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Distributed Actor—Critic Algorithms for Multiagent
Reinforcement Learning Over Directed Graphs

Pengcheng Dai

and Simone Baldi

Abstract— Actor—critic (AC) cooperative multiagent reinforce-
ment learning (MARL) over directed graphs is studied in this
article. The goal of the agents in MARL is to maximize the glob-
ally averaged return in a distributed way, i.e., each agent can only
exchange information with its neighboring agents. AC methods
proposed in the literature require the communication graphs to
be undirected and the weight matrices to be doubly stochastic
(more precisely, the weight matrices are row stochastic and
their expectation are column stochastic). Differently from these
methods, we propose a distributed AC algorithm for MARL over
directed graph with fixed topology that only requires the weight
matrix to be row stochastic. Then, we also study the MARL
over directed graphs (possibly not connected) with changing
topologies, proposing a different distributed AC algorithm based
on the push-sum protocol that only requires the weight matrices
to be column stochastic. Convergence of the proposed algo-
rithms is proven for linear function approximation of the action
value function. Simulations are presented to demonstrate the
effectiveness of the proposed algorithms.

Index Terms—Directed graph, distributed actor—critic (AC)
algorithm, multiagent reinforcement learning (MARL), push-sum
protocol.

I. INTRODUCTION

EINFORCEMENT learning (RL) is a mathematical

framework to describe the problem of a learner to achieve

a goal by interacting with an unknown environment [1], [2].

This framework is gaining more and more attention due

to its wide applicability in many fields, such as optimal

control [3]-[7], board games [8], [9], smart grids [10]-[13],

and cyber-physical systems [14]-[16], among others (see also
references therein).

Very often, RL involves the participation of many learners,

giving rise to multiagent reinforcement learning (MARL)
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problems [17]. The concept of MARL first appeared in [18],
where the author studied a competitive RL setting with two
agents, where one agent aims to maximize the long-term
return and the other aims to minimize it. As a generalization
of [18], Hu and Wellman [20] proposed a Nash Q-learning
algorithm for multiagent game where all agents have different
reward functions and each agent aims to maximize the local
long-term return. The disadvantage of Nash Q-learning is that
the number of Q-functions (i.e., action value functions) that
each agent needs to calculate is the same as the number of
agents; furthermore, the convergence of the algorithm cannot
be proved analytically. In place of a competitive setting, Lauer
and Riedmiller [19] proposed a cooperative MARL where all
agents share a common reward function and the objective of
all agents is to maximize the long-term return cooperatively;
in the resulting algorithm, each agent only makes use of the
local action value function to solve the problem.

With the recent development of the fields of multiagent sys-
tems [21]-[27] and distributed optimization [28], [29], many
techniques from these two fields have been used in MARL
problems to obtain distributed RL algorithms. Compared to
a centralized RL algorithm requiring a central controller to
collect the global information from every agent, distributed RL
algorithms only rely on local exchange of information with
neighboring agents. In general, centralized RL exhibits the
issue of increasing computational costs, whereas distributed
RL manages to distribute computations over the communica-
tion network to reduce the cost of computing. As a result,
the design of distributed RL algorithms has gained increasing
attention. A pioneering work combining average consensus
protocol and Q-learning resulted in the so-called distributed
9D algorithm [30], applicable to MARL with finite state and
action spaces. However, it is well known in the RL field
that the distributed QD algorithm with finite spaces does
not scale as the dimensions of the state and action spaces
increase (i.e., the curse of dimensionality issue). In order to
improve the scalability of MARL, a new kind of value-based
MARL paradigm, called centralized training with decentral-
ized execution (CTDE), was proposed based on value function
decomposition [31]-[35]. The CTDE mechanism has recently
attracted significant attention whenever agents’ policies are
trained with access to global information in a centralized
way and executed in a decentralized way. Inspired by CTDE,
many CTDE-based MARL methods have proposed, such as
VDN [31], QMIX [32], QTRAN [33], MAVEN [34], and
QPLEX [35], among many others.
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Different from the above value-based methods, policy gradi-
ent methods promise to address the stability and convergence
in MARL. For large state and action spaces, a classical policy
gradient method uses both value function approximation (i.e.,
critic) and policy parameters update (i.e., actor), which gives
rise to the so-called actor—critic (AC) algorithms [2]. Accord-
ingly, combining the advantages of distributed computation
and AC, some distributed versions of AC algorithms have been
proposed. Zhang et al. [36] proposed a fully decentralized
AC algorithm where the collective goal of all agents is to
maximize the globally averaged return over time-varying undi-
rected graphs. To the best of our knowledge, this was the first
provably convergent AC-based distributed MARL algorithm.
Different from [36], Zhang et al. [37] proposed a distributed
MARL algorithm using the expected policy gradient. Both
the works [36] and [37] are on-policy algorithms, meaning
that each agent learns only about the policy it is executing.
Different from the on-policy algorithms, in off-policy algo-
rithms, each agent can learn about a policy different from
the one it is executing [38]. A distributed off-policy AC
algorithm based on multiagent off-policy gradient theorem
was proposed in [39]. Despite the recent advances in the
field, common assumptions to these recent AC methods are
that the communication graphs between agents are undirected
and that the weight matrices associated with the graphs are
doubly stochastic (more precisely, the weight matrices are row
stochastic and their expectations are column stochastic [36],
[371, [39]). An exception in this sense is [40], which considers
MARL over directed graphs with column stochastic weight
matrices.

In view of the recent results in MARL, it is a relevant
and largely unsolved problem to design distributed AC meth-
ods with analytic convergence guarantees over more general
graphs and weight matrices. In this work, we provide a
solution to this problem for directed graphs with both fixed
and time-varying topologies. The main contributions of this
work are as follows.

1) Different from the state of the art [36], [37], [39], we are
relaxing the conditions of undirected graphs and doubly
stochastic weight matrices (more precisely, the weight
matrices are row stochastic and their expectations are
column stochastic). Two distributed AC algorithms are
proposed to handle MARL over directed graphs with
fixed topology and row stochastic weight matrix or
directed graphs with changing topologies and column
stochastic weight matrices.

2) In the case of MARL over directed graphs with fixed
topology, considering that the row stochastic weight
matrix of fixed directed graph may not have a left
eigenvector (1/N)17, we design a new temporal differ-
ence (TD) error to ensure consensus over the normalized
left Perron eigenvector of the weight matrix.

3) Different from the AC method in [40], which handles
the MARL over directed graphs with column stochastic
weight matrices, we propose a new distributed AC
algorithm with the push-sum protocol that can han-
dle directed graphs with time-varying topologies and
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column stochastic weight matrices. Interestingly, com-
pared to [40], the time-varying topologies we consider
can even give rise to disconnected graphs over finite-
time intervals.

