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Distributed stochastic gradient tracking algorithm
with variance reduction for non-convex optimization
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Abstract—This paper proposes a distributed stochastic algo-
rithm with variance reduction for general smooth non-convex
finite-sum optimization, which has wide applications in signal
processing and machine learning communities. In distributed
setting, large number of samples are allocated to multiple agents
in the network. Each agent computes local stochastic gradient and
communicates with its neighbors to seek for the global optimum.
In this paper, we develop a modified variance reduction technique
to deal with the variance introduced by stochastic gradients.
Combining gradient tracking and variance reduction techniques,
this paper proposes a distributed stochastic algorithm, GT-
VR, to solve large-scale non-convex finite-sum optimization over
multi-agent networks. A complete and rigorous proof shows
that the GT-VR algorithm converges to first-order stationary
points with O(%) convergence rate. In addition, we provide
the complexity analysis of the proposed algorithm. Compared
with some existing first-order methods, the proposed algorithm
has a lower O(PMec™ ') gradient complexity under some mild
condition. By comparing state-of-the-art algorithms and GT-
VR in experimental simulations, we verify the efficiency of the
proposed algorithm.

Index Terms—distributed algorithm, variance reduction, non-
convex finite-sum optimization, stochastic gradient, complexity
analysis

I. INTRODUCTION

ITH the development of big data, distributed finite-

sum optimization has received extensive attention from
researchers in signal processing, control and machine learning
communities [1]-[6]. In distributed finite-sum optimization,
large-scale signal information or training samples are allocated
to different nodes, and each node updates variable by local data
and obtains global optimal estimate through communication
with neighbors. When the dataset is large or is naturally lo-
cated in a decentralized setting or contains private information,
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it is infeasible to transmit the dataset over networks and handle
it at a centralized node [4], [7]-[10]. In addition, for functions
with large-size local data, computing the local gradient by
the entire local dataset becomes practically difficult. Hence,
methods that sample small batches of local dataset to compute
stochastic gradients are favored. Due to the above reasons, dis-
tributed stochastic first-order algorithms are preferable as they
own a low computation complexity without the calculation of
Hessian matrix and are easy to analyze.

Distributed stochastic gradient algorithm is a combination of
average consensus steps between neighbors and local stochas-
tic gradients, which has been popular in machine learning
tasks [11]-[13]. With the similar design idea, considerable
works have been studied for more complex optimization prob-
lems and various multi-agent networks in recent years, e.g.,
distributed stochastic gradient projection algorithms [[14]], dis-
tributed stochastic mirror descent [[15]], distributed stochastic
primal-dual algorithm over random networks with imperfect
communications [[16] and stochastic gradient-push over time-
varying directed graphs [17]. However, the performance of
distributed stochastic gradient algorithm is generally limited
by two components. One is the local variance introduced
by stochastic gradient at each agent and the other is the
heterogeneous datasets between different agents. To handle the
local variance, many variance reduction techniques have been
proposed to reduce storage space and computation complexity,
such as SAGA [18], SVRG [19], SARAH [20]] and Asyn-VR
[21]. Distributed variance-reduced stochastic gradient methods
have also been developed for smooth and strongly-convex op-
timization in recent years [22]-[24]. To achieve robustness to
heterogeneous environments, some works develop distributed
bias-correction techniques such as gradient tracking [25], [26],
EXTRA [27]], and primal-dual principles [28]], [29]. Integrating
variance reduction and bias-correction techniques, efficient
distributed algorithms with linear convergence rate arise for
strongly-convex finite-sum optimization [22]]. However, the
applicability of these distributed methods for non-convex
optimization remains unclear.

Large-scale non-convex optimization has wide applications
including logistic regression with non-convex regularization
and neural networks training. When the cost functions are
non-convex, the design and theoretical analysis of efficient
algorithms become difficult due to the lack of good properties
of convexity. Very recent works have proposed distributed
variance-reduced methods for non-convex finite-sum prob-
lems. [30] has proposed D-GET for decentralized non-convex
finite-sum minimization, which considers local SARAH-type
variance-reduced technique and gradient tracking. However,



as is pointed by [31], D-GET does not have a network-

independent gradient complexity. GT-SARAH proposed in

[31] has achieved a near-optimal total gradient computation

complexity at the cost of twice communication rounds of the

D-GET algorithm. [32] has proposed a GT-SAGA algorithm

by combining the SAGA and gradient tracking techniques.

However, SAGA needs additional storage space compared

with SVRG. Inspired by SVRG technique, we propose a

distributed stochastic first-order algorithm with low network-

independent gradient complexity for large-scale finite-sum
non-convex optimization in this paper.

The contributions of this paper are summarized as follow-
ing.

(1) For general smooth non-convex optimization, we propose
a novel distributed stochastic iterative algorithm, GT-VR,
by combining gradient tracking and variance reduction
techniques. The variance reduction in the proposed algo-
rithm is a modified version of SVRG technique [19] and
makes use of Bernoulli distribution to reduce the local
variance introduced by stochastic gradient.

(2) By linear matrix inequality, we prove that the pro-
posed GT-VR algorithm converges to first-order station-
ary points with O(%) convergence rate. To the best of our
knowledge, for general smooth non-convex optimization,
it is the first work to provide a sublinear convergence
rate without steady-state error for distributed stochastic
algorithms designed by gradient tracking and variance
reduction. In addition, we provide the range of constant
step-sizes and the probability range of the Bernoulli
distribution.

