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Gradient Descent Ascent for Minimax Problems
on Riemannian Manifolds

Feihu Huang, Shanggian Gao

Abstract—In the paper, we study a class of useful minimax problems on Riemanian manifolds and propose a class of effective
Riemanian gradient-based methods to solve these minimax problems. Specifically, we propose an effective Riemannian gradient
descent ascent (RGDA) algorithm for the deterministic minimax optimization. Moreover, we prove that our RGDA has a sample

complexity of O(x2

e~2) for finding an e-stationary solution of the Geodesically-Nonconvex Strongly-Concave (GNSC) minimax

problems, where « denotes the condition number. At the same time, we present an effective Riemannian stochastic gradient descent
ascent (RSGDA) algorithm for the stochastic minimax optimization, which has a sample complexity of O(x%e~*) for finding an
e-stationary solution. To further reduce the sample complexity, we propose an accelerated Riemannian stochastic gradient descent
ascent (Acc-RSGDA) algorithm based on the momentum-based variance-reduced technique. We prove that our Acc-RSGDA algorithm
achieves a lower sample complexity of O(k%e~3) in searching for an e-stationary solution of the GNSC minimax problems. Extensive
experimental results on the robust distributional optimization and robust Deep Neural Networks (DNNSs) training over Stiefel manifold

demonstrate efficiency of our algorithms.

Index Terms—Riemanian Manifolds, Minimax Optimization, Stiefel Manifold, Deep Neural Networks, Robust Optimization.

1 INTRODUCTION

N this paper, we study a class of useful minimax op-
timization problems on the Riemannian manifold M,
defined as:
ey v
where function f(z,y) : M x Y — R is p-strongly con-
cave in y € Y C R? but possibly (geodesically) non-
convex in £ € M. Here M is a Riemannian manifold,
and Y is a convex and closed set in Euclidean space.
f(,y) : M — R for any y € ) is a smooth but possibly
(geodesically) nonconvex real-valued function on manifold
M, and f(z,) : Y — R for any x € M is a smooth and
strongly-concave real-valued function. Note that a geodesi-
cally nonconvex function on Riemannian manifold also is
nonconvex on Euclidean space, and a geodesically convex
function on Riemannian manifold may be nonconvex on Eu-
clidean space. In this paper, we also focus on the stochastic
form of minimax problem , defined as

min magEgND[f(% ;6] )

where ¢ is a random variable that follows an unknown
distribution D. In fact, Problems (1)) and (2) are associated to
many existing machine learning applications:

1). Robust DNNs Training over Riemannian manifold.
Deep Neural Networks (DNN5s) recently have been demon-
strating exceptional performance on many machine learning
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applications such as image classification. However, they are
vulnerable to the adversarial example attacks, which show
that a small perturbation in the data input can significantly
change the output of DNNs. Thus, the security properties
of DNNs have been widely studied. One of secured DNN
research topics is to enhance the robustness of DNNs under
the adversarial example attacks. Given the training sample

= {& = (a4, b;)}"_;, where a; € R? and b; € R represent
the features and label of sample &; respectively. Then we
train a robust DNN against a universal adversarial attack
[1], [2], which can be formulated the following minimax
problem:

g%]lRI}I nyleal}ﬁ(ﬁzg (a; + y;),b;), (3)
where © € R? denotes weight of the DNN, and h(-;z)
denotes the DNN parameterized by , and ¢(-) is the loss
function. Here y denotes a small universal perturbation in
the features {a;}?_, and the constraint Y = {y : ||y|lcc <€}
indicates that the poisoned samples should not be too dif-
ferent from the original ones.

Recently, the orthonormality on weights of DNNs has
gained much interest and has been found to be useful
across different tasks such as person re-identification [3]]
and image classification [4]. In fact, the orthonormality
constraints improve the performances of DNNs [5], [6]], and
reduce overfitting to improve generalization [7]. At the same
time, the orthonormality can stabilize the distribution of
activation over layers within DNNs [8]. Thus, we further

consider the following robust DNN training over the Stiefel
manifold M:

min max — E L(h
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When data are continuously coming, we can rewrite the
stochastic form of Problem (4) as follows:

min max Ee[f(z, y; £)], ®)
where f(z,y;§) = l(h(a +y; x),b) with £ = (a,b).

2). Distributionally Robust Optimization over Rie-
mannian manifold. Distributionally Robust Optimization
(DRO) [9], [10] is an effective method to deal with the
noisy data, adversarial data, and imbalanced data. In the
paper, we consider the DRO over the Riemannian manifold
that can be applied in many machine learning problems
such as robust principal component analysis (PCA) and
distributionally robust DNN training. To be more specific,
given a set of data samples {;}7, the DRO over Rieman-
nian manifold M can be written as the following minimax
problem:

wigmax { Yopilase) —Ip- 217} ©
=1

zeEM pES

where p = (pi,-.pa), S = {p € R" : ¥ p, =
1,p; > 0}. Here {(x;¢;) denotes the loss function over
Riemannian manifold M, which applies to many machine
learning problems such as PCA [11], dictionary learning
[12], DNNs [8]], structured low-rank matrix learning [13]],
[14], [15], among others. For example, the task of PCA can
be cast on a Grassmann manifold.

Recently some algorithms [16]], [17], [18] have been stud-
ied for variational inequalities on Riemannian manifolds,
which are the implicit minimax problems on Riemannian
manifolds. Meanwhile, some methods [[19], [20] for comput-
ing the projection robust Wasserstein distance, which can
be represented as a minimax optimization over the Stiefel
manifold [21]]. To the best of our knowledge, the existing
explicitly minimax optimization methods such as gradient
descent ascent method only focus on the minimax problems
in Euclidean space.

To fill this gap, in the paper, we study the explicit
minimax optimization problems over the general Rieman-
nian manifold, and propose a class of efficient Rieman-
nian gradient-based algorithms to solve the Geodesically-
Nonconvex Strongly-Concave (GNSC) minimax problem
via using general retraction and vector transport. When
Problem (1) is deterministic, we propose a new determin-
istic Riemannian gradient descent ascent algorithm. When
Problem is stochastic (i.e, Problem (2)), we propose
two efficient stochastic Riemannian gradient descent ascent
algorithms. Our main contributions can be summarized as
follows:

1) We propose an effective Riemannian gradient de-
scent ascent (RGDA) algorithm for the deterministic
minimax Problem . Moreover, we prove that the
RGDA has a sample complexity of O(k?e~2) in find-
ing an e-stationary solution of Problem ().

2) Meanwhile, we present an effective Riemannian
stochastic gradient descent ascent (RSGDA) algo-
rithm for the stochastic minimax Problem , which
has a sample complexity of O(r*e~*) in searching
for an e-stationary solution of Problem (2).

2

3) We further propose an accelerated Riemannian
stochastic gradient descent ascent (Acc-RSGDA) al-
gorithm based on the variance-reduced technique of
STORM [22]. We prove our Acc-RSGDA achieves a
lower sample complexity of O(r%e™3).

4) Extensive experimental results on the robust DNNs
training and distributionally robust optimization
over Stiefel manifold demonstrate the efficiency of
our proposed algorithms.

2 RELATED WORKS

In this section, we briefly review the minimax optimization
and Riemannian manifold optimization, respectively.

2.1 Minimax Optimization

Minimax optimization [23] recently has been widely applied
in many machine learning problems such as adversarial
training [24], reinforcement learning [25], and robust fed-
erated learning [26]. Meanwhile, many efficient minimax
methods [27], [28], [29], [30], [31], [32], [33], [34], [35], [36],
[37], [38], [39] have been proposed for solving these min-
imax optimization problems. For example, [29] proposed
a class of efficient dual implicit accelerated gradient algo-
rithms to solve smooth minimax optimization. [27] stud-
ied the convergence properties of the gradient decent as-
cent (GDA) methods for nonconvex minimax optimization.
Subsequently, the accelerated GDA algorithms [30] have
been proposed for minimax optimization. Meanwhile, [33]]
presented a catalyst accelerated framework for minimax
optimization. Moreover, [36], [39] proposed some faster
stochastic variance-reduced GDA algorithms to solve the
stochastic nonconvex-strongly-concave minimax problems.
[32] studied the convergence propoerties of GDA meth-
ods for solving a class of nonconvex-nonconcave minimax
problems. More recently, a class of efficient mirror descent
ascent algorithms [38] have been proposed for nonconvex
nonsmooth minimax optimization.

2.2 Riemannian Manifold Optimization

Riemannian manifold optimization methods have been
widely applied in machine learning problems including
dictionary learning [12], low-rank matrix completion [14],
[15], DNNs [8] and natural language processing [40]. Many
Riemannian optimization methods have been recently pro-
posed. E.g. [41], [42] proposed some efficient first-order
gradient methods for geodesically convex functions. Sub-
sequently, [43] presented fast stochastic variance-reduced
methods to Riemannian manifold optimization. More re-
cently, [44] proposed fast first-order gradient algorithms
for Riemannian manifold optimization by using general
retraction and vector transport. Subsequently, based on
these retraction and vector transport, some fast Rieman-
nian gradient-based methods [11]], [45], [46], [47], [48] have
been proposed for non-convex optimization. Riemannian
Adam-type algorithms [49] have been introduced for ma-
trix manifold optimization. Subsequently, [40] proposed an
efficient Riemannian adaptive optimization algorithm to
natural language processing. Meanwhile, some algorithms
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(a) Retraction R,

(b) Vector Transport TY

Fig. 1: Illustration of manifold operations.(a) A vector u in T, M is mapped to R, (u) in M; (b) A vector v in T, M is
transported to T, M by T Yv (or T,v), where y = R, (u) and u € T, M.

[16], [17], [18] have been studied for variational inequalities
on Riemannian manifolds, which are the implicit minimax
problems on Riemannian manifolds. More recently, [50]
studied the stochastic composition optimization on Rieman-
nian manifolds.