The rest of this article is organized as follows. Section II
introduces some preliminary notions of graph theory and
single-agent RL. The cooperative MARL problem is formu-
lated in Section III. In Section IV, two distributed AC algo-
rithms for MARL over directed graphs with fixed and changing
topologies are proposed. Section V analyzes the convergence
of the two proposed distributed AC algorithms with linear
action value function approximation. Simulation results to
demonstrate the effectiveness of the proposed algorithms are
shown in Section VI. Conclusion and future problems are
discussed in Section VII.

Throughout this article, the notations RY, R¥N*M 1 AT,
and || - || are standard. The vector with each element being 1 is
denoted by 1. ¢; is a vector whose ith element is 1 and others
are 0. For notational simplicity, we use lim,, sup,, and Zt
to represent lim, .o, sup,_, ., and >, _,, respectively. For a
finite set S, we use |S| to denote the cardinality of S. ® and []
are the Kronecker product and Cartesian product, respectively.
I is the indicator function.

II. PRELIMINARIES
A. Preliminaries on Graph Theory

Denote a directed communication graph over N agents as
G =W,&), where N = {1,..., N} is the set of nodes and
£ is the set of edges. A node i € N represents the agent
with label i. A directed edge e;; = (j,i) € & represents
that agent i can receive and use the information from agent
j. Denote NIt = {jle;; € €} and N = {jle;; € &}
as the in-neighborhoods and out-neighborhoods of agent i,
respectively. A directed path from agent i; to agent i; can
be represented as a sequence of edges: (i1, i2) — (i2,i3) —
«oo = (ik—1, ). A directed graph G is strongly connected if
there exists at least one directed path from agent j to agent
i for all i, j € N. A weight matrix C = [cijlnxn associated
with graph G gives weight to every edge (including self-edges)
and satisfies ¢;; > O for any i, ¢;; > O for (j,i) € &
and ¢;; = 0 otherwise. The weight matrix C = [c;jlnxn 18
row stochastic if > jenCij = 1 foralli € N and column
stochastic if >, \-c;; = 1 for all j € N. The weight
matrix C = [c;jlnxny 1s said to be double stochastic if it
is both row stochastic and column stochastic. Let us also
define directed graphs with possibly changing topologies as
G = W\, &), where N = {1, ..., N} is the set of agents and
& is the (time-varying) set of edges at time ¢. The sequence
of communication graphs {G,} is said to be uniformly strongly
connected if there exists an integer B > 0 such that the graph
with agents set A" and edge set £p(k) = UZU:,:?BAE, is
strongly connected for every k > 0.

B. Preliminaries on Single-Agent RL

RL formalizes the problem where agent aims to maximize
a return by interacting with an unknown environment [2]. The
RL problem typically relies on the Markov decision process
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(MDP), which can be represented as a tuple (S, A, P, R),
where S and A are state space and action space, respectively,
P(s'|s,a):S x Ax S — [0, 1] is a state transition probability
function, and R(s,a):S x A — R is the expected reward
function. Assume that at time step f, the state is s, and
agent executes the action a,, and then, agent will get the
instantaneous reward r,,;, which takes a random variable
with expected value R(s;, a,), i.e., R(s;,a;) = E[riy1ls:, ar].
Define the policy z(s,a):S x A — [0, 1] as a probability
distribution over actions for a state. A policy = can be
executed in the environment and produce sample sequence
{s0, ao, 71, 51, a1, 72, ...}. When the RL problem involves large
state and action spaces, the policy is typically parameterized as
my(s, a), where 6 is the policy parameter. In particular, policy
parameterization can take many forms, for example, according
to an exponential soft-max distribution [2]

exp(fz (s, a, 0))
ZbeA eXp(f,[ (s, b, ‘9))

where f(s,a,0) = ¢.(s,a)'0 and ¢, (s, a) is the feature
vector of (s, a).

In continuing tasks, the goal of the agent is to maximize
the expected time-average reward J(0) that is represented as
follows:

7[9(5’ a) =

|-
J©) = Jim > Elra] =2 d(s) 3 mo(s. a)R(s,a)
1=0 seS acA

where dy(s) = lim,_ o P(s; = s|my) is the stationary dis-
tribution of state s under policy 7y and satisfies dy(s’) =
D sesdo(s) D e amols,a)P(s']s,a) for all s € S. Under a
given policy 7y, the quantitative evaluation of a state—action
pair (s, a) (i.e., action value function) is denoted as

Oz, (s,a) = ZE[r,+1 —J@)|so =s,a0 = a, ng]

where Q, (s, a) is also typically parameterized as Q(s, a; w)
with parameter w (i.e., action value function approximation).
In general, the action value function approximation can take
many forms, for example, linear function approximation, i.e.,
0(s,a; w) = ¢(s,a) w, where ¢ (s, a) is the feature vector
of state—action pair (s, a). Let us now recall the standard AC
algorithm [36] based on action value function approximation
at time step ¢

Uiyl = (1 - ,Bw,t),ut + ﬁw,trt+1 (la)
W41 = Wy +,Bw,t5tva(St» ag; wt) (1b)
9z+1 =6, + ﬁ@,tAth Q19

where f,,;, fp.r > 0 are stepsizes, y, is the estimation of J (6),
O = g1 — My + Q(Se41, aryr; wr) — Q(sy, ar; wy) is the TD
error, A, = Q(sy, a5 w;) — D e 4 7o, (51, a) Q(s;, a; wy), and
w, = Vplogmy, (s;, ar).

III. PROBLEM SETUP

The MARL over directed graphs can be described as the
networked multiagent MDP, which is characterized by a tuple
(S» {Al}iEN9 P’ {Rl}iEN’ {gt}tzo)’ Where N = {19 R N} iS
the set of agents, S is the state space shared by all the

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 34, NO. 10, OCTOBER 2023

agents, and A’ is the local action space of agent i. Denote
the joint action of all agents as a = (a',...,a") e A, where
a € A and A = H,N:1 A’ is the joint action space of all
agents. P(s']s,a):S x A xS — [0, 1] is the state transition
probability function and R'(s,a):S x A — R is the local
expected reward function of agent i. Assume that at time step
t, the global state is s;, and agents execute the joint action
a, = (a},...,aM); each agent i € N will get the local
instantaneous reward rli 41 which takes a random variable with
expected value R' (s, a;), i.e., R'(s;, a) = Elr;Is;, a/]. G =
(W, &) represents a possibly time-varying directed graphs that
describe the information interaction between agents at time
step t. Denote 7' (s,a’):S x A" — [0, 1] as the local policy
of agent i and 7 (s,a) = [[;c 7' (s,a"):S x A — [0, 1] as
the joint policy of all agents. Consequently, the joint action
a, = (a',...,a") at time step ¢ can be produced according
to the joint policy 7 (s;, -). In this article, we consider the same
assumption as in [36], [37], and [39] that the state s and the
joint action a are globally observable, whereas the reward r/
is observed only locally by agent i.

