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Gradient Descent Ascent for Minimax Problems
on Riemannian Manifolds

Feihu Huang, Shangqian Gao

Abstract—In the paper, we study a class of useful minimax problems on Riemanian manifolds and propose a class of effective
Riemanian gradient-based methods to solve these minimax problems. Specifically, we propose an effective Riemannian gradient
descent ascent (RGDA) algorithm for the deterministic minimax optimization. Moreover, we prove that our RGDA has a sample
complexity of O(κ2ε−2) for finding an ε-stationary solution of the Geodesically-Nonconvex Strongly-Concave (GNSC) minimax
problems, where κ denotes the condition number. At the same time, we present an effective Riemannian stochastic gradient descent
ascent (RSGDA) algorithm for the stochastic minimax optimization, which has a sample complexity of O(κ4ε−4) for finding an
ε-stationary solution. To further reduce the sample complexity, we propose an accelerated Riemannian stochastic gradient descent
ascent (Acc-RSGDA) algorithm based on the momentum-based variance-reduced technique. We prove that our Acc-RSGDA algorithm
achieves a lower sample complexity of Õ(κ4ε−3) in searching for an ε-stationary solution of the GNSC minimax problems. Extensive
experimental results on the robust distributional optimization and robust Deep Neural Networks (DNNs) training over Stiefel manifold
demonstrate efficiency of our algorithms.

Index Terms—Riemanian Manifolds, Minimax Optimization, Stiefel Manifold, Deep Neural Networks, Robust Optimization.
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1 INTRODUCTION

IN this paper, we study a class of useful minimax op-
timization problems on the Riemannian manifold M,

defined as:

min
x∈M

max
y∈Y

f(x, y), (1)

where function f(x, y) : M × Y → R is µ-strongly con-
cave in y ∈ Y ⊆ Rd but possibly (geodesically) non-
convex in x ∈ M. Here M is a Riemannian manifold,
and Y is a convex and closed set in Euclidean space.
f(·, y) : M → R for any y ∈ Y is a smooth but possibly
(geodesically) nonconvex real-valued function on manifold
M, and f(x, ·) : Y → R for any x ∈ M is a smooth and
strongly-concave real-valued function. Note that a geodesi-
cally nonconvex function on Riemannian manifold also is
nonconvex on Euclidean space, and a geodesically convex
function on Riemannian manifold may be nonconvex on Eu-
clidean space. In this paper, we also focus on the stochastic
form of minimax problem (1), defined as

min
x∈M

max
y∈Y

Eξ∼D[f(x, y; ξ)], (2)

where ξ is a random variable that follows an unknown
distribution D. In fact, Problems (1) and (2) are associated to
many existing machine learning applications:

1). Robust DNNs Training over Riemannian manifold.
Deep Neural Networks (DNNs) recently have been demon-
strating exceptional performance on many machine learning
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applications such as image classification. However, they are
vulnerable to the adversarial example attacks, which show
that a small perturbation in the data input can significantly
change the output of DNNs. Thus, the security properties
of DNNs have been widely studied. One of secured DNN
research topics is to enhance the robustness of DNNs under
the adversarial example attacks. Given the training sample
D := {ξi = (ai, bi)}ni=1, where ai ∈ Rd and bi ∈ R represent
the features and label of sample ξi respectively. Then we
train a robust DNN against a universal adversarial attack
[1], [2], which can be formulated the following minimax
problem:

min
x∈Rq

max
y∈Y

1

n

n∑
i=1

`(h(ai + y;x), bi), (3)

where x ∈ Rq denotes weight of the DNN, and h(·;x)
denotes the DNN parameterized by x, and `(·) is the loss
function. Here y denotes a small universal perturbation in
the features {ai}ni=1, and the constraint Y = {y : ‖y‖∞ ≤ ε}
indicates that the poisoned samples should not be too dif-
ferent from the original ones.

Recently, the orthonormality on weights of DNNs has
gained much interest and has been found to be useful
across different tasks such as person re-identification [3]
and image classification [4]. In fact, the orthonormality
constraints improve the performances of DNNs [5], [6], and
reduce overfitting to improve generalization [7]. At the same
time, the orthonormality can stabilize the distribution of
activation over layers within DNNs [8]. Thus, we further
consider the following robust DNN training over the Stiefel
manifoldM:

min
x∈M

max
y∈Y

1

n

n∑
i=1

`(h(ai + y;x), bi), (4)
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When data are continuously coming, we can rewrite the
stochastic form of Problem (4) as follows:

min
x∈M

max
y∈Y

Eξ[f(x, y; ξ)], (5)

where f(x, y; ξ) = `(h(a+ y;x), b) with ξ = (a, b).
2). Distributionally Robust Optimization over Rie-

mannian manifold. Distributionally Robust Optimization
(DRO) [9], [10] is an effective method to deal with the
noisy data, adversarial data, and imbalanced data. In the
paper, we consider the DRO over the Riemannian manifold
that can be applied in many machine learning problems
such as robust principal component analysis (PCA) and
distributionally robust DNN training. To be more specific,
given a set of data samples {ξi}ni=1, the DRO over Rieman-
nian manifold M can be written as the following minimax
problem:

min
x∈M

max
p∈S

{ n∑
i=1

pi`(x; ξi)− ‖p−
1
n
‖2
}
, (6)

where p = (p1, · · · , pn), S = {p ∈ Rn :
∑n
i=1 pi =

1, pi ≥ 0}. Here `(x; ξi) denotes the loss function over
Riemannian manifold M, which applies to many machine
learning problems such as PCA [11], dictionary learning
[12], DNNs [8], structured low-rank matrix learning [13],
[14], [15], among others. For example, the task of PCA can
be cast on a Grassmann manifold.

Recently some algorithms [16], [17], [18] have been stud-
ied for variational inequalities on Riemannian manifolds,
which are the implicit minimax problems on Riemannian
manifolds. Meanwhile, some methods [19], [20] for comput-
ing the projection robust Wasserstein distance, which can
be represented as a minimax optimization over the Stiefel
manifold [21]. To the best of our knowledge, the existing
explicitly minimax optimization methods such as gradient
descent ascent method only focus on the minimax problems
in Euclidean space.

To fill this gap, in the paper, we study the explicit
minimax optimization problems over the general Rieman-
nian manifold, and propose a class of efficient Rieman-
nian gradient-based algorithms to solve the Geodesically-
Nonconvex Strongly-Concave (GNSC) minimax problem (1)
via using general retraction and vector transport. When
Problem (1) is deterministic, we propose a new determin-
istic Riemannian gradient descent ascent algorithm. When
Problem (1) is stochastic (i.e, Problem (2)), we propose
two efficient stochastic Riemannian gradient descent ascent
algorithms. Our main contributions can be summarized as
follows:

1) We propose an effective Riemannian gradient de-
scent ascent (RGDA) algorithm for the deterministic
minimax Problem (1). Moreover, we prove that the
RGDA has a sample complexity of O(κ2ε−2) in find-
ing an ε-stationary solution of Problem (1).

2) Meanwhile, we present an effective Riemannian
stochastic gradient descent ascent (RSGDA) algo-
rithm for the stochastic minimax Problem (2), which
has a sample complexity of O(κ4ε−4) in searching
for an ε-stationary solution of Problem (2).

3) We further propose an accelerated Riemannian
stochastic gradient descent ascent (Acc-RSGDA) al-
gorithm based on the variance-reduced technique of
STORM [22]. We prove our Acc-RSGDA achieves a
lower sample complexity of Õ(κ4ε−3).

4) Extensive experimental results on the robust DNNs
training and distributionally robust optimization
over Stiefel manifold demonstrate the efficiency of
our proposed algorithms.

2 RELATED WORKS

In this section, we briefly review the minimax optimization
and Riemannian manifold optimization, respectively.

2.1 Minimax Optimization

Minimax optimization [23] recently has been widely applied
in many machine learning problems such as adversarial
training [24], reinforcement learning [25], and robust fed-
erated learning [26]. Meanwhile, many efficient minimax
methods [27], [28], [29], [30], [31], [32], [33], [34], [35], [36],
[37], [38], [39] have been proposed for solving these min-
imax optimization problems. For example, [29] proposed
a class of efficient dual implicit accelerated gradient algo-
rithms to solve smooth minimax optimization. [27] stud-
ied the convergence properties of the gradient decent as-
cent (GDA) methods for nonconvex minimax optimization.
Subsequently, the accelerated GDA algorithms [30] have
been proposed for minimax optimization. Meanwhile, [33]
presented a catalyst accelerated framework for minimax
optimization. Moreover, [36], [39] proposed some faster
stochastic variance-reduced GDA algorithms to solve the
stochastic nonconvex-strongly-concave minimax problems.
[32] studied the convergence propoerties of GDA meth-
ods for solving a class of nonconvex-nonconcave minimax
problems. More recently, a class of efficient mirror descent
ascent algorithms [38] have been proposed for nonconvex
nonsmooth minimax optimization.

2.2 Riemannian Manifold Optimization

Riemannian manifold optimization methods have been
widely applied in machine learning problems including
dictionary learning [12], low-rank matrix completion [14],
[15], DNNs [8] and natural language processing [40]. Many
Riemannian optimization methods have been recently pro-
posed. E.g. [41], [42] proposed some efficient first-order
gradient methods for geodesically convex functions. Sub-
sequently, [43] presented fast stochastic variance-reduced
methods to Riemannian manifold optimization. More re-
cently, [44] proposed fast first-order gradient algorithms
for Riemannian manifold optimization by using general
retraction and vector transport. Subsequently, based on
these retraction and vector transport, some fast Rieman-
nian gradient-based methods [11], [45], [46], [47], [48] have
been proposed for non-convex optimization. Riemannian
Adam-type algorithms [49] have been introduced for ma-
trix manifold optimization. Subsequently, [40] proposed an
efficient Riemannian adaptive optimization algorithm to
natural language processing. Meanwhile, some algorithms
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(a) Retraction Rx (b) Vector Transport T y
x

Fig. 1: Illustration of manifold operations.(a) A vector u in TxM is mapped to Rx(u) in M; (b) A vector v in TxM is
transported to TyM by T yx v (or Tuv), where y = Rx(u) and u ∈ TxM.

[16], [17], [18] have been studied for variational inequalities
on Riemannian manifolds, which are the implicit minimax
problems on Riemannian manifolds. More recently, [50]
studied the stochastic composition optimization on Rieman-
nian manifolds.
Notations: Id denotes the identity matrix with d dimension.
diag(a) ∈ Rd×d denotes a diagonal matrix, whose diagonal
elements come from vector a ∈ Rd. sign(·) denotes the sign
function, i.e., if x > 0, sign(x) = 1; if x = 0, sign(x) = 0;
otherwise sign(x) = −1. ‖ · ‖ denotes the `2 norm for
vectors and Frobenius norm for matrices. 〈x, y〉 denotes the
inner product of two vectors x and y. For function f(x, y),
f(x, ·) denotes function w.r.t. the second variable with fixing
x, and f(·, y) denotes function w.r.t. the first variable with
fixing y. Given a convex closed set Y , we define a projection
operation on the set Y as PY(y0) = arg miny∈Y

1
2‖y − y0‖2.

We denote a = O(b) if a ≤ Cb for some constant C > 0, and
the notation Õ(·) hides logarithmic terms. The operation

⊕
denotes the Whitney sum that that takes two vector bundles
over a fixed space and produces a new vector bundle
over the same space. Given function f(x), let gradf(x)
denote its Riemannian gradients at Riemannian manifold
and ∇f(x) denote its gradients at Euclidean space. Given
Bt = {ξit}Bi=1 for any t ≥ 1, let∇fBt

(x) = 1
B

∑B
i=1∇f(x; ξit)

and gradfBt(x) = 1
B

∑B
i=1 gradf(x; ξit).