Notations: I; denotes the identity matrix with d dimension.
diag(a) € R¥*? denotes a diagonal matrix, whose diagonal
elements come from vector a € R%. sign(-) denotes the sign
function, i.e., if z > 0, sign(z) = 1; if x = 0, sign(z) = 0;
otherwise sign(z) = —1. || - || denotes the ¢ norm for
vectors and Frobenius norm for matrices. (x,y) denotes the
inner product of two vectors x and y. For function f(z,y),
f(z, ) denotes function w.r.t. the second variable with fixing
z, and f(-,y) denotes function w.r.t. the first variable with
fixing y. Given a convex closed set ), we define a projection
operation on the set ) as Py(yo) = arg minyey |y — yol*.
We denote a = O(b) if a < Cb for some constant C' > 0, and
the notation O(-) hides logarithmic terms. The operation
denotes the Whitney sum that that takes two vector bundles
over a fixed space and produces a new vector bundle
over the same space. Given function f(z), let gradf(z)
denote its Riemannian gradients at Riemannian manifold
and V f(x) denote its gradients at Euclidean space. Given

By = {&}iL, forany t > 1,let Vg, (z) = B iz VI(@i€)
and gradfs, (z) = & Y1 grad f(; &).

3 PRELIMINARIES

In this section, we first re-visit some basic information on
the Riemannian manifold M. In general, the manifold M
is endowed with a smooth inner product (-, ), : T, M -
T, M — R on tangent space T, M for every x € M. The
induced norm || -|| - of a tangent vector in T, M is associated
with the Riemannian metric. We first define a retraction
Ry : TuM — M mapping tangent space 1, M onto M
with a local rigidity condition that preserves the gradients
at x € M (please see Fig.1 (a)). The retraction R, satisfies
all of the following: 1) R,(0) = x, where 0 € T, M; 2)
DR, (0) = idr, pm, where DR, denotes the derivative of R,
and idp, ¢ denotes an identity mapping on 7, M. In fact,
exponential mapping Exp is a special case of retraction R,
that locally approximates the exponential mapping Exp,, to
the first order on the manifold.

Next, we define a vector transport 7 : TM PTM —
TM (please see Fig.1 (b)) that satisfies all of the follow-
ing 1) 7 has an associated retraction R, ie., for z € M
and w, v € T, M, T,w is a tangent vector at R,(w); 2)
Tov = v; 3) To(av + bw) = aTyv + bT,w for all a,b € R
au,v,w € TM. Vector transport 7,Yv or equivalently 7, v
with y = R,(u) transports v € T, M along the retraction
curve defined by direction u. Here we focus on the isometric
vector transport 7Y, which satisfies (u,v), = (TYu, TYv),
for all u,v € T, M. Based on these definitions, we provide
some standard assumptions about Problems (1) and (2) .

Assumption 1. X C M is compact. Each component function
f(z,y) is twice continuously differentiable in both x € X and
y € Y, and there exist constants L1y, Lo, Loy and Lo, such
that for every x,x1,x2 € X and y,y1,y2 € Y, we have

lgrad,, f(x1,y;€) — T, grad,, f (2,45 §)|| < Laallull,
grad,, f(z,y1;€) — grad, f(x, y2; )|l < Laallyr — 2|,
IVyf(21,9;6) — Vyf (@2, y; )| < Laa[|ull,
IVyf(z,y1;8) = Vyf(x,y2; )l < Laollyr — v2lls

where u € Ty, M and x3 = Ry, (u).

Assumption 1 is commonly used in Riemannian opti-
mization [11], [44], and minimax optimization [27], [36].
Here, the terms L1, L2 and Ly; implicitly contain the cur-
vature information as in [11]], [44]. Specifically, Assumption
1 implies the partial Riemannian gradient grad_ f(-,y;&)
for all y € Y is Li;-Lipschitz continuous with respect to
retraction as in [11] and the partial gradient V,, f(z, -; ) for
all z € X is Loo-Lipschitz continuous as in [27].

To further verify the rationality of Assumption 1, we
consider the Stiefel manifold M = {X € R>"|XTX =
I.}. For notational simplicity, let matrix X instead of
the variable z in Assumption 1. Let Vx f(X,y) denote
the gradient of f(X,y) on variable X in the Euclidean
space, and grad , f(X, y) denote the Riemannian gradient of
f(X,y) on variable X in the Stiefel manifold. Following [5],
grad . f(X,y) can be seen as a projection onto the tangent
space T’x M of Riemannian M at X, which can be computed
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as follows:

grade(X7 y) = PTX (va(Xa y)) = WX7 (7)
wW=w-wT,

N 1
W =Vxf(X,y)X" - §X(XTVXf(X7 y)XT).
Then we have for any X1, Xy € M,

lgrad  f(X1,y) — T3y grad x (X2, v)] 8)
= |Pry, (Vx f(X1,9)) — T2 Pry, (Vx f(Xa,9) I,
<|Vx f(X1,y) = Vx f(Xo,y)|| < L|| X1 — Xof|,

where the last inequality holds by Lipschitz continuous
for gradient in the Euclidean space. Let d(X7, X3) denote
geodesic distance between X; and X5 in M, then we have
d(X1,X2) = ¢||X1 — Xz2||, where ¢ > 0 denote curvature
parameter of manifold M. In our Assumption 1, due to
X2 = Rx,(u), we have |Ju| = d(X7,X52). According to
the above (8), we have

lgrad y f(X1,y) — 7,5 grad y f (X2, y)||

< L - Xl = Fd, ) = Ll ©)
where X; = Rx,(u). This similarly holds for the other
inequalities in our Assumption 1.

For the deterministic problem, let f(z,y) instead of
f(z,y; &) in Assumption 1. In fact, these Lipschitz continuity
assumptions are widely applicable to deep learning archi-
tectures [5]]. Note that in the following experiments, given
the DNNs using ReLU, the derivative of ReLU is Lipschitz
continuous almost everywhere with an appropriate Lips-
chitz constant, except for a small neighbourhood around 0,
whose measure tends to 0. Such cases do not affect either
analysis in theory or training in practice.

Since f(z,y) is strongly concave in y € ), there exists
a unique solution to the problem max,cy f(x,y) for any x.
We define the function ®(x) = max,ecy f(z,y) and y*(z) =

arg maxyey f(z,y).

Assumption 2. The function ®(z) : M — R is L-smooth.
There exists a constant L > 0, for all x € X,z = R, (u) with
u € T, M, such that

B(2) < B(a) + grad®(a),u) + 3 [l

Assumption 3. The objective function f(x,y) is p-strongly
concave w.r.t y, ie., forany x € M, y1,y2 € Y

flz,y1) < f(xvy2)+<Vyf(fc7yz),yl—m}—g\\m—szIQ.

Assumption 4. The function ®(x) is bounded from below in
M, ie., ®* = infcp ().

Assumption 5. The variance of stochastic gradient is bounded,
i.e., there exists a constant o1 > 0 such that for all x, it follows
Eellgrad, f(z,y; &) — grad, f(z,y)||> < o3; There exists a
constant oo > 0 such that for all y, it follows E¢ ||V, f(x, y; §) —
Vyf(z,y)||*> < 03. We also define o = max{cy,02}.

Assumption 2 imposes the smooth of function ®(x) over
Riemannian manifold M, as in [11], [44], [48]. Assumption
3 imposes the strongly concave of f(z,y) on variable y,
as in [27], [36]. Assumption 4 guarantees the feasibility of

Algorithm 1 RGDA and RSGDA Algorithms

—_

: Input: T, parameters {7, \,7;}7_,, mini-batch size B,
and initial input x; € M, y; € Y;

2: fort=1,2,...,T do

(RGDA) Compute deterministic gradients

W

Ut = gradzf(xt,yt% wy = Vyf(mbyt);

4 (RSGDA) Draw B i.i.d. samples {¢i}Z |, then com-
pute stochastic gradients

1 & :
v=75 Zgradwf(iﬁt,yt;f;%
1=1
1 & ;
wy = EZvyf(a:t,yt;fl');
=1

5. Update: z111 = Ry, (—yn:vt);

6: Update: §441 = Py(ye + Awy) and w1 = y +
Ne(Ger1 — Ye);

end for

: Output: z¢ and y¢ chosen uniformly random from

{4, yt}tT:1~

® N

the GNSC minimax problem (T, as the nonconex-strongly-
concave minimax optimization on Euclidean space used in
[27], [36]. Assumption 5 imposes the bounded variance of
stochastic (Riemannian) gradients, which is commonly used
in the stochastic optimization [27], [36]], [48].

4 RIEMANIAN GRADIENT-BASED METHODS

In this section, we propose a class of Riemannian gradient-
based methods to solve the deterministic and stochastic
GNSC minimax problems (1) and @) , respectively.

4.1 RGDA and RSGDA Algorithms

In this subsection, we propose an efficient Riemannian gra-
dient descent ascent (RGDA) algorithm to solve the deter-
ministic minimax Problem (T). At the same time, we propose
a standard Riemannian stochastic gradient descent ascent
(RSGDA) algorithm to solve the stochastic minimax Prob-
lem (). Algorithm [I]summarizes the algorithmic framework
of our RGDA and RSGDA algorithms.

At the line 3 of Algorithm |1} we calculate the determin-
istic Riemannian gradient in variable z € M, and calculate
the deterministic gradient in variable y € ). At the line
4 of Algorithm [I} we calculate the stochastic Riemannian
gradient for variable + € M, and calculate the stochastic
gradient for variable y € ).