We focus on the MARL with large state space S and action
space {A'};en in continuing task. Denote the parameterized
local policy of agent i as 7, (s, a’), where 0 € @' is the policy
parameter and ®' C R™ is a compact set. The parameterized
joint policy is denoted as 7y(s,a) = [[;cp ﬂé,- (s,a"), where
0= (OH",...,0")")" € @ and © = [[;., ©". In order
to understand how the multiagent MDP evolves, assume that
at time step ¢, the global state is s, € S and each agent
i executes the local action a according to a local policy
nér,- (s¢,-). After the joint action a, = (all, . ..,alN) is exe-
cuted, each agent i receives the instantaneous reward rli Y
meanwhile, the multiagent MDP shifts to a new state s;|
with probability P(s;41]s;, a;). Also, the whole process will
continue to develop. For notational convenience, we denote
Ty = ]_[iE N n;,-. Before moving on, the following standard
regularity assumption is made for the multiagent MDP and
the policy parameterization.

Assumption 1 [36], [37], [39]: For any §' € @', the policy
function satisfies 7, (s, a’) > 0 for any i € N, s € S, and
a' € A'. The policy 7, (s, a') is continuously differentiable
with respect to 0 for all i € A. In addition, for any 6 € O, let
PY e RISIHAIXISIIAl be the transition matrix of the state—action
pair in the Markov chain induced by the joint policy 7y, which
satisfies

PY (s',a/|s,a) = P(s'ls,a)irg(s',a/) 2)

for all (s, a), (s',a’) € (S, A). As in [36], we assume that the
Markov chain {(s;, a,;)};>0 is irreducible and aperiodic under
any my with the stationary distribution denoted by dy(s) =
lim;_ oo P(s; = s|7y).

The objective of the all agents is to collaboratively find a
joint policy 7y to maximize the globally averaged long-term
return, i.e.,

T—

1
.1 1 ;
mﬁ‘“(@):Tlﬂﬂo?E( N2 )
=0 ieN
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= > dy(s) D_ my(s,a)R(s, a) 3)
seS acA
where R(s,a) = (1/N)>N Ri(s,a). Denote 7y =
(1/N) Z,N:1 rli 41 as the averaged instantaneous reward gen-
erated at time step 7, and the global expected action value
function Qy (s, a) associated with state—action pair (s, @) under
policy 7wy is as follows:

Qo(s,a) = D E[fis1 = JO)lso =s5,a0 = a,mp].  (4)

Meanwhile, the state value function Vj(s) with state s satis-
fies Vy(s) = > ,camo(s,a)Qp(s,a). Moreover, the advan-
tage function of state—action pair (s,a) can be defined as
Ap(s,a) = Qp(s,a) — Vy(s).

Lemma 1 [36]: For any 0 € © and i € N, we define the
local advantage function of agent i as follows:

Ap(s.a) = Qo(s,a) — D wh(s.a')Qo(s.a',a™)  (5)
ate Al

where a~' is the action of agents except for i. The gradient

of J(#) in (3) with respect to §' is given by

Vo J () =D do(s) D mols, a)[Aj(s, )y ] (6)
seS acA
where v, = Vjilogz), (s, a').

Consider that the action value function Qy(s,a) can be
parameterized in a centralized way as Q(s, a; w*") with
parameters w°". Motivated by the standard AC algorithm (1),
the parameters w" and 6 can be updated at time step ¢ as
follows:

ﬂtcinl =(1- ﬁw,t)#?en + ﬂw,fft+1 (7a)
Wi = Wi 4 B0V, O (s, ar ™) (Tb)
Olpr = T (0] + Bos AT™ y;) (7¢)
where S, fo, > 0 are stepsizes, o" = Fre1 —

1+ Qs are W) = O(sr,an wi™), A =
Osis ars wi™) = 3 gica Ty (s1,a)Q(si, 'y a7 wi™), and
y; = Vg logn, (s:,a). Furthermore, I'(-) : R — ©' C
R™ is the local projection operator of agent i that projects
0! + By A™ y! onto a compact set O'.

IV. DISTRIBUTED AC ALGORITHMS

In this section, we propose two distributed AC algorithms
for MARL over directed graphs with fixed and changing
topologies. Different from the assumptions in [36], [37],
and [39], the first distributed AC algorithm we propose
only requires a row stochastic weight matrix. The second
distributed AC algorithm we propose uses the framework of
push-sum protocol and only requires column stochastic weight
matrices [42].

A. Distributed AC Algorithm for MARL Over Directed
Graph With Fixed Topology

Assumption 2: The fixed graph G is strongly connected and
the weight matrix C = [¢;j]yxn is row stochastic.

Each agent i maintains its own parameter w' and uses
O(s,a; w') as a local estimation of Qy(s,a). Moreover,
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each agent i can collect and use the parameters of its
in-neighborhoods through the distributed information inter-
action. The distributed AC algorithm (hereafter referred to
as Algorithm 1) for MARL over directed graph with fixed
topology is designed as follows:

ﬂ§+1 =(1- ﬁw,t)ﬂi +,Bw,trti+1 (8a)

Pl = D cijp (8b)
jEMin

By = W] + B0 Vi Qs (w]) (8¢)

wiy, = Y iy (8d)
jEMin

0/, =T'(0] + Po.Ary,) (8e)

where p! tracks the long-term return of agent i, By, Bo. >
0 are the stepsizes, p! is a local estimation of the normalized
left Perron eigenvector p = (p1,..., p,)' of C with 17p =
1, and the initial value of p! is set as p) = ¢; € RY.
In this article, for notational convenience, we let Q,(wﬁ) =
O(st,ar; w'). In particular, & is the local TD-error that is
defined as ] = (r/,, — u)(N - pl )™ + Qi (1]) — Q1 (w)),
where p; ; is the ith element of p;. @;,, is the intermediate
of w;_, and is not involved in the interaction of information.

Al = QW) — X néri(s,,ai)Q(s[,ai,at_i; w'!) is the
advantage function of agent i and y' = Vji log 71'(5;- (50, al).
The distinguishing features of the proposed algorithm can be
remarked as follows.