3 PRELIMINARIES

In this section, we first re-visit some basic information on
the Riemannian manifold M. In general, the manifold M
is endowed with a smooth inner product 〈·, ·〉x : TxM ·
TxM → R on tangent space TxM for every x ∈ M. The
induced norm ‖·‖x of a tangent vector in TxM is associated
with the Riemannian metric. We first define a retraction
Rx : TxM → M mapping tangent space TxM onto M
with a local rigidity condition that preserves the gradients
at x ∈ M (please see Fig.1 (a)). The retraction Rx satisfies
all of the following: 1) Rx(0) = x, where 0 ∈ TxM; 2)
DRx(0) = idTxM, where DRx denotes the derivative of Rx,
and idTxM denotes an identity mapping on TxM. In fact,
exponential mapping Expx is a special case of retraction Rx
that locally approximates the exponential mapping Expx to
the first order on the manifold.

Next, we define a vector transport T : TM
⊕
TM →

TM (please see Fig.1 (b)) that satisfies all of the follow-
ing 1) T has an associated retraction R, i.e., for x ∈ M
and w, u ∈ TxM, Tuw is a tangent vector at Rx(w); 2)
T0v = v; 3) Tu(av + bw) = aTuv + bTuw for all a, b ∈ R
a u, v, w ∈ TM. Vector transport T yx v or equivalently Tuv
with y = Rx(u) transports v ∈ TxM along the retraction
curve defined by direction u. Here we focus on the isometric
vector transport T yx , which satisfies 〈u, v〉x = 〈T yx u, T yx v〉y
for all u, v ∈ TxM. Based on these definitions, we provide
some standard assumptions about Problems (1) and (2) .

Assumption 1. X ⊆ M is compact. Each component function
f(x, y) is twice continuously differentiable in both x ∈ X and
y ∈ Y , and there exist constants L11, L12, L21 and L22, such
that for every x, x1, x2 ∈ X and y, y1, y2 ∈ Y , we have

‖gradxf(x1, y; ξ)− T x1
x2

gradxf(x2, y; ξ)‖ ≤ L11‖u‖,
‖gradxf(x, y1; ξ)− gradxf(x, y2; ξ)‖ ≤ L12‖y1 − y2‖,
‖∇yf(x1, y; ξ)−∇yf(x2, y; ξ)‖ ≤ L21‖u‖,
‖∇yf(x, y1; ξ)−∇yf(x, y2; ξ)‖ ≤ L22‖y1 − y2‖,

where u ∈ Tx1
M and x2 = Rx1

(u).

Assumption 1 is commonly used in Riemannian opti-
mization [11], [44], and minimax optimization [27], [36].
Here, the terms L11, L12 and L21 implicitly contain the cur-
vature information as in [11], [44]. Specifically, Assumption
1 implies the partial Riemannian gradient gradxf(·, y; ξ)
for all y ∈ Y is L11-Lipschitz continuous with respect to
retraction as in [11] and the partial gradient ∇yf(x, ·; ξ) for
all x ∈ X is L22-Lipschitz continuous as in [27].

To further verify the rationality of Assumption 1, we
consider the Stiefel manifold M = {X ∈ Rd×r|XTX =
Ir}. For notational simplicity, let matrix X instead of
the variable x in Assumption 1. Let ∇Xf(X, y) denote
the gradient of f(X, y) on variable X in the Euclidean
space, and gradXf(X, y) denote the Riemannian gradient of
f(X, y) on variable X in the Stiefel manifold. Following [5],
gradXf(X, y) can be seen as a projection onto the tangent
space TXM of RiemannianM atX , which can be computed
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as follows:

gradXf(X, y) = PTX

(
∇Xf(X, y)

)
= WX, (7)

W = Ŵ − ŴT ,

Ŵ = ∇Xf(X, y)XT − 1

2
X(XT∇Xf(X, y)XT ).

Then we have for any X1, X2 ∈M,

‖gradXf(X1, y)− T X1

X2
gradXf(X2, y)‖ (8)

= ‖PTX1

(
∇Xf(X1, y)

)
− T x1

x2
PTX2

(
∇Xf(X2, y)

)
‖,

≤ ‖∇Xf(X1, y)−∇Xf(X2, y)‖ ≤ L‖X1 −X2‖,

where the last inequality holds by Lipschitz continuous
for gradient in the Euclidean space. Let d(X1, X2) denote
geodesic distance between X1 and X2 inM, then we have
d(X1, X2) = ζ‖X1 − X2‖, where ζ > 0 denote curvature
parameter of manifold M. In our Assumption 1, due to
X2 = RX1

(u), we have ‖u‖ = d(X1, X2). According to
the above (8), we have

‖gradXf(X1, y)− T x1
x2

gradXf(X2, y)‖

≤ L‖X1 −X2‖ =
L

ζ
d(X1, X2) =

L

ζ
‖u‖, (9)

where X2 = RX1
(u). This similarly holds for the other

inequalities in our Assumption 1.
For the deterministic problem, let f(x, y) instead of

f(x, y; ξ) in Assumption 1. In fact, these Lipschitz continuity
assumptions are widely applicable to deep learning archi-
tectures [5]. Note that in the following experiments, given
the DNNs using ReLU, the derivative of ReLU is Lipschitz
continuous almost everywhere with an appropriate Lips-
chitz constant, except for a small neighbourhood around 0,
whose measure tends to 0. Such cases do not affect either
analysis in theory or training in practice.

Since f(x, y) is strongly concave in y ∈ Y , there exists
a unique solution to the problem maxy∈Y f(x, y) for any x.
We define the function Φ(x) = maxy∈Y f(x, y) and y∗(x) =
arg maxy∈Y f(x, y).

Assumption 2. The function Φ(x) : M → R is L-smooth.
There exists a constant L > 0, for all x ∈ X , z = Rx(u) with
u ∈ TxM, such that

Φ(z) ≤ Φ(x) + 〈gradΦ(x), u〉+
L

2
‖u‖2.

Assumption 3. The objective function f(x, y) is µ-strongly
concave w.r.t y, i.e., for any x ∈M, y1, y2 ∈ Y

f(x, y1) ≤ f(x, y2)+〈∇yf(x, y2), y1−y2〉−
µ

2
‖y1−y2‖2.

Assumption 4. The function Φ(x) is bounded from below in
M, i.e., Φ∗ = infx∈M Φ(x).

Assumption 5. The variance of stochastic gradient is bounded,
i.e., there exists a constant σ1 > 0 such that for all x, it follows
Eξ‖gradxf(x, y; ξ) − gradxf(x, y)‖2 ≤ σ2

1 ; There exists a
constant σ2 > 0 such that for all y, it follows Eξ‖∇yf(x, y; ξ)−
∇yf(x, y)‖2 ≤ σ2

2 . We also define σ = max{σ1, σ2}.

Assumption 2 imposes the smooth of function Φ(x) over
Riemannian manifold M, as in [11], [44], [48]. Assumption
3 imposes the strongly concave of f(x, y) on variable y,
as in [27], [36]. Assumption 4 guarantees the feasibility of

Algorithm 1 RGDA and RSGDA Algorithms

1: Input: T , parameters {γ, λ, ηt}Tt=1, mini-batch size B,
and initial input x1 ∈M, y1 ∈ Y ;

2: for t = 1, 2, . . . , T do
3: (RGDA) Compute deterministic gradients

vt = gradxf(xt, yt), wt = ∇yf(xt, yt);

4: (RSGDA) Draw B i.i.d. samples {ξit}Bi=1, then com-
pute stochastic gradients

vt =
1

B

B∑
i=1

gradxf(xt, yt; ξ
i
t),

wt =
1

B

B∑
i=1

∇yf(xt, yt; ξ
i
t);

5: Update: xt+1 = Rxt
(−γηtvt);

6: Update: ỹt+1 = PY(yt + λwt) and yt+1 = yt +
ηt(ỹt+1 − yt);

7: end for
8: Output: xζ and yζ chosen uniformly random from
{xt, yt}Tt=1.

the GNSC minimax problem (1), as the nonconex-strongly-
concave minimax optimization on Euclidean space used in
[27], [36]. Assumption 5 imposes the bounded variance of
stochastic (Riemannian) gradients, which is commonly used
in the stochastic optimization [27], [36], [48].

4 RIEMANIAN GRADIENT-BASED METHODS

In this section, we propose a class of Riemannian gradient-
based methods to solve the deterministic and stochastic
GNSC minimax problems (1) and (2) , respectively.

4.1 RGDA and RSGDA Algorithms

In this subsection, we propose an efficient Riemannian gra-
dient descent ascent (RGDA) algorithm to solve the deter-
ministic minimax Problem (1). At the same time, we propose
a standard Riemannian stochastic gradient descent ascent
(RSGDA) algorithm to solve the stochastic minimax Prob-
lem (2). Algorithm 1 summarizes the algorithmic framework
of our RGDA and RSGDA algorithms.

At the line 3 of Algorithm 1, we calculate the determin-
istic Riemannian gradient in variable x ∈ M, and calculate
the deterministic gradient in variable y ∈ Y . At the line
4 of Algorithm 1, we calculate the stochastic Riemannian
gradient for variable x ∈ M, and calculate the stochastic
gradient for variable y ∈ Y .

At the line 5 of Algorithm 1, we use the Riemannian
gradient descent to update variable x based on the retraction
operator Rxt(·), which guarantees the variable xt for all
t ≥ 1 in the manifold M. Here Rxt(·) can be seen as a
generalized projection operator, which can be competent
to the general Riemannian manifolds. For example, we
consider the popular Stiefel manifoldM = St(r, d) = {X ∈
Rd×r : XTX = Ir} that is a nonconvex constraint set
in the Euclidean space. Given gt = −γηtvt ∈ TxtM, we
can define a standard QR-based retraction: Rxt(gt) = QH ,
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Algorithm 2 Acc-RSGDA Algorithm

1: Input: T , parameters {γ, λ, b,m, c1, c2} and initial input
x1 ∈M and y1 ∈ Y ;

2: Draw B i.i.d. samples B1 = {ξi1}Bi=1, then compute v1 =
gradxfB1

(x1, y1) and w1 = ∇yfB1
(x1, y1);

3: for t = 1, 2, . . . , T do
4: Update: xt+1 = Rxt

(−γηtvt) with ηt = b
(m+t)1/3

;
5: Update: ỹt+1 = PY(yt + λwt) and yt+1 = yt +

ηt(ỹt+1 − yt);
6: Draw B i.i.d. samples Bt+1 = {ξit+1}Bi=1, then com-

pute

vt+1 = gradxfBt+1(xt+1, yt+1) + (1− αt+1)

· T xt+1
xt

[
vt − gradxfBt+1

(xt, yt)
]
, (10)

wt+1 = ∇yfBt+1(xt+1, yt+1) + (1− βt+1)

·
[
wt −∇yfBt+1

(xt, yt)
]
, (11)

where αt+1 = c1η
2
t and βt+1 = c2η

2
t .

7: end for
8: Output: xζ and yζ chosen uniformly random from
{xt, yt}Tt=1.

where the matrices Q and H can be obtained from the QR
decomposition of matrix xt + gt ∈ Rd×r, i.e., xt + gt = QR,
and H = diag

({
sign(Ri,i)

}r
i=1

)
. It is well known that

the standard projected gradient methods with convergence
guarantee require the convex constraint sets belonging to
Euclidean space [51], while our Riemannian gradient-based
methods with convergence guarantee do not need the con-
vex constraint sets (Please see the following convergence
analysis).

At the line 6 of Algorithm 1, we simultaneously use a
projection iteration and a momentum iteration to update
the variable y, where we use 0 < ηt ≤ 1 to ensure the
variable yt for all t ≥ 1 in convex constraint Y . Note
that we use two learning rates γ and ηt at the line 5,
where γ is a constant learning rate and ηt is a dynamic
or constant learning rate with iteration t. Under this case,
we can flexibly choose learning rates in practice, and can
easily analyze the convergence properties of our algorithms,
where simultaneously Riemannian gradient descent on the
variable x ∈M and gradient ascent on the variable y ∈ Y .

4.2 Acc-RSGDA algorithm

In this subsection, we propose an accelerated stochastic Rie-
mannian gradient descent ascent (Acc-RSGDA) algorithm
to solve the stochastic minimax Problem (2), which builds
on the momentum-based variance reduction technique of
STORM [22]. Algorithm 2 describes the algorithmic frame-
work of Acc-RSGDA method.