(3) Compared with some newest algorithms, the proposed
algorithm has a lower gradient complexity. To be spe-
cific, compared with distributed algorithms DSGT [33]],
D2 [34], DSGD [35], whose gradient complexity is
O(v?e?), the proposed algorithm has a lower network-
independent gradient complexity O(PMe~!) under some
mild condition. Comparative experimental results of these
algorithms and GT-VR also verify the efficiency of the
proposed algorithm.

The remainder of the paper is organized as follows. Mathe-
matical notations and some stochastic properties are given in
section [[I] The problem description and distributed stochastic
algorithm are provided in section The convergence prop-
erties of proposed methods are provided in section and
are analyzed theoretically in section |V| The efficiency of the
distributed algorithms are verified by simulations in Section
[V1l and the conclusion is made in section

II. NOTATIONS AND PRELIMINARIES
A. Mathematical notations

We denote R as the set of real numbers, Rt as the set of
positive real numbers, ZT as the set of positive integers, R"
as the set of n-dimensional real column vectors, respectively.
All vectors in the paper are column vectors, unless otherwise
noted. 1,, denotes an n x 1 vector with all elements of 1, Oy4
denotes a d x 1 vector with all elements of 0 and I; denotes a
d x d identity matrix. The notation ® denotes the Kronecker

product and max{---} denotes the maximum element in the
set {---}. For a real vector v, ||v|l is the Euclidean norm.
For a differentiable function f(x), its gradient is represented
by Vf(z). In the following paper, subscript ¢ refers to this
being the local variables of the ¢th agent, e.g., x; means local
variable x of agent .

We fix a rich enough probability space (2, F,P), where all
random variables in discussion are properly defined and E[]
denotes the expectation operator with respect to the probability
measure P. Let A be an event in F with nonzero probability
and X be a random variable. The conditional expectation of
X given A is denoted by E[X|A]. For an event A € F, its
indicator function is denoted as 4. We use o(+) to denote the
o — algebra generated by the random variables and/or sets in
its argument. For a matrix A, d(A) denotes its spectral radius.

B. Stochastic Theory

For conditional expectation, there is one basic property,
which is useful in the subsequent analysis and is stated as
following.

Proposition IL.1. Let X, Y and X;(1 < i < n) be random

variables, and E|X| < oo, E|X;| < oo(1<i<n).

) EDN, i XslY] =20 o E[X;|Y] (a.s.), where ; is
a constant.

(2) If X and Y are mutual independent, then E[X|Y] = EX.

3) E[E[X]Y]] = EX.

Bernoulli distribution: The Bernoulli(P) distribution is
the discrete probability distribution of a random variable
which takes the value 1 with probability P and the value 0
with probability 1 — P. If X is a random variable with the
Bernoulli(P) distribution, then

Pr(X=1)=P, Pr(X=0)=1-P. (1)

III. PROBLEM DESCRIPTION AND DISTRIBUTED SOLVER
DESIGN

In this paper, we aim to solve the following distributed
finite-sum optimization problem over a multi-agent network,

) a 1 n 1 my
£ — (), filr)=— 4,5 (1), 2
min f() n;f(x) filz) mi;fg(x) )
where f; : RY — R is the local differentiable objective

function of agent ¢, further decomposed as the average of
m; component costs {f;;}7*;, n is the number of agents,
m; is the number of local samples, and Y., m; = M is
the total number of samples in the network. The multi-agent
network containing n agents is denoted by G(V, &, W), where
V=A{1---,n}, E =V xVand W is the adjacent matrix
associated with G. In distributed setting, each agent handles
local information and communicates with its neighbors over
the network G to solve (@) cooperatively.

Remark IIL1. This formulation of optimization problem (2))
is widely adopted in empirical risk minimization, where each
local cost f; can be considered as an empirical risk computed
over a finite number of m; local data samples and lies at the



heart of many modern machine learning problems [36)], [37].
Compared with the parameter-server type machine learning
system with a fusion center [38]], [|39], distributed optimization
problem @) can preserve data privacy, improve the computa-
tion efficiency and enhance network robustness. Furthermore,
in many emerging applications such as collaborative filtering,
federated learning, distributed beamforming and dictionary
learning, the data is naturally collected in a distributed setting,
and it is impossible to transfer the distributed data to a cen-
tral location [30|]. Therefore, decentralized computation has
sparked considerable interest in both academia and industry.

Next, we design a distributed stochastic algorithm for the
general smooth non-convex optimization (2). There are two
challenges in the distributed stochastic algorithm design. One
challenge is the slow convergence due to the variance of
stochastic gradients by asymptotically estimating the local full
gradient V f;, based on randomly selected samples from the
local dataset of agent 7. The other is the difference between
local and global objective functions, i.e., Vf;(z*) # 0q4,
Vi € {1,--- ,n}, holds for the global optimum z*. This issue
may be handled by the popular gradient tracking technique
that introduces a local gradient estimator to track the global
gradient.

By combining the distributed gradient tracking [40|] with
a variance reduction technique, we propose a first-order GT-
VR algorithm. The complete implementation of GT-VR is
summarized in Algorithm [I| The local gradient estimator v¥
is updated by

o =V a @) =V a VEED. 0)

In addition, in GT-VR, we introduce the gradient tracking
technique to achieve the global gradient tracking in distributed
optimization.