Remark 1: The distributed AC algorithms in [36], [37],
and [39] require the communication graph to be undirected
and the weight matrix to be double stochastic matrix (more
precisely, the weight matrices are row stochastic and their
expectations are column stochastic), which is no longer
applicable in directed graph with row stochastic weight matrix
since (1/N)1T may not be a left eigenvector for the weight
matrix C = [cijlyxn. pj; > O used in the TD error & =
(r{ = 1) (N-pi )7 4 Q1 (w) — Qs (w}) is to guarantee that
w' converges to the consensus term lezl piw'. In particular,
in the TD error 4], the scaling coefficient (N - p; )~" is only
set for reward term (r/, ; — u!) without setting the action value
function term Q,1(w;) — Q,(w;), which is due to the change
of reward guiding action value function.

B. Distributed AC Algorithm for MARL Over Directed
Graphs With Changing Topologies

Assumption 3: The sequence {G,};>o is uniformly strongly
connected. Moreover, the column stochastic weight matrix
C(t) = [cij(t)]lnxn for all £ > O is defined by

©)

0, otherwise

Cij(t) = { l/dj(t)a if 7 G.A/’;)u[(t)

where d;(¢) is the number of out-neighborhoods of agent j
in G;.

The distributed AC algorithm (hereafter referred to as
Algorithm 2) for MARL over directed graphs with changing

Authorized licensed use limited to: TU Delft Library. Downloaded on November 01,2023 at 13:05:23 UTC from IEEE Xplore. Restrictions apply.
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Algorithm 1 Distributed AC Algorithm for Directed Graph
With Fixed Topology

Algorithm 2 Distributed AC Algorithm for Directed
Graphs With Changing Topologies

Set the initial values of C = [c;j]nxn, ,uf], w6 06 for all
i € N, the initial state so, and the stepsizes {By.;}r>0,
{ﬁa,z}zzo; )

Sett =0, pj =e; foralli e N;

Each agent i € \ observes the global state sy, executes
the local action aé ~ né(g (s0, -), and observes the joint

action ap = (aé, e, aév);
repeat
for i ¢ N do

Agent i observes the reward r/, and the global
state s,41, executes the local action

a .~ n;)r,- (St+1, -), and observes the joint action
it :(al1+1,...,al’i1); '

/uz-&-l = (1 = P, t):“i + ﬁw,t’",’+1;

Py = z,e/\/'" ¢ijpls

J = (rt+1 :uz)(N p, D7+ Qi (w)) —
II)EH = w; + B, z5 Vi Qt(w );

Wiy = Zje/\/;“ Cijp 415

Al = 01(W) = X e Ty (s1,a) Qi a’, a5 wp);
w! = Vi logﬂé, (s1,al);

0/ =T + Po.Alw));

end

Update the iteration counter t <t + 1;
until Convergence;

Qt(wf);

topologies is designed as follows:

:uiJrl = (1 - ﬁw,t),ui +;Bw,trti+1 (103)

Oy = Z cij(t)o] (10b)
jeNin

N;Jrl - Z cij(t)a)tj +,Bw,zgngQz(d)f) (10c)
JENn

wi=— > b} (10d)

t+1 jE./\/’in
Ol =T (0] + o Aly) (10e)

where o) = 1 and & =r/, | —ui + Q,+1(w ) — Q,(w ) for all
ieN. Al = Q,(wl) Daici ne,(s,,a NO(si,al, a7 wl) is
the advantage function of agent i and v/ = Vy logx/ o ' (s, a h.
The distinguishing features of the proposed algorlthm can be
remarked as follows.

Remark 2: In Algorithm 2, (10b)—(10d) are designed based
on the push-sum protocol. The push-sum protocol was also
used in [40] under the assumption of column stochastic weight
matrices. Since the column stochastic weight matrices as in
Assumption 3 cannot guarantee average consensus in general,
the ratios (1/0§+1) ZJEN ¢;j ()] are introduced to track the
average (1/N)(1T ® I, where &, = (@))", ..., (@N)")".
In order to achieve a similar convergence result as the central-
ized algorithm (7), we propose the different TD error in (10c)
containing V,, Q,(zbﬁ) in place of the TD error in [40]. It is

Set the initial values of C(¢) = [c;;(t)Inxn, ,uf], 12)6 6’6
for all i € N, the initial state so, and the stepsizes
{Buw.i}i=0, {,B_ﬂ,z}zzm

Sett =0, o) =1foralli eN;

Each agent i € N observes the global state 5o, executes
the local action ao ~m, (so, -), and observes the joint

action ap = (ao, S a ),
repeat
for i ¢ N do

Agent i observes the reward r/,, and the global
state s,41, executes the local action
al

~ l . . .
1~ Ty (S;+1, ), and observes the joint action
— (1 N .
ai+1 = (al-‘rl""’atﬂ—l)’ ]
1 — L l .
Hip1 = (l - ﬁw,t)/ut +,Bw,tr,+1 5

41 = Zje/\f;“ cij(t)o;
5l = r;+1 ﬂi + Qz-&-l(l?)f) - Qt(UN);),
Dy = Zjej\/,."‘ cij (O] + ﬁw,,Stf'Vw 0, (});
iy = (1/0),1) 3 jenm €ij (D7 ;
Al = 00(w) = X e my (si,a) Qlsisa’s a5 wy);
y! = Vy logﬂé, (s, al);
0l =T(O + o Aly);
end

Update the iteration counter t <— t + 1;
until Convergence;

noted that this new TD error requires a different convergence
analysis.

V. THEORETICAL RESULTS

In this section, we establish theoretical convergence results
for the proposed distributed AC algorithms. Specifically, the
convergence proofs are given for the case of linear function
approximation of the action value function, according to the
following standard assumptions that are taken from [36], [37],
and [39].

Assumption 4: The instantaneous reward r/
bounded for any agent i and ¢ > 0.

Assumption 5: For each agent i, the action value func-
tion is parameterized by the class of linear func-
tions, ie., Q(s,a;w) = ¢(s,a)’w, where ¢(s,a) =
(pi1(s,a),...,¢x(s,a))" € RX is the feature vector asso-
ciated with the state—action pair (s, a). The feature vectors
¢(s,a) are uniformly bounded for any s € S,a € A
Furthermore, the feature matrix ® € RISIHAXK whose kth
column is (¢x(s,a),s € S,a € A)" has full column rank.
In addition, for any v € RX, ®v # 1.

Assumption 6: The stepsizes f,, and py, satisfy
Bu.is ﬂat > 0, Z, Poi = 00, Z, Poi. = 00,
>.BE+ > ﬁé’t < 00, and By, = o(Bw,). In addition,
hmz—>oo ﬁw t+1 - ,Bwl[ =1.

