33], a unified measurement model has been established by
using a Kronecker delta function and, based on it, the H,
state estimation problem has been investigated for complex
networks subject to randomly occurring sensor saturations,
quantizations and missing measurements. For neural networks,
recently, some results have appeared on the state estimation
problem with intermittent measurements. Nevertheless, the
state estimation problem for more general neural networks
with more realistic network-induced phenomena has not yet
received adequate research attention.

Time delays serve as an inherent characteristic in the
implementation process of neural networks which may cause
the system to oscillate. In the past few decades, a great number
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of papers have been published on the neural networks with
various time-delays such as constant or time-varying delays
[36], distributed delays [38] and mixed time-delays [27]. With
respect to the state estimation problem, there have also been a
lot of results available in the existing literature. For example,
in [3], [18], [36], [44], the state estimation problems have been
discussed for the continuous-time delayed neural networks
and, in [31], the similar results have been obtained for the
discrete-time case. Note that the time delays considered above
are simply assumed to be identical when the information
is transmitted from one neuron to others. Actually, in the
communication among the neurons, the occurred delays may
be different since the distances from the certain neuron to
others are different. Of course, the existence of such multi-
delays may complicate the analysis and design of systems,
especially for the performance analysis of the estimation error
in the state estimation problems. This is why, to date, very
little attention has been paid to the state estimation problem
for neural networks with multi-delays and this is the first
motivation in our paper to handle such a problem.

Recently, event-triggered control and estimation schemes
have been a popular research topic in the control community.
Different from the traditional time-triggered scheme, in the
event-triggered strategy, the controller or estimator is modu-
lated only when a certain triggering condition is met, which
can effectively reduce the unnecessary energy consumption.
Energy saving is particularly important in those resource-
limited environments. For example, in multi-agent systems,
due to low communication bandwidth and limited amount
of individual power supply in each node, it is imperative
to design the energy-efficient distributed controller so as to
meet the inherent energy constraints. The distributed event-
triggered control scheme could be a good candidate for the
energy-saving purpose and, in [4], [6], [7], [9], [25], the
distributed event-triggered controllers have been developed
for multi-agent systems. Similarly, neural networks consist
of a large number of neurons (or computing units in case
of recurrent neural networks) and the state estimation of
neural networks may consume large amounts of energy s-
ince each state of neurons should be estimated separately.
In fact, in the implementation of a large-scale of artificial
neural network, considerable processing and storage resources
would have to be committed, and the corresponding resource
allocation/saving becomes a critical issue. In this case, for
the efficiency of energy utilization, it seems to be natural
to introduce the event-triggering mechanism into the state
estimation problem for neural networks. It should be pointed
out that the event-triggered state estimation problem for neural
networks has received very little research attention, and the
corresponding research is still in its early stage.

In the theoretical modeling of traditional neural circuits
[14], [34], each neuron is a simple analog processor and
all neurons are connected by the synapses formed between
neurons. In such a model, the system parameters are deter-
mined by the electric components such as capacitance and
resistance. It is well known that the values of the capacitance
and resistance are unstable that may be subject to unexpected
random changes owing to the undesirable physical environ-

ments such as high humidity and depression environment,
surface oxidation between electrodes and leads, electrical and
heat aging in dielectrics, etc. In other words, the network
parameters (e.g., the capacitance and resistance) may exhibit
unwanted fluctuations which may occur in a probabilistic way
in terms of the factual situations where they are. This is
particularly true for large-scale artificial neural networks where
the system parameters are randomly fluctuated according to
the network loads and communication constraints. Such kind
of random changes of the network parameters may lead to
some fundamental difficulties in dynamical analysis of the
neural networks. For example, how can we establish a tractable
model capable of describing the phenomenon of the random
fluctuations as accurately as possible? How can we choose an
appropriate stochastic analysis tool to deal with the random
fluctuations of system parameters and thus derive the analysis
results of the dynamics of the neural networks? It is, therefore,
the second and primary motivation in our paper to provide
satisfactory answers to the aforementioned two questions by
designing an event-triggered state estimator for the multi-
delayed neural networks with the stochastic parameters.

In view of the above discussion, in this paper, the event-
triggered state estimation problem is addressed for a class of
discrete-time multi-delayed neural networks with stochastic
parameters and incomplete measurements. In the model of
neural networks, we make the first attempt to introduce the
stochastic parameters and study their effects on the dynamics
of neural circuits. The delays among the interconnections are
allowed to be different, which relaxes the assumptions in
existing literature. The adopted measurement model is capable
of representing randomly occurring sensor saturations and
quantizations in a unified way. For the purpose of energy
saving, the event-triggering mechanism is employed and an
event-triggered state estimator is constructed for the neural
networks under consideration. By using the Lyapunov-like
theory, a sufficient condition is obtained under which the
estimation error dynamics is exponentially ultimately bounded
in the sense of mean square and the ultimate boundedness of
the error dynamics can be estimated as well. Subsequently,
the desired state estimator is designed in terms of the solution
to a certain matrix inequality. Finally, a simulation example
is utilized to demonstrate the effectiveness of the proposed
event-triggered state estimation scheme.