Algorithm 1 GT-VR updating at each agent ¢

1: Initialize: z}; 71 = o}; m; {wir }P_qs yl = v} = Vfi(al).

1’ "1

2. for k=1,2,--- do

3: Update the local estimate of the solution:
k
z; = Z wir (T, — Ny, )

4: Select lf“ at random from the Bernoulli(P) dis-

tribution. If (¥ = 1, 71 = 251 and otherwise,

k+1 =7k,
5: Select 5! uniformly at random from {1,--- ,m;}.
6: Update the local stochastic gradient estimator by (3);
7: Update the local gradient tracker:
yitt = wa yp +ortt =)

8: end for

Remark IIL.2. The variance reduction technique taken in GT-
VR is a modification of the well-known SVRG technique In
both techniques, the entire local full gradient V f;(z¥) needs to
be computed with a certain probability and the local gradient

estimator vf is updated by (@B). The only main difference

is that in GT-VR, 7F is updated following the Bernoulli
distribution, while in SVRG, it is updated periodically. De-
note F* as the history of the dynamical system defined by

({s‘;,lf}Kk ! ny)- Note that in SVRG, each local gradient
estimator vk is an unbiased estimator of the local gradient
Vfi(x ) given F* [19], whereas, it does not hold in our
proposed algorithm GT-VR. This modification is vital for the
convergence of proposed algorithm for the smooth non-convex
optimization.

Remark IIL.3. Compared with distributed deterministic opti-
mization, which needs to compute the entire local gradient
Vfi at each iteration, the proposed distributed stochastic
first-order algorithm using sampled batch data to compute
stochastic gradient is more suitable for the training and
processing of large-scale data.

Compared with GT-SAGA [32)], the proposed algorithm does
not need to store the value of gradient and saves more storage
space. Compared with the two-timescale hybrid algorithm GT-
SARAH [31)], the proposed algorithm is one single-timescale
randomized gradient algorithm. In addition, at each iteration,
there are only two communication rounds with neighbors at
each agent. However, GI-SARAH has a near-optimal gradient
computational complexity, which is better than the proposed
algorithm.

IV. CONVERGENCE RESULT

In this section, we provide the convergence analysis of the
proposed algorithm GT-VR with some mild assumptions.

Assumption IV.1. (1) Each cost function f;; is uniformly
L-smooth, i.e., for some L > 0,

IV fii(@) = Vil < Lz - yll, Yo,y € RY.

(2) The adjacent matrix of G, W, is a doubly stochastic
matrix, where Wy; > 0 for all i € V, and W;y; > 0 if
(3, j)eEforijEV.

(3) The family {I¥,s* :i € V,k > 1} of random variables
in the proposed algorithm is independent.

Assumption (1) and (2) are common assumptions
in distributed optimization. (1) guarantees that local batch
objective functions {f;}7_; and the global objective function
f are L-smooth. The adJacent matrix satisfying (2) holds for
the family of undirected graphs and weight -balanced directed
graphs. In addition, Assumption [[V.1| (2) guarantees that the
radius of the network p satisfies

A Wz —n"'1,17 )]

p= sup -
lz=1]| ||3j —n 11n1£x||

<1

4

Assumption (3) is standard in the design of stochastic
algorithm and is practical in application.

For the convenience of analysis, we define several auxiliary
quantities as following:

k k k
Ty n U1
k k . k
X = y Y = : , Vo= ’
k k k



v V fi(af)
=l VI =] ],
Th = oyl gt = L, ot = L ok R =

1, ® 75 € R7 and vk = 1, ® oF € R,
Then, the proposed algorithm GT-VR satisfies

xM = (W @ 1) (xF —ny"), (5)

L

yk‘+1 — (W ® Id) (yk + vk+1 _ ‘,k)7 (6)
and
gt=0* =3 -, ™
where the doubly stochastic property of W is used to derive
(7).
(1-3p%) 1

Define 7 = min{ =
U (16p2L2 (3202 L242)(1-P) 221 )51 OL”

\/%}, where T £ 1617 + (§ + 21 + %)(1 -
P))L? + (32 4 32P)L%p* + (3¢ + 16(1 — P)(1 + p +
2(’;7';1)))L253 € Rt and e3 is a positive number.

Then, the convergence result of the proposed algorithm GT-

VR is covered in the following theorem.

Theorem IVl Suppose Assumptlon-hold Let p? < %,
02 N
inf, cpa f( )> —0Q.
Then f(_) converges, %ZleEHVf(fs)\P < O(%),
< k s
( )| <(9( -)-

Remark IV.1. Theorem implies that the proposed GT-
VR algorithm converges to first-order stationary points with
O(+) convergence rate. Compared with GT-HSGD [41]], which
converges sublinearly at a rate of O(%) up to a steady-state
error, the proposed GT-VR has no steady-state error.

Then, we present the complexity of GT-VR in the following
sense.

Definition IV.1. The algorithm GT-VR is said to achieve an
e-accurate stationary point of f in k iterations if

k
LY B[V <« ®)
s=1

Based on the results in Theorem the iteration com-
plexity, gradient computation complexity and communication
complexity of GT-VR are established in the following corol-
lary.