At the line 4 of Algorithm 2, we use two learning rates γ
and ηt, where γ is a constant learning rate and ηt = b

(m+t)1/3

is a decreasing learning rate with iteration t. Similarly,
we can flexibly choose learning rates in practice, and can
easily analyze the convergence properties of our algorithms,
where simultaneously Riemannian gradient descent on the
variable x ∈M and gradient ascent on the variable y ∈ Y .

At the line 6 of Algorithm 2, we use the momentum-
based variance-reduced technique of STORM to esti-
mate stochastic Riemannian gradient vt defined in (10).

where αt+1 ∈ (0, 1]. When αt+1 = 1, vt+1 =
gradxfBt+1

(xt+1, yt+1) will degenerate a vanilla stochastic
Riemannian gradient estimator; When αt+1 = 0, vt+1 =
gradxfBt+1

(xt+1, yt+1)−T xt+1
xt

(
gradxfBt+1

(xt, yt)−vt
)

will
degenerate a stochastic Riemannian gradient estimator
based on variance-reduced technique of SPIDER [52]. Since
our Acc-RSGDA algorithm uses variance-reduced technique
of STORM to estimate the stochastic gradients, it does not
rely on large mini-batch size to guarantee its convergence
(Please see the following convergence analysis).

Riemannian gradient gradxfBt+1(xt+1, yt+1) is over the
tangent space Txt+1M, while the Riemannian gradient es-
timator gradxfBt+1(xt, yt) − vt is over the tangent space
TxtM. In order to feasibility of vt+1, we use the vector
transport T xt+1

xt to project the Riemannian gradient estima-
tor gradxfBt+1(xt, yt) − vt into the tangent space Txt+1M.
Thus, we can add the term gradxfBt+1(xt+1, yt+1) and the
term (1− αt+1)T xt+1

xt

[
vt − gradxfBt+1(xt, yt)

]
.

4.3 Novelties of Our Algorithms
Compared with the existing Riemannian gradient algo-
rithms [11], [45], [46] and minimax optimization algorithms
[27], [36], our algorithms have the following main differ-
ences:

1) Compared with the existing Riemannian gradient
algorithms, our algorithms simultaneously use a con-
stant learning rate γ and a dynamic or constant learn-
ing rate ηt at each iteration. This dynamic/constant
learning rate ηt is the same tuning parameter of the
momentum iteration in updating variable y (i.e.,
yt+1 = yt+ηt(ỹt+1−yt)). In other words, the learning
rate in updating the variable x ∈ M depends on
the tuning parameter of the momentum iteration in
updating dual variable y.

2) Compared with the existing minimax optimization
algorithms, our algorithms simultaneously use a pro-
jection iteration and a momentum iteration to up-
date the variable y. Meanwhile, our algorithms use
the Riemannian gradients and retraction operator
to update variable x ∈ M instead of the standard
gradients and projection operator used in the existing
minimax algorithms.

5 CONVERGENCE ANALYSIS

In this section, we study the convergence properties of our
RGDA, RSGDA, and Acc-RSGDA algorithms, respectively.
The basic idea of our convergence analysis is given in Fig.
2. We first give some useful lemmas.

Lemma 1. Under the above assumptions, the gradient of function
Φ(x) = maxy∈Y f(x, y) is G-Lipschitz with respect to retrac-
tion, and the mapping or function y∗(x) = arg maxy∈Y f(x, y)
is κ-Lipschitz with respect to retraction. Given any x1, x2 ∈ X ⊆
M and u ∈ Tx1M, we have:

‖gradΦ(x1)− T x1
x2

gradΦ(x2)‖ ≤ G‖u‖, (12)
‖y∗(x1)− y∗(x2)‖ ≤ κ‖u‖, (13)

where x2 = Rx1
(u), and G = κL12 + L11, and κ = L21/µ

denotes the number condition of function f(x, y).
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Fig. 2: The basic idea of our convergence analysis.

Lemma 2. Suppose the sequence {xt, yt}Tt=1 is generated from
Algorithm 1 or 2. Given 0 < ηt ≤ 1

2γL , we have

Φ(xt+1) ≤ Φ(xt) + γL12ηt‖y∗(xt)− yt‖2 −
γηt
4
‖vt‖2

+ γηt‖gradxf(xt, yt)− vt‖2 −
γηt
2
‖gradΦ(xt)‖2. (14)

Lemma 3. Suppose the sequence {xt, yt}Tt=1 is generated from
Algorithm 1 or 2. Under the above assumptions, and set 0 < ηt ≤
1 and 0 < λ ≤ 1

6L̃
, we have

‖yt+1 − y∗(xt+1)‖2

≤ (1− ηtµλ

4
)‖yt − y∗(xt)‖2 −

3ηt
4
‖ỹt+1 − yt‖2

+
25ηtλ

6µ
‖∇yf(xt, yt)− wt‖2 +

25γ2κ2ηt
6µλ

‖vt‖2, (15)

where κ = L21/µ and L̃ = max(1, L11, L12, L21, L22).

Although Problems (1) and (2) are nonconvex, following
[53], there exists a local solution or stationary point (x∗, y∗)
satisfies the Nash Equilibrium, i.e., f(x∗, y) ≤ f(x∗, y∗) ≤
f(x, y∗), where x∗ ∈ X ⊂ M and y∗ ∈ Y . Here X
is a neighbourhood around an optimal point x∗. Recall
that the nonconvex minimax problem (1) is equivalent to
minimizing the nonconvex function Φ(x) = maxy∈Y f(x, y)
for any x ∈ M. It is NP hard to find the global minimum
of Φ(x) in general since Φ(x) is nonconvex in x ∈M. Thus,
we will find the stationary points of function Φ(x), which is
equal to the stationary points of the minimax problem (1).
Next we define an ε-stationary point of Φ(x) in x ∈M.

Definition 1. A point x ∈ M is an ε-stationary point (ε ≥ 0)
of a differentiable function Φ(x) if ‖grad Φ(x)‖ ≤ ε. If ε = 0,
then x is a stationary point.

5.1 Convergence Analysis of both RGDA and RSGDA
Algorithms
In this subsection, we study the convergence properties of
our RGDA and RSGDA algorithms, respectively.

Suppose the sequence {xt, yt}Tt=1 be generated from our
RGDA Algorithm, we establish a useful Lyapunov function
(i.e., potential function) Λt for convergence analysis of
RGDA, defined as

Λt = Φ(xt) +
6γL̃2

λµ
‖yt − y∗(xt)‖2, ∀t ≥ 1. (16)

Theorem 1. Suppose the sequence {xt, yt}Tt=1 is generated
from Algorithm 1 by using deterministic gradients. Given
y1 = y∗(x1), η = ηt for all t ≥ 1, 0 < η ≤ min(1, 1

2γL ),
0 < λ ≤ 1

6L̃
and 0 < γ ≤ µλ

10L̃κ
, we have

1

T

T∑
t=1

‖grad Φ(xt)‖ ≤
2
√

Φ(x1)− Φ∗√
γηT

. (17)

Remark 1. Since 0 < η ≤ min(1, 1
2γL ) and 0 < γ ≤ µλ

10L̃κ
,

we have 0 < ηγ ≤ min( µλ

10L̃κ
, 1

2L ). Let ηγ = min( µλ

10L̃κ
, 1

2L ),
we have ηγ = O( 1

κ2 ). The RGDA algorithm has convergence
rate of O

(
κ

T 1/2

)
. By κ

T 1/2 ≤ ε, i.e., ‖grad Φ(xζ)‖ ≤ ε, we choose
T ≥ κ2ε−2. When our RGDA Algorithm solves the deterministic
minimax Problem (1), we only need one sample to estimate the
gradients vt and wt at each iteration, and need T iterations. Thus,
our RGDA reaches a sample complexity of T = O(κ2ε−2) for
finding an ε-stationary point of Problem (1). Note that since the
function f(x, y) is µ-strongly concave in y ∈ Y , given any initial
input x1, we can easily obtain y1 ≈ y∗(x1). So we can assume
y1 = y∗(x1).

Suppose the sequence {xt, yt}Tt=1 be generated from our
RSGDA Algorithm, we establish a useful Lyapunov function
Θt for convergence analysis of RSGDA, defined as

Θt = E
[
Φ(xt) +

6γL̃2

λµ
‖yt − y∗(xt)‖2

]
, ∀t ≥ 1. (18)

Theorem 2. Suppose the sequence {xt, yt}Tt=1 is generated from
Algorithm 1 by using stochastic gradients. Given y1 = y∗(x1),



JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015 7

η = ηt for all t ≥ 1, 0 < η ≤ min(1, 1
2γL ), 0 < λ ≤ 1

6L̃
and

0 < γ ≤ µλ

10L̃κ
, we have

1

T

T∑
t=1

E‖grad Φ(xt)‖ ≤
2
√

Φ(x1)− Φ∗√
γηT

+
(
1 +

5L̃

µ

)√2σ√
B
.

(19)

Remark 2. Since 0 < η ≤ min(1, 1
2γL ) and 0 < γ ≤ µλ

10L̃κ
, we

have 0 < ηγ ≤ min( µλ

10L̃κ
, 1

2L ). Let ηγ = min( µλ

10L̃κ
, 1

2L ), we
have ηγ = O( 1

κ2 ). Let B = T , the RSGDA algorithm has con-
vergence rate ofO

(
κ

T 1/2

)
. By κ

T 1/2 ≤ ε, i.e., E‖grad Φ(xζ)‖ ≤ ε,
we choose T ≥ κ2ε−2. When our RGDA Algorithm solves
the stochastic minimax Problem (2), we need B samples to
estimate the gradients vt and wt at each iteration, and need
T iterations. Thus, the RSGDA reaches a sample complexity of
BT = O(κ4ε−4) for finding an ε-stationary point of Problem
(2).

5.2 Convergence Analysis of Acc-RSGDA Algorithm
In the subsection, we provide the convergence properties of
our Acc-RSGDA algorithm.

Lemma 4. Suppose the stochastic gradients vt and wt is gener-
ated from Algorithm 2, given 0 < αt+1 ≤ 1 and 0 < βt+1 ≤ 1,
we have

E‖gradxf(xt+1, yt+1)− vt+1‖2 ≤ 4(1− αt+1)2L2
11γ

2η2
tE‖vt‖2

+ (1− αt+1)2E‖gradxf(xt, yt)− vt‖2

+ 4(1− αt+1)2L2
12η

2
tE‖ỹt+1 − yt‖2 +

2α2
t+1σ

2

B
, (20)

E‖∇yf(xt+1, yt+1)− wt+1‖2 ≤ 4(1− βt+1)2L2
21γ

2η2
tE‖vt‖2

+ (1− βt+1)2E‖∇yf(xt, yt)− wt‖2

+ 4(1− βt+1)2L2
22η

2
tE‖ỹt+1 − yt‖2 +

2β2
t+1σ

2

B
. (21)

Assume the sequence {xt, yt}Tt=1 be generated from
our Acc-RSGDA Algorithm, we establish a useful Lyapunov
function Ωt for convergence analysis of Acc-RSGDA, de-
fined as

Ωt = E
[
Φ(xt) +

γ

2λµηt−1

(
‖gradxf(xt, yt)− vt‖2 (22)

+ ‖∇yf(xt, yt)− wt‖2
)

+
6γL̃2

λµ
‖yt − y∗(xt)‖2

]
, ∀t ≥ 1.

Theorem 3. Suppose the sequence {xt, yt}Tt=1 is generated from
Algorithm 2. Given y1 = y∗(x1), c1 ≥ 2

3b3 + 2λµ, c2 ≥ 2
3b3 +

50λL̃2

µ , b > 0, m ≥ max
(
2, (c̃b)3

)
, 0 < γ ≤ µλ

2κL̃
√

25+4µλ
and

0 < λ ≤ 1
6L̃

, we have

1

T

T∑
t=1

E‖grad Φ(xt)‖ ≤
√

2M ′m1/6

T 1/2
+

√
2M ′

T 1/3
, (23)

where c̃ = max(1, c1, c2, 2γL) and M ′ = 2(Φ(x1)−Φ∗)
γb +

2σ2

Bλµη0b
+

2(c21+c22)σ2b2

Bλµ ln(m+ T ).