Notation The notation used here is fairly standard except
where otherwise stated. R™ denotes the n dimensional Eu-
clidean space. || A|| refers to the norm of a matrix A defined
by ||A|| = \/trace(AT A). The notation X > Y (respectively,
X > Y), where X and Y are real symmetric matrices,
means that X — Y is positive semi-definite (respectively,
positive definite). M7 represents the transpose of the matrix
M. I denotes the identity matrix of compatible dimension.
diag{...} stands for a block-diagonal matrix and the notation

n

diag,, {e} is employed to stand for diag{®, ..., e}. E{x} stands
for the expectation of the stochastic variable x. Prob{-}
means the occurrence probability of the event “-”. o denotes
the Hadamard product defined by [A o B];; = A;;B;;. In

symmetric block matrices, “*” is used as an ellipsis for terms
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induced by symmetry. Matrices, if they are not explicitly
specified, are assumed to have compatible dimensions.

II. PROBLEM FORMULATION AND PRELIMINARIES

Consider the following class of discrete-time multi-delayed
neural networks with n neurons

)+ wig;(w(k))
=1
+) wlig;(a;(k
j=1

zi(k+1) =a;(k)x

(1
—Tij)) + biwi(k),

fori=1,2,---,n, where z;(k) € R is the state variable of
neuron i; w i and wlj are the interconnection strength and
the delayed interconnection strength between neurons 7 and
J, respectively; 7;; is a constant representing the delay from
neuron ¢ to j; g;(-) denotes the neuron activation function;
w;(k) is a zero mean Gaussian white-noise process; and b;
is a deterministic constant while a;(k) is a random variable
satisfying 0 < a;(k) < 1.

Remark 1: The neural networks given by (1) is in nature
a Hopfield neural network. Differently, we make the first
attempt to introduce a set of stochastic variables a;(k) (i =
1,2,--- ,n) to describe the fluctuations of the values of the
capacitance and resistance. Moreover, the model of neural
networks given by (1) admits different time delays for different
interconnections. Such kind of multiple delays is more general
than those in the existing literature.

Remark 2: In general, the model of neural network contains
an external input which, in many neural network applications,
is held constant over a time interval of interest [30]. By shifting
the equilibrium point to the origin, the external input can be
eliminated and, the estimate of the real state of neural networks
can be obtained by re-shifting to the equilibrium point. In order
to avoid unnecessary mathematical complexity, in this paper,
we consider the neural networks without external inputs.

The neuron activation function g; satisfies g;(0) = 0 and
the following Lipschitz condition:

l9: () — gi(y)| < milz —yl. (2)

The random variables w;(k) and a;(k) have the following
statistical properties

E{a;(k)a;(k)} = ai;, 3

where a;, a;; and ¢;; are known constants. Moreover, a;(k)
is assumed to be uncorrelated with the initial state x;(0) and
the Gaussian white-noise noise w; (k).

Set
g(@(k) = [g1(z1(k))  ga(x2(k)) gl (k)]
o(k) = [w1(k) z2(k) - aa(R)],
w(k) = [wilk) walk) - wnuf)]T
A(k) = diag{ai (), as(k), -, an(k)},
B = ag{blab27"'7 n}a WO [w ]nxn
E; = diag{0,---,0,1,0,--- ,0}, Wi = [wj]nxn-

—1 n—1i

4

Then, the neural networks given by (1) can be written as the
following compact form

w(k+ 1) =A(k)z(k) + Wog(z(k))

+ Z Z Eilejg(l‘(k

i=1 j=1

— 7)) + Bw(k). )

In practice, the information about the neuron states is often
incomplete from the network measurements and, meanwhile,
the network measurements might be subject to the issues
induced by limited communication. In this paper, both the
quantization effects and sensor saturations are taken into
account and the network measurement model is given as
follows [33]:

y(k) =0(a(k), 1)Ca(k) + 5(a(k), 2)s(Cz(k))
+8(a(k),3)q(Ca(k)) + v(k)

where y(k) € R™ is the measurement output; o(-,-) is
the Kronecker delta function whose value is 1 if the two
variables are equal, and 0 otherwise; s(-) is the saturation
nonlinear function; ¢(-) is the quantization function; C' is a
deterministic matrix with appropriate dimensions; v(k) € R™
is the measurement noise which is a zero mean Gaussian
white-noise process with E{v(k)vT(k)} = Q.; and a(k)
is a stochastic variable satisfying the following probability
distribution:

(6)

Prob{a(k) =i} = f;,

Here, (k) is uncorrelated with other noise signals and (3; €
[0,1] (i = 1,2, 3) are constants satisfying 51 + 82 + 83 = 1.
The saturation function s(-) is defined by

s(0) = [s(01)  s(02) s(0m)]

where s(¢;) = sign(¥;) min{dmax, ||} for each i =
1,2,...,m, with 9,5 denoting the saturation level. The sat-
uration function defined above is actually a nonlinear function
and, for a given scalar 7, we assume that

[s(7) = krlls(7) -

where k is a positive scalar satisfying 0 < k < 1.

Remark 3: According to the definition of saturation func-
tion, it is easily seen that the saturation function s(-) satisfies
the sector-bounded condition (9). The parameter k is used to
characterize the lower bound of the sector-bounded nonlin-
earity and, in theory, parameter & should be taken as zero.

i=1,2,3. (7)

V9 e R™  (8)

7]<0 €))
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However, this may be conservative. In practical applications,
we usually choose the parameter k& as a known scalar which
can be determined by estimating the practical value of the
measurement y(k).