At the line 5 of Algorithm [I} we use the Riemannian
gradient descent to update variable x based on the retraction
operator R,,(-), which guarantees the variable x; for all
t > 1 in the manifold M. Here R,,(-) can be seen as a
generalized projection operator, which can be competent
to the general Riemannian manifolds. For example, we
consider the popular Stiefel manifold M = St(r,d) = {X €
R4X" XTX = I,} that is a nonconvex constraint set
in the Euclidean space. Given g, = —ympvy € T, M, we
can define a standard QR-based retraction: R, (g:) = QH,
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Algorithm 2 Acc-RSGDA Algorithm

1. Input: T, parameters {~, A, b, m, ¢1, c2} and initial input
r1 E Mand y; € );
2: Draw B ii.d. samples B; = {¢:}5 |, then compute v; =
grad, fs, (z1,y1) and w1 =V, fp, (1, 41);
3 fort=1,2,...,T do
. Update: 441 = Ry, (—ymevy) with gy = W;
Update: §:411 = Py(y: + Mwy) and yep1 = y: +
Ne(Ge+1 — Ye); ,
6: Draw B iid. samples B;y1 = {¢/,,}2, then com-
pute

Vi1 = grad, g, (Te41, Y1) + (1 — pq1)

: 7;?4—1 [Ut - grada;th+1 (xh yt)} ’ (10
w1 = Vo B, (Te41, Yev1) + (1= Birr)
: [UJt - Vyf6t+l (xta yt)]a (11)

where a1 = ¢1n? and Biy1 = con?.
7: end for
8 Output: z¢ and y¢ chosen uniformly random from

{ffuyt}?:r

where the matrices () and H can be obtained from the QR
decomposition of matrix x; + g: € R¥*" ie., x; + g = QR,
and H = diag({sign(R;;)},_,). It is well known that
the standard projected gradient methods with convergence
guarantee require the convex constraint sets belonging to
Euclidean space [51], while our Riemannian gradient-based
methods with convergence guarantee do not need the con-
vex constraint sets (Please see the following convergence
analysis).

At the line 6 of Algorithm [T} we simultaneously use a
projection iteration and a momentum iteration to update
the variable y, where we use 0 < 7 < 1 to ensure the
variable y; for all ¢ > 1 in convex constraint ). Note
that we use two learning rates v and 7, at the line 5,
where v is a constant learning rate and 7 is a dynamic
or constant learning rate with iteration ¢. Under this case,
we can flexibly choose learning rates in practice, and can
easily analyze the convergence properties of our algorithms,
where simultaneously Riemannian gradient descent on the
variable © € M and gradient ascent on the variable y € ).

4.2 Acc-RSGDA algorithm

In this subsection, we propose an accelerated stochastic Rie-
mannian gradient descent ascent (Acc-RSGDA) algorithm
to solve the stochastic minimax Problem , which builds
on the momentum-based variance reduction technique of
STORM [22]]. Algorithm | describes the algorithmic frame-
work of Acc-RSGDA method.

At the line 4 of Algorithm 2} we use two learning rates
and 7, where 7y is a constant learning rate and 7; = W
is a decreasing learning rate with iteration ¢. Similarly,
we can flexibly choose learning rates in practice, and can
easily analyze the convergence properties of our algorithms,
where simultaneously Riemannian gradient descent on the
variable z € M and gradient ascent on the variable y € ).

At the line 6 of Algorithm [2, we use the momentum-
based variance-reduced technique of STORM to esti-
mate stochastic Riemannian gradient v; defined in (I0).

5
where a1 € (0,1, When ay41 = 1, vy =
grad, f5,,, (141, Yi+1) Will degenerate a vanilla stochastic
Riemannian gradient estimator; When ay11 = 0, v441 =

grad, s, (o1, Yer1) —To, * (grad,, fi, (4, ye) —vr) will
degenerate a stochastic Riemannian gradient estimator
based on variance-reduced technique of SPIDER [52]. Since
our Acc-RSGDA algorithm uses variance-reduced technique
of STORM to estimate the stochastic gradients, it does not
rely on large mini-batch size to guarantee its convergence
(Please see the following convergence analysis).

Riemannian gradient grad, fg,., , (T¢+1,¥t4+1) is over the
tangent space T, , M, while the Riemannian gradient es-
timator grad_ f5, +1(act,y,g) — v, is over the tangent space
T, M. In order to feasibility of v.y;, we use the vector
transport 7, to project the Riemannian gradient estima-
tor grad_ fg, ., (%:,y:) — v into the tangent space T}, , M.
Thus, we can add the term grad_ f3,,, (%41, y:+1) and the
term (1 — a; 1) 7z, [vr — grad,, f5,,, (x4, yr)]-

4.3 Novelties of Our Algorithms

Compared with the existing Riemannian gradient algo-
rithms [11], [45], [46] and minimax optimization algorithms
[27], [36], our algorithms have the following main differ-
ences:

1) Compared with the existing Riemannian gradient
algorithms, our algorithms simultaneously use a con-
stant learning rate v and a dynamic or constant learn-
ing rate 7, at each iteration. This dynamic/constant
learning rate 7, is the same tuning parameter of the
momentum iteration in updating variable y (i.e.,
Yt+1 = Ye+0:(Jt+1—y¢)). In other words, the learning
rate in updating the variable z € M depends on
the tuning parameter of the momentum iteration in
updating dual variable y.

2) Compared with the existing minimax optimization
algorithms, our algorithms simultaneously use a pro-
jection iteration and a momentum iteration to up-
date the variable y. Meanwhile, our algorithms use
the Riemannian gradients and retraction operator
to update variable x € M instead of the standard
gradients and projection operator used in the existing
minimax algorithms.

5 CONVERGENCE ANALYSIS

In this section, we study the convergence properties of our
RGDA, RSGDA, and Acc-RSGDA algorithms, respectively.
The basic idea of our convergence analysis is given in Fig.
We first give some useful lemmas.

Lemma 1. Under the above assumptions, the gradient of function
®(z) = maxyey f(x,y) is G-Lipschitz with respect to retrac-
tion, and the mapping or function y*(x) = arg max,cy f(x,y)
is k-Lipschitz with respect to retraction. Given any x1,x9 € X C
Mand u € T, M, we have:

Igrad® (1) — T, grad®(z2)|| < Gllul, (12)
ly* (z1) — " (@2) || < &llul, (13)

where xo = Ry, (u), and G = kL1a + L11, and K = Loy /1
denotes the number condition of function f(x,y).
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;! The basic idea of our convergence analysis 5
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: Infvestllgatlng thed\farlances Tracking the error terms Estab_llshlng useful Lyapunov :
" of estimated gra |en.ts on of the variables x and y in functions for RGDA, RSGDA |y
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] I
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1 Based on Lyapunov functions, :
: choosing the suitable tuning 1
\ parameters such as learning rates '|
‘\ to obtain convergence results. 7

~ /
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T S

Fig. 2: The basic idea of our convergence analysis.

Lemma 2. Suppose the sequence {xy,y;}1_, is generated from

Algorithmor Given 0 < < 3,1 We have

777t
—=llve)?

P(x441) < () + wll” —

YLaanelly* (z) —

+ ymellgrad, f(xe, i) — vel|? — ””fngvad¢waa>n2. (14)

Lemma 3. Suppose the sequence {x,y;}1_, is generated from
Algorithm(Tjor[2} Under the above assumptions, and set 0 < 1, <
land 0 < A < 1 , we have

lyer1 —y ($t+1)||

ntu/\ 30, -
<(1- My — y*(@e)||* — THytH — e
25 252 K2
+ 2 Hvyf(xt,ya will? o+ = e, a9)

where kK = Lgl//l, and L = max(l Llla L12, L21, L22).

Although Problems (T) and () are nonconvex, followmg
(53], there exists a local solution or stationary point (z*,y*)
satisfies the Nash Equilibrium, i.e., f(z*,y) < f(z*,y*) <
flz,y*), where 2* € X C M and y* € Y. Here X
is a neighbourhood around an optimal point z*. Recall
that the nonconvex minimax problem is equivalent to
minimizing the nonconvex function ®(z) = max,cy f(z,y)
for any x € M. It is NP hard to find the global minimum
of ®(x) in general since ®(x) is nonconvex in z € M. Thus,
we will find the stationary points of function ®(z), which is
equal to the stationary points of the minimax problem (T).
Next we define an e-stationary point of ®(z) in z € M.

0)
0/

Definition 1. A point x € M is an e-stationary point (e
of a differentiable function ®(x) if ||grad ®(x)|| < e. If e
then x is a stationary point.

>

5.1 Convergence Analysis of both RGDA and RSGDA
Algorithms

In this subsection, we study the convergence properties of
our RGDA and RSGDA algorithms, respectively.

Suppose the sequence {;,y;}1_; be generated from our
RGDA Algorithm, we establish a useful Lyapunov function
(i.e., potential function) A; for convergence analysis of
RGDA, defined as

6yL> .

As = B(xe) + K—uuyt —yr @) V> 1. (16)
Theorem 1. Suppose the sequence {x;,y:}i_, is generated
from Algorithm [I| by using deterministic gradients. Given
Y1 —y( 1), n—mforallt >1,0<n< mm(l,%L)
0<A <5 lll’ld 0<y<

10L ’

O(zy) -
T

T o
Z lgrad ®(x:)|| < . (17)

Remark 1. Since 0 < n < min(1, 21L) and 0 < v < lggﬁl

we have 0 < ny < min(loz . 57). Let py = mm(lgzn, 77)
we have ny = O(Z% ) The RGDA algorithm has convergence
rate ofO( =z ). By iz <€ de., ||grad ®(x¢)|| < €, we choose
T > K2e % . When our RGDA Algorithm solves the deterministic
minimax Problem (T), we only need one sample to estimate the
gradients vy and wy at each iteration, and need T iterations. Thus,
our RGDA reaches a sample complexity of T = O(k?e~2) for
finding an e-stationary point of Problem (I). Note that since the
function f(x,y) is u-strongly concave in y € Y, given any initial
input x1, we can easily obtain y; ~ y*(x1). So we can assume
y1 =y (z1).