Remark 3. Let c1 = 2
3b3 + 2λµ, c2 = 2

3b3 + 50λL̃2

µ , λ =
1

6L̃
, γ = µλ

2κL̃
√

25+4µλ
and η0 = b

m1/3 . It is easily verified that
γ = O( 1

κ2 ), λ = O(1), λµ = O( 1
κ ), c1 = O(1), c2 = O(κ),

datasets #samples #dimension #classes
MNIST 60,000 28×28 10

FashionMNIST 60,000 28×28 10
STL-10 (resized) 5,000 32×32×3 10

CIFAR-10 50,000 32×32×3 10

TABLE 1: Benchmark datasets used in our experiments

Inputs (d channels)

Conv d→ 32, Batchnorm , ReLU
Conv 32→ 64, Batchnorm , ReLU
Conv 64→ 64, Batchnorm , ReLU

Max Pool

Linear 200→ 200, ReLU
Linear 200→ C

Outputs

TABLE 2: The DNN used in our experiments. C is the
number of classes, and d is the number of channels for
inputs.

m = O(κ3) and η0 = O( 1
κ ). Without loss of generality, let

T ≥ m = O(κ3), we have M ′ = O
(
κ2 + κ2

B + κ3

B ln(T )
)
.

When B = κ, we have M ′ = O
(
κ2 ln(T )

)
. Thus, the Acc-

RSGDA algorithm has a convergence rate of Õ
(

κ
T 1/3

)
. By κ

T 1/3 ≤
ε, i.e., E‖grad Φ(xζ)‖ ≤ ε, we choose T ≥ κ3ε−3. In Algorithm
2, we require B samples to estimate the stochastic gradients vt
and wt at each iteration, and need T iterations. Thus, the Acc-
RSGDA has a sample complexity of BT = Õ

(
κ4ε−3

)
for finding

an ε-stationary point of Problem (2). Since our Acc-RSGDA
algorithm uses variance-reduced technique of STORM to
estimate the stochastic gradients, it does not rely on large
mini-batch size to guarantee its convergence. When B = 1,
our Acc-RSGDA algorithm has a convergence rate of Õ

(
κ3/2

T 1/3

)
,

and has a sample complexity of BT = Õ
(
κ4.5ε−3

)
for finding an

ε-stationary point.

Remark 4. In the above theoretical analysis, we only assume
the convexity of constraint set Y , while [27] not only assume
the convexity of set Y , but also assume and use its bounded
(i.e., |Y| ≤ D, where D is a positive constant.) to guarantee
convergence of the GDA and SGDA algorithms in [27] (Please see
Assumption 4.2 in [27]). Clearly, our assumption is milder than
[27]. When there does not exist a constraint set on parameter y,
i.e.,Y = Rd, our RGDA and RSGDA algorithms and theoretical
results still work, while [27] can not work.

6 EXPERIMENTS

In this section, we conduct experiments on two tasks: 1)
robust DNNs training over Riemannian manifold and distri-
butionally robust optimization over Riemannian manifold.
In the experiment, we use the SGDA [27] and Acc-MDA [39]
as the comparison baselines. Since the SGDA and Acc-MDA
methods are not designed for optimization on Riemanian
manifolds, we add the retraction operation (projection-like)
at the end of parameter updates.

6.1 Robust DNNs Training
In this subsection, we focus on the robust DNNs training
over Riemannian manifold defined in Problem (4), which
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TABLE 3: Test accuracy against nature images and different attacks for MNIST. All comparison methods are test against
PGD40 [54]: PGD attack of 40 steps, and FGSM [55] attacks.

Methods Nat. Img. PGD40 L∞ FGSM L∞
ε=0.1 ε=0.2 ε=0.3 ε=0.4 ε=0.1 ε=0.2 ε=0.3 ε=0.4

SGDA 98.94% 85.95% 82.10% 75.64% 61.95% 91.20% 89.06% 85.67% 78.01%
Acc-MDA 99.23% 86.12% 82.15% 75.22% 58.06% 92.25% 90.29% 87.11% 79.56%
RSGDA 99.22% 87.47% 84.17% 78.61% 64.92% 93.05% 91.26% 87.47% 80.51%

Acc-RSGDA 99.37% 90.08% 87.29% 82.65% 73.66% 93.38% 91.67% 88.83% 82.81%

TABLE 4: Test accuracy against nature images and different attacks for FashionMNIST. All comparison methods are test
against PGD40 and FGSM attacks.

Methods Nat. Img. PGD40 L∞ FGSM L∞
ε=0.05 ε=0.1 ε=0.15 ε=0.2 ε=0.05 ε=0.1 ε=0.15 ε=0.2

SGDA 82.30% 69.12% 66.92% 64.83% 62.55% 73.83% 72.65% 71.65% 70.64%
Acc-MDA 83.89% 68.41% 65.86% 63.32% 60.76% 73.11% 71.77% 70.54% 69.05%
RSGDA 83.23% 70.23% 67.84% 65.57% 63.48% 75.85% 74.95% 74.33% 73.97%

Acc-RSGDA 84.15% 71.03% 68.99% 66.07% 64.35% 76.01% 75.44% 75.08% 74.44%

TABLE 5: Test accuracy against nature images and different attacks for CIFAR10. All comparison methods are tested against
PGD40 and FGSM attacks.

Methods Nat. Img. PGD40 L∞ FGSM L∞
ε=0.005 ε=0.01 ε=0.015 ε=0.02 ε=0.005 ε=0.01 ε=0.015 ε=0.02

SGDA 64.73% 38.52% 33.89% 28.97% 22.50% 41.66% 37.92% 34.04% 28.75%
Acc-MDA 69.01% 42.78% 38.08% 32.84% 25.76% 46.18% 42.41% 38.42% 32.87%

RCG 64.64% 39.73% 35.47% 30.97% 24.67% 42.71% 39.28% 35.83% 31.11%
Acc-RSGDA 72.18% 46.36% 41.70% 36.46% 29.16% 49.41% 45.62% 41.55% 35.94%

TABLE 6: Test accuracy against nature images and different attacks for the first 10 classes of CIFAR100. All comparison
methods are tested against PGD40 and FGSM attacks.

Methods Nat. Img. PGD40 L∞ FGSM L∞
ε=0.005 ε=0.01 ε=0.015 ε=0.02 ε=0.005 ε=0.01 ε=0.015 ε=0.02

SGDA 69.60% 45.62% 41.47% 37.65% 32.30% 47.48% 43.87% 40.40% 36.10%
Acc-MDA 70.70% 47.42% 43.20% 38.40% 31.90% 49.73% 46.10% 42.15% 37.10%

RCG 69.30% 47.27% 43.10% 38.60% 31.80% 49.98% 46.67% 43.25% 37.40%
Acc-RSGDA 70.10% 48.12% 44.27% 39.60% 33.50% 50.52% 47.30% 43.60% 38.70%

is a nonconvex and nonconcave minimax problem. Follow-
ing [28], we cast the original robust training problem into
the following nonconvex-(strongly)-concave problem:

min
x∈M

max
u∈U

1

n

n∑
i=1

C∑
j=1

uj`(h(aKij ;x), bi)− r(u), (24)

s.t. U = {u ∈ RC | u ≥ 0, ‖u‖1 = 1},
where aKij is the permuted sample after K iterations of
Projected Gradient Descent (PGD) [54] attack, and C is the
number of classes for the dataset. Here r(u) is a (strongly)
convex regularization term, e.g., r(u) = α‖u − 1/C‖2 or
KL divergence r(u) = α

∑C
i=1 ui log(uiC), where α ≥ 0 is a

tuning parameter. In the experiment, we use Stiefel manifold
M = St(r, d) = {X ∈ Rd×r : XTX = Ir} on parameters x
of DNNs (convolution layers and linear layers).

For robust training, we choose five datasets for this
experiment: MNIST, FashionMNIST, CIFAR10, CIFAR100
and STL10. We use a 5 layer DNN as the target model,
whose architecture is given in Tab. 2. For five datasets, we
set {γ, λ, ηt} = {0.1, 0.01, 0.1} for RSGDA. For SGDA, we
set the learning rates of both maximization and minimiza-
tion as 0.01. For Acc-RSGDA, we set {γ, λ, b,m, c1, c2} =

{1.0, 0.1, 0.5, 8, 512, 512}, and we apply the same hyper-
parameters to Acc-MDA to ensure a fair comparison. We set
K = 3 for five datasets, and ε for the robust training is set
to 0.4, 0.2, 0.02, 0.02 and 0.02 for MNIST, FashionMNIST,
CIFAR10, CIFAR100 and STL10 separately. We further set
the mini-batch size as 512, and the model is trained for 200
epochs.

The training progress for robust training is shown in
Fig. 3. From Fig. 3, we can see that our Acc-RSGDA method
converges faster than the other comparison baselines, and
it can achieve the best test accuracy with natural images
for both datasets. RSGDA does not use momentum terms,
but it reaches lower training loss compared to SGDA and
Acc-MDA. This observation implies that our framework
better utilizes the property of Riemannian manifold for
robust DNN training. On the other hand, simply adding the
retraction operation (Acc-MDA and SGDA) can not achieve
the same effect.

The numeric results against different attacks (i.e., PGD
attack [54] and Fast Gradient Sign Method (FGSM) attack
[55]) are shown in Tab. 3, Tab. 4, Tab. 5, Tab. 6 and Tab. 7.
Specifically, in the training progress, we report the numeric
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TABLE 7: Test accuracy against nature images and different attacks for STL10. All comparison methods are tested against
PGD40 and FGSM attacks.

Methods Nat. Img. PGD40 L∞ FGSM L∞
ε=0.005 ε=0.01 ε=0.015 ε=0.02 ε=0.005 ε=0.01 ε=0.015 ε=0.02

SGDA 51.24% 26.28% 22.53% 18.81% 14.12% 28.32% 25.06% 21.88% 17.81%
Acc-MDA 51.94% 28.22% 24.39% 20.66% 16.04% 30.28% 27.01% 23.93% 19.88%

RCG 51.86% 28.62% 24.83% 20.96% 16.54% 30.80% 27.56% 24.34% 20.31%
Acc-RSGDA 52.51% 29.48% 25.64% 21.76% 16.76% 31.48% 28.20% 24.91% 20.69%

(a) MNIST (b) MNIST

(c) FashionMNIST (d) FashionMNIST

Fig. 3: Experimental results for the robust training task.
(a, c) Test accuracy with natural images for MNIST and
FashionMNIST datasets. (b, d) Training loss for MNIST and
FashionMNIST datasets.

results against PGD attack of 40 steps and FGSM attack.
For all settings, our Acc-RSGDA method achieves the best
accuracy against PGD and FGSM attacks. Interestingly, the
Acc-MDA method performs worse than SGDA under PGD
and FGSM attacks, which suggests that the momentum may
be not functional properly without considering the property
of Riemannian manifold.

6.2 Distributionally Robust Optimization

In the subsection, we focus on distributionally robust opti-
mization over Riemannian manifold defined in Problem (6).
CIFAR-10 and STL-10 are selected as the datasets for this
task. We use the same DNN architecture from the above
robust DNN training for this task. We also apply Stiefel
manifoldM = St(r, d) = {X ∈ Rd×r : XTX = Ir} to the
parameters of the DNN. We use the same hyper-parameter
setting for RSGDA, Acc-RSGDA, SGDA and Acc-MDA from
this task. The mini-batch size is also set 512, and the model is
trained for 200 epochs. We report mean and variance across
3 runs for this experiment.

The results are reported in Fig. 4, and shaded areas
represent variance. From the figure, we can see that our
Acc-RSGDA achieves the best test accuracy and converges
fastest. The difference between Acc-RSGDA and Acc-MDA
is small, but due to using the property of Riemannian man-
ifold, Acc-RSGDA is more stable compared to Acc-MDA.