For the quantization function ¢(-), we adopt the logarithmic-
type quantizer defined by

q(¥) = [@1(V1)  ga2(V2) qm(ﬁ‘m)]T, v € R™.

For each ¢;(-) (1 < j < m), the set of quantization levels is
described by

U = {iugﬂ u? = piu i =0, £1, +2, } u {0},
0<p; <1, u¥ >0,
and ¢;(-) is given by
Uz('j) 1+11~e W9 < 9 < (J)
q;(V;) = 0, 0; = o,
—q;(=7;), U; <0

with £; = (1 —p;)/(1+ p;).

In this paper, we would like to estimate the neuron states
by using the available network measurements given by (6).
In order to save energy, we consider the event-triggered
estimation scheme. Denote by {0 = g < r; <1y < ---}
the sequence of event triggering instants determined by

741 = min{k € N|k > r;, €7 (k)é(k) — 6 > 0}

where £(k)
The estimator structure adopted is given as follows:

=y(k) —y(r;) and ¢ is the triggering threshold.

&(k + 1) =Az(k) + Wog(2(k))
+ i i EWi1E;g(#(k —T1i;))  (10)
=1 j=1
+ G(y(r) — Cz(k)),
for k € [r;,7141), where A = diag{a,,as,--- ,a,} and G is

the estimator gain to be designed.

Remark 4: The Hopfield neural network is actually a mod-
eling of neural circuits where each neuron is a simple ana-
log processor, while the rich connectivity provided in real
neural circuits by the synapses formed between neurons are
provided by the parallel communication lines in the value-
passing analog processor networks [34]. This kind of neural
networks happen to fall into the category of the artificial
neural networks mentioned in this paper, and the energy-saving
problem seems to be important when the neurons’ states are
estimated. Therefore, the event-triggered estimation scheme
could be a good candidate for the energy-saving purpose.

By letting the estimation error be e(k) = x(k) — &(k), it
follows from (5) and (10) that

e(k+1) =A(k )z ( )+( = p1)GCx(k)
+ (A = GC)e(k) + Wog(k) + G&(k)
+Z Z::E W1 ]g Tij) (11)
— B2Gs(Ca(k)) — BsGq(Cu(k))
— 0% (k)GCx(k) — 63 (k)Gs(Cxz(k))
— 03 (k)Gq(Cx(k)), k€ [r,riu),
where
A(k) = A(k) - A, g(k) = g(z(k)) — g(&(K)),
B=[B -G], k) =[T(k) +T(Hk)]", 12

Furthermore, set n(k) = [z7 (k) e” (k)] " Then, the dynam-
ics of the neural network (5) and the error system (11) can be
expressed by the following augmented system

)+ ZZ = Tij)

i=1j=1
+ Bw(k) + HiGE(k) + A(k)Han(k)
— f1H\GC Hayn(k)
(
(

n(k+1) =An(k) + WoG(k

— BaH1Gs(CHan(k)
— BsH1Gq(CHan(k)
— 0§ (k) H1GC Hayn(k)

— 0% (k) H1Gs(C Han (k)
— 35 (k) H Gg(C Hon(k))

) (13)
)

where

=~

= [GAO A—OGC} , Hi= m !
Wo = diag, {(Wo}, W, = diflgz{E,WlEj},
s-[s &), - (18]

_ [y(gz(kk)))} . Hy=[I 0].

Definition 1: [37] The dynamics of the augmented system
(13) is exponentially ultimately bounded in the mean square
if there exist constants 0 < p < 1, v > 0, k > 0 such that

(14)

Q
>

~—
|

E{|ln(k)||*} < p*v + k(k), and lim w(k) = &.

k— oo

(15)

The aim of this paper is to design an event-triggered
estimator with the form (10) for the multi-delayed neural
networks (1) with incomplete measurements described by (6).
More specifically, we are interested in looking for the estimator
parameter GG such that the dynamics of the augmented system
(13) is exponentially mean-square ultimately bounded with a
satisfactory bound.
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III. MAIN RESULTS

In this section, the boundedness issue is first analyzed for
the augmented system (13). Then, according to the conducted
analysis results, we shall investigate the design problem of the
state estimator and give the desired estimator gain in terms of
the solution to a certain matrix inequality.

For the logarithmic-type quantization function g¢(-), it is
shown in [11] that ¢;(¥;) = (14 A;)?¥; such that [A;] < k;.
Setting A = diag{A1,...,A,,}, Ay = diag{k1,..., K} and
F = AA;l, the quantization effect can be described as

q(CHan(k)) = Un(k)

where U = (I + FA,)CHy and FFT = FTF <.
For the purpose of the notation simplicity, we denote
s(CHan(k)) by 5(k) and set

(16)

Gi(k) = [67(k — 1) GT(k—Tia) GT(k—7)]"
G(k) =[G (k) GF(k) Grk)"

Wil = [Will Wi12 W'Lln]

Wy =W Wy W]

Then, the augmented system given by (13) can be rewritten
as the following concise form:

n(k +1) =An(k) + WoG(k) + W1G(k) + Bw(k)
+ H1GE(k) + A(k) Hon(k)
— BLH,GCHyn(k) — BoH1G5(k)
— BsH1GUn(k) — 65 (k) H1 GC Han (k)
— 05 (k)H\G5(k) — 65 (k) H1GUn(k).