Assumption 7: The joint policy parameter set @ = H,N: , ©F
is large enough to include at least one local minimum of J(9).

is uniformly
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Before moving on, for notational simplicity, we define
Dy = diagldp(s)mo(s,a),s € S,a € A] € RISIAXISHAI
and R = [R(s,a),s € S,a € A]" € RISI'Al The Bellman
operator T, : RISIHAI — RISIAI js denoted as

To(Q)=R—JO)N1+P'Q (11)

where Q € RISIAI s the action value function. Define the
vector () as

F'(s'©) = lim {T'(0" +0g'©) = 0'}/n (1)

where g':@ — R™ is a continuous function.

A. Convergence of Algorithm 1

Denote an increasing o-algebra F; as the filtration with

Fr =0 (re, ey Wy, Sg, a7, T < 1), where r, = (r}, ..., rM)T,
He = (,u-l""’:u{[v)—r’ and w, = ((wl)T (wN)T)T'

Before moving on, the following lemmas are presented

Lemma 2 [36]: Under Assumptions 1 and 4, the sequence
{,u;'} generated from (8a) is bounded almost surely (a.s.), i.e.,
sup, |ui| < oo as. foralli € V.

Proof: Define h (ut, s,, a,) = —pi+E[r! L1111 Tt is obvi-
ous that A’ (1!, s,, a,) is Lipschitz continuous in u!. According
to Assumption 1, {(s;, a,)},>0 is an irreducible and aperiodic
Markov chain. In addition, by Assumption 6, the stepsize
Bu., satisfies >, B,, = oo and X, B2 ws < 0o. Since rl
is uniformly bounded by Assumption 4, we can get that
Ellr,, —Elrl | FIPIF] < K{(1+|pi]?) for some K{ < oo.
Hence, the conditions (a.1)—(a.5) in Appendix A are satisfied.
Define h'(u') = —u' + X cs5do(s) X pyenmols, a)R (s, a).
According to the stochastic approximation results in Appen-
dix A, the asymptotic behavior of (8a) can be captured by
the ordinary differential equation (ODE): i = h'(u'). Define
hé(yi) = hi(cp')/c, and then, h' (u') = lim._ hé‘(,u") =
—u'. By Lemma 11, it can be concluded that sup, |u;| < oo
as. foralli e NV. [

Lemma 3: Under Assumptions 1 and 4-6, the sequence
{w!} generated from (8d) is bounded a.s., i.e., sup, |w!| < co
as. forall i € NV.

Proof: The proof is along similar lines as that in
[36, Lemma 5.1]. [ |

Lemma 4 [41]: Under Assumption 2, lim, C' = 1pT,
where p = (p1,..., pny)| € RY > 0 is the normalized left
Perron eigenvector of C. For each 4 € (1,(C), 1), there exists
M; > 0 such that |C;i — pil < M{A" and |p§’i — pil < M A
for any i, j € N and ¢t > 0, where 1,(C) is the second largest
eigenvalue of C, C’ is the jth row and ith column element in
C'" and p; ; is the zth element of p!. Furthermore, there exists
n > 0 satisfying ;! < pi; <1foranyi e N andt > 0.

Lemma 5 [28]: Let 0 < f < 1 and {y:} be a pos-
itive scalar sequence, which satisfies limy; yy = 0. Then,
limy Z;{:O By =0.

In Algorithm 1, we are concerned with demonstrating the
convergence result for w! and 6 for all i € N. In order
to demonstrate the convergence of w; , we first establish the
asymptotic consensus of ! for all i € N. Note that the update

of w, = (wHT,..., wM)")T € REN in Algorithm 1 can be
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rewritten in a compact form as follows:

w1 = (C® 1)(wz + ﬁw,t)’z-s-l) (13)
where yii1 = (6'¢,, ..., 0N¢)T € REN and ¢, = ¢ (s, ar).
Denote the operator (-) : RKY — RX as follows:

()= (p" @ Nw=>" pw (14)

ieN
where w' e RX for any i € N and w =
(wHT,...,@")"HT € REN, Denote 7 = (1p") ® I and
Jy. =1 —J, and we can obtain that Jw = 1 ® (w) and
w2 Tiw=w-1Q (w).

Let z; = (uj, )T and z, = ((z)",..., )"
By Lemmas 2 and 3, we have P(sup, [|z;|| < co) = 1. Hence,
it is sufficient to show that lim, ||w] — (w; )| Lsup, |z, j<py = O for
any M > 0, to establish the asymptotic consensus of w; for
all i e V.

Lemma 6: Under Assumptions 2 and 4-6, for any i € N,
we have lim, w! — (w,) =0 a.s.

Proof:  From (13), for each agent i, 141
Zje_/\[cljw + g where 8 - ﬁw t Zjej\/cij((r[+1 - /.lt)(N :
pf’i)’1 + ¢t+1wt ¢ wl)gb, is an error term. As a result,

wi=>C} w0+ZZC’ g

JjeN =0 jeN

we have w',, =

According to the fact that p"C = pT, we can obtain

t—1
w) = pjw} +>. > piel.

jeN =0 jeN

As a result, it can be obtained that w! — (w,) = 2 jen(Cii =

pj)wé + Z;;Ol ZJEN(CEJ-_I_I - pj)elj. By Lemma 4, the
following holds for any i € A" and ¢ > 0:

H w; — (wt>HH{sup, lze <M}

- z;c;j — pj
+Z Z‘C’ o Pf'H‘glj Hﬂ{sup, Iz =M}

=< Z M 2! Hwo Hﬂ{sup, Iz <M}
jeN

+ i Z My Hezj Hﬂ{sup, el <M} -

=0 jeN

j
wy Hﬂ{sup, e <M}

15)

By Assumptions 4 and 5 and Lemma 4, r,i +1 and ¢, are
uniformly bounded for any i € A/ and ¢ > 0, and 1/p,; <m,

which can guarantee that ||slj I Msup, 1z, <py is bounded for any
M > 0, i.e., there exists K| < oo such that

ZH%’ Hﬂ{sup, lizmy < PoiKi V12 0.
JjeN

As a result, we can obtain

i = i) [ Ly, pzrgzmy < 2 M1 H w; Hﬂ{sup, lerl<M}
JjeN
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t—1

+ > KM By (16)
=0

By Assumption 6 and Lemmas 2-5, we have lim, ||w! —

(i) | Tisup, iz <py = O a.s. Consider that {sup, [|z/|| < oo}
holds with probability 1, and it can be obtained that lim, w; —
(w;) =0 a.s. [ |

Lemma 7: Under Assumptions 1

lim; i, = J(0) and lim,(w,;) = wy a.s.

