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Corrections to “Rigid Network Design Via Submodular Set Function Optimization”

Iman Shames and Tyler H. Summers

WE provide corrections to our paper “Rigid Network Design Via
Submodular Set Function Optimization,” which appeared in Volume
2, Issue 3 of the IEEE TRANSACTIONS ON NETWORK SCIENCE AND ENGI-
NEERING [1].

Our paper “Rigid Network Design Via Submodular Set Function
Optimization” published in Volume 2, Issue 3 of the IEEE Transactions
on Network Science and Engineering [1] contains an incorrect proof for
part of Theorem 5. We give a counterexample' that invalidates the result.

Let G = (V, ) denote a network graph with vertex set )V and edge
setE, letp:V — RVl denote a vertex coordinate map that specifies
a position for each vertex in the plane, let £. denote the edge set of
the complete graph, and let Ry ¢) ) denote the rigidity matrix asso-
ciated with the network ((V, £), p).

The paper contained the following statement regarding submodu-
larity of the trace of the rigidity Gramian pseudoinverse with respect
to edge subsets:

Theorem 1 (Incorrect): Let £CE. and let Xg=
R<(V g)yp)R((v ¢),p) be the rigidity Gramian associated with &.
Moreover assume that there exists an edge set £* such that
(V,E%),p) is minimally rigid, i.. rank (R ¢%) ) =
2|V| — 3, and X C &. The following set function is submodu-
lar and monotone increasing

o f(&)= —trace(X;), where Xz denotes the Moore-
Penrose pseudoinverse of X¢.

Unfortunately, further investigation revealed that the proof of this
claim contains a subtle error. It effectively relies on a statement that
for two positive definite matrices P and Q, P~! = Q™! implies that
P2 > Q2. However, this is incorrect in general, since the partial
ordering of positive semidefinite matrices is not necessarily preserved
by squaring (or by any matrix power greater than one).

The following counterexample demonstrates that, unfortunately,
the result is also incorrect, not just the proof. Consider the rigid
network on 5 nodes with vertex positions p = (4,3),(3,3), (1,1),
(4,2),(1,5) and given minimally rigid edge set & = {(1,2),(1,3),
(1,4),(1,5),(2,3),(2,4),(2,5)}. Let Sy =EU{(3,4)} and S, =
EUA{(4,5)},sothat Sy NSy =Eand Sy USy =EU{(3,4),(4,5)}.
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! Strictly speaking, we provide strong numerical evidence supporting
incorrectness of the result that relies on accuracy of numerical computations
and correctness of the source code of either MATLAB or NumPy. It is not too
difficult to generate other numerical counterexamples, so that the evidence
becomes overwhelming.

We have to the nearest tenth of an integer
(X} ) =136, tr(X]) =332
tr(X] ) =101, tr(X] g ) =340,
so that
te(XY ) + tr(XL) — [r(XY ) + tr(X] (o)) = 2.7,

This violates the definition of submodularity (stated in Definition 2 of
[1]), so the set function defined in Theorem 1 is not submodular.

All other statements in the paper are, to the best of our knowledge,
correct, including the main results in the rest of Theorem 5 and in
Theorems 4 and 6. In particular, Theorem 5 should read.

Theorem 2: Let £ C €. and let Xe = R, ¢ | Rive)p) be
the rigidity Gramian associated with £. Moreover, assume that
there exists an edge set £ such that ((V, £¥), p) is minimally
rigid, i.e. rank(R () ,) = 2|V — 3, and £ C £. The fol-
lowing set function is submodular and monotone increasing

o f(&) = log(Hl‘mk Xe) \ (Xe)) where \;(Xe) is the i-th
eigenvalue of X¢ and A\ (Xg) > -+ > A\, (Xe).

Moreover, the methodological developments and numerical
experiments are unaffected.

The error originated from a similar argument made in [2] in the

context of network controllability, and also affects a result in [3] in
the context of network coherence.
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