Corollary IV.1. Suppose Assumption hold. Let p? < %

32
L - w s, <P <lad
0<n<1, ®

where 11 = min {77, 13;%}. Then,

(1) GT-VR achieves an e-accurate stationary point of f with
O(n=2e71) iterations.

(2) GT-VR achieves an e-accurate stationary point of f in
O(PMn=2¢~Y) gradient computations across all agents.

(3) GT-VR achieves an e-accurate stationary point of f with
O Nin~2e™1) communication rounds across all
agents, where N; denotes the number of neighbors of
agent i.

Remark IV.2. In large-scale sample case, the gradient com-
plexity is O(PMn~2¢™Y). If n = &=, the gradient complexity
is O(PMe1), which is network-independent. If the accuracy
€ is chosen small enough, this gradient complexity is lower
than the gradient complexity O(v?e=2) of DSGT [33], D2
[134)] and DSGD [35)], where v is the bounded variance of
stochastic gradient within each agent.

V. THEORETICAL ANALYSIS

In this section, we present the proofs for Theorem and
Corollary The analysis framework is general and may
be applied to other distributed algorithms based on variance
reduction and gradient tracking. Recall that F* is the history of
the dynamical system, defined by F* £ o({st, I} }f<]{‘1 ! )
The convergence analysis is roughly divided into three steps
(1) The first step is to prove the boundness of E[||x* —x¥||?],

E[||[7* — %*||?] and E[||y* — ¥*||?] by constructing a lin-
ear matrix inequality. (2) The second step is to prove the
boundness of 3" X E[||x* — %°||2], 7 B[||r* — %°[|?] and
Z Ellly® — v5|| ] by recursion. (3) Flnally, we prove the
boundness of ZS LE[[Vf(z%)|*] and the convergence of
F@*).

At first, we provide a standard result for the adjacent matrix
W satisfying Assumption which will be frequently used
in the subsequent analysis.

Lemma V.1. [40] Suppose Assumption hold. For any
x1, -, Tn € R we have

(W @ La)(x = X)[| < pllx — x|,
where p is the radius of the underlying network.

In the following proposition, we present some useful prop-
erties of local stochastic gradlent estimator v¥, local gra-
dient Vf;(x¥) and Vf;(z¥), which will be used to bound

E[||T* — xk|| ] and to prove Theorem

Proposition V.1. Suppose Assumption holds. Then,
E[|[v* =V f(x")[?

<2L?E[|x" - x*|] + 2L°E[I7" - %*[*),  (10)

Bl Yk VAP

1 n
—ZGLQEH:E — Z|?) + ALPE[|| 7 — 2*(1”]) A

3

and

E[||o"|*] < E[IV£(@")II*)

v—2P +2E]|7F - 2F)7). (2
=1

Proof. See Appendix O



With Proposition [V.I] in the following lemma, we establish
bounds on E[[|x* —%*[?], E[||* —%*|*] and E[|y" —v*|],
respectively.

Proposition V.2. Suppose Assumption hold. We have the
following inequalities:

(a) E[Ix"T — =17
<2p°E[||x* — =*|?] + 20" °E[ly" — ¥,  (13)
(b) E[Ix*! — 7812
<(2p*P+ (1- P)(* + %)12L2)E[\|>‘<k ~ Xk
+ 20 PE[|ly* — ¥%|?]
+(1-P)((n* + %)ng + (1 +18)E[IR" — 2]
+ (o + g>2n<1 — P)E[|V£(z)], (14)
(c) E[|y" — 17
<(20° + 4807 L*p* + 32P* L p")E[|[y" — v*|]
+16p°L* (1 + 6n>L* + (2 + 2P)p?
+120%(1 - P)(i® + g))ka — %2
+ 16> L2 (4 L>+(1=P)[1 + 1B + (* + %)8L2])
E[|7* — =¥|1?]
+16p°L?n(n® +2(1 — P)(n* + ﬁ)) IV £(&%)]17],
(15)

where 3 € RY, n is the step-size and p is the radius of the
underlying network.

Proof. See Appendix |VIII-B O

With ([3)-(I3) in Proposition [V.2] bounded in terms of
linear combinations of their past values, we will establish a
linear system of inequalities to bound ZS LE[Ix* — x%]12],
ZISC LE[||7* — x%||?] and 25:1 [lly® — ¥*||?] by recursion.
Before that, we introduce one lemma about the spectral radius
of a non-negative matrix, whose proof is in [42, Theorem
8.3.2]

Lemma V.2. Let A € R be non-negative and x € R% be
positive. If Az < Ox for © > 0, then the spectral radius of
A satisfies d(A) < ©.

Proposition V.3. Suppose Assumption V1] hold. Suppose

P<ilo P < P<land

(=5 EsE

1 [1-(3+5P)p?
o<y emnfgy 1R

where T 2 % € RT and g3 € RT. We have

k k k
maX{Z Elly® - v°||?, ZEIIXS —-%°|%,) Ellr - %%}
s=1
3p2R0 04 + 2
< E 16
SToae T Z IV £(2*)II°, (16)

where Ry = E||y! — v1||? + E||x! — %! + E|| 7! — x|, C4
and CY are defined after (7).

Proof. Let 5 = % and nL < %. With Lemma we have
Ch Cy (4 Cy
up1 <| 20°0% 20 0 |up+| 0 |E|VF(EH|2 17)
20°0°P CY CY cy
c
Elly* — ¥*|]?