Suppose the sequence {z;,y: }_, be generated from our
RSGDA Algorithm, we establish a useful Lyapunov function
O, for convergence analysis of RSGDA, defined as

6yL>? .
O =E[®(x) + = Sl —y @)’ vi= 1 (9

Theorem 2. Suppose the sequence {x;,y; }1_, is generated from
Algorithm (1| by using stochastic gradients. Given y; = y*(x1),
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70) 0 <A< o

' T — and

n=mnforallt > 1,0 <n < min(l
0<y<

2
10Lk’
5L, Vo
n' VB

(19)

NS

= E||grad ®( <
LS~ Bllrad o) T

t 1

Remark 2. Since 0 < n < min(1, 21L) and 0 <y < E

have 0 < nry < mln(loz‘ s 37 )- Let py = mln(lo—z‘, 37, we
have 1y = O(Z5). Let B = T, the RSGDA algorithm has con-
vergence rate ofO(Tl/Q) By 7z < ¢ ie., Ellgrad ®(z¢)| <,
we choose T > k2¢=2. When our RGDA Algorithm solves
the stochastic minimax Problem @), we need B samples to
estimate the gradients v, and w, at each iteration, and need
T iterations. Thus, the RSGDA reaches a sample complexity of

BT = O(k*¢™*) for finding an e-stationary point of Problem

, we

5.2 Convergence Analysis of Acc-RSGDA Algorithm

In the subsection, we provide the convergence properties of
our Acc-RSGDA algorithm.

Lemma 4. Suppose the stochastic gradients vy and wy is gener-
ated from Algorithm given 0 < a1 < land 0 < Bryq <1,
we have

Ellgrad, f (41, yes1) — vesr |* < 41 — apg1)* LT V07 Ellvg ||

+ (1= ay41)°Ellgrad, f (¢, y:) — ve]?
20<f+102

2 @)

+ 41 = 1)’ Ligni Bl Gegr — ell* +

E([Vyf(@es1, yes1) — weprl|* < 41 = Be1)* L3V ni B v |2
+(1— ﬂt-‘rl)QEHVyf(zta Yt)

+4(1 = Big1) > L3 Bl Fesr — vell® +

— wyf?

267,07

—5
Assume the sequence {z;,y;}7_, be generated from

our Acc-RSGDA Algorithm, we establish a useful Lyapunov

function 2; for convergence analysis of Acc-RSGDA, de-
fined as

Qt = E[@(l‘t) —|—

21

v

—_— 22
2 ume—1 @)

(||gradxf(xt,yt) - Ut||2

6yL> )
+ Vo f(xe, ye) — wt||2) + 7”% -y (%)HQ], vt > 1.

Theorem 3. Suppose the sequence {a:t, yt}t 108 genemted from

Algorzthml szen y1 =y*(z1), 1 > 3b3 +2\p, 02 31,3 +
50)\L
b>0 m > max (2, (éb)3), 0 <y < 2HL\/W and
0 < A < =, we have
6L
V2M'mt/S  \2M
- ZEHgmd D(zy)| < T3 T (23)
T
where ¢ = max(1,cy,co,2vL) and M' = %})_@*) +
202 2(c§+c§)02b2 1 T
Boob T B n(m +T).
Remark 3. Let c1 = 55 + 2\, 2 = 355 + 50)‘L2 ;A=

N 17\ S - _b
L, V= eivETio and 1o = —i7z. It is easily Uerzﬁed that

7—0()A—OUAu:mﬂmpﬂXUQ:OM)

7
datasets #samples | #dimension | #classes
MNIST 60,000 28 %28 10

FashionMNIST 60,000 28x28 10
STL-10 (resized) 5,000 32x32 x3 10
CIFAR-10 50,000 32x32 x3 10

TABLE 1: Benchmark datasets used in our experiments

Inputs (d channels)

Conv d — 32, Batchnorm , ReLU
Conv 32 — 64, Batchnorm , ReLU
Conv 64 — 64, Batchnorm , ReLU

Max Pool

Linear 200 — 200, ReLU
Linear 200 — C

Outputs

TABLE 2: The DNN used in our experiments. C is the
number of classes, and d is the number of channels for
inputs.

m = O(k*) and ny = O(). Without loss of genemlzty, let
T > m = O(k%), we have M' = O(k* + % + 79 In(T)).
When B = k, we have M’ = O(x*In(T)). Thus the Acc-
RSGDA algorithm has a convergence rate of O (). By 5 <
€ ie., E|grad ®(z¢)|| < € we choose T > k3e 3. In Algorithm
we require B samples to estimate the stochastic gradients v;
and wy at each iteration, and need T iterations. Thus, the Acc-
RSGDA has a sample complexity of BT = O (r*e?) for finding
an e-stationary point of Problem (). Since our Acc-RSGDA
algorithim uses variance-reduced technique of STORM to
estimate the stochastic gradients, it does not rely on large
mini-batch size to guarantee its convergence. When B =1,
our Acc-RSGDA algorithm has a Convergence rate of O(T1 73 d)

and has a sample complexity of BT = O( =3) for finding an
e-stationary point.

Remark 4. In the above theoretical analysis, we only assume
the convexity of constraint set Y, while [27] not only assume
the convexity of set ), but also assume and use its bounded
(ie., |Y| < D, where D is a positive constant.) to guarantee
convergence of the GDA and SGDA algorithms in [27] (Please see
Assumption 4.2 in [27]). Clearly, our assumption is milder than
[27)]. When there does not exist a constraint set on parameter y,
ie.,Y = R? our RGDA and RSGDA algorithms and theoretical
results still work, while [27|] can not work.

6 EXPERIMENTS

In this section, we conduct experiments on two tasks: 1)
robust DNNs training over Riemannian manifold and distri-
butionally robust optimization over Riemannian manifold.
In the experiment, we use the SGDA [27] and Acc-MDA [39]
as the comparison baselines. Since the SGDA and Acc-MDA
methods are not designed for optimization on Riemanian
manifolds, we add the retraction operation (projection-like)
at the end of parameter updates.

6.1 Robust DNNs Training

In this subsection, we focus on the robust DNNs training
over Riemannian manifold defined in Problem , which
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TABLE 3: Test accuracy against nature images and different attacks for MNIST. All comparison methods are test against

PGD*0 : PGD attack of 40 steps, and FGSM attacks.

PGD™ I FGSM Lo
Methods | Nat.Img. \——1———5—1—-03 T 2204 | e=01 | e=02 | =03 | =04
SGDA 98.94% | 85.95% | 82.10% | 75.64% | 61.95% | 91.20% | 89.06% | 85.67% | 78.01%
AccMDA | 99.23% | 86.12% | 82.15% | 75.22% | 58.06% | 92.25% | 90.29% | 87.11% | 79.56%
RSGDA 9900% | 87.47% | 8417% | 7861% | 64.92% | 93.05% | 91.26% | 87.47% | 8051%
Acc-RSGDA | 99.37% | 90.08% | 87.29% | 82.65% | 73.66% | 93.38% | 91.67% | 88.83% | 82.81%

TABLE 4: Test accuracy against nature images and different attacks for FashionMNIST. All comparison methods are test

against PGD*Y and FGSM attacks.

PGD™ L FGSM Lo
Methods | Nat. Img. \— o7 —-=015 T 2202 [ 2005 | =01 | =015 | =02
SGDA 8230% | 69.12% | 6692% | 64.83% | 6255% | 73.83% | 72.65% | 71.65% | 70.64%
AcMDA | 8389% | 6841% | 65.86% | 6332% | 60.76% | 73.11% | 71.77% | 7054% | 69.05%
RSGDA 83.23% | 7023% | 67.84% | 6557% | 6348% | 75.85% | 74.95% | 7433% | 73.97%
Acc-RSGDA | 8415% | 71.03% | 68.99% | 66.07% | 64.35% | 76.01% | 75.44% | 75.08% | 74.44%

TABLE 5: Test accuracy against nature images and different attacks for CIFAR10. All comparison methods are tested against

PGD* and FGSM attacks.

PGD™ [ FGSM Lo
Methods | Nat. Img. \——t5e—— 0T T c=0.015 T 52002 | £=0.005 | e=001 | £=0.015 | =0.02
SGDA GA73% | 3852% | 33.89% | 28.97% | 2250% | 41.66% | 37.92% | 34.04% | 28.75%
AccMDA | 69.01% | 42.78% | 33.08% | 32.84% | 25.76% | 46.18% | 4241% | 3842% | 32.87%
RCG 64.64% | 39.73% | 3547% | 3097% | 24.67% | 42.71% | 39.28% | 3583% | 31.11%
AccRSGDA | 72.18% | 46.36% | 41.70% | 36.46% | 29.16% | 49.41% | 45.62% | 41.55% | 35.94%

TABLE 6: Test accuracy against nature images and different attacks for the first 10 classes of CIFAR100. All comparison

methods are tested against PGD*? and FGSM attacks.

PGD™ [ FGSM Lo
Methods | Nat.Img. | ——o05T——00T T c=0015 | e=002 | e=0.005 | =001 | c=0015 | =002
SGDA 69.60% | 45.62% | 4147% | 37.65% | 32.30% | 47.48% | 43.87% | 40.40% | 36.10%
AccMDA | 7070% | 4742% | 43.20% | 38.40% | 31.90% | 49.73% | 46.10% | 42.15% | 37.10%
RCG 6930% | 47.07% | 43.10% | 38.60% | 31.80% | 49.98% | 46.67% | 43.25% | 37.40%
Acc-RSGDA | 70.10% | 48.12% | 44.27% | 39.60% | 33.50% | 50.52% | 47.30% | 43.60% | 38.70%

is a nonconvex and nonconcave minimax problem. Follow-
ing [28], we cast the original robust training problem into
the following nonconvex-(strongly)-concave problem:

n C
1
i = C(h(ak;2),b;) — 24
i g 22 2o i b) (o) @
stU ={uecR|u>0, |ul, =1},

where a{]{- is the permuted sample after K iterations of

Projected Gradient Descent (PGD) attack, and C' is the
number of classes for the dataset. Here r(u) is a (strongly)
convex regularization term, e.g., 7(u) = allu — 1/C|* or
KL divergence r(u) = « Z?:l u; log(u;C), where o > Ois a
tuning parameter. In the experiment, we use Stiefel manifold
M =St(r,d) = {X e R¥™>*" : XTX = I,} on parameters =
of DNNSs (convolution layers and linear layers).