(a) STL-10 (b) STL-10

(c) CIFAR-10 (d) CIFAR-10

Fig. 4: Experimental results for the distributionally robust
optimization task. (a, c) Test accuracy for STL-10 and CIFAR-
10 datasets. (b, d) Training loss for STL-10 and CIFAR-10
datasets.

7 CONCLUSION

In the paper, we investigated a class of useful minimax op-
timization problems on Riemanian manifolds. Meanwhile,
we proposed a class of effective and efficient Riemanian
gradient descent ascent algorithms to solve these minimax
problems. Moreover, we studied convergence properties of
our proposed algorithms. To the best of our knowledge, our
Riemannian gradient-based methods are the first to study
the minimax optimization over the general Riemanian man-
ifolds.
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APPENDIX A
DETAILED PROOFS IN CONVERGENCE ANALYSIS

In this section, we provide the detailed convergence analysis of our algorithms. We first review some useful lemmas.

Lemma 5. [56] Assume that f(x) is a differentiable convex function and X is a convex set. x∗ ∈ X is the solution of the constrained
problem minx∈X f(x), if

〈∇f(x∗), x− x∗〉 ≥ 0, ∀x ∈ X . (25)

Lemma 6. [56] Assume the function f(x) is L-smooth, i.e., ‖∇f(x) − ∇f(y)‖ ≤ L‖x − y‖, and then the following inequality
holds

|f(y)− f(x)−∇f(x)T (y − x)| ≤ L

2
‖x− y‖2. (26)

Lemma 7. (Restatement of Lemma 1) The gradient of function Φ(x) = maxy∈Y f(x, y) is retraction G-Lipschitz, and the mapping
or function y∗(x) = arg maxy∈Y f(x, y) is retraction κ-Lipschitz. Given any x1, x2 = Rx1

(u) ∈ X ⊂ M and u ∈ Tx1
M, we

have

‖gradΦ(x1)− T x1
x2

gradΦ(x2)‖ ≤ G‖u‖,
‖y∗(x1)− y∗(x2)‖ ≤ κ‖u‖,

where G = κL12 + L11 and κ = L21/µ, and vector transport T x1
x2

transport the tangent space of x1 to that of x2.

Proof. Given any x1, x2 = Rx1
(u) ∈ X and u ∈ Tx1

M, define y∗(x1) = arg maxy∈Y f(x1, y) and y∗(x2) =
arg maxy∈Y f(x2, y), by the above Lemma 5, we have

(y − y∗(x1))T∇yf(x1, y
∗(x1)) ≤ 0, ∀y ∈ Y (27)

(y − y∗(x2))T∇yf(x2, y
∗(x2)) ≤ 0, ∀y ∈ Y. (28)

Let y = y∗(x2) in the inequality (27) and y = y∗(x1) in the inequality (28), then summing these inequalities, we have

(y∗(x2)− y∗(x1))T
(
∇yf(x1, y

∗(x1))−∇yf(x2, y
∗(x2))

)
≤ 0. (29)

Since the function f(x1, ·) is µ-strongly concave, we have

f(x1, y
∗(x1)) ≤ f(x1, y

∗(x2)) + (∇yf(x1, y
∗(x2)))T (y∗(x1)− y∗(x2))− µ

2
‖y∗(x1)− y∗(x2)‖2, (30)

f(x1, y
∗(x2)) ≤ f(x1, y

∗(x1)) + (∇yf(x1, y
∗(x1)))T (y∗(x2)− y∗(x1))− µ

2
‖y∗(x1)− y∗(x2)‖2. (31)

Combining the inequalities (30) with (31), we obtain

(y∗(x2)− y∗(x1))T
(
∇yf(x1, y

∗(x2))−∇yf(x1, y
∗(x1))

)
+ µ‖y∗(x1)− y∗(x2)‖2 ≤ 0. (32)

By plugging the inequalities (29) into (32), we have

µ‖y∗(x1)− y∗(x2)‖2 ≤ (y∗(x2)− y∗(x1))T
(
∇yf(x2, y

∗(x2))−∇yf(x1, y
∗(x2))

)
≤ ‖y∗(x2)− y∗(x1)‖‖∇yf(x2, y

∗(x2))−∇yf(x1, y
∗(x2))‖

≤ L21‖u‖‖y∗(x2)− y∗(x1)‖, (33)

where the last inequality is due to Assumption 1. Thus, we have

‖y∗(x1)− y∗(x2)‖ ≤ κ‖u‖, (34)

where κ = L21/µ and x2 = Rx1
(u), u ∈ Tx1

M.
Since Φ(x) = f(x, y∗(x)), we have gradΦ(x) = gradxf(x, y∗(x)). Then we have

‖gradΦ(x1)−T x1
x2

gradΦ(x2)‖
= ‖gradxf(x1, y

∗(x1))− T x1
x2

gradxf(x2, y
∗(x2))‖

≤ ‖gradxf(x1, y
∗(x1))−gradxf(x1, y

∗(x2))‖+‖gradxf(x1, y
∗(x2))−T x1

x2
gradxf(x2, y

∗(x2))‖
≤ L12‖y∗(x1)− y∗(x2)‖+ L11‖u‖
≤ (κL12 + L11)‖u‖, (35)

where u ∈ Tx1
M.
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Lemma 8. (Restatement of Lemma 2) Suppose the sequence {xt, yt}Tt=1 is generated from Algorithm 1 or 2. Given 0 < ηt ≤ 1
2γL ,

we have

Φ(xt+1) ≤ Φ(xt) + γL12ηt‖y∗(xt)− yt‖2 + γηt‖gradxf(xt, yt)− vt‖2 −
γηt
2
‖gradΦ(xt)‖2

− γηt
4
‖vt‖2. (36)

Proof. According to Assumption 2, i.e., the function Φ(x) is retraction L-smooth, we have

Φ(xt+1) ≤ Φ(xt)− γηt〈gradΦ(xt), vt〉+
γ2η2

tL

2
‖vt‖2 (37)

= Φ(xt) +
γηt
2
‖gradΦ(xt)− vt‖2 −

γηt
2
‖gradΦ(xt)‖2 + (

γ2η2
tL

2
− γηt

2
)‖vt‖2

= Φ(xt) +
γηt
2
‖gradΦ(xt)− gradxf(xt, yt) + gradxf(xt, yt)− vt‖2 −

γηt
2
‖gradΦ(xt)‖2

+ (
γ2η2

tL

2
− γηt

2
)‖vt‖2

≤ Φ(xt) + γηt‖gradΦ(xt)− gradxf(xt, yt)‖2 + γηt‖gradxf(xt, yt)− vt‖2 −
γηt
2
‖gradΦ(xt)‖2

+ (
Lγ2η2

t

2
− γηt

2
)‖vt‖2

≤ Φ(xt) + γηt‖gradΦ(xt)− gradxf(xt, yt)‖2 + γηt‖gradxf(xt, yt)− vt‖2 −
γηt
2
‖gradΦ(xt)‖2

− γηt
4
‖vt‖2,

where the last inequality is due to 0 < ηt ≤ 1
2γL .

Considering an upper bound of ‖gradΦ(xt)− gradxf(xt, yt)‖2, we have

‖gradΦ(xt)− gradxf(xt, yt)‖2 = ‖gradxf(xt, y
∗(xt))− gradxf(xt, yt)‖2

≤ L12‖y∗(xt)− yt‖2. (38)

Then we have

Φ(xt+1) ≤ Φ(xt) + γηtL12‖y∗(xt)− yt‖2 + γηt‖gradxf(xt, yt)− vt‖2 −
γηt
2
‖gradΦ(xt)‖2

− γηt
4
‖vt‖2. (39)

Lemma 9. (Restatement of Lemma 3) Suppose the sequence {xt, yt}Tt=1 is generated from Algorithm 1 or 2. Under the above
assumptions, and set 0 < ηt ≤ 1 and 0 < λ ≤ 1

6L̃
, we have

‖yt+1 − y∗(xt+1)‖2 ≤ (1− ηtµλ

4
)‖yt − y∗(xt)‖2 −

3ηt
4
‖ỹt+1 − yt‖2

+
25ηtλ

6µ
‖∇yf(xt, yt)− wt‖2 +

25γ2κ2ηt
6µλ

‖vt‖2, (40)

where κ = L21/µ and L̃ = max(1, L11, L12, L21, L22).

Proof. Since the constraint set Y in Euclidean space, this proof can easily follow the proofs of Lemma 28 in [39]. According
to Assumption 3, i.e., the function f(x, y) is µ-strongly concave w.r.t y, we have

f(xt, y) ≤ f(xt, yt) + 〈∇yf(xt, yt), y − yt〉 −
µ

2
‖y − yt‖2

= f(xt, yt) + 〈wt, y − ỹt+1〉+ 〈∇yf(xt, yt)− wt, y − ỹt+1〉

+ 〈∇yf(xt, yt), ỹt+1 − yt〉 −
µ

2
‖y − yt‖2. (41)

According to the assumption 1, i.e., the function f(x, y) is L22-smooth w.r.t y, and L̃ ≥ L22, we have

f(xt, ỹt+1)− f(xt, yt)− 〈∇yf(xt, yt), ỹt+1 − yt〉 ≥ −
L22

2
‖ỹt+1 − yt‖2

≥ − L̃
2
‖ỹt+1 − yt‖2. (42)



JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015 14

Combining the inequalities (41) with (42), we have

f(xt, y) ≤ f(xt, ỹt+1) + 〈wt, y − ỹt+1〉+ 〈∇yf(xt, yt)− wt, y − ỹt+1〉

− µ

2
‖y − yt‖2 +

L̃

2
‖ỹt+1 − yt‖2. (43)

According to the line 6 of Algorithm 1 or 2, we have ỹt+1 = PY(yt + λwt) = arg miny∈Y
1
2‖y − yt − λwt‖

2. Since Y is
a convex set and the function 1

2‖y − yt − λwt‖
2 is convex, according to Lemma 5, we have

〈ỹt+1 − yt − λwt, y − ỹt+1〉 ≥ 0, y ∈ Y. (44)

Then we obtain

〈wt, y − ỹt+1〉 ≤
1

λ
〈ỹt+1 − yt, y − ỹt+1〉

=
1

λ
〈ỹt+1 − yt, yt − ỹt+1〉+

1

λ
〈ỹt+1 − yt, y − yt〉

= − 1

λ
‖ỹt+1 − yt‖2 +

1

λ
〈ỹt+1 − yt, y − yt〉. (45)

Combining the inequalities (43) with (45), we have

f(xt, y) ≤ f(xt, ỹt+1) +
1

λ
〈ỹt+1 − yt, y − yt〉+ 〈∇yf(xt, yt)− wt, y − ỹt+1〉

− 1

λ
‖ỹt+1 − yt‖2 −

µ

2
‖y − yt‖2 +

L̃

2
‖ỹt+1 − yt‖2. (46)

Let y = y∗(xt) and we obtain

f(xt, y
∗(xt)) ≤ f(xt, ỹt+1) +

1

λ
〈ỹt+1 − yt, y∗(xt)− yt〉+ 〈∇yf(xt, yt)− wt, y∗(xt)− ỹt+1〉

− 1

λ
‖ỹt+1 − yt‖2 −

µ

2
‖y∗(xt)− yt‖2 +

L̃

2
‖ỹt+1 − yt‖2. (47)

Due to the concavity of f(·, y) and y∗(xt) = arg maxy∈Y f(xt, y), we have f(xt, y
∗(xt)) ≥ f(xt, ỹt+1). Thus, we obtain

0 ≤ 1

λ
〈ỹt+1 − yt, y∗(xt)− yt〉+ 〈∇yf(xt, yt)− wt, y∗(xt)− ỹt+1〉

− (
1

λ
− L̃

2
)‖ỹt+1 − yt‖2 −

µ

2
‖y∗(xt)− yt‖2. (48)

By yt+1 = yt + ηt(ỹt+1 − yt), we have

‖yt+1 − y∗(xt)‖2 = ‖yt + ηt(ỹt+1 − yt)− y∗(xt)‖2

= ‖yt − y∗(xt)‖2 + 2ηt〈ỹt+1 − yt, yt − y∗(xt)〉+ η2
t ‖ỹt+1 − yt‖2. (49)