Proof: According to the update of (13), the iteration of
(w,) has the form

and 4-6, we have

(wi+1) = (wy) +,Bw,t(yt+1>~ (17)

The updates for ji, and (w,) are as follows:

Hig1 = iy +ﬁw,IE[ft+1 - ﬁt|-7'—t] +ﬁw,t5t+1,1 (18a)
(wi+1) = (W) + ﬁw,tE[Stéth}—t] + ﬁw,tftﬂ,z
+ﬁw,t§t+l,3 (18b)
where 7, = (1/N) Xcp gy and & = (1/N) X iy —
w4+ X icn Pi(disr — é) Twl. Moreover, &1, &2, and
&i+1,3 are defined as follows:
Sie1,1 = Py — E[F 1| F]
ft+1,2 - Stébt - E[5t¢t|-7'—t]

1 L
§z+1,3=ﬁ Z(Pi (P;,i) =

ieN

(19a)
(19b)

D) (= ui)gr. (19)

Recall that, from the definition of &, in (18b), we have

5t =Fry1 — i + (i1 — ¢z)T<wt>o

Since E[F+1 — i;|F;] is Lipschitz continuous in j,, we can
obtain that E[J,¢,|F;] is Lipschitz continuous in both 7, and
(w;).

Consider that &1 is a martingale difference sequence and
741 1s uniformly bounded, and we can obtain

E[IS+11121F] < K2 (14 1207 + [1(w:) [1%)

for some K, < oo [36]. By the definition of &, in (19b),
it is obvious that &1 » is also a martingale difference sequence
and satisfies

E[& 121717 ] < 2E[16:¢0 11717 ] + 21 E[d,¢5:1 ]I

Due to the boundedness of r/ and ¢, for any i € N and
t > 0, there exists K3 < oo such that IE[||§,+1,2||2|.7-',] <

Kz(1 + ||/_lt||2 + ||(U);>||2) over the set H{sup, Iz l<M) for any
M > 0. By Lemma 4, for any M > 0, it holds that

$i+1.3 ||I[{sup, lz <M}

1 Pi : .
= < D2 = Yl = |1 1 g, 12,1 2m
Niezf\:f P {sup, s l1=M}
I o
= N Z M”ﬁj’t‘rt-&—l - :uz’”(f)t”ﬂ{sup[ llz ll<M}- (20)
ieN

According to the uniformly boundedness of r/ and ¢, we can
obtain that, for any M > 0 and ¢ > 0, there exists a constant
K4 > 0 such that ||ft+1,3|| < K4A' on the set H{sup, Izl <M}
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This verifies that {{ 3} is a bounded random sequence with
lim; &3 = 0 a.s. on the set Ty, |z, j<m) for any M > 0.
Consider that the ODE captures the asymptotic behavior

of (18a) and (18b) as follows:
PY_( -1 0 i
(wy) ~\-@"™Dy1 @ Dy (P? — 1))\ (w)

J(0)

+(<DTD§’“R)' (21)

Recall that Dy = diag[dy(s)mo(s,a),s € S,a € A] €
RISIHAIand R = [R(s,a),s € S,a € A" e RISIHAL
According to Assumption 1 and the Perron—Frobenius theorem
in [36], the stochastic matrix P’ has a simple eigenvalue of
1 and the remaining eigenvalues have real parts less than 1.
Since @ satisfies the full column rank condition in Assump-
tion 5, we can obtain that all eigenvalues of @' Dy (P — 1)@
have negative real parts, except one eigenvalue that is zero.
Due to the fact that al (a # 0) lies in the eigenspace
of Dy“(P? — I) associated with zero, it is possible for the
simple eigenvalue of zero to have eigenvector v, which satisfies
®ov = al. However, by Assumption 5, this will not happen
with any choice of ® since ®v # 1 for any v € RX. As a
result, the ODE (21) is globally asymptotically stable and has
its equilibrium satisfying

[ a=J0O) (22)
"Dy (R — il + P d(w) — d(w)) =0. (23)

Note that the solution for (w) has the form of wy + av with
any ¢ € R and v € R¥ such that ®v = 1. By Assumption 5
that for any v € RX, @o # 1, the term wy is unique solution
and it follows that ® " D[ 7y (®wy) — Pwy] = 0. Recall from
Lemmas 2 and 3 that (&, (w;)7) " is bounded a.s. According
to Lemma 12, we have lim, i, = J (@) and lim, (w,) = wy over
the set jsup, iz, <ay for any M > 0. Hence, lim,; iz, = J(0) and
lim, (w,) = wy a.s. |

Based on Lemmas 6 and 7, we obtain the following theorem.

Theorem 1: Under Assumptions 1, 2, and 4-6, for any
given policy my, the sequences {u!} and {w'} generated
from Algorithm 1 satisfying lim, oo (1/N) > ;.\ ut = J(0)
and lim;_, o w; = wy as. for all i € N, where J(0) =
> ses do(s) X e amo(s, a)R(s, a) and wy is the unique solu-
tion to @ Dy [Tp(Pwy) — Dwy] = 0. Suppose further that
Assumption 7 holds, and the sequence {6/} for any i € N
obtained from Algorithm 1 converges a.s. to a point in the set
of the asymptotically stable equilibria of

éi = fi (Eszm‘dl},az’\‘”() (Ai,e th,b‘))

Proof: By Lemmas 6 and 7, we can obtain that
lim,(1/N) > ;o 4t = J(0) and lim, w! = wy as. for all
i € N. As for the convergence of {6/}, and the proof is

along similar lines as that in [36, Th. 4.7] based on the
Kushner—Clark lemma in Appendix B. [ ]

(24)

B. Convergence of Algorithm 2

In order to obtain the convergence of w! and 6} in
Algorithm 2, some preliminary definitions and lemmas are
introduced.
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In Algorithm 2, we define @, = ((@,)", ..., (@)")" and
€41 = ((etﬂ)T LD DT with €, = ,[)’w Oy for all
i €N Let 2 = (ub, (@) )T and 2 = (GH)T,..., G )T,

Lemma 8 [42]: Suppose that the graph sequence {G,} is
uniformly strongly connected. For each integer / > 0, there is
a stochastic vector sequence {¢(/)} such that for all i, j € N
and t >

1Cij(t : 1) — @i (1) < M

for some M, > 0 and 1 € (0, 1), where C(t : 1) = C([)C( +
1),...,C(), Cij(t : I) being the ith row and the jth column
element in C(¢ : 1), and ¢;(¢) is the ith element in ¢(¢).
Lemma 9: Under Assumptions 3—6, for any i € A/, we have
lim, wﬁﬂ —(1/N)AT® D, =0 as.
Proof: The compact form of (10c) is