E[x* — x*||?
E|r* — =*|?
8p+16(p+1)(1—P

Pt (P3+ )( )szz

, C1 = 2p% + %Pa Co

where uj 2

1602L2 + + (32 + 32P)L2p4, Cy =
1—96(14—%(1 P)) 212, cl = 2P2P+%(1—P)(1—|—%),

cl=(1- P)( (14 2)+1+p) and Cy = 16np°n°L* +
32n(1 — P)p*n?L*(1 g p) and Cf = 20°n(1 — P)(1 + 1)

By induction of (I7), it leads to

k—1 Cy
up1 < CPuy +>C% | 0 | E|VF(E*)| (18)
s=0 04

If the spectral radius of C satisfies d(C) < 1, then C*
converges to zero at the linear rate O(d(C)*) [42]. Hence,
we next prove d(C) < 1 by Lemma [V.2] so as to prove the

3p>
@Oz, <P <L

3p*P+1(1-P)(1+1) > 0. Define a
3p7—(1— p)( (1+%)+1+P) .

result in this proposition. Because 1 —

A
we have g3 =

positive vector £ = [2 5, 1,e3]T. Then, with 0 < n <
min{GiL, %} and p? < %, the non-negative
matrix C satisfies Ce < 3p2e, i.e.
12+ 8P 1 3p?
20% + ———p* 1
(20" + 9 P)22+C2+Cs€3 EYER (192)
1
20%n* ﬁ-i-Qp =3p°, (19b)
1 1
20%n* P 20*P —P)(1+ -
p°n 2772+(p +3( )(+p))
2 1
+(1-P)(50+ ;) +1+p)es = 3p’es. (19c)

Therefore, by Lemma we obtain d(C) < 3p?.
By (I8), we obtain the following bound

Cy

]| < d(C 0 HEWf(x’f-wn%
cy

k—1
llua |+ d(C
s=0

and consequently,

maX{EHykJrl7‘—,k+1||2’EHXI€+17)—{k+1H27E”7_k:+17)—(k+1H2}
2)’“(EHy1 -2+ Elx" - %+ Ellr - x%)
S

where we used the fact that max{a,b} < Va2 +b2 <a+b
for any @ > 0 and b > 0.

<@3

*(Cy+ COE|V (2", (20)



In addition, due to 3p? < 1, we have

k l—1 k1
2
§ al s — E E (3p Qs
=1 S:O =1 s=1
k k

2y

1
Sm szzlasa

for any non-negative sequence (as),cz+. Then, by summing
(20) over iterations and (1)), we obtain

k k k
max{ S Ely - % Y Bl =), Y Bl - <712}
s=1 s=1 s=1

C —I-C” k L
L ANTE|VAE))A

30°R
P 0+
173p251

22
Sy 22)

where Ry = E||y' —v!|? +E[|x! - %! |2+ E|r! —x!|?. O
In next proposition, we show the evolution of the cost
function.

Proposition V.4. Suppose Assumption hold. If the step-
size satisfies n < &,

Ef(#)
<Ef(z*) -

2L
+ —IEHXk — ikHQ +
3n

|

4L
Rk =
o, I

1BV f(*

"2, (23)

Proof. By zFt1 = zF
function f, we have

— no* and the L-smoothness of the

F@H) <1 (v )0 + T o

(&) B2 1 rL

2

0 —sz-<fk>>>

i=1

V(= 1%

-1 <Vf(i'k),
2
<) - DIV AEHI + Lo

n,1 v _
+ §||ﬁ > (= Vi(Eh))?

i=1
Taking the conditional expectation with respect to F*+1,
B[ (@7

<F@) = IV +

um: - k
+§HEZ(U¢

i=1

2
n°L, _
THUkH2

= V(@)

Then, by (T1) and (I2), we have
I (24 F++)

_ n _
<f(@) - 2V )|
212
+ LIV @) + == @l - =) + 2] - =4
n k_ <k kE_ <k
+%(6L2Hx — 2 4?7 - % Hz)
_ _ 3nL? + 6n° L3 _
=1(@") - (G ~ DIV @)+ = - =)

An2L3 + 2nL2 B
T/ B e e P 24)

Substitute nL < % to the above inequality and take the total

expectation on both sides of (24), we obtain (23). O

The following lemma will be used to establish the conver-
gence of GT-VR.

Lemma V.3. [43] Let (2, F,P) be a probability space and
(Ft)iez+ be a filtration. Let Ut, &' and (t be nonnegative JF;
measurable random variables for t € Z1 such that

E[Utﬂ‘]_—t] <Ut4 e -t vt=1,2,--. (25)

Then Ut converges to a random variable and Zfil ("< 400
almost surely on the event {,~, &' < 400}.

Now, we are ready to provide the proof of Theorem [[V1]
Proof of Theorem IV.1k

Proof. By proposition [V.4] and (22), we have

0 <f(z") - f—”ZEnw )II?