Then we obtain

〈ỹt+1 − yt, y∗(xt)− yt〉 ≤
1

2ηt
‖yt − y∗(xt)‖2 +

ηt
2
‖ỹt+1 − yt‖2 −

1

2ηt
‖yt+1 − y∗(xt)‖2. (50)

Consider the upper bound of the term 〈∇yf(xt, yt)− wt, y∗(xt)− ỹt+1〉, we have

〈∇yf(xt, yt)− wt, y∗(xt)− ỹt+1〉
= 〈∇yf(xt, yt)− wt, y∗(xt)− yt〉+ 〈∇yf(xt, yt)− wt, yt − ỹt+1〉

≤ 1

µ
‖∇yf(xt, yt)− wt‖2 +

µ

4
‖y∗(xt)− yt‖2 +

1

µ
‖∇yf(xt, yt)− wt‖2 +

µ

4
‖yt − ỹt+1‖2

=
2

µ
‖∇yf(xt, yt)− wt‖2 +

µ

4
‖y∗(xt)− yt‖2 +

µ

4
‖yt − ỹt+1‖2. (51)
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By plugging the inequalities (48), (50) to (51), we have

1

2ηtλ
‖yt+1 − y∗(xt)‖2 ≤ (

1

2ηtλ
− µ

4
)‖yt − y∗(xt)‖2 + (

ηt
2λ

+
µ

4
+
L̃

2
− 1

λ
)‖ỹt+1 − yt‖2

+
2

µ
‖∇yf(xt, yt)− wt‖2

≤ (
1

2ηtλ
− µ

4
)‖yt − y∗(xt)‖2 + (

3L̃

4
− 1

2λ
)‖ỹt+1 − yt‖2 +

2

µ
‖∇yf(xt, yt)− wt‖2

= (
1

2ηtλ
− µ

4
)‖yt − y∗(xt)‖2 −

( 3

8λ
+

1

8λ
− 3L̃

4

)
‖ỹt+1 − yt‖2

+
2

µ
‖∇yf(xt, yt)− wt‖2

≤ (
1

2ηtλ
− µ

4
)‖yt − y∗(xt)‖2 −

3

8λ
‖ỹt+1 − yt‖2 +

2

µ
‖∇yf(xt, yt)− wt‖2, (52)

where the second inequality holds by L̃ ≥ L22 ≥ µ and 0 < ηt ≤ 1, and the last inequality is due to 0 < λ ≤ 1
6L̃

. It implies
that

‖yt+1 − y∗(xt)‖2 ≤ (1− ηtµλ

2
)‖yt − y∗(xt)‖2 −

3ηt
4
‖ỹt+1 − yt‖2 +

4ηtλ

µ
‖∇yf(xt, yt)− wt‖2. (53)

Next, we decompose the term ‖yt+1 − y∗(xt+1)‖2 as follows:

‖yt+1 − y∗(xt+1)‖2 = ‖yt+1 − y∗(xt) + y∗(xt)− y∗(xt+1)‖2

= ‖yt+1 − y∗(xt)‖2 + 2〈yt+1 − y∗(xt), y∗(xt)− y∗(xt+1)〉+ ‖y∗(xt)− y∗(xt+1)‖2

≤ (1 +
ηtµλ

4
)‖yt+1 − y∗(xt)‖2 + (1 +

4

ηtµλ
)‖y∗(xt)− y∗(xt+1)‖2

≤ (1 +
ηtµλ

4
)‖yt+1 − y∗(xt)‖2 + (1 +

4

ηtµλ
)η2
t γ

2κ2‖vt‖2, (54)

where the first inequality holds by the Cauchy-Schwarz inequality and Young’s inequality, and the last equality is due to
Lemma 7.

By combining the above inequalities (53) and (54), we have

‖yt+1 − y∗(xt+1)‖2 ≤ (1 +
ηtµλ

4
)(1− ηtµλ

2
)‖yt − y∗(xt)‖2 − (1 +

ηtµλ

4
)
3ηt
4
‖ỹt+1 − yt‖2

+ (1 +
ηtµλ

4
)
4ηtλ

µ
‖∇yf(xt, yt)− wt‖2 + (1 +

4

ηtµλ
)η2
t γ

2κ2‖vt‖2. (55)

Since 0 < ηt ≤ 1, 0 < λ ≤ 1
6L̃

and L̃ ≥ L22 ≥ µ, we have λ ≤ 1
6L̃
≤ 1

6µ and ηt ≤ 1 ≤ 1
6µλ . Then we obtain

(1 +
ηtµλ

4
)(1− ηtµλ

2
) = 1− ηtµλ

2
+
ηtµλ

4
− η2

t µ
2λ2

8
≤ 1− ηtµλ

4
,

−(1 +
ηtµλ

4
)
3ηt
4
≤ −3ηt

4
,

(1 +
ηtµλ

4
)
4ηtλ

µ
≤ (1 +

1

24
)
4ηtλ

µ
=

25ηtλ

6µ
,

(1 +
4

ηtµλ
)γ2κ2η2

t = γ2κ2η2
t +

4γ2κ2ηt
µλ

≤ γ2κ2ηt
6µλ

+
4γ2κ2ηt
µλ

=
25γ2κ2ηt

6µλ
. (56)

Thus we have

‖yt+1 − y∗(xt+1)‖2 ≤ (1− ηtµλ

4
)‖yt − y∗(xt)‖2 −

3ηt
4
‖ỹt+1 − yt‖2

+
25ηtλ

6µ
‖∇yf(xt, yt)− wt‖2 +

25γ2κ2ηt
6µλ

‖vt‖2. (57)
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A.1 Convergence Analysis of RGDA and RSGDA Algorithms

In the subsection, we study the convergence properties of our RGDA and RSGDA algorithms, respectively.

Theorem 4. (Restatement of Theorem 1) Suppose the sequence {xt, yt}Tt=1 is generated from Algorithm 1 by using deterministic
gradients. Given y1 = y∗(x1), η = ηt for all t ≥ 1, 0 < η ≤ min(1, 1

2γL ), 0 < λ ≤ 1
6L̃

and 0 < γ ≤ µλ

10L̃κ
, we have

1

T

T∑
t=1

‖grad Φ(xt)‖ ≤
2
√

Φ(x1)− Φ∗√
γηT

, (58)

where L̃ = max(1, L11, L12, L21, L22).

Proof. According to Lemma 9, we have

‖yt+1 − y∗(xt+1)‖2 ≤ (1− ηtµλ

4
)‖yt − y∗(xt)‖2 −

3ηt
4
‖ỹt+1 − yt‖2 +

25ηtλ

6µ
‖∇yf(xt, yt)− wt‖2

+
25γ2κ2ηt

6µλ
‖vt‖2. (59)

We first define a Lyapunov function Λt, for any t ≥ 1

Λt = Φ(xt) +
6γL̃2

λµ
‖yt − y∗(xt)‖2. (60)

According to Lemma 8, we have

Λt+1 − Λt = Φ(xt+1)− Φ(xt) +
6γL̃2

λµ

(
‖yt+1 − y∗(xt+1)‖2 − ‖yt − y∗(xt)‖2

)
≤ γηtL12‖yt − y∗(xt)‖2 + γηt‖gradxf(xt, yt)− vt‖2 −

γηt
2
‖gradΦ(xt)‖2 −

γηt
4
‖vt‖2

+
6γL̃2

λµ

(
− µληt

4
‖yt − y∗(xt)‖2 −

3ηt
4
‖ỹt+1 − yt‖2 +

25ληt
6µ
‖∇yf(xt, yt)− wt‖2

+
25γ2κ2ηt

6µλ
‖vt‖2

)
≤ − L̃

2γηt
2
‖yt − y∗(xt)‖2 −

γηt
2
‖gradΦ(xt)‖2 −

9γL̃2ηt
2λµ

‖ỹt+1 − yt‖2

−
(1

4
− 25κ2L̃2γ2

µ2λ2

)
γηt‖vt‖2

≤ − L̃
2γηt
2
‖yt − y∗(xt)‖2 −

γηt
2
‖gradΦ(xt)‖2, (61)

where the first inequality holds by the inequality (59); the second last inequality is due to L̃ = max(1, L11, L12, L21, L22)
and vt = gradxf(xt, yt), wt = ∇yf(xt, yt), and the last inequality is due to 0 < γ ≤ µλ

10L̃κ
. Thus, we obtain

L̃2γηt
2
‖yt − y∗(xt)‖2 +

γηt
2
‖gradΦ(xt)‖2 ≤ Λt − Λt+1. (62)

Since the initial solution satisfies y1 = y∗(x1) = arg maxy∈Y f(x1, y), we have

Λ1 = Φ(x1) +
6γL̃2

λµ
‖y1 − y∗(x1)‖2 = Φ(x1). (63)

Taking average over t = 1, 2, · · · , T on both sides of the inequality (62), we have

1

T

T∑
t=1

[ L̃2ηt
2
‖yt − y∗(xt)‖2 +

ηt
2
‖gradΦ(xt)‖2

]
≤ Λ1 − ΛT+1

γT
≤ Φ(x1)− Φ∗

γT
, (64)

where the last equality is due to the above equality (63) and Assumption 4. Let η = η1 = · · · = ηT , we have

1

T

T∑
t=1

[
L̃2‖yt − y∗(xt)‖2 + ‖gradΦ(xt)‖2

]
≤ 2(Φ(x1)− Φ∗)

γηT
. (65)
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According to Jensen’s inequality, we have

1

T

T∑
t=1

[
L̃‖yt − y∗(xt)‖+ ‖gradΦ(xt)‖

]
≤
(

2

T

T∑
t=1

[
L̃2‖yt − y∗(xt)‖2 + ‖gradΦ(xt)‖2

)1/2

≤
(

4(Φ(x1)− Φ∗)

γηT

)1/2

=
2
√

Φ(x1)− Φ∗√
γηT

. (66)

Since L̃‖yt − y∗(xt)‖+ ‖gradΦ(xt)‖ ≥ ‖gradΦ(xt)‖, we can obtain

1

T

T∑
t=1

‖gradΦ(xt)‖ ≤
2
√

Φ(x1)− Φ∗√
γηT

. (67)

Theorem 5. (Restatement of Theorem 2) Suppose the sequence {xt, yt}Tt=1 is generated from Algorithm 1 by using stochastic
gradients. Given y1 = y∗(x1), η = ηt for all t ≥ 1, 0 < η ≤ min(1, 1

2γL ), 0 < λ ≤ 1
6L̃

and 0 < γ ≤ µλ

10L̃κ
, we have

1

T

T∑
t=1

E‖grad Φ(xt)‖ ≤
2
√

Φ(x1)− Φ∗√
γηT

+

√
2σ√
B

+
5
√

2L̃σ√
Bµ

. (68)

Proof. According to Lemma 9, we have

‖yt+1 − y∗(xt+1)‖2 ≤ (1− ηtµλ

4
)‖yt − y∗(xt)‖2 −

3ηt
4
‖ỹt+1 − yt‖2 +

25ηtλ

6µ
‖∇yf(xt, yt)− wt‖2

+
25γ2κ2ηt

6µλ
‖vt‖2. (69)

We first define a Lyapunov function Θt, for any t ≥ 1

Θt = E
[
Φ(xt) +

6γL̃2

λµ
‖yt − y∗(xt)‖2

]
. (70)

By Assumption 5, we have

E‖gradxf(xt, yt)− vt‖2 = E‖gradxf(xt, yt)−
1

B

B∑
i=1

gradxf(xt, yt; ξ
i
t)‖2 ≤

σ2

B
, (71)

E‖∇yf(xt, yt)− wt‖2 = E‖∇yf(xt, yt)−
1

B

B∑
i=1

∇yf(xt, yt; ξ
i
t)‖2 ≤

σ2

B
. (72)