The following lemma will be used in the proof of our main
results.
Lemma 1: Under the condition (2), we have

GT(k)G(k)

where M = diag,{M} and M = diag{m?,m3,--- ,m2}.
Proof: From the definitions of e(k) and n(k) together
with (4), (12) and (14), it can be obtained that

G" (k)G(k) —n" (k) Mn(k)
=g" (x(k))g(x(k)) — 2 (k) Mz (k)
+3" (k)g(k) — e” (k) Me(k)

=3 (s ) - mia?0)

£ ((o(h))
= m? (zi(k) = 2:(k))" ).

It is easily seen from 2(2) that g2 (x;(k)) —m?2z?(k) < 0 and
(gi @i (k) — gi(@:(k)))? — m? (a;(k) — 2,(k))* < 0, from
which the inequality (18) follows directly. Therefore, the proof
of this lemma is complete.

a7

—n"(k)Mn(k) <0 (18)

— gi(@:(k)))?

|
Setting M = diag, . {M}, we further have
G (k)G (k)

— g (k)Mna(k) <0 (19)

where 14(k) = [77 (k) 73 (k) 7% (k)]" and

(k) = [n" (k — 1) 0" (k—7i2) ﬁT(k—Tm)]T-
Lemma 2: The saturation function 5(k) satisfies
57 (k)s(k) — " (k) Hy CT(KT + 1)3(k)
T T AT 7T (20)
n (k)Hy C* K" CHan(k) <0
where K = diag,, {k}.
Proof: According to (9), we have
(s0) = K9)" (s(9) — 9)
=~ () = R0)" () — )
=1
<0

Letting ¢ be ¢ = CHsn(k) and noting 35(k) =
s(CHan(k)), it immediately follows from the above inequality
that

(5(k) — KCHyn(k))" (5(k) —

which is the exactly same as inequality (20) and hence the
proof of this lemma is accomplished. [ ]

Lemma 3: [13] For a stochastic variable «(k) satisfying
the probability distribution given by (7), we have

B(50 (1) <>}{5j(;_;_5”’ o

CHan(k)) <0

2

fori,j =1,2,3.

Lemma 4: Let T, N and F' be real matrices of appropriate
dimensions with F satisfying F'7F < I. Then, for any scalar
€ > 0, we have

TEN + (TFN)T < e 'TTT + eNTN.

In the following theorem, a sufficient condition is provided
under which the augmented system (13) is exponentially
ultimately bounded in the mean square.

Theorem 1: For the given estimator parameter (7, the aug-
mented system (13) is exponentially ultimately bounded in
the mean square if there exist positive definite matrices P =
[Pijlax2, Qij (4,7 =1,2,---,n) and positive scalars A1, Ag,
A3, A4 satisfying the following inequality:

©11 O12 O3 014 O15 0
* O22 O23 BOz4 Ogs 0
o * * @33 @34 @35 0
P = 3 3 « Oy 0 0 <0 (22)
ES * * * @55 0
* * * * *  Ogp
where

O11 =(1+ B2 + B3)ATPA+ HY PH,
+ 563U GTHT PH,GU
+pHICTGTH PH,GCH,
- /1 AT PH,GCH,
~ BHICTGTHI PA— P+ MM
+3 3" Qi — AsH CTKTCHy,

i=1 j=1



FINAL VERSION

10 =ATPW, — B1HI CTGTHT PW,,
013 =ATPW, — g H] C*GT HI PV,
014 =ATPH\G - pyHI CTGTH] PH\G,
O15 :%AgHQTC’T(KT + 1),
Ogz =(1+ B3)WI PWy — M1,
O3 =WIPW,, Oy =W{IPHG,
a5 = — BoW{ PH,G,
Os3 =(1 + Bs)W[ PWy — Ao,
O34 =W PH,G, O35 =—p, W} PHG,
Ous =(1+ B2+ B3)GTHI PH\G — M1,
Os5 =36, GTHI PH,G — 31,
Os6 = — Q+ N M, E = [a;; — aiajlnxn,
Qi =diag{Qi1, Qiz, -, Qin},
Q =diag{Q1,Q2," -+, Qn},
P =E o (Pi1 + Pig + Po1 + Pa).
Furthermore, if the inequality (22) is solvable, the ultimate
bound of the dynamics of the augmented system (13) is given
by
ag
(@0 — 1) Amin(P)

where ¥ = Apmax (BT PB) (31, ¢ii + trace(Q,)) and o > 1
satisfies

d(ao) + aol— 1 ZZ vij(a0)

R = (Ad+9) (23)

i=1 j=1 (24)
X (Ozgiﬁ_1 +ag? —2a9) =0
with
= -1 /\max P)— >\min -0 )
P(ao) = (o — 1) (P) —ag (=) 25)

pij(@) = (@0 — 1) Amax(Qij)-

Proof: See Appendix 1. ]
Remark 5: In Theorem 1, a sufficient condition is provided
under which the dynamics of the augmented system (13) is ex-
ponentially mean-square ultimately bounded and the ultimate
bound of the error dynamics is given. It can be seen from
(23) that the ultimate bound is dependent on both the event-
triggering threshold and the variances of external/measurement
noises. Such a bound can be reduced by decreasing the event-
triggering threshold or depressing the noises’ variances. Note
that the ultimate boundedness is also related to other matrix
parameters.