W1 = (C(t) @ ), + €141

= (Ct:0)@ Do+ D _[C(t: 1)@ Ile +€q1 (25)
=1

which implies that (C(t+1)® 1),
S C@r +1

=(C(t+1:0)) g+
I) ® I)¢;. Since C(t) is column stochastic
for all + > 0, we have that (1T ® D, = A7 @ Iy +
ST ® I)e;. Then, it can be obtained that (C(f 4 1) ®
D1 = (9 +1)- 1)@ Dbyyr = (Ct+1:0)—p(t+1)-
1)@ Divg+ 35 (C(t+1:1)—p(t+1)-1T)®Ié;. Define
D(t,1) = C(t : 1)—¢(t)-17, and we have (C(t+1)R1)i, 4| =
(Pt +1) AN D1 +(D(t+1 : 0)R D)o+ D11 (D(t+1 -
) ® I)¢;. For convenience, denote D; (¢ : 0) as the ith row of
D(t : 0). Consider that 0,11 = N - ¢(t) + D(t : 0) - 1, and we
have

Wiy = (7@ 1),
(0i(t) - 1T @ )i, + (Di(t : 0) ® I)ibo
- N-pi()+ Di(t:0)-1
Yoit:hena (1T )b
N -9i(t)+ D;i(t:0)-1 N
~ (Di(t:0)® Do+ Xy (Di(1 : 1) ® De
N-gi(t)+ Di(t:0)-1
(Di(t:0)-H(AT @ 1),
CN-(N-gi(t) +Di(t:0)- 1)

Based on [42, Proof of Lemma 1], there exists x > 0 such
that N - ¢; () + D;(t : 0) - 1 > k. Therefore, we have

(26)

|ut - 7@ D)2,
||(D (t:0) @ Dol + | X (Di (¢ : 1) @ De |
N -;(t)+D;(t:0)-1
[(Di(t:0)-1)- AT ® D, ||
N’(N’QD,‘(I)"FD,‘([ZO)'I)

VN 3 : _
< | Mool + 3 Mo2 el

I=1

le

(17 @ I)ib]|. (27)
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According to [36, Proof of Lemma 5.1], it can show that
sup, |1I)‘| < 00 a.s. can also be obtained when the weight
matrix is column stochastic. Consider ||w’,, — (1/N)(1T ®
I)i, || on the set Iiyp, |

41
|<m}, and then, we have

Zl

- %(f ® )i,

i
H Wy 4y Lt sup, 1z, 1<m)

VN _ : _
< |\ M2 ol + 2 M2 Nl Wigsup, 1z 1<1)

=1

® D | Lisup, 1z, 1<1}- (28)
By Assumptions 4 and 5, +1 and ¢, are uniformly bounded
for any i € N and ¢t > 0, and there exists K5 and Kg
such that ||U)H_1 (I/N)(lT I)U)ZHH {sup, ||Zz||<M < K5ﬂ.t
Zl | Kefw A~ ~!_ As aresult, we have lim, ', , —(1/N)1" ®
o, =0 as. |

For notational convenience, we define the consensus vector
»; £ (1/N)AT @ Ii,. In the following, we will show the
convergence of ;.

Lemma 10: Under Assumptions 2, 3, and 4-6, we have
lim; i, = J(0) and lim, ®, = wy a.s.

Proof: By (10), we can write the updates for ji; and o,

as follows:

[ Hep1 = [y +ﬁw,IE[ft+l - ﬁt|-7'—t] +ﬁw,t5t+1,1 (29a)
W41 = D + o BLO B Fil + Builisra (29b)

where 5, = (l/N) Z,EN((QH u) + (¢rs1 — ¢) " @!) and
&t = 61y — Eldi¢h | Fr].

Notice that (29a) is the same as (18a), so we will just
analyze (29b) in the following. According to the definition
of &y1.4, &y14 1s a martingale difference sequence and we
have

E|& 41,4121 F ] < 2E[16:4: 17171 + 21ELS; ¢ | F 111

For any M > 0, since the boundedness of r/ and ¢, for any i €
N and ¢t > 0, there exists K7 < 0o such thatE[||§,+1,4||2|.7-',] <
K7(1 + [[&/* 4 1@.11*) over the set Ligp, jz <m). Consider
the following ODE captures the asymptotic behavior of (29a)
and (29b):

aY _ —1 0 i
i) ~ \=®"Dy1 "Dy (P’ — 1)® ) \ b,

J(0)
+((DT D5 R). (30)

By a similar analysis as in the proof of Lemma 7, we have

u=J@®) (31)
O Dy (R — a1 + PP, — i) =0.  (32)
Meanwhile, lim, i, = J(0) and lim, ©; = wy a.s. [ |

Based on Lemmas 9 and 10, we obtain the following result.

Theorem 2: Under Assumptions 1, 3, and 4-6, for any
given policy 7y, the sequences {x'} and {w!} generated from
Algorithm 2 satisfying lim, oo (1/N) >, 4t = J(0) and
lim;_ oo w; = wy a.s. for all i € N. Furthermore, suppose
that Assumption 7 holds, and the sequence {9} } obtained
from Algorithm 2 also converges to a point in the set of the
asymptotically stable equilibria of (24).
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Proof: By the above result with Lemmas 9 and 10, it can
be obtained that lim,(1/N) >\, 4! = J(@) and lim, w! =
wy a.s. for all i € N. As for the convergence of 6/, the proof
is along similar lines as that in [36, Th. 4.7] based on the
Kushner—Clark lemma in Appendix B. [ ]

VI. CASE STUDY

In this section, we evaluate the proposed distributed AC
algorithms through numerical simulations on directed graphs
with fixed and changing topologies.

A. Directed Graph With Fixed Topology

Consider the MARL problem, which can be represented
as the multiagent MDP (S, {A'};en, P, {R'}icn, Gr), Where
N = {1,...,N}, § has 20 states, and with binary-valued
action space at each state, i.e., A = {0,1} for all i € N.
Consider that [A| = 20, and the cardinality of the set of
actions A = [V, A" at each state is 22°. Assume that
all agents are connected according to the communication
network in Fig. 1 and the elements in the transition prob-
ability matrix P are uniformly sampled from the interval
[0, 1] and normalized to be stochastic. For each agent i and
each state—action pair (s, a), the expected reward Ri(s, a) is
sampled uniformly from [0, 4], which varies among agents.
The instantaneous rewards for all i € N are sampled
from the uniform distribution [R/(s, a) — 0.5, R (s, a) +0.5].
We approximate the action value function by a quadratic
function in a and also linear in the parameter w € RX, ie.,
0(s,a; w) = (a/STE(s)(a/S w1+ (a/5) T F(s)wrx—1 +wk,
where w = (wy, w;Kfl, wg)" with dimensions K = 10 and
the feature functions E(s) € R¥*N and F(s) € RV*(K-2)
are Gaussian radial basis functions (RBFs) with their means
randomly selected from [0, 1] and variances set as 0.1. The
policy ﬂé,- (s,a") is parameterized according to the Boltzmann
policies, i.e.,

eXP(qST L0 )
> ea exp(a],0)

where ¢ . € R’ is the feature vector defined as follows:

e (5. a) =

exp((—(s1/20 — GZT)Q)/O.z), ifal =0

9s,ai =
e exp —(51/20— HiT)Z)/O.Z), otherwise

where G € R?*™ and H € R?*> are uniformly sampled from
the interval [0, 1] and G; and H; are the ith row of G and H,
respectively. The gradient of the policy function has the form