According to Lemma 8, we have

Θt+1 −Θt = E[Φ(xt+1)]− E[Φ(xt)] +
6γL̃2

λµ

(
E‖yt+1 − y∗(xt+1)‖2 − E‖yt − y∗(xt)‖2

)
≤ γηtL12E‖yt − y∗(xt)‖2 + γηtE‖gradxf(xt, yt)− vt‖2 −

γηt
2

E‖gradΦ(xt)‖2 −
γηt
4

E‖vt‖2

+
6γL̃2

λµ

(
− µληt

4
E‖yt − y∗(xt)‖2 −

3ηt
4

E‖ỹt+1 − yt‖2 +
25ληt

6µ
E‖∇yf(xt, yt)− wt‖2

+
25γ2κ2ηt

6µλ
E‖vt‖2

)
≤ − L̃

2γηt
2

E‖yt − y∗(xt)‖2 −
γηt
2

E‖gradΦ(xt)‖2 −
9γL̃2ηt

2λµ
E‖ỹt+1 − yt‖2

−
(1

4
− 25κ2L̃2γ2

µ2λ2

)
γηtE‖vt‖2 + γηtE‖gradxf(xt, yt)− vt‖2 +

25L̃2γηt
µ2

E‖∇yf(xt, yt)− wt‖2

≤ − L̃
2γηt
2

E‖yt − y∗(xt)‖2 −
γηt
2

E‖gradΦ(xt)‖2 +
γηtσ

2

B
+

25L̃2γηtσ
2

Bµ2
, (73)

where the first inequality holds by the inequality (69); the second last inequality is due to L̃ = max(1, L11, L12, L21, L22),
and the last inequality is due to 0 < γ ≤ µλ

10L̃κ
and Assumption 5. Thus, we obtain

L̃2γηt
2

E‖yt − y∗(xt)‖2 +
γηt
2

E‖gradΦ(xt)‖2 ≤ Θt −Θt+1 +
γηtσ

2

B
+

25L̃2γηtσ
2

Bµ2
. (74)
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Since the initial solution satisfies y1 = y∗(x1) = arg maxy∈Y f(x1, y), we have

Θ1 = Φ(x1) +
6γL̃2

λµ
‖y1 − y∗(x1)‖2 = Φ(x1). (75)

Taking average over t = 1, 2, · · · , T on both sides of the inequality (74), we have

1

T

T∑
t=1

E
[ L̃2ηt

2
‖yt − y∗(xt)‖2 +

ηt
2
‖gradΦ(xt)‖2

]
≤ Θt −Θt+1

γT
+

1

T

T∑
t=1

ηtσ
2

B
+

1

T

T∑
t=1

25L̃2ηtσ
2

Bµ2

=
Φ(x1)− Φ∗

γT
+

1

T

T∑
t=1

ηtσ
2

B
+

1

T

T∑
t=1

25L̃2ηtσ
2

Bµ2
, (76)

where the last equality is due to the above equality (75). Let η = η1 = · · · = ηT , we have

1

T

T∑
t=1

E
[
L̃2‖yt − y∗(xt)‖2 + ‖gradΦ(xt)‖2

]
≤ 2(Φ(x1)− Φ∗)

γηT
+
σ2

B
+

25L̃2σ2

Bµ2
. (77)

According to Jensen’s inequality, we have

1

T

T∑
t=1

E
[
L̃‖yt − y∗(xt)‖+ ‖gradΦ(xt)‖

]
≤
( 2

T

T∑
t=1

E
[
L̃2‖yt − y∗(xt)‖2 + ‖gradΦ(xt)‖2

)1/2
≤ 4(Φ(x1)− Φ∗)

γηT
+

2σ2

B
+

50L̃2σ2

Bµ2

)1/2
≤ 2

√
Φ(x1)− Φ∗√
γηT

+

√
2σ√
B

+
5
√

2L̃σ√
Bµ

, (78)

where the last inequality is due to (a1 + a2 + a3)1/2 ≤ a1/2
1 + a

1/2
2 + a

1/2
3 for all a1, a2, a3 > 0. Thus, we have

1

T

T∑
t=1

E‖gradΦ(xt)‖ ≤
2
√

Φ(x1)− Φ∗√
γηT

+

√
2σ√
B

+
5
√

2L̃σ√
Bµ

. (79)

A.2 Convergence Analysis of the Acc-RSGDA Algorithm

In the subsection, we study the convergence properties of the Acc-RSGDA algorithm.

Lemma 10. (Restatement of Lemma 4) Suppose the stochastic gradients vt and wt is generated from Algorithm 2, given 0 < αt+1 ≤ 1
and 0 < βt+1 ≤ 1, we have

E‖gradxf(xt+1, yt+1)− vt+1‖2 ≤ (1− αt+1)2E‖gradxf(xt, yt)− vt‖2 + 4(1− αt+1)2L2
11γ

2η2
tE‖vt‖2

+ 4(1− αt+1)2L2
12η

2
tE‖ỹt+1 − yt‖2 +

2α2
t+1σ

2

B
. (80)

E‖∇yf(xt+1, yt+1)− wt+1‖2 ≤ (1− βt+1)2E‖∇yf(xt, yt)− wt‖2 + 4(1− βt+1)2L2
21γ

2η2
tE‖vt‖2

+ 4(1− βt+1)2L2
22η

2
tE‖ỹt+1 − yt‖2 +

2β2
t+1σ

2

B
. (81)

Proof. We first prove the inequality (80). According to the definition of vt in Algorithm 2, we have

vt+1 − T xt+1
xt

vt = −αt+1T xt+1
xt

vt + (1− αt+1)
(
gradxfBt+1

(xt+1, yt+1)− T xt+1
xt

gradxfBt+1
(xt, yt)

)
+ αt+1gradxfBt+1

(xt+1, yt+1). (82)
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Then we have

E‖gradxf(xt+1, yt+1)− vt+1‖2 (83)

= E‖gradxf(xt+1, yt+1)− T xt+1
xt

vt − (vt+1 − T xt+1
xt

vt)‖2

= E‖gradxf(xt+1, yt+1)− T xt+1
xt

vt + αt+1T xt+1
xt

vt − αt+1gradxfBt+1
(xt+1, yt+1)

− (1− αt+1)
(
gradxfBt+1

(xt+1, yt+1)− T xt+1
xt

gradxfBt+1
(xt, yt)

)
‖2

= E‖(1− αt+1)T xt+1
xt

(gradxf(xt, yt)− vt) + (1− αt+1)
(
gradxf(xt+1, yt+1)− T xt+1

xt
gradxf(xt, yt)

− gradxfBt+1
(xt+1, yt+1) + T xt+1

xt
gradxfBt+1

(xt, yt)
)

+ αt+1

(
gradxf(xt+1, yt+1)− gradxfBt+1(xt+1, yt+1)

)
‖2

= (1− αt+1)2E‖gradxf(xt, yt)− vt‖2 + α2
t+1E‖gradxf(xt+1, yt+1)− gradxfBt+1

(xt+1, yt+1)‖2

+ (1− αt+1)2E‖gradxf(xt+1, yt+1)− T xt+1
xt

gradxf(xt, yt)− gradxfBt+1
(xt+1, yt+1)

+ T xt+1
xt

gradxfBt+1(xt, yt)‖2 + 2αt+1(1− αt+1)
〈
gradxf(xt+1, yt+1)− T xt+1

xt
gradxf(xt, yt)

− gradxfBt+1
(xt+1, yt+1) + T xt+1

xt
gradxfBt+1

(xt, yt), gradxf(xt+1, yt+1)− gradxfBt+1
(xt+1, yt+1)

〉
≤ (1− αt+1)2E‖gradxf(xt, yt)− vt‖2 + 2α2

t+1E‖gradxf(xt+1, yt+1)− gradxfBt+1(xt+1, yt+1)‖2

+ 2(1− αt+1)2E‖gradxf(xt+1, yt+1)− T xt+1
xt

gradxf(xt, yt)− gradxfBt+1
(xt+1, yt+1)

+ T xt+1
xt

gradxfBt+1
(xt, yt)‖2

≤ (1− αt+1)2E‖gradxf(xt, yt)− vt‖2 +
2α2

t+1σ
2

B
+ 2(1− αt+1)2 E‖gradxfBt+1(xt+1, yt+1)− T xt+1

xt
gradxfBt+1(xt, yt)‖2︸ ︷︷ ︸

=T1

,

where the fourth equality follows by E[gradxfBt+1(xt+1, yt+1)] = gradxf(xt+1, yt+1) and E[gradxfBt+1(xt+1, yt+1) −
gradxfBt+1(xt, yt)] = gradxf(xt+1, yt+1) − gradxf(xt, yt); the first inequality holds by Young’s inequality; the last
inequality is due to the equality E‖ζ − E[ζ]‖2 = E‖ζ‖2 − ‖E[ζ]‖2 and Assumption 5.

Next, we consider an upper bound of the above term T1 as follows:

T1 = E
∥∥gradxfBt+1(xt+1, yt+1)− T xt+1

xt
gradxfBt+1(xt, yt)

∥∥2
(84)

= E
∥∥gradxfBt+1(xt+1, yt+1)− T xt+1

xt
gradxf(xt, yt+1; ξt+1) + T xt+1

xt
gradxf(xt, yt+1; ξt+1)

− T xt+1
xt

gradxfBt+1
(xt, yt)

∥∥2

≤ 2E
∥∥gradxfBt+1

(xt+1, yt+1)− T xt+1
xt

gradxf(xt, yt+1; ξt+1)‖2

+ 2E‖gradxf(xt, yt+1; ξt+1)− gradxfBt+1
(xt, yt)

∥∥2

≤ 2L2
11γ

2η2
tE‖vt‖2 + 2L2

12E‖yt+1 − yt‖2

= 2L2
11γ

2η2
tE‖vt‖2 + 2L2

12η
2
tE‖ỹt+1 − yt‖2, (85)

where the last inequality is due to Assumption 1. Thus, we have

E‖gradxf(xt+1, yt+1)− vt+1‖2 ≤ (1− αt+1)2E‖gradxf(xt, yt)− vt‖2 + 4(1− αt+1)2L2
11γ

2η2
tE‖vt‖2

+ 4(1− αt+1)2L2
12η

2
tE‖ỹt+1 − yt‖2 +

2α2
t+1σ

2

B
. (86)

We apply a similar analysis to prove the above inequality (81). We obtain

E‖∇yf(xt+1, yt+1)− wt+1‖2 ≤ (1− βt+1)2E‖∇yf(xt, yt)− wt‖2 + 4(1− βt+1)2L2
21γ

2η2
tE‖vt‖2

+ 4(1− βt+1)2L2
22η

2
tE‖ỹt+1 − yt‖2 +

2β2
t+1σ

2

B
. (87)

Theorem 6. (Restatement of Theorem 3) Suppose the sequence {xt, yt}Tt=1 is generated from Algorithm 2. Given y1 = y∗(x1),
c1 ≥ 2

3b3 + 2λµ, c2 ≥ 2
3b3 + 50λL̃2

µ , b > 0, m ≥ max
(
2, (c̃b)3

)
, 0 < γ ≤ µλ

2κL̃
√

25+4µλ
and 0 < λ ≤ 1

6L̃
, we have

1

T

T∑
t=1

E‖grad Φ(xt)‖ ≤
√

2M ′m1/6

T 1/2
+

√
2M ′

T 1/3
, (88)

where c̃ = max(2γL, c1, c2, 1) and M ′ = 2(Φ(x1)−Φ∗)
γb + 2σ2

λµη0bB
+

2(c21+c22)σ2b2

λµB ln(m+ T ).
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Proof. Since ηt is decreasing and m ≥ b3, we have ηt ≤ η0 = b
m1/3 ≤ 1. Similarly, due to m ≥ (2γLb)3, we have

ηt ≤ η0 = b
m1/3 ≤ 1

2γL . Due to 0 < ηt ≤ 1 and m ≥ max
(
(c1b)

3, (c2b)
3
)
, we have αt+1 = c1η

2
t ≤ c1ηt ≤ c1b

m1/3 ≤ 1 and
βt+1 = c2η

2
t ≤ c2ηt ≤ c2b

m1/3 ≤ 1. According to Lemma 10, we have

1

ηt
E‖gradxf(xt+1, yt+1)− vt+1‖2 −

1

ηt−1
E‖gradxf(xt, yt)− vt‖2 (89)

≤
( (1− αt+1)2

ηt
− 1

ηt−1

)
E‖gradxf(xt, yt)− vt‖2 + 4(1− αt+1)2L2

11γ
2ηtE‖vt‖2

+ 4(1− αt+1)2L2
12ηtE‖ỹt+1 − yt‖2 +

2α2
t+1σ

2

ηtB

≤
(1− αt+1

ηt
− 1

ηt−1

)
E‖gradxf(xt, yt)− vt‖2 + 4L2

11γ
2ηtE‖vt‖2 + 4L2

12ηtE‖ỹt+1 − yt‖2 +
2α2

t+1σ
2

ηtB

=
( 1

ηt
− 1

ηt−1
− c1ηt

)
E‖gradxf(xt, yt)− vt‖2 + 4L2

11γ
2ηtE‖vt‖2 + 4L2

12ηtE‖ỹt+1 − yt‖2 +
2α2

t+1σ
2

ηtB
,

where the second inequality is due to 0 < αt+1 ≤ 1. By a similar way, we also obtain

1

ηt
E‖∇yf(xt+1, yt+1)− wt+1‖2 −

1

ηt−1
E‖∇yf(xt, yt)− wt‖2 (90)

≤
( 1

ηt
− 1

ηt−1
− c2ηt

)
E‖∇yf(xt, yt)− wt‖2 + 4L2

21γ
2ηtE‖vt‖2 + 4L2

22ηtE‖ỹt+1 − yt‖2 +
2β2

t+1σ
2

ηtB
.