Remark 6: The measurement model (6) has been firstly
proposed in [33]. In the proof of the main results of [33],
the last three terms of (17) were assumed to be unrelated,
which is actually not the case. Fortunately, by using Lemma
3 and following the lines in the proof of Theorem 1 in this
paper, the main results in [33] can be easily rectified.

By means of Theorem 1, the design problem of the desired
estimator shall be investigated. For the convenience of design,
the positive definite matrix P is taken as P = diag{ P11, Paa}
where P;; and Ps, are positive definite matrices.

In the following theorem, the design method of the desired
estimator gain is given in terms of the solution to a linear
matrix inequality.

Theorem 2: Consider the stochastic neural network given
by (1) with the incomplete measurements described by (6). If
there exist positive definite matrices P = diag{ P11, P22}, Q;;

(i,7 =1,2,--- ,n), matrix Y and positive scalars A\, Az, A3,
Ay, € satisfying the following inequality:
T =
=11 0 Ei3 0 E15 Z16 =17 0 0 07
* oo Za3 0 Zos 0 0 =og 0 0
k * 533 0 0 0 0 0 539 0
* * * 44 0 0 0 0 0 0
* * * * =55 0 0 0 0 0
* * * * * =66 0 0 0 0
* * * * * * =77 0 0 =70
* * * * * * * Zss 0 0
* * * * * * * * =99 0
| * * * * * * * * * =00l
<0 (26)
where

Sy =Hj PHy—P+MM+> > Qi
i=1 j=1

— X\3Hy CT"KCH, + eHy CTAZCH,

1
13 25/\3H2TCT(KT +1), Ei5=A - pH]CTGY,
16 =[VB2 + BAL  /Bi(1 - B)HICTGY],
17 =v/5p3H3 CTGY,
23 = [—f2GYy Wy —B2GL Wy O]T
Zos = [PWy PW1 Gy]',
Eos=1[0 0 \/mGY]Ty
Ego =diag{B3 Wy PWo — AL, BsW{ PWy — XoI, =M1},

(11 [1] [1]

(1]

)

- - T = 9
Egz = —A3l, E39=1+/30Gy, Ey=-Q+ M,
Ss5 =H77 = Sgg = Zg9g = —P, Eg = diagy{—P},

Er0 =\/5B3Gy, Eoo=—€el, Gy =10 YT]T,
.A _ Pllzzl 70
Y71lYye PupA-YC|’

then, the design problem of the desired state estimator (10)
is solvable. Furthermore, if the inequality (26) is feasible, the
desired state estimator gain is given by

G = Py,'Y. 27)
Proof: See Appendix II. [ ]
Remark 7: In this paper, the event-triggered state estimation
problem is investigated for a class of multi-delayed neural
networks with stochastic parameters and incomplete measure-
ments. The main novelty can be summarized as follows: 1)
the stochastic parameters are introduce for the first time to
account for the fluctuations of the capacitance and resistance
in the neural circuits, 2) different time delays for different
interconnections are taken into account which extends ones in
the existing literature, and 3) the event-triggering mechanism
is employed to estimate the neuron’s states of multi-delayed
neural networks with stochastic parameters. Moreover, we
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adopt a unified measurement model which is capable of
reflecting randomly occurring sensor saturations and randomly
occurring quantizations. Finally, the state estimator is designed
such that, for all admissible incomplete measurements as well
as the stochastic parameters, the estimation error dynamics
is exponentially mean-square ultimately bounded. In the next
section, a simulation example is given to illustrative the
effectiveness of the proposed state estimation scheme.

IV. AN ILLUSTRATIVE EXAMPLE

In this section, a numerical simulation example is present-
ed to demonstrate the effectiveness of the proposed event-
triggered state estimation scheme for the multi-delayed neural
networks with the stochastic parameters, randomly occurring
sensor saturations as well as randomly occurring quantizations.

Consider a class of discrete-time multi-delayed neural net-
works described by (1) with three neurons. The deterministic
system parameters are chosen as by = b3 = 0.2 and b = 0.1
and the expectations of the stochastic parameters are set as
a1 = 0.2, as = 0.3 and ag = 0.4. The delays among the
interconnections are taken as 7y; = Ti3 = Too = Togz =
731 — T32 — T33 — 1 and T12 = T21 = 2. The coupled
configuration matrix and the delayed coupled configuration
matrix are, respectively, given by

-0.3 0.1 0.2 -0.2 0.1 0.1
Wo=101 -02 01|, W, =]01 =02 0.1
0.2 0.1 -0.3 0.1 0.1 -0.2

The neuron activation functions are assumed to be of the
following form:

which satisfy (2) with

mi =02, ms=0.15 ms=0.23.

In the measurement model described by (6), the parameter
matrix C is taken as C = [0.5 —-0.3 0.4} , the parameters of
saturation function are selected as k = 0.4 and ¥,,, = 0.05,
the quantizer parameters are set as £ = 0.25 and uél =3,
and the probabilities are given by 51 = 0.5, 82 = 0.2 and
B3 = 0.3.