2L 4L, 3p°Ry O4+
—_4+ = E
Gt T g T Z IV f(z
n 10LC4+ b 2
- (L - - = E
=f(@') - ( on 1= Z IV f(@*)]l
C
10L 3p°Ry
In 1 — 3p?
10L 3p°Ry
—-C)Y E|V 2y . (26
=f@") - f* ;Hf W+ G T35 @0
Since
(1-3p%
0<n< . (27
! (16p2L2 + (32p2L2 + 2)(1 — P)2E1)5L @D
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n 10L 1 2. 272 2. 272 1
C=21-—" 16p°n° L% +32(1—P L*(1+ -
39 13 (67D + R0 PP (14 )
1
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+ 2721 P)(1+p)>
n 10L 1 2,72 2,72 1
=1(1- 16p°nL? + 32(1—P)p*nL?(1 + =
3( o i (10207 320 PP+ )
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It follows from (26) that

ZEHW

1

()~ ) + L SR
kC

In 1-— 3p2]’
(28)

)|I? <

which implies that 1 "% E[Vf(z*)|> < O(L) holds in
Theorem
Now, by and (28), we see that

k k
1 s -5|12 1 s <5112
max{k;Enx Rl ey }

1 Ry C4+CZ 1 1 " 10L 3,02R0
< - _ _—
_k<1—3p2 1-3p2 (c(f(x) / )+9n61—3p2)

1/ Cy+ CZ 1 C4+CZ 10L 3p2R0
——( AT g =4

k<(1—3p2)c(f(x) f )+<1—3p2 9nC )1—3/)2 ’
which implies that ¢ 25:1 E[x* —%*||? < O(3) in Theorem

holds.
In addition, by (TI)), we have

Elly* — V(&)

9 k
<23 @]y’
9 k
SEZ(EHYS
1 Cy+CY B N
72+ 200 (g (1) = 1)

(T3 e +)

=¥ +E[F - VAR

— 7> +6L°E||x* —X°||> +4L2E||7* — %°|%)

3p°Ro )
1—3p?

which implies that £ S°*_ Elly® — Vf(z*)|? < O(L) in
Theorem holds. Finally, by Proposition and Lemma

we see that f(Z*) converges and Y = | E[||V f(z*)|?] <
+00. O

With the convergence result in Theorem and the
definition of e-accurate stationary point in Definition [[V.1] we
present the analysis of Corollary in the following.

Proof of Corollary TV.I:

Proof. By definition and (28), it is clear that to find an
e-accurate stationary point, it is sufficient to find the iterations
k such that

10L 3p*Ry

1 1
— ) — f* < 29
Sl -+ i < o)
where C :g(l 108 3p (16p*nL?+32(1— P)p*nL*(1+
)-1-27]( )( ))) If the step-size 7 satisfies (9), C >
and nlL > 1 > hold. Thus, when the iteration k satisfies
9., . 10 Ry
= -+ ——| <k 30
ﬁﬁ[(f(m) I) gy 1 S h (30)

then, the inequality holds. Therefore, the iteration com-
plexity of GT-VR is O(;L [(f(z") — f*) + £2]).

For the gradient computations, since there are Pm; + 2
gradient computations at each iteration of agent ¢, the number
of gradient computations across all agents is the iteration com-
plexity multiplied by >, (Pm; +2). Since >\, m; = M,
the computational complexity is O(%[( f@) — )+
-

At each iteration, each agent ¢ communicate twice with its
neighbors. Let N; denote the number of neighbors of agent
i. Then, the communication complexity across all agents is
(’)(Z’j}% [(f@)—f)+ %‘;]) by multiplying the iteration
complexity by > 1, N;. O

VI. SIMULATION

To verify the efficacy of the proposed algorithm, we con-
sider the classical binary classification problem, which is to
find one optimal predictor = € R? on a popular logistic regres-
sion learning model. We compare the proposed algorithm with
recently proposed algorithms GT-SAGA [32], GT-SARAH
[31] and D-GET [30]. The learning model is to optimize the
following problem

min f
mG]Rd

3\*—‘

+Mlzl3, 3B

&2
; +expl ja;; )

where a;; € R%, 1i; € {—1,1} and {as;, 15}, denotes the

set of training samples of agent 1.

TABLE I
REAL DATA FOR BLACK-BOX BINARY CLASSIFICATION
datasets #samples | #features | #classes
a9a 32561 123 2
w8a 64700 300 2
covtype.binary 581012 54 2

In this experiment, we use the publicly available real
dataset which are summarized in Table |II All algorithms
are applied over a ten-agent undirected connected network
with a doubly stochastic adjacent matrix W to solve (3I).
Meanwhile, \; = 5 x 10~ For the proposed GT-VR
algorithm, the probability P is taken as 0.3 and the step-
size is taken as 0.1. Note that the ranges of step-size and
possibility provided in Theorem are rigorous theoretical
results. In practice, we can adjust them according to the
convergence performance. For comparison, the local variables
in all algorithms are initialized as zero and all the algorithms
take same step-sizes. The simulation codes are provided at
https://github.com/managerjiang/GT_VR_Simulation.