By ηt = b
(m+t)1/3

, we have

1

ηt
− 1

ηt−1
=

1

b

(
(m+ t)

1
3 − (m+ t− 1)

1
3
)

≤ 1

3b(m+ t− 1)2/3
≤ 1

3b
(
m/2 + t

)2/3
≤ 22/3

3b(m+ t)2/3
=

22/3

3b3
b2

(m/2 + t)2/3
=

22/3

3b3
η2
t ≤

2

3b3
ηt, (91)

where the first inequality holds by the concavity of function f(x) = x1/3, i.e., (x + y)1/3 ≤ x1/3 + y
3x2/3 ; the second

inequality is due to m ≥ 2, and the last inequality is due to 0 < ηt ≤ 1. Let c1 ≥ 2
3b3 + 2λµ, we have

1

ηt
E‖gradxf(xt+1, yt+1)− vt+1‖2 −

1

ηt−1
E‖gradxf(xt, yt)− vt‖2 (92)

≤ −2λµηtE‖gradxf(xt, yt)− vt‖2 + 4L2
11γ

2ηtE‖vt‖2 + 4L2
12ηtE‖ỹt+1 − yt‖2 +

2α2
t+1σ

2

ηtB
.

Let c2 ≥ 2
3b3 + 50λL̃2

µ , we have

1

ηt
E‖∇yf(xt+1, yt+1)− wt+1‖2 −

1

ηt−1
E‖∇yf(xt, yt)− wt‖2 (93)

≤ −50λL̃2

µ
ηtE‖∇yf(xt, yt)− wt‖2 + 4L2

21γ
2ηtE‖vt‖2 + 4L2

22ηtE‖ỹt+1 − yt‖2 +
2β2

t+1σ
2

ηtB
.

According to Lemma 9, we have

‖yt+1 − y∗(xt+1)‖2 − ‖yt − y∗(xt)‖2 ≤ −
ηtµλ

4
‖yt − y∗(xt)‖2 −

3ηt
4
‖ỹt+1 − yt‖2

+
25ληt

6µ
‖∇yf(xt, yt)− wt‖2 +

25γ2κ2ηt
6µλ

‖vt‖2. (94)

Next, we define a Lyapunov function Ωt, for any t ≥ 1

Ωt = E
[
Φ(xt) +

γ

2λµηt−1

(
‖gradxf(xt, yt)− vt‖2 + ‖∇yf(xt, yt)− wt‖2

)
+

6γL̃2

λµ
‖yt − y∗(xt)‖2

]
. (95)
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Then we have

Ωt+1 − Ωt = E[Φ(xt+1)]− E[Φ(xt)] +
6γL̃2

λµ

(
E‖yt+1 − y∗(xt+1)‖2 − E‖yt − y∗(xt)‖2

)
+

γ

2λµ

( 1

ηt
E‖gradxf(xt+1, yt+1)− vt+1‖2 −

1

ηt−1
E‖gradxf(xt, yt)− vt‖2

+
1

ηt
E‖∇yf(xt+1, yt+1)− wt+1‖2 −

1

ηt−1
E‖∇yf(xt, yt)− wt‖2

)
≤ L12γηtE‖yt − y∗(xt)‖2 + γηtE‖gradxf(xt, yt)− vt‖2 −

γηt
2

E‖gradΦ(xt)‖2 −
γηt
4

E‖vt‖2

+
6γL̃2

λµ

(
− µληt

4
E‖yt − y∗(xt)‖2 −

3ηt
4

E‖ỹt+1 − yt‖2 +
25ληt

6µ
E‖∇yf(xt, yt)− wt‖2 +

25γ2κ2ηt
6µλ

E‖vt‖2
)

+
γ

2λµ

(
− 2λµηtE‖gradxf(xt, yt)− vt‖2 + 4L2

11γ
2ηtE‖vt‖2 + 4L2

12ηtE‖ỹt+1 − yt‖2 +
2α2

t+1σ
2

ηtB

− 50λL̃2

µ
ηtE‖∇yf(xt, yt)− wt‖2 + 4L2

21γ
2ηtE‖vt‖2 + 4L2

22ηtE‖ỹt+1 − yt‖2 +
2β2

t+1σ
2

ηtB

)
≤ −γL̃

2ηt
2

E‖yt − y∗(xt)‖2 −
γηt
2

E‖gradΦ(xt)‖2 −
γL̃2ηt
2λµ

E‖ỹt+1 − yt‖2 −
(γ

4
− 25γ3κ2L̃2

µ2λ2
− 4γ3L̃2

µλ

)
ηtE‖vt‖2

+
γα2

t+1σ
2

λµηtB
+
γβ2

t+1σ
2

λµηtB

≤ −γL̃
2ηt
2

E‖yt − y∗(xt)‖2 −
γηt
2

E‖gradΦ(xt)‖2 +
γα2

t+1σ
2

λµηtB
+
γβ2

t+1σ
2

λµηtB
, (96)

where the first inequality holds by Lemmas 8 and the above inequalities (92), (93) and (94); the second inequality is due to
L̃ = max(1, L11, L12, L21, L22); the last inequality is due to 0 ≤ γ ≤ µλ

2κL̃
√

25+4µλ
and κ ≥ 1.

According to the above inequality (96), we have

γηt
2

(
E‖gradΦ(xt)‖2 + L̃2E‖yt − y∗(xt)‖2

)
≤ Ωt − Ωt+1 +

γα2
t+1σ

2

λµηtB
+
γβ2

t+1σ
2

λµηtB
. (97)

Taking average over t = 1, 2, · · · , T on both sides of the inequality (97), we have

1

T

T∑
t=1

ηtE
(
‖gradΦ(xt)‖2 + L̃2‖yt − y∗(xt)‖2

)
≤

T∑
t=1

2(Ωt − Ωt+1)

γT
+

1

T

T∑
t=1

(2α2
t+1σ

2

λµηtB
+

2β2
t+1σ

2

λµηtB

)
.

Since the initial solution satisfies y1 = y∗(x1) = arg maxy∈Y f(x1, y), we have

Ω1 = Φ(x1) +
6γL̃2

λµ
‖y1 − y∗(x1)‖2 +

γ

2λµ

( 1

η0
E‖gradxf(x1, y1)− v1‖2 +

1

η0
E‖∇yf(x1, y1)− w1‖2

)
= Φ(x1) +

γ

2λµ

( 1

η0
E‖gradxf(x1, y1)− gradxfB1

(x1, y1)‖2 +
1

η0
E‖∇yf(x1, y1)−∇yfB1

(x1, y1)‖2
)

≤ Φ(x1) +
γσ2

λµη0B
, (98)

where the last inequality holds by Assumption 5.
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Consider ηt is decreasing, i.e., η−1
T ≥ η−1

t for any 0 ≤ t ≤ T , we have

1

T

T∑
t=1

E
(
‖gradΦ(xt)‖2 + L̃2‖yt − y∗(xt)‖2

)
(99)

≤
T∑
t=1

2(Ωt − Ωt+1)

TγηT
+

1

TηT

T∑
t=1

(2α2
t+1σ

2

λµηtB
+

2β2
t+1σ

2

λµηtB

)
≤ 1

TηT

(2Φ(x1)

γ
+

2σ2

λµη0B
− 2Φ∗

γ

)
+

1

TηT

T∑
t=1

(2α2
t+1σ

2

λµηtB
+

2β2
t+1σ

2

λµηtB

)
=

2(Φ(x1)− Φ∗)

TγηT
+

2σ2

Tλµη0ηTB
+

2(c21 + c22)σ2

TηTλµB

T∑
t=1

η3
t

≤ 2(Φ(x1)− Φ∗)

TγηT
+

2σ2

Tλµη0ηTB
+

2(c21 + c22)σ2

TηTλµB

∫ T

1

b3

m+ t
dt

≤ 2(Φ(x1)− Φ∗)

TγηT
+

2σ2

Tλµη0ηTB
+

2(c21 + c22)σ2b3

TηTλµB
ln(m+ T )

=
2(Φ(x1)− Φ∗)

Tγb
(m+ T )1/3 +

2σ2

Tλµη0bB
(m+ T )1/3 +

2(c21 + c22)σ2b2

TλµB
ln(m+ T )(m+ T )1/3,

where the third inequality holds by
∑T
t=1 η

3
t ≤

∫ T
1 η3

t dt. Let M ′ = 2(Φ(x1)−Φ∗)
γb + 2σ2

λµη0bB
+

2(c21+c22)σ2b2

λµB ln(m + T ), we
rewrite the above inequality as follows:

1

T

T∑
t=1

E
(
‖gradΦ(xt)‖2 + L̃2‖yt − y∗(xt)‖2

)
≤ M ′

T
(m+ T )1/3. (100)

According to Jensen’s inequality, we have

1

T

T∑
t=1

E
(
‖gradΦ(xt)‖+ L̃‖yt − y∗(xt)‖

)
≤
(

2

T

T∑
t=1

E
(
‖gradΦ(xt)‖2 + L̃2‖yt − y∗(xt)‖2

))1/2

≤
√

2M ′

T 1/2
(m+ T )1/6 ≤

√
2M ′m1/6

T 1/2
+

√
2M ′

T 1/3
, (101)

where the last inequality is due to (a1 + a2)1/6 ≤ a1/6
1 + a

1/6
2 for all a1, a2 > 0. Thus, we have

1

T

T∑
t=1

E‖gradΦ(xt)‖ ≤
√

2M ′m1/6

T 1/2
+

√
2M ′

T 1/3
. (102)


	1 Introduction
	2 Related Works
	2.1  Minimax Optimization 
	2.2 Riemannian Manifold Optimization 

	3 Preliminaries
	4 Riemanian Gradient-Based Methods
	4.1  RGDA and RSGDA Algorithms 
	4.2  Acc-RSGDA algorithm 
	4.3  Novelties of Our Algorithms 

	5 Convergence Analysis
	5.1  Convergence Analysis of both RGDA and RSGDA Algorithms 
	5.2 Convergence Analysis of Acc-RSGDA Algorithm

	6 Experiments
	6.1 Robust DNNs Training
	6.2 Distributionally Robust Optimization

	7 Conclusion
	References
	Appendix A: Detailed Proofs in Convergence Analysis
	A.1  Convergence Analysis of RGDA and RSGDA Algorithms 
	A.2 Convergence Analysis of the Acc-RSGDA Algorithm