For robust training, we choose five datasets for this
experiment: MNIST, FashionMNIST, CIFAR10, CIFAR100
and STL10. We use a 5 layer DNN as the target model,
whose architecture is given in Tab. |2} For five datasets, we
set {7, A, m:} = {0.1,0.01,0.1} for RSGDA. For SGDA, we
set the learning rates of both maximization and minimiza-
tion as 0.01. For Acc-RSGDA, we set {v,\,b,m,c1,co} =

{1.0,0.1,0.5,8,512,512}, and we apply the same hyper-
parameters to Acc-MDA to ensure a fair comparison. We set
K = 3 for five datasets, and ¢ for the robust training is set
to 0.4, 0.2, 0.02, 0.02 and 0.02 for MNIST, FashionMNIST,
CIFAR10, CIFAR100 and STL10 separately. We further set
the mini-batch size as 512, and the model is trained for 200
epochs.

The training progress for robust training is shown in
Fig. Bl From Fig. [B} we can see that our Acc-RSGDA method
converges faster than the other comparison baselines, and
it can achieve the best test accuracy with natural images
for both datasets. RSGDA does not use momentum terms,
but it reaches lower training loss compared to SGDA and
Acc-MDA. This observation implies that our framework
better utilizes the property of Riemannian manifold for
robust DNN training. On the other hand, simply adding the
retraction operation (Acc-MDA and SGDA) can not achieve
the same effect.

The numeric results against different attacks (i.e., PGD
attack and Fast Gradient Sign Method (FGSM) attack
[55]) are shown in Tab. 3 Tab. ] Tab.[f] Tab.[f and Tab.
Specifically, in the training progress, we report the numeric
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TABLE 7: Test accuracy against nature images and different attacks for STL10. All comparison methods are tested against

PGD*° and FGSM attacks.

PGD™ L FGSM Low
Methods | Nat.Img. | — 5005007 T 2=0.015 | =002 | 5=0005 | =001 | e=0015 | =002
SGDA 5T24% | 2628% | 22.53% | 18.81% | 14.12% | 2832% | 25.06% | 21.8%% | 17.81%
AccMDA | 5194% | 28.22% | 2439% | 20.66% | 16.04% | 30.28% | 27.01% | 23.93% | 19.88%
RCG 51.86% | 28.62% | 24.83% | 2096% | 1654% | 30.80% | 27.56% | 24.34% | 2031%
Acc-RSGDA | 5251% | 29.48% | 25.64% | 21.76% | 16.76% | 3148% | 28.20% | 24.91% | 20.69%
100 —RSGDA —RSGDA
—Acc-RSGDA — Acc-RSGDA
L —SGDA . ——SGDA
% —Acc-MDA E —Acc-MDA
& 85 & 10 ——Acc-RSGDA 0.5
A A I\ A I\ :/SASEQDA
800 50 EploﬂthS 150 200 0 50 Eploocohs 150 200 0 50 Eploocohs 150 200 00 50 Eploﬂcohs 150 200
(a) MNIST (b) MNIST (@) STL-10 (b) STL-10

&

3

Test Accuracy
a @ =

g

—Acc-RSGDA
—SGDA
—Acc-MDA

150

w
3

150

160
Epochs

(d) FashionMNIST

160
Epochs

(c) FashionMNIST

50 50

Fig. 3: Experimental results for the robust training task.
(a, c) Test accuracy with natural images for MNIST and
FashionMNIST datasets. (b, d) Training loss for MNIST and
FashionMNIST datasets.

results against PGD attack of 40 steps and FGSM attack.
For all settings, our Acc-RSGDA method achieves the best
accuracy against PGD and FGSM attacks. Interestingly, the
Acc-MDA method performs worse than SGDA under PGD
and FGSM attacks, which suggests that the momentum may
be not functional properly without considering the property
of Riemannian manifold.

6.2 Distributionally Robust Optimization

In the subsection, we focus on distributionally robust opti-
mization over Riemannian manifold defined in Problem ().
CIFAR-10 and STL-10 are selected as the datasets for this
task. We use the same DNN architecture from the above
robust DNN training for this task. We also apply Stiefel
manifold M = St(r,d) = {X € R>*" : XTX = I,} to the
parameters of the DNN. We use the same hyper-parameter
setting for RSGDA, Acc-RSGDA, SGDA and Acc-MDA from
this task. The mini-batch size is also set 512, and the model is
trained for 200 epochs. We report mean and variance across
3 runs for this experiment.

The results are reported in Fig. [} and shaded areas
represent variance. From the figure, we can see that our
Acc-RSGDA achieves the best test accuracy and converges
fastest. The difference between Acc-RSGDA and Acc-MDA
is small, but due to using the property of Riemannian man-
ifold, Acc-RSGDA is more stable compared to Acc-MDA.

—RSGDA
—Acc-RSGDA
—SGDA
—Acc-MDA

Test Accuracy

—RSGDA
—Acc-RSGDA!

—SGDA
—Acc-MDA

150

160 -
Epochs

(d) CIFAR-10

160 S‘D 150
Epochs

(c) CIFAR-10

50

Fig. 4: Experimental results for the distributionally robust
optimization task. (a, c) Test accuracy for STL-10 and CIFAR-
10 datasets. (b, d) Training loss for STL-10 and CIFAR-10
datasets.

7 CONCLUSION

In the paper, we investigated a class of useful minimax op-
timization problems on Riemanian manifolds. Meanwhile,
we proposed a class of effective and efficient Riemanian
gradient descent ascent algorithms to solve these minimax
problems. Moreover, we studied convergence properties of
our proposed algorithms. To the best of our knowledge, our
Riemannian gradient-based methods are the first to study
the minimax optimization over the general Riemanian man-
ifolds.
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APPENDIX A
DETAILED PROOFS IN CONVERGENCE ANALYSIS

In this section, we provide the detailed convergence analysis of our algorithms. We first review some useful lemmas.

Lemma 5. [56| Assume that f(x) is a differentiable convex function and X is a convex set. ©* € X is the solution of the constrained
problem min,cx f(x), if

(Vf(x"),z —z*) >0, Vz € X. (25)
Lemma 6. [56] Assume the function f(x) is L-smooth, i.e., |V f(x) — Vf(y)|| < L||x — yl||, and then the following inequality
holds
T L 2
[f(y) = f2) = Vf(z)" (y —2)] < S lla Il (26)

Lemma 7. (Restatement of Lemma 1) The gradient of function ®(x) = maxycy f(x,y) is retraction G-Lipschitz, and the mapping
or function y*(x) = argmaxycy f(x,y) is retraction k-Lipschitz. Given any x1,x2 = Ry, (u) € X C Mand w € Ty, M, we
have

1§rad®(x1) — T grad®(w2)|| < Gul,
ly*(z1) — y*(@2)|| < Kl
where G = kL12 + L1y and K = Loy /1, and vector transport 7;9521 transport the tangent space of x1 to that of xs.

Proof. Given any z1,22 = Ry (u) € X and v € T, M, define y*(x1) = argmaxycy f(z1,y) and y*(z2) =
arg maxycy f(z2,y), by the above Lemma we have

(y =y (@) Vyf (219" (@1)) <O, Vyey (27)
(y =y (2)) Vo flz2,y"(22)) 0, Vye . (28)
Let y = y*(z2) in the inequality 27) and y = y*(«1) in the inequality (28), then summing these inequalities, we have
(v (x2) — y* (@1))" (Vy f (21, 5% (1)) — Vy f (w2, 5" (2))) < 0. (29)
Since the function f(z1,-) is u-strongly concave, we have
f@1,y* (21)) < fo1,y% (22) + (Vo f (21,57 (22)) " (" (21) — y* (22)) — g”y*(xl) —y*(za)|%, (30)
Flan, g (@2)) < flrn,y™ (@) + (Vy f (@1, v (@20))) T (5" (22) — y* (21)) - %Ily*(wl) —y*(z2)|I. (1)
Combining the inequalities (30) with (), we obtain
(v (w2) = y* (2) (Vo f (21,47 (22)) = Vy f(21,y% (21))) + plly* (21) — y*(22) > < 0. (32)

By plugging the inequalities into (32), we have

plly™ (@1) =y (22)[* < (" (22) — 4" (@) (Vi (2,97 (22)) = Vi f (21,57 (22)))
< ly*(w2) =y (@) IVy f (w2, ™ (22)) = Vi f (21, 5" (22))]
< Lalulllly™(z2) = y* (@)l (33)
where the last inequality is due to Assumption 1. Thus, we have
ly™(z1) = y* (z2)ll < sllull, (34)

where kK = Loy /pp and zo = Ry, (u), u € Ty M.
Since ®(z) = f(x,y*(x)), we have grad®(z) = grad, f(z,y*(z)). Then we have
Igrad®(z) — T2 gradd(ws) |
= llgrad, f(z1,y"(21)) — 7.5 grad, f(x2, y" (x2)) |
< llgrad, f(z1,y" (21)) —grad, f(z1,y" (z2)) |+ [lgrad,, f (z1, y™ (22)) = T3 grad,, f (z2, y™ (22))|
< Laally™ (1) — y™ (@2) || + L lull
< (kLaz + L) |ul], (35)

where u € T, M.
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Lemma 8. (Restatement of Lemma 2) Suppose the sequence {x,y; }1—, is generated from Algorzthm Iorl Gwen 0<n < 2,1 T/
we have
D(aer1) < Bar) + yLozmlly” @) — el + ymelgrad, £ @e,vi) = wil]* = S lgradd ()
- L w2 (36)
Proof. According to Assumption 2, i.e., the function ®(z) is retraction L-smooth, we have
VL 2
(we41) < O(we) — e (grad®(ae), ve) + —5— [l (37)
2,2
’m gl YL
= 0(x,) + - |lgrad®(ae) — ve® - 2t grad®(z)|1* + (= - t)ll el
= ®(zy) + 7||grad<l> z¢) — grad, f(ze, ye) + grad,, f(ze, ) — ve]|* — fym 2| grad®(z;) ||?
2 2L
+ (2= = T ]2
< @(w1) + 71 lgrad®(er) — grad, S (we,yo)|* + millgrad, f @ ) — vi]* = T [grade ()|
Lyt
(T T oy P
777
< ®(x,) + el grad® () — grad, f(xe,yo) | + ymellgrad, f (2o, ye) — vil® = * [l grad® ()|
— el
where the last inequality is due to 0 < 1, < L
Considering an upper bound of || grad‘b( ) grad, f(z¢,y:)||?, we have
lgrad®(ae) — grad, f (e, yo)l|I* = llgrad, f (e, y™ (1)) — grad, f(ze, yo)|?
< Laolly™ (@) — wel* (38)
Then we have
(ae1) < W)+ ymeLizlly” (@) vl + ymollgrad, (e, ) — vol* = 2L grade(a)|?
= L o2 (39)
O