Z né,- (s, bi)qs’bi.

bie Al

Vyi log ﬂé,- (s, ai) =G5 — (33)

Assume that the weight matrix C = [¢;j]yxn of the commu-
nication network in Fig. 1 is as follows:

0.1, if j e N
Cii =
Y 0,  otherwise
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Fig. 1. Directed graph with fixed topology.
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Fig. 2. Globally averaged return of distributed Algorithm 1 and centralized
algorithm (7).
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Fig. 3. Relative Q-values in distributed Algorithm 1 and centralized
algorithm (7).

which is row stochastic since the in-degree of each agent in
Fig. 1 is 10. In particular, the stepsizes are selected as f,,; =
1/(10 - 196%) and By, = 1/(10 - %),

The performance of Algorithm 1 is compared with the cen-
tralized algorithm (7) where the instantaneous rewards r,i for
all i € N are available to a centralized controller. We compare
the proposed Algorithm 1 and the centralized algorithm with
respect to the globally averaged return, the relative Q-value,
and the local policy of each agent at randomly selected states.
As shown in Fig. 2, the proposed Algorithm 1 converges to
the same globally long-term averaged return of the centralized
algorithm. Fig. 3 shows that for agent 3, 14, and 18, the
state—action value at state—action pair (s, a) with s = 4 and
a=@0O1010000110111101110)in
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Fig. 4. Probability distribution 7i(s,a’) at a randomly selected state s =
1 and a' = 0 for distributed Algorithm 1 and centralized algorithm (7).

(@ (b)

Fig. 5. Directed graphs with changing topologies. Notice that the two
resulting graphs are not strongly connected. (a) Graph 1. (b) Graph 2.
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Fig. 6. Relative Q-values in distributed Algorithm 2 and centralized
algorithm (7).

Algorithm 1 reaches consensus and converges the correspond-
ing state—action value of the centralized algorithm. In addition,
Fig. 4 shows that both algorithms converge to similar policies
at state s = 1, meaning that the joint policy obtained by agents
using local information is close to the policy obtained by the
centralized controller with full network information.

B. Directed Graphs With Changing Topologies

We consider a similar MARL as the previous case study,
with the difference that the graphs have time-varying topolo-
gies, as it switches between the two directed graphs that are
shown in Fig. 5, meanwhile satisfying Assumption 3. The
weight matrices of the two directed graphs are designed as
in (9). We use the same approximation action value function
and approximation policy function as the previous case study

7219
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Fig. 7. Probability distribution 7i(s,a’) at a randomly selected state s =
12 and a' = 0 for distributed Algorithm 2 and centralized algorithm (7).

and compare the proposed Algorithm 2 with the centralized
algorithm (7). Fig. 6 shows that the relative Q-values of agent
3, 14, and 18 at state—action pair (s,a) with s = 4 and
a=@010100011010100000T1 1
calculated by Algorithm 2 achieve consensus and converge to
the relative Q-values calculated by the centralized algorithm.
Fig. 7 shows that both algorithms converge to similar policies
at state s = 12.

VII. CONCLUSION

In this article, MARL over directed graphs has been investi-
gated. Two new distributed AC algorithms have been proposed
to make each agent collaborate to the maximization of the
globally averaged return. More specifically, a first distributed
AC algorithm using a row stochastic weight matrix has been
proposed for MARL over directed graphs with fixed topology,
while the other distributed AC algorithm has been proposed for
MARL over directed graphs with changing topologies using a
push-sum idea. The convergence with linear function approx-
imation has been proved for both algorithms. The proposed
algorithms extend the applicability of distributed MARL.
Future work will further extend the proposed algorithms to
MARL settings with continuous state and action spaces.

APPENDIX A
STOCHASTIC APPROXIMATION

Consider the n-dimensional stochastic approximation itera-
tion in R” as follows:

Xe+1 = Xt +,[)’,[h(x,, Y1) + My +Ct+l] (A.1)

where f; > 0 and {Y;},>0 is a Markov chain on a finite set S.
Consider the following assumptions.
1) h(x;, Y;):R" x § — R" is Lipschitz continuous in x;.
2) {Y;};>0 is an irreducible Markov chain with stationary
distribution d.
3) p; is the stepsize, which satisfies >, f; = oo and
>, 4 < oo
4) {M,} is a martingale difference sequence, which satisfies
that E(| My 1 17 [, My, Yoom < 1) < K(1+ || x, [2)
for some K >0 and ¢ > 0.
5) {&} is a bounded random sequence with lim,_, o ; =
0 a.s.
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Let h(x) = Y. d(s)h(x,s) and h.(x) = h(cx). Under
assumptions 1)-5), we have the following lemmas [43].

Lemma 11: If the lime_ o h(cx)/c = hoo(x) exists uni-
formly on compact sets and the ODE y = h,(y) has the origin
as the unique globally asymptotically stable equilibrium, then
sup, [lx/]| < oo a.s.

Lemma 12: If x = h(x) has a unique globally asymptoti-
cally stable equilibrium x* and sup, |lx;|| < oo, then lim, x, —
x* as.

APPENDIX B
KUSHNER-CLARK LEMMA

Let I : RY — R be an operator that projects a vector
onto a compact set X C RY. Define

I'(x +nh(x)) —x
0 n
for x € X and with 2:X — RY continuous. Consider the
following iteration:

F(hx) =  Lim (B.1)

X1 =T (x4 Bi(h(x) + Ga + G2)).- (B.2)
The ODE associated with (B.2) is
x =T'(h(x)). (B.3)

Consider the following assumptions.

1) h(-) is a continuous function.
2) p; satisfies >, f; = 00 and >, f7 < c0.
3) The sequence {¢;1} satisfies lim, P(sup,., Il
> Bicia =€) =0 for all € > 0. -
4) The sequence {¢;»} is a bounded random sequence with
Go — 0 as.
Under assumptions
lemma [43].
Lemma 13: If (B.3) has a compact set K* as its asymp-
totically stable equilibria, then (B.2) converges to K*
a.s.

1)-4), we have the following
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