In this example, the bound of the triggering condition is
chosen as 4 = 1. With the above parameters, by using the
Matlab with LMI Toolbox, we solve the matrix inequality
(26) and obtain a feasible solution as follows (only the main
parameters are listed):

4.4917 0.0902 0.8268 0.0759
Py = [0.0902 4.8111 0.1857|, Y = |[—0.0530
0.8268 0.1857 4.0158 0.0786

Then, according to (27), the desired estimator gain is designed
as

0.0140
—0.0120
0.0173
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Fig. 2. State z2(k), its estimate and estimation error.

In the simulation, the initial values of the states are taken
as z1(s) = 0.2, z2(s) = 0.2 and z3(s) = —0.3 for s €
[0,2] and the variances of Gaussian white-noises are set as
q11 = qa2 = 0.2, g33 = 0.3, ;5 = 0 (¢ # j) and Q, =
2. Simulation results are shown in Figs. 1-4. In Fig. 1, the
above picture plots the real state x1(k) and its estimate % (k)
and the state estimation error e; (k) is depicted in the picture
below. Same results are shown in Figs. 2 and 3 for states
xo(k) and z5(k), respectively. Fig. 4 draws the event-based
release instants and the corresponding release intervals. The
simulation results have demonstrated that the designed state
estimator performs very well.

V. CONCLUSIONS

In this paper, we have investigated the event-triggered state
estimation problem for a class of discrete-time multi-delayed
neural networks with stochastic parameters and incomplete
measurements. In the model of neural networks, a set of
stochastic variables has been introduced to characterize the
random fluctuations of the system parameters and the delays
among the interconnections have been assumed to be different
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Fig. 4. Event-based release instants and release intervals

in order to cater to more realistic neural networks. Based on an
unified measurement model that describes randomly occurring
sensor saturations and quantizations, an event-triggered state
estimator has been constructed. By using the Lyapunov-like
theory, the desired state estimator has been designed such
that the estimation error dynamics is exponentially ultimately
bounded in the mean square and the ultimate boundedness of
the error dynamics has been given. Finally, the effectiveness
of the proposed event-triggered state estimation approach has
been demonstrated by a simulation example. Future research
topics include the extension of the results to the continuous-
time delayed neural networks (see e.g. [22], [28]) with incom-
plete information.

APPENDIX I
PROOF OF THEOREM 1

Proof: In this proof, the exponentially mean-square ul-
timate boundedness of the augmented system (13) is shown
with the help of Lyapynov functional-like theory.

Define the following functional

" (DQim(l) (28)

and calculate the difference of V' (k) along the system (17) as
follows:
E{V(k+1) - V(k)}
:E{nT(k)ATPAn(k) + T (k)W PWoG (k)
+ GT (kYW PWAG(K) + ¢5 (k)GT HY PH,GE()
+ 77 " (k)Hy A" (k) PA(k) Hon (k)
n"(k)H] CTGT HE PH,GC Han(k)
kYGTHI PH,G5(k) + 0™ (k)BT PBw(k)
" (RYUTGT H] PH,GUn(k)
n’ (k)
T(k)GTHI PH,G5(k)
n"(k)UT G H{ PH,GUn(k)
AT PWG (k) + 20" (k) AT PW,G (k)
AT PH,GE(k)
k)AT PH,GCHan(k)

Av

+/@2—T

/\/—\

+ 5“2(k
o2(k
552(k
+ 207 (k
+ 20" (k
— 281" (k)
— 2Bon" (k) AT PH,G5(k)
— 230" (k) AT PH,GUr (k)
)
)

HICTGTHT PH,GC Hyn(k)

~— ~— ~—
V)]

~—

+ 267 (kyWg PW1G (k)

+ 267 (k OT H,G¢(k)

—26,G" (k)W PH,GCHan(k)
T T 29)

— 262G (k)W PH1G35(k)

—285GT (kYW PH,GUn (k)

+ 26T (k)YWI PH,GE(k)

—26:G7 (k)W PH,GC Hon(k)

- Qﬁng(k)WlT PH,G5(k)

— 265GT (k)W PH,GUn(k)

— 287 (k)GTHI PH,GC Haon(k)

— 28,67 (k)GTHT PH,G3(k)

—2B5¢T(k)GT HE PH\GUn (k)

+ 251 8on" (k) Hy CTGT HY PH,G5(k)

+2p1 830" (k)Hy CT GT H PH,GUn(k)

+ 2828357 (k)GT H] PH,GUn(k)

k)55 (k)" (k)G HI PHiGU (k)

k)65 (k)" (k) Hy CTGT HT PH\GU1(k)

k)65 (kyn” (k)HY CTGT HF PH,G5(k)

+ZZU

i=1 j=1

— " (k) P(k) }.

k)Qin(k) — nq (k)Qna(k)

By noting (3) and (14), the term containing A7 (k)P.A(k)
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can be computed as follows:
E{n" (k) H3 AT (k) P A(k) Han(k)}
B AT [Py Pro) [Ak)
=0 0nf 30| (7 P [4g) e
=E{n" (k)HY (A" (k) PrA(k) + 247 (k) P12 A(k)