Lemma 9. (Restatement of Lemma 3) Suppose the sequence {4,y }i_, is generated from Algorithm |1 I or IZ| Under the above

assumptions, and set 0 < ny < 1land 0 < A < GlL, we have
* Ut# 3nt ~
lyer1 —y ($t+1)|\2 <(1- Mye — (%‘t)H2 - THyt-&-l - Z/t||2
2577t 259 K>
+ IV f (e, ye) — wel|” + WII%HQ, (40)

where Kk = Lgl/,LL and E = max(l, L117 L12, Lgl7 LQQ).

Proof. Since the constraint set ) in Euclidean space, this proof can easily follow the proofs of Lemma 28 in [39]]. According
to Assumption 3, i.e., the function f(z,y) is u-strongly concave w.r.t y, we have

F(@ry) < Flanye) + (V0 @y y = ) = Glly =l
= f(xe, ye) + (Wi, y — Ge1) + (Vy f (@4, 4) — Wi, ¥ — Jeg1)
(T (e un), Gess =) = Slly = will (41)

According to the assumption 1, i.e., the function f(z,y) is Laz-smooth w.r.t y, and L > L95, we have

L22

I \/

f(95t727t+1) - f(xt, yt) - <Vyf(xt7yt)7gt+1 - yt> Hyt+1 - yt”

2 —§||Z7t+1 — e (42)
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Combining the inequalities (#I) with (#2), we have

f(xe,y) < flae, Ge1) + (Wi, ¥ — Geg1) + (Vy (@6, ) — e, Y — Geg1)

" L, .
- §||y—yt||2+§\|yt+1 — e (43)

According to the line 6 of Algorithmor we have §,11 = Py(y: + Awy) = argmingey 3 ||y — y — Aw;||. Since Y is
a convex set and the function %Hy — 4y — Awy||? is convex, according to Lemma [5| we have

(U1 — Yt — Mg,y — 1) >0, y € V. (44)
Then we obtain
. 1, 5
(wi,y — Prp1) < X<yt+1 — Y, Y — Yit1)
1,. B 1. .
= X(yt+1 — Y, Yt — Upg1) + X<yt+1 — Y, Y — Ye)

1, . 1,.
= _XHyt“ — el + X<yt+1 — Y6, Y — Ye)- (45)

Combining the inequalities (#3) with @), we have

f(mt’y) < f(xt’gtJrl) + 2\

(W1 — Y,y — Ye) T (Vo f (X6, 9) — we, ¥ — Jer1)

1, . I L, _
- X”yt“ —yell® - 5”9 —yel® + §||Z/t+1 — el (46)
Let y = y*(2¢) and we obtain
* ~ 1 ~ * * ~
f(xmy (fUt)) < f($t7yt+1) + X<yt+1 — Yty (xt) —Ys) + (Vyf(ﬂft,yt) —w, Yy (1) — yt+1>

e B s L, .
- X”yt“ —yl]” - §Hy (z¢) — yell” + §||yt+1 — | (47)

Due to the concavity of f(-,y) and y*(x;) = arg max,ey f(z,y), we have f(z,y*(z:)) > f(z¢, Ji+1). Thus, we obtain

1 ~ * * ~
0< X<yt+1 — e,y (@) — ) + (Vo f (@, ye) — we, y™ (2¢) — Geg1)
1 L . .
= (5 = M = el = Sy () = el (48)

By Y1 = Yt + 0: (Y41 — yt), we have
lyes1 =y (@)1* = llye + ne(Gesr — e) — y* (o) I
= |ly: — y*(xt)HQ + 20 (Ur1 — Y Yr — Y (20)) + 77t2||37t+1 - yt||2- (49)
Then we obtain
” * 1 * 2 Mt~ 2 1 * 2
Gev1 — Y6,y (@) —ve) < 5—Nye — v (@)I° + S 1Te+1 — ell” — 5 lyerr — vy () [I7 (50)
2m 2 2

Consider the upper bound of the term (V,, f(z+, y¢) — we, y* (@) — F41), we have

(Vyf(e,yt) — we, y* (1) = Get1)
= <Vyf($ta Yt) — wtay*(xt) - yt> + <Vyf(xt7yt) — W, Yt — Yet1)

1 By 1 1 _
< p”vyf(xtvyt) —we|® + ZHZ/ (z¢) — wel> + ;llVyf(xt,yt) —we|® + Z”yt — Giga|?

2 B I -
= ;HVyf(xtvyt) —we|® + ZHZ‘J (z¢) —well* + Z”yt — e |- (51)
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By plugging the inequalities , @ to , we have

L T z o2 Mk L1 ,
= _ et K _ o op L1 ~
277t)\||yt+1 yedll < (277t/\ 4)”yt v ()" + (2)\ TIT S )\)||yt+1 yell
2
+ ;Hvyf(xtayt) - wt||2
1 I 3L 1. . 2
< (27]*/\ Z)Hyt (xt>||2 + (I - ﬁ)”yﬂrl - yt||2 + ;qu’,f(l’t,yt) — ’th2
— 1 H * 2 3 1 3f4 - 2
B (277t/\ 4)”% y (@) (8)\ + 25 S\ )Hyt+1 Y|
2
+ ;Hvy (Te,y) — wt||2
L n s 3 , 2 )
= 4 3 - —lIV - 52
< (27%)\ Dlye =y @)I” = g = well” + MH of @) — wy|%, (52)

where the second inequality holds by L > Ly > prand 0 < 7; < 1, and the last inequality is due to 0 < A < 57 - It implies
that

||2 S (1 nt:u

. 477
lyer1 — y™ (z¢) H2 :

3 N
Mye — y* (ze) II” — gl Ger1 — yt IV f (e, e) — we|>. (53)
4

[

Next, we decompose the term ||y:11 — y*(z+1)||* as follows:

lyes1 = ¥ (@) I = e — v (@) + y* (@) — ¥ (o) |I?
= [|ye+1 — y*(xt)||2 + 21 — Y (@), ¥ (w0) — Yy (@e11)) + ly" (ze) — Z/*(xtﬂ)ﬂ2

2 . 4 e .
< (14 ) e — v @)l + (1 + W)Hy () =y (weq0)]|”

§(1+m“

4
Wyerr — v (@)l + (1 + m)n?vzﬁllvtIIQ’ (54)

where the first inequality holds by the Cauchy-Schwarz inequality and Young’s inequality, and the last equality is due to
Lemmal7l

By combining the above inequalities (53) and (54), we have

A nuA NepA | 31
21 = T ye =y @oll? = 0+ 22 T e —

lyes1 — ¥ (@) 1P < (14

4 4

A 4 4
T (14 DA 2 ||vyf<xt,yt> — w4+ (14— )2y R2 o2, (55)

4 U2
Since 0 < n; <1, 0<)\< andL>L22>;L,wehave)\§%§Giandm<1§ ~- Then we obtain
M\ T A NepA | A nppPA? NepA
1 1— =1- - <1-
1+ =) 5 ) 5+t g < T
(14 1k 3 3
4 74 = 47
NepA | AT L dmA  25mA
(1+ 1 ) <1+ ﬁ) = ;
Iz 1% 61
PP _ KR APRPm 2597k,
1 2,202 = 2,22 | < = . 56
( +WA)Wcm LR w775 W 6 (56)
Thus we have
. n u 3¢ -
941 — ¥ (@)l < (1= 25 g — y7 (@) |12 — fl\ym —uel?

25 25~2k2

+ 2V, for ) = il + L 57)
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A.1 Convergence Analysis of RGDA and RSGDA Algorithms
In the subsection, we study the convergence properties of our RGDA and RSGDA algorithms, respectively.