Define D(z) = >.,°, @/ Z;il w;j(x; — ;). The trajectory
of D(Z) converging to zero implies that the variable estimates
of different agents achieve consensus. For different datasets,
the trajectories of cost function f and D(Z) are shown in
Fig. We observe that for all datasets, the algorithms all
have good consensus performance. For the trajectories of cost

1

a9a, w8a and covtype.binary are from the  website

www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/.


https://github.com/managerjiang/GT_VR_Simulation

a5 0.5
—-—-— GT-VR
al — — — GT-SAGA |
—-—-—-GT-SARAH
D-GET

—-—-—-GT-VR
— — — GT-SAGA
——— GT-SARAH
D-GET

0.45

H e,
'|:| ,fllll . JY

flz)

i W
2t ]
I'H lll‘pll-ml"
150 | A \|,\| \\,lI lnl
o YW i
Lo
My
1
05f
II
o 0.25
o] 500 1000 1500 o] 500 1000 1500
iterations iterations
(a) a9a dataset
0.014 0.5
—e=-=-GT-VR —-=-=-GT-VR
— — — GT-SAGA — — — GT-SAGA
0.012 —+—-—-GT-SARAH |1 —-—-—-GT-SARAH
D-GET 0.45 D-GET 1
1
0.01 1
I
__0.008 , I
- [}
= Y I
=% I l
0.006 - ll q
I( I’
0.004 ’l Q lll,‘ . II'\
i I} M |' ‘||”| il /'(\n"l' Iy
I|~l \ ||I| au \i 1y ‘
N
0.002 | '1 l|||! | i
Iy
o ..
o 500 1000 1500 o 500 1000 1500
iterations iterations
(b) w8a dataset
102
1.2 10 : 0.5
—-—-— GT-VR —-—-—-GT-VR
— — — GT-SAGA 0.49 — — — GT-SAGA |1
—— GT-SARAH ——— GT-SARAH
r D-GET 1 0.48 - D-GET

047
0.8 “'l

il ¢ 1
bl ‘ 0.46
|

Zoe ”'III‘II I Zoast
N Wi
¥ v '||I| 0.441
R fl
045 Dby L
[T \'I 1| 0.43
AN N
,hvll\“l ! ] Il” | y by 042t
o2 ity O 1
{t'\ ,\“;\ | l‘ v . 0.41f
. Vi ric LA LV s N
o 500 1000 1500 o 500 1000 1500

iterations iterations

(c) covtype.binary dataset

Fig. 1. The convergence behaviors of GT-VR, GT-SAGA, GT-HSGD, GT-
SARAH, D-GET over the a9a and w8a datasets

function, the algorithm GT-VR decays faster than the state-
of-the-art algorithms D-GET, GT-SAGA and GT-SARAH,
especially for the w8a dataset, demonstrating the excellent
iteration complexity of GT-VR.

VII. CONCLUSION

Focusing on distributed non-convex stochastic optimization,
this paper has developed a novel variance-reduced distributed
stochastic first-order algorithm over undirected and weight-
balanced directed graphs by combining gradient tracking and
variance reduction. The variance reduction technique makes
use of Bernoulli distribution to handle the variance by stochas-
tic gradients. The proposed algorithm converges with O(%)
rate and has lower iteration complexity compared with some
existing excellent algorithms. By comparative simulations, the

proposed algorithm presents better convergence performance
than state-of-the-art algorithms.

VIII. APPENDIX
A. Proof of Proposition [V.1]

Proof. (a) For convenience, we define AF e
o(Ur_,o(I¥), F*) and clearly F* C AF. By the tower
property of the conditional expectation, we have

Ellvf — V fi(a))|?|F*] = E[E[|lof — V fi(=])|*|A*]|F*].
(32)
For E[||vF — V f;(z¥)||?|.A¥], we have
E[|lvf -V fi(z )H |Ak}
=E(|IV fi,o4 (5) =V i, (7)) = (V filf) = V firF) 2| A*]
E[”szs (f) — szs ()12 A%
— Z IV fij(@7) =V fi; (@ k) + Vfi,j(jk)_vfi,j(ﬂk)HQ
§2L2llxi —2*|* + 2|17 - 2t (33)

where the first inequality is from the standard conditional
variance decomposition

E[|af — E[af|A*][|*.A"]

=E[[laf|*|4*] — |E[af|A"]|>
E[l|a|*[.A],
with af = V fisn (2 Ky -V fi,on (7 k). Substitute the above
inequahty to (]32[)
E[|[of — V fi(«})[I*|F*]
<2LE[||2f — 2*|?|F*) + 2LE[||7F — 2¥|2PFM. (34)

The proof follows by summing (34) over 7 and taking the total
expectation on both sides.

(b) With the result in (a), E[||2 7 | (vfF =V f;(z))||?| F*]
satisfies
1 n
IE[IIE Z(vf — V(@) P F*]
=1
1 n
<= Elllvi = VEE"IP1F
=1
1 n
= Z(21E[va =V fi() P F]
=1
+ 2E[||V fi(zf) — V fi(2)|?|FM)
@1 - 2 k =k 2 k 2 k =k 2 k
SEE(Z( L7E[||lz7 —2"[|7|F"] 4+ 2L E[||7;" = 2" [|*| F7])
+ 2L%E[||l«} — 2*|?|F*])
:1' (6L*E[||lxy — z*|1>|F*] + ALE[||7) — 2*|*|F*]).
= (35)

The proof follows by taking the total expectation on both sides

of (33).



(c) By Young’s inequality and the result in (b), E[[|o"||?]
satisfies

n

E[|[o*)%] <2E[|Vf(@*)[I*] + 2E[II% D = V@)

i=1
2
<2E[||Vf(@")I"] + = Z (6LZE[la7 — 2"
i=1
+4L’E[||rf — 2"|]),
where the last inequality follows from (TT). O

B. Proof of Proposition [V.2]
Proof. (a) Recall that ¥ = 1,, ® z*. By (3) and (7),

||Xk+1 _ )—(kJrl ”2

=[|(W ® Ig)[x* — %" — n(y" — ¥")]|1?

