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An approach to robust ICP initialization

Alexander Kolpakov and Michael Werman

Abstract—In this note, we propose an approach to initialize the
Iterative Closest Point (ICP) algorithm to match unlabelled point
clouds related by rigid transformations. The method is based on
matching the ellipsoids defined by the points’ covariance matrices
and then testing the various principal half-axes matchings that
differ by elements of a finite reflection group. We derive bounds
on the robustness of our approach to noise and numerical
experiments confirm our theoretical findings.

Index Terms—Image processing, image registration, image
stitching.

I. INTRODUCTION

Point set registration is aligning two point clouds using a
rigid transformation. The purpose of finding such a transfor-
mation includes merging multiple data sets into a globally
consistent coordinate frame, mapping a new measurement to a
known data set to identify features, or finding the most similar
object in a database, [, [2].

Typically, 3D point cloud data are obtained from stereo,
LiDAR, and RGB-D cameras, while 2D point sets are often
extracted from features found in images.

Among the numerous registration methods proposed in the
literature, the Iterative Closest Point (ICP) algorithm [3], [4],
[S]], introduced in the early 1990s, is the main algorithm for
registering 2D or 3D point sets using a rigid transformation.

The Iterative Closest Point algorithm contrasts with the
Kabsch [6] algorithm and other solutions to the orthogonal
Procrustes problem in that the Kabsch algorithm requires a
correspondence between the point sets as input, whereas ICP
treats correspondence as a variable to be estimated, labeled vs.
unlabeled.

The main ICP steps are:

Algorithm ICP
while not termination condition do
Find a partial mapping between the sets
Estimate the transformation based on the previous step
Transform the source points
end while

As this is a highly non—convex problem it only finds a good
solution when the point sets are initially close to being aligned.

Yang et al. [7] present a branch—and-bound scheme for
searching the entire 3D rigid transformation space, thus guar-
anteeing a global optimum. An overview of transformation
estimation between point clouds is presented in [8f], [L], in-
cluding optimization—based and deep learning methods which
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can also be used to initialize the ICP in certain situations.
Several papers [9]], [LO], [1L]], propose using local information
and not just the points’ coordinates to improve the matching.

This paper presents a simple and provably robust approach
to preregister point sets before applying the ICP algorithm.
The method is based on matching the ellipsoids defined
by the points’ covariance matrices and testing the various
principal half—axes matchings that differ by elements of a finite
reflection group.

II. MAIN ALGORITHM

Given n points in R? with at least d 4+ 1 of them distinct
we represent it as a d X n matrix. The matrix is unique up
to a permutation of the columns, or equivalently by right
multiplication with a permutation matrix.

Let O(d) denote the orthogonal matrix group acting on R,
and Sym(n) the group of n X n permutation matrices.

Given a point cloud X with n points, let b(X) denote the

barycenter of X,
1 n
b(X) = ﬁ é 1331‘

and .
X=X "Xlpun=X—bX)11xn
n

and X the point set translated to be centered at the origin.

Given a point cloud X € R¥*" let B(X) = X X! € R¥¥4,
denote its inertia ellipsoid, also known as the covariance
matrix. Note that E(X) is positive semidefinite for any X.
Generically rank X = d and defines an ellipsoid with non—
zero principal half-axes. Otherwise, we have a cylinder in
R? whose cross—section is a lower—dimensional ellipsoid.
However, we shall only consider the generic case when
rank X = d, and thus the point cloud cannot be placed
inside a lower—dimensional subspace of R¢. In this case,
E = E(X) € R¥*? is a positive definite matrix.

Let E € R4 be a positive definite matrix with distinct
eigenvalues A\; > Ay > ... > Ay > 0. Our next observation
is that there are only finitely many ways to orthogonally
diagonalize E.

Let A = diag(\1,...,\q). Let E = U1 AU} = UsAUS,
for two matrices Uy, Uy € O(d). Then UiU; € O(d) is
a self-isometry of the “canonical” ellipsoid Ej defined by
the equation \;z? + ... + Agz? = 1 having %1, ey %d as
the lengths of its half-axes. Provided the above distinctness
condition on \’s, the only self—isometries of E)y are reflections
in the coordinate hyperplanes and their compositions.

Let Ref(d) be the group generated by hyperplane reflections
of the form z; — —x; for i € {1,2,...,d}, z; — z;, for
j # i, for all i = 1,2,...,d. Note that Ref(d) is a finite



group with 27 elements. It consists of diagonal matrices with
+1’s and —1’s on the diagonal.

Thus, if E can be brought to the same diagonal form by
using two orthogonal matrices Uy, Us € O(d), then UiU, €
Ref(d). This means that there are no more than 2¢ ways to
diagonalize E' using orthogonal matrices.

Assume that two point clouds P, Q € RY*" are related by a
distance—preserving transformation, that is @) is obtained from
P by applying an orthogonal transformation followed by a
translation.

Let O € O(d) be an orthogonal transformation, and S €
Sym(n) a permutation matrix. For any point cloud X € R4x"
we have b(O X) = Ob(X) and b(X S) = b(X).

Given a point cloud X € R?*" we assume that rank X = d
and E(X) has simple spectrum (all its eigenvalues are dis-
tinct). This assumption is generically true (see [12] for more
details on spectra of symmetric matrices), and can always be
achieved by a small perturbation of the points in X.

As noted by many, when minimizing the least square dis-
tance between point sets their barycenters should be aligned,
following from

O3 10z +b—yil)? _
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Thus, we may assume that P and @ are replaced with P
and @, centered at the origin. Then Q = OPS, for an
orthogonal transformation O € O(d) and a permutation matrix
S € Sym(n).

Moreover, let Ex = E(X), then Eg = O Ep O inde-
pendent of the permutation S, (S~! = S*). This also means
that Ep and Eg have the same set of eigenvalues, which are
distinct by the previous assumption.

We use the following algorithm, E—Init for ICP initializa-
tion.

0

implies

Algorithm Ellipsoid Initialization (E-Init)
P+ P, Q+Q
Ep«+ PP Eg+ QQ".
Ep + UpAUb, Eg + UQAUé)

> centering

> diagonalization

Uy + Uqg U
D* + argmin Match(P, (UoUp DUL)' Q)
DeRef(d)
U+ UyUpD* U}; > initial rigid motion
Q+U'Q

Match(X,Y") provides the nearest neighbor matching dis-
tance of two sets X,Y € R¥” (e.g. based on k-d—trees).
After E—~Init, run ICP on P and Q.

III. CORRECTNESS OF THE ALGORITHM

Even under ideal conditions, there is an obstacle to re-
covering the original O and S. Namely, the cloud P (and
thus ) may have symmetries: an orthogonal transformation
O' € O(d) is a symmetry of a point cloud X € R4*™ if there

exists a permutation S’ € Sym(n) such that O’ X = X 5.
Then U = O0’, M = (5')!S will also be a perfect matching
of the points of P to the points of Q.

In what follows we assume that P and () have no sym-
metries, which can be achieved generically by a slight per-
turbation of the respective point clouds. This assumption is
not restrictive: in the presence of symmetries, we will have
multiple solutions, each of which is as good as any other.

The previous discussion was for exact alignment of equal
sized point sets, the following sections show that both these
restrictions can be relaxed.

I'V. ROBUSTNESS TO NOISE
A. Multiplicative noise

We first consider multiplicative noise. Noise of this type
changes its magnitude depending on the size of point clouds.
One natural example is