Theorem 4. (Restatement of Theorem 1) Suppose the sequence {x;,y;}1_, is generated from Algorzthm I by using deterministic

gradients. Given yy = y*(x1), n = n forallt > 1,0 < n < min(1, 21L) 0<A< 1 and 0 <y < 8=,
T
2,/® — P
Z lgrad ®(zy)|| < Y20 =27 (58)
= T
where i/ = max(l, Llla L127 L217 ng).
Proof. According to Lemma 9] we have
* mu 30t ~ 257%
Y41 =y (zer) I < (1 - Mye =y (@0)l|” — = gt = yel* + IVy f (@6, ye) — wel|®
25'7 K20 2
_— . 59
We first define a Lyapunov function A, for any ¢ > 1
6yL2 .
Ao = () + e =y (@)% (60)
1
According to Lemma 8} we have
6yL? ) \
Appr — Ae = B(w441) — P(2) + V(Hytﬂ —y @) = llye — v* (@)]?)
* 777 m
< ymlasllye — y* (@)l|” + ymllgrad, f (20, ye) — oi]]* — S [|grad® (@) ||* — TtHUtHQ
6yL>? ,u)\n 3N 25)\77
+ ( : llye — (It)HQ - 7t||yt+1 - yt|\2 : IVy f(@e, ye) — th2
AL 4
25’)/ K2 77t
+ = lue]?)
L? ’YUt Ve 9Ly,
< - lye — y* (z)||* = Tngad‘b(%)Hz - [1Ge41 — yel?
(1 25/12132 2) I ”
— (- - ——— v
4 122 YN (| Ve
L? v
< ==y =y (@) = L lgrad () 2, (61)

where the first inequality holds by the inequality the second last inequality is due to L = max(l L11, Lia, Loy, Lao)
and vy = 8radmf($ta yt)/ wy = vyf(xta yt)

L? 777t

Iy =y (@Ol + L lgrad® (@) > < Ar = Avv. (©)
Since the initial solution satisfies y1 = y*(z1) = arg maxyecy f(z1,y), we have
6yL> .
Ay = () + =Ll =y @)l = @), (63)

Taking average over t = 1,2,--- ,T on both sides of the inequality (62), we have

-
2 Ui 2 Al - AT+1 <I>(9£1) — o>
- do < < 4
; v (@) ” + 3 llgrad®(z,)*] < T ST (64)
where the last equality is due to the above equality and Assumption 4. Let n =7, = --- = n7, we have

=

Z llye =y (@) + llgrade(a) 7] < ==—m—

(65)
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According to Jensen’s inequality, we have

T 1/2
2
Z Bl — "2l + lgrade(el] < (7 3 (Bl — " (w0l + lgrade(an)?
- t=1
<< (22) - >>”2:2 ) — & )
T ynl
Since L||y; — y* (4)| + ||grad®(z)|| > ||grad®(z;)||, we can obtain
&(z;) — o+
13" gradn(e)] < 22T =P Gl
T4 il
O
Theorem 5. (Restatement of Theorem 2) Suppose the sequence {xt,yt}t | is generated from Algorithm [I| I by using stochastic
gradients. Given y1 = y* (1), n = forall t >1,0 <7 < min(1, 5 A2), 0 <A< 1~ and 0 <y < lgz‘ ,
2/®(z1) —®* V20  5V2L
—ZEHgmd B(wy)| < V2@ =" | V20| 5v2Lo (68)
t=1 T VB VB
Proof. According to Lemma[9] we have
* 3Nt - 257
les — 0 @)l < (@ = 2y — g @) = 2 gy — )+ 2 IV ) — il
259%K%n; o
_ 69
We first define a Lyapunov function O, for any ¢t > 1
6yL?2 .
O = E[2(e0) + =L~y — v ()] (70)
By Assumption 5, we have
1 & o?
Elgrad, f (s, y:) — ve||® = El|grad,, f (2, y:) — B > grad, f(x, ys &)II° < B (71)
i=1
EVyf(@e, y:) — w? = EIVy f(@e, ye) — Zvyf e,y €)1 < n (72)
According to Lemma (8} we have
G,YEQ * 2 * 2
Orr1 — Oy = E[®(xi11)] — E[®(x)] + V(EH%H — ¥ @) I* = Ellye — v (z0)|1%)
< ymeLasBllye —y* (@)’ + ymEligrad, f(zi, ) — vrl[* — 5 Ellgrad®(e) |2 — T E] |
6vL? A B - 25
e (= Bl = O = e — el + S IV ) — el
2572 k2, 2
———FFE
+ 2L o)
L2y . Ve L0t o
< ——5Elly — v (@)II* - *Ellgradfb(fﬂt)llz “E|[gert — vl
2 2\l
1 25k2L%42 2512
(= e Bl Ellgrad, £ ) -l + = SEENV f op) — wil?
L2 N o 25L%yn0?
< T3 By~ )P~ T Elgrad (e P + T+ ST 73)

where the first inequality holds by the 1nequal1ty ; the second last inequality is due to L= max(1, L11, L1, L1, Lo2),

and the last inequality is due to 0 <y < gz‘ and Assumptlon 5. Thus, we obtain

iQ * 0'2 25[~/2 O'2
;mlEllyt —y* ()| + WEngad@(ggt)H? <@ — Oy, Yo | BLymo”

B Bu?

(74)
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Since the initial solution satisfies y; = y*(21) = arg maxycy f(z1,y), we have

6yL>
01 = ®(a1) + >L s~y (@) = 2(e).

Taking average over t = 1,2,--- ,T on both sides of the inequality (74), we have

T T
1 2, Mt 21 01 —041 1 25L277t0
7 2B v @l + Flgrade@l’) < =2 4 75 Tz
P o 1 L nio? 25L2 o?
_ (z1) — Z "t 4= Z 77t :
T t=1 =
where the last equality is due to the above equality (75). Let n = 71 = - - = 11, we have
T -
2(P(xq) — @ 0% 25L%0*
22 (B2l — @)l + lgrad(a))?] < 22ED =20 | o B

T B Bp?

According to Jensen’s inequality, we have

T T
2 ~ . 1/2
T Z [Lllys = y* (@e)]| + llgrad®(a:)||] < (T D E[LP |y — y* (x)|* + llgrad®(z,)[|?) /
=1 t=1
_ AH(z1) — @) | 207 50Z202)1/2

nT B Bp?
2/ ®(zq1) — O* n V20 n 5vV2Lo
T VB VBu'

where the last inequality is due to (a1 + a2 + ag)l/2 < a1/2 + a, 1/2 + a1/2 for all a1, as,as > 0. Thus, we have
2,/®(zy) — * 2 2L
LS gradt(e)| < 2/20) ", VIo, 5vLo
= VT VB VBpu

A.2 Convergence Analysis of the Acc-RSGDA Algorithm

In the subsection, we study the convergence properties of the Acc-RSGDA algorithm.

18

(75)

(76)

@7)

(78)

79)

Lemma 10. (Restatement of Lemma 4) Suppose the stochastic gradients vy and wy is generated from Algorithm[2} given 0 < a1 < 1

and 0 < Byr1 < 1, we have

Ellgrad, f(zis1, yer1) — vesrlI” < (1 — aup1)’Eligrad, f (e, ye) — vell® + 4(1 — agp1) 2L V07 Efvg ||

||2 20[%—&-102

+4(1 = 1)’ LiyniE |1 — v i

E|Vyf(@er1,ye41) — Wit |* < (1= Bey1) BV f (@, ye) — wel|* + 4(1 — Beg1)* L3 V07 Eljoe |2
2ﬂt+10'

+4(1 = Bey1) Lo Bl Gegr — well” + 5

Proof. We first prove the inequality (80). According to the definition of v in Algorithm P} we have

verr = To o = —oea Tyt e + (1 — agr) (grad, s, (@41, ye) — Toy o grad, [, (2, 1)
+ Oét+1g1’adwf6t+1 (Z’t+1, yt‘f‘l)‘

(80)

(81)

(82)
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Then we have

Ellgrad, f (2411, Y1+1) — vesal? (83)
= Ellgrad,, f(z141,Yr11) — T o — (v — T o) |2
= Ellgrad, f(z¢11,ye41) — T 0 + 1 T v — apagrad, fs,, ) (o1, Yey1)
— (1 — aq1)(grad,, /5, (Te+1, Y1) — Eft*lgradxfzsm(It,yt))llz
= E[|(1 — 1) T (grad,, f (2, ye) — ve) + (1 — appr) (grad, f(@es1, yerr) — Topt* grad, f (2, yt)
—grad, fs, , (Te11,ye1) + T2 grad, £, (24, y1))
+aryr(grad, f(ze41, Y1) — grad, fs,, (Te1, ver)) P
= (1 — ary1)’Ellgrad,, f(z, yt) — vel|* + of 1 Ellgrad, f(ze11, yerr) — grad, fo,,, (zeg1, yer)|°
+ (1= a41)°Ellgrad,, f (i1, yes1) — Toot ' grad, f (@, ye) — grad, f5,,, (T4, Yri1)
+ Tat+rgrad, fa,, (26 y0) I + 20041 (1 — appn)(grad,, f (o1, yer1) — T2+ grad,, f (e, yr)
—grad, fp, ., (Te41, Yer) + T grad, fo, (24, ye), grad, f(zee1, yer1) — grad, fs,  (Tee1, Y1)
< (1 - 1) Ellgrad, f(ze, ye) — vel|* + 207, Ellgrad,, f (we41, yes1) — grad, i, (2e1, yer1) |12
+2(1- at+1)2Engadzf(xt+17 Y1) — T grad, f(@e, ye) — grad, g, (Tes1, Yes1)
+ Terigrad, f5,,, (2o, y0) |12

202,02
<({- at+1)2E”gradmf(mta ye) — vel” + %
+2(1 — av41)* Ellgrad, f5, ., (Te41, ye1) — Tt grad, f5,.,, (ze, y1) ||,
=T

where the fourth equality follows by E[grad, fs,,, (z¢+1,¥:4+1)] = grad, f(@i41,y:41) and E[grad, fs,,, (Ti41,Yir1) —
grad, f5, (¢, y:)] = grad, f(wi11,ye41) — grad, f(xs,y.); the first inequality holds by Young’s inequality; the last
inequality is due to the equality E||¢ — E[¢]||* = E|[¢||* — ||E[¢]||* and Assumption 5.

Next, we consider an upper bound of the above term T} as follows:

= EngadmeHl (Teg1, Y1) — T grad f5, (74, yt)H2 (84)
= ]Engadxme (o1, ye1) — Tottrgrad, f(we, Yeq1; Eeq1) + Tt grad, f (2, yey1; Eevr)
= Tgrad, fis, (e )|
< 2E|grad, /5, ,, (Te41, y141) — Tor ' grad, f(ze, yri1; ) |

2
+ 2E”gradxf(xta Yt+15 £t+1) - gradxflgt-u (xta yt) ||
< 201 niEfve]|* + 2L5E [ye1 — wel1?