§2P2||Xk _ )_CkHQ + 202772||yk _ ‘—/k||2. (36)

We take the total expectation on both sides of (36) to obtain

E[[xH+ — =12
<2p°E[[|x" — =*[°] + 20*°E[[ly" - ¥*|IP].  (37)
(b) Recall the Bernoulli distribution in GT-VR that
]E[]I{lfﬂzl}\}'k“] = P and ]E[H{lf+1¢1}|}'k+1] =1-P
Then,
E[| ¢! — 2 IF"“]
[ Tt ( {iFt1=1}7 i L H{z§+1¢1}7ik)||2|fk+1]
=E[[|z"+1|*[F*H]

JrE[”H{lf“:l}xi +1 + H{l§+1¢1}Tik||2|]:k+1]

— 2E[<i‘k+1,ﬂ{l?+1:1}$?+l + H{lk+1¢1}7'ik>|]:k+l}
=2 + Pllaf P+ (1 = PP

— 2(z" L Pt 4 (1 - P)rF)

K3
:Plli,k-i-l _ xi_H»lHQ + (1

P)||z**t — |2,

(38)

Summing over ¢ and taking the total expectation on both sides,
gh+l _ k+1)2
E[fj=* =7

=PE[|x"* —x""|?] + (1 - P)E[|=**" —

*|%).
For the second term,

E ka+1 k||2}

[
]E[H =k+1 )—(k_’_)—(k _TkH2]
=E[n’n|o*|* + 8" — 7¥|] — 2n(v"*, %" — )]
_ n _ _
<E[n’*n|o"||* + IX* — 7*| + Enllv’“ll2 +nBIIx" — 717
=(n? +ﬂ)nE[IIv’“H] + (L +nB)E[IR" — 717
n _ 12L2 _
§<772+B)vﬂt(%EIIVf(oc’“)H”—E\Ix’“—x’“ﬂ2
8L2 —k 2 =k k112
+ —E|lr* = =) + 1+ udE[IE" - 77, (39)

where the last inequality holds by Proposition [V.I] (c).

By (57) and (9.

E[”)—ik-‘rl _ Tk+1||2]
<P(pER* — x| + 20 E]ly* — 9¥|?)
—k||2

+(1-P) ((772+%)(2nIE||Vf(f’“)||2 +120°E[x* — %
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+ (14+nB))EIZ* — 7|+ (n* + %)2n(1—P)EHVf(f’“)|I2-

(c) By (6), we have

v g
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L L9 40)

For the term v+l — vk — gkt+l L gk

n (40), it satisfies

||Vk+1 _ Vk _ ‘—/,k+1 + ‘—/k||2
n
= P R 3 ol 7 o)
i=1
e LA R s &
<[ = vEE (41)
Hence, it follows from Lemma [V.I} (0) and (1) that
||yk+1 _ ‘—/k‘+1H2
<2p%([ly" = F*[2 + " = vF)?).
By taking the total expectation on both sides,

By H - 952 < 2R ly*

7\_/’k||2+2p2]E||Vk+1 7Vk||2.

7]

The second term E|v**! —v*||2 in the above inequality
satisfies
E[vE! — vk
SOR[||Vf(x"+) — V£(x")|?]
+ 2B[|[VFTT —vE — V(M) 4+ V(X))
2LPE|| P — x| 24 2R || vE L v -V (xM T+ V f(xF
QL 2 1 4BV - V)2
AV~ V)P
LPE|xFH — xF|)? + BL2E|xF — gF?
+RIZE|7A ! — A2
+ 8L2E||x* — 2|2 + 8L2E|| % — %*|2, (42)



where the last equality is from the result in Proposition [V.I] Hence, E[jy**! — ¥%*+1||2 satisfies

(a). Then, for the first term [x**! — x*||2 in [@2), it satisfies

||Xk+1 kaHQ

=W @ Ig — Lo)x" —n(W @ L)y"|?

=|(W @ Iy — Is)(x* = %%) = n(W @ I) (y* — ¥%)
—nl, ®5k”2

LW @ Iy — Ig) (x* = =F) — (W & 1) (y* — ¥%)| ]2
+ 2n%n|o"|?

<A[x* = PP + 4 Py — 90| + 2070 0" 2.

Taking the total expectation, we have

Bjx L — x|
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+ 4 p*Ely* — 95| + 4P nE|V f(zF)| 2
L1602 L2E||7* — ikl\Q)

+ 822 [Pl — = + 2P Bly - 1]

+ =P+ %>8L2 +(1+nB)E|r* — =2
+(772+%)271(1—P)IEIIVf(J?’“)|I2+2p2772PE||y'“—“f’“ll2

2, N 2 2 o =k||2
+((1-P)(n +E)12L +2p* P)E||x* — =¥|| ]}

+ 8L2E||x* — %*||? + 8L%E||* — x“]

<(2p° + 4817 L?p* + 32Py° LPp*)E||y* — ¥||?
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Now, with Assumption [[V.I] we have proved all inequalities
in Proposition O
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