+ AT (k) Py A(k)) Han (k) }
=E{nT (k)HT (E o (P11 + Pia + Pa1 + Pa2))Han(k)}

=E{n" (k)H3 PHan(k)}.
(30)
For the term w? (k)BT PBw(k), we have
E{w” (k)BT PBw(k)}
max (BT PB)E{w” (k)w(k) + v* (k)v(k)} (3D
=1,

By using the elementary inequality —2ab < a? + b2, it can

be obtained that
E{—283n" (k) A" PH,GUn(k)}
E{Bsn" (k)A" PAn(k)

+Bsn" (k)UTG" HI PH\GUn(k)}, (32)
E{—28n" (k) AT PH,G5(k)}
E{Ban" (k)A" P An(k)

+8:57 (k)GTHE PH,G5(k)},
E{-25:¢" (k)G" H{ PH.G5(k)}
E{p:¢" (k)G HY PH1GE (k)

+B.57 (k)GTHE PH,G5(k)},
E{-28:G" (k)W PH,GUn(k)}
E{B:G" (k)W PWoG (k)

+8sn" (k)UTG" H PH\GUn(k)}, (35)
E{-25:G" ()W{ PH:GU1(k)}
E{BsG" (k)W PW1G(k)

+Bsn" (k) UTG" H PH1GUn(k)}, (36)
E{—28:¢" (k)GT H{ PH\GU1(k)}
E{p:¢" (k)GT H{ PH.GE(F)

+8snT (k) UTGTHT PH,GUn(k)}. (37)

IN

IN

(33)

IN

(34)

IN

IN

IN

Substituting (30)-(32) into (29) and using Lemma 3 yield
E{V(k+1)—V(k)}
=E{(1+ B2 + By)” (k) AT PAn(k)
+ (1 + B3)GT (B)WI PWoG(k)
+ (1+ B3)G" (k)W PW1G(k)
+ (1 + B2 + B5)¢T (k)G H{ PH1GE(k)
0" (k)H] PHan(k)
+ B (k) HT CTGTHT PH,GC Hon(k)
+ 36257 (k)GT H] PH,G5(k)
+ 5630 (K)UTGTHY PH,GUn (k)
+ 207 (k) AT PWoG (k) + 207 (k) AT PW,G(E)

+ 20T (k) AT PH,GE(k)

— 210" (k)AT PH1GC Han (k)

+ 26T (kYW PW,G (k)

+ 26T (k)yWe PH,GE (k)

— 26167 (k)Wy PH1GC Han(k)

—26:G" (k)Wq PH1G5(k)
)
(
(

%

+2G" (k)W PH\GE(k)

—26,G7 (k)W PH,GCHyn(k)

— 26,67 (k)W PH,G5(k)

- 2/3 ¢ (k)G HY PH\GC Han(k)

+ZZ?7 k)Qijn(k

— g (k)@Qna(k) — n" (k) Pn(k) + 19}
<E{¢T (k) B¢ (K) + 0}

—_— —

where
= _ T
(k) =[n"(k) G"(k) G'(k) &"(k) 5"(k) ng(k)]
11 012 ©13 O1u 0 0
* O O3 O Oz 0
| * *  Oz3 O3z O3 0
B * * * @44 0 0 ’
* * * ¥ Os5 0
* * * * x  —Q

011 =(1+ o+ 3)ATPA+ HI PH,
+56sUTGTHT PH,GU
+ B HICTGTH PH,GCH, — 1 AT PH,GCH,
~ B HTCTGTHT PA-P+3" 3 Qy,
i=1 j=1

O =(1+ 53)W0TPW07

O11 =(1+ B2 + B3)G" H] PH,G,

O35 =(1+ B3)W{ PW1, Os5 =36:.GTH PI,G.
Under the triggering condition, it follows from (18), (19) and
(20) that

E{V(k+1)-V(k)}

= M(GT (k)G (k) —n" (k) M(k))
— 1 (k) Mna(k))

—n" (k)Hy CT(KT + I)s(k)

+ 0T (k)HI CT KT C Hyn(k))

(€7 (k)E(k) —0) + v}

=E{¢T(k)®((k)}} + Aad + 0
< = Auin(—®)E{n" (k)n(k)} + Aab + 0.

Next, let’s estimate the upper bound of E{||n(T)[|?}. Ac-
cording to the definition of functional V'(k), it can be obtained
that

V (k) <Amax(P)[[n(k)||?
n n k—1

3N Aa@i) S )12

=1 j:l l:k*‘l‘i]‘

(38)

(39)
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Introducing a scalar o > 1, we compute
E{o TV (k +1) — "V (k)}

=E{"(V(k+1) =V (k) + " (a—1)V(k)}
<a"o()E{[In(k)[*} + o (A + )

n n k—1
+a" YN wii(@) Y E{In(0)%).
i=1 j=1 I=k—,

where ¢(a) and ¢;;(a) are defined in (25).

Denote d = max;<; j<n{7;;}. For any integer ' > d +1 ,

7“ ) (x5 + )

Za’“E{Hn
a a—1 ZZ@”

=1 5=1

x_max E{|n0)]*)

2} +

(43)

sz

o™i — 1)

(40)

where

n n

(o) =

(44)

=1 j=1
X (0/"-7'Jrl +a™ — 2a).

summing up both sides of (40) from 0 to 7" — 1 with respect

to k, we have

E{aTV( )} —E{V(0)}

Zakﬂ‘?{\\n
3l

i=1 j=1

a(l - T)

P} + 2

(AN + )

ij E(In)).

=k—7;;

For the last term in (41), we further have

T—-1 k-1
k
> FE{In()]}
k=0 l=k—7y;
—1 4Ty T—71ij—1 474

2 2

= k=l+1

(23
x

a™ —1

T-1
> e E{n)1?}
Tij k=I+1

> E{lln0I*}

l=—7’ij
T-1
ala™ —1
Ml > (a0

04(04”]'_1
+ - 0

T a-—1

Z o'E{[In(1)[I*}-

From (41) and (42), it is easily known that

E{aTV(T)} —E{V(0)}

Z o E(n(k)

+ Z Z pij(a) (a;ij:ll

i=1 j=1

I + ( T)(mw)

-1

> E{n01*

l==i;

T-1

0™ =) 5= )Py
l:

v “(i_l) o'E(n(0)]})

«
=0

Note that ((1) = —Apin(—®P) < 0 and lim,_, 4o (() =
+00. Therefore, there exists a scalar oy > 1 such that {(ag) =
0. Then, it follows from (43) that

E{ag V(T)} — E{V(0)}

_ AT
0‘0(170()\45_,_19)

o)
1_a
n n
ZZ zj‘ﬂzy 050

x (ag” —1) _max E{ln@0)]*}

(41) <
(45)

Ck()—

Considering
E{V(0)}
CAmax(P)E{[|n(0)]*}

33 @) S P

=1 j*l l:*’l’i]‘

_max_ E{ln()]*}

<335

=1 j=1

+ Z Z Tij Amax (Qij)

iljl

<ZZmax

i=1 j=1

x_max E{|ln()|%}

max

42) (46)

_max E{ln( %}

max P)v Tij )\max(Qij))

and

E{ag V(T)} > Amin(P)od E{|In(T)|*}, 47)

we have

E{||n(T)||?} < ag — 1
(DI} < gy
@ (o)
Oég/\min(P)

(\s6 + )
(43)
+

where

7” "L 7 (a) (o — 1)
722(3 JO{o—lo

i=1 j=1
1
+ max (ﬁAmax(P)a TijAmax(Qij))>
2
< max E{ln0)]*).

(49)
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ag 1 (\id + ),

ag T ao—1) Amin (P)
and v = f(io‘(";), it follows easily from Definition 1 that the
augmented system (13) is exponentially mean-square ultimate-
ly bounded and the ultimate bounded is given by

By taking pu = aio, w(T) =

_ Qo
= plim A0 = T @ MO H Y (50
The proof of Theorem 1 is complete. ]

APPENDIX II
PROOF OF THEOREM 2

Proof: In terms of Theorem 1, we just need to show that
inequality (26) in Theorem 2 holds implies inequality (22) in
Therem 1 holds.

By using the Schur complement lemma, it is easily known
that & < 0 is equivalent to

U =

(27 0 Ei3 0 215 E Eir 0 0
* 522 523 0 525 0 0 Ezs _0
* * 333 0 0 0 0 0 539
* * * =44 0 0 0 0 0
* * * * Zz5 O 0 0 0
* * * * * =66 0 0 0
* * * * * * Z77 0 0
* * * * * * x Zgg O
* * * * * * * * =99

<0
where

En =Hy PHy —P+MM+> Y Qy
i=1j=1
— MHICTKCH,,

5 =ATP - gHICTGTHT P,

(11

E17 = V5B83UTGTHT P,

Eis = [VB2 + BsATP /B ( 1—/31 3CTGTHI P],
o3 = [~B.GTHIPWy —B,GTHIPW, 0],

[I]‘

[-
—[PWy, PWy, PH\G]", Zs =/35GTHTP,
=

Ss=[0 0 VBT BPHG]"

Let’s now deal with the uncertainty induced by quantization
effect. Set

T=[0 00 0 0 0 5BGTHIP 0 0"
N=[ACH, 00 000 0 0 0]

The matrix W can then be written as

U =0 +TFN + (TFN)T

where
En 0 =3 0 =5 EHis Eir 0 0
* 522 523 0 525 0 0 528 0
x x Z33 0 0 0 0 0 Ej
* * * =44 0 0 0 0 0
U= % * * ¥ Zss5 0 0 0 0
* * * * * =66 0 0 0
* * * * * * Z77 0 0
* * * * * * * =Zgg O
| * * * * * * * =99

with Z,7 = \/58; H3 CTGTHT P.
By using Lemma 4 and the Schur complement lemma again,
it is shown that ¥ < 0 if and only if

T =
En 0 Ei3 0 Eis5 Eis Eir 0 0 0

k =22 523 0 525 0 0 528 70 0
* * 533 0 0 0 0 0 539 0
* * * =44 0 0 0 0 0 0
* * * * =55 0 0 0 0 0
* * * * * =66 0 0 0 0
* * * * * * o7 0 0 70
* * * * * * * Zss 0 0
* * * * * * * * =99 0
* * * * * * * * * =00

<0 51)

where =79 = /553 PH,G

By considering the relation Y = P» @, it can be seen that
matrix T defined in Theorem 2 is the exactly same as matrix
T given in (51) which means that inequality (26) holds implies
inequality (22) holds. Therefore, the rest of the proof follows
from that of Theorem 1 immediately. |
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