=201,V Ellve||® 4 2L Ell 1 — wel|?, (85)

where the last inequality is due to Assumption 1. Thus, we have

Ellgrad,, f(ze41,Yer1) = v |* < (1= agsr)*Ellgrad,, f (w0, ye) — vel|* + 4(1 — ae1) L3 V17 El v |

+4(1 = ap1) LB Ger — vel|” + % (86)
We apply a similar analysis to prove the above inequality (81). We obtain
E|Vyf(zir1: 1) = wertl? < (1= Bera) BV fae, y) — will? + 41 = Ber1) L3707 E | ve |2
+4(1 = Ber1) LanfEl Ge1 — vell* + @' (87)
O

Theorem 6. (Restatement of Theorem 3) Suppose the sequence {xy,y;}1—, is generated from Algorithm |2} Given y; = y*(x1),
3 72
c1 > % + 2\, ¢y > % + 80ALT '~ 0, > max (2, (eb)?) and 0 < A < 6%, we have

BA
<y = 2k L/25F4h

7
T
1 VoM'mYe oM’
f ZIEHgmd (I)(xt)” S T1/2 + T1/3 ) (88)
t=1

* 2 2 2;2
where ¢ = max(2vL, ¢, co,1) and M’ = 2@(1;1):@ ) 4 )\37;;3 + Q(Clifgg " In(m + 7).
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Proof. Since 1, is decreasing and m > b%, we have ne < Mo = # < 1. Similarly, due to m > (Q'yL ) we have

e < mo = # < 2,% Due to 0 < 7; < 1 and m > max ((c1b)?, (c2b)?), we have ayy1 = c1nf < exmp < } < 1and

Bii1 = 0277t2 < comy < 7;%5’3 < 1. According to Lemma we have

1 1
nf]EIIgradmf(xtH, Yi1) — v ||? — TEngadzf(xtayt) —v)? (89)
t t—1
< (1_at+1)2_ d 12 41 — 272 .2 2
<( m " 1)EHgra S @ y) —vel|” + 41 — cuqr) "Ly meE | ve |
B 202, 102
+4(1 = g1 Lyme B Ge1 — wel* + ;t%

< I — a4 2 AL2 A2 2 Y72 - 2 20‘?+102
< (== — —)E|lgrad, f(x,y:) — vel|” + ALY mElve||* + ALTme B e — wel|* + ——5—
Mt -1 B
1 1 3 202 . o2
= (— — —— —am)Elgrad, f(z1, 9:) — o> + ALE Y mEllvg||* + 4LEmE | G — wel + —25—,
Mt Nt—1 n:B
where the second inequality is due to 0 < a4+ < 1. By a similar way, we also obtain
1 2 1 2
U*E\\Vyf(xtﬂ’ Y1) — wep1 | — ﬁE”Vyf(xtvyt) — wy| (90)
t t—
1 1 N 282, 02
< (= = —— — cam)B|Vy f (e, 41) — will® + 4L3 Y mElvg|* + 4L5mE [ Grsr — ye* + —o—
Nt Tt—1 B

By s = W, we have

1 1 1 1 1
—— — =—((m4+tH)3 —(m+t—-1)3
= (0} — (= 1))

< 1 < !

~ 3b(m+t— 1)2/3 - 3b(m/2+t)2/3

22/3 22/3 b2 22/3

2
= Bom 028 38 (mj2+ 02 91
> 3b(m-|-t)2/3 363 (m/2+t)2/3 33 nt = 3b377t7 ( )

where the first inequality holds by the concavity of function f(z) = x1/3, ie., (z + y)'/3 < 21/3 + 5.275; the second
inequality is due to m > 2, and the last inequality is due to 0 < n; < 1. Let ¢; > 3% + 2Ap, we have

1 1
;E”gradmf(xt+17yt+l) — vl — n—Engadmf(xt,yt) — vy|? (92)
t t—1
9 9 2af+102
< —2M\umiElgrad, f(ze, ye) — vell” + AL3 VP meElve||® + 4L3onE | Ge1 — ell* + B
t
Let ¢ > 3b3 + 50)‘L , we have
1 2 1 2
EEHVyf(lUHla yt+1) - wt+1|| - ﬁEHVyf(UUuyt) - th (93)
50\L2 . 262 02
< - p ME|Vy f (e, ye) — wel|* + 4L3 Y eB|ve||® + AL5mEl|Fer1 — well® + ;fié
t

According to Lemma([9} we have

N A
y ()2 < —E

3N, -
llyes1 — y*($t+1)||2 — [lye = lly: — (fct)H2 - T”ytﬂ - ytHQ

25)\77,5 2572 K2, 9
— |l

[V f(ze,y¢) — we||* + 610

+

94)

Next, we define a Lyapunov function €2, for any ¢ > 1

iz
Q =E[®(2) + 2)\ (ngad Flae,ye) — vl + IV f (e, ye) — well®) + GZ\TH% —y*(z)|1?]. (95)
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Then we have

6yL> ) )
Qir1 — QU = E[@(z141)] — E[@()] + i (Ellgr1 — v* (@) I* = Ellye — v (z0)]1?)
v o1 2 1 2
7 (ZE|grad - ~ —~ E|grad -
+ 2)\,u<77t llgrad, f(2i41, Y1) — Vel P llgrad, f(x¢,ye) — ve|

1 1
+ EEHvyf(xt-i-lvyt-&-l) —wip|® — EE”Vyf(xta ye) — we]?)

< LisymElly: — y* (@) |2 + miEllgrad, f (we, yr) — ve]|* = 2L E|lgrad(w,)[|* = TLE[ve|?
6yL? ,  pdm 2 B 2 25X 5 | 257°Kn; >
iy E|ly, — y* _ kg - E||V — TRt
W ( 1 Elve =y @)l = P ElGer —well” + o [V f (2, ye) — we||* + ) [[vell?)
B 202, 02
+ K( — 2 \unEllgrad,, f(z¢, 1) — ve||® + ALT Y mElvg|* + AL3mE| Gegr — vell” + ;t%
50AL2 ) 282,02
- ME|Vyf (e, y) — wel|* + 4L3 Vi El|vg||? + AL3,mE|Ger — wel|® + :7:7;3>
L2 . 2 M o L% s vy 2593K2L2 44RL2 )
— — ' Rllorad® 1= tg (L — E
<-= (1) 5 Ellgrad®(z,)[* — o G640 = well” = (5 22 ) ) E v
'YO‘?-HUQ n ’Yﬁt2+1‘72
Aune B Aune B
L2 o? o 2 g2
< T By -y (@) |2 — L Ellgrad®(a)|? + L LY (%)

AneB- - e B

where the first inequality holds by Lemmas [8land the above inequalities , (93) and (94); the second inequality is due to

L = max(1, L11, L12, La1, Lag); the last inequality is due to 0 < v < M,;TM and x > 1.
According to the above inequality (96), we have
2 2 2 2
N 2, 72 * 2 V10 plersty
—(E do L°E — < -0 . 97
5 (Ellgrad®(z,)[|* + L°Elly: — v (x)[|?) < Q% — Qg1 + N B N B 97)

Taking average over t = 1,2,--- ,T on both sides of the inequality (97), we have

T T

2(92 Qt+1 QOzt 102 262 102
rad®(z 24 12 (z4) = - :
; (lgrad®(a) I + B2l — y* () |?) Z; 2 B T B )

Since the initial solution satisfies y; = y*(x1) = arg max,ecy f(z1,y), we have

6yL> .
m=¢mww14m—waP E@mf@mm—mW+ MVﬂmw01MW

iEvics

= ®(2; Ellgrad, f(z1,51) — grad, f5, (z1,51)]* + %E”vyf(xl,yl) =V fa, (@1, y0)]?)

)QA(

< B(ay) + ZU (98)

where the last inequality holds by Assumption 5.
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Consider 7, is decreasing, i.e., 7 b> i ! for any 0 <t <T, we have

T
1 T *
TZE(Hgfad‘b(wtﬂP+L2Hyt —y* (z)]?) (99)
t=1
4 2(8% — Qiq1) 1 207 ,,0% | 267,07
<> + > + )
= T Tnr =~ AwmB  Aune B
1 29 202 20" 1 2070  2B},0°
< ( (z1) + o 7) Z( +19 Bita )
Tnr* v AumoB Tnr = AumB Aum B
2(®(zq) — P* 20
_ 2(®(x1) ) n o 2(ci +3)o Z
Tynr T)\/“7077TB TnrAuB
2(®(x1) — D) n 20?2 2(c2 + c3)o? T b gt
- Tynr TApnonrB TnrAuB J1 m+t
2P _ 2 2 ) 2 2\ 21,3
S ( (‘7"1) ) g (Cl +02)0' b ln(m+T)
Tynr TApnonr B TnrAuB
2(®(xq) — D*) 1/3 o? 1 2(c? + c3)o?b?
Rk Sl S A ™3 . 27 /s AT %)oY T T)1/3
0 (m+T) +T)\/mobB(m+ )+ T n(m+T)(m+T)"/",
. . . T T 2(P(x1)—P* o2 2 cf+c§ o2b?
wher.e the third 1r}equaht.y holds by >, nf < [, nidt. Let M’ = (& wl)v )+ /\HQUObB + X /\M; In(m +T), we
rewrite the above inequality as follows:
M/
Z (lgrad® (@,)||” + L[y — ™ (@)|?) < T (m + 1)/, (100)

According to Jensen’s inequality, we have

) 1/2
E(|lgrad®(e,)|? + E[lye - y*(wauz))

7 N
N[ o
B

1 & - i}
fZE(IIgrad@(xt)ll + Ly — y*(z4)) <
t=1

t=1

2M’ e V2M'mS /2 M'
< i mA TV < S+ (101)
where the last inequality is due to (a1 + a5)/6 < a1/6 + a;/(j for all a1, as > 0. Thus, we have
V2M'mt/S  \/2M
= ZEngad(I)(xt)H < et s (102)

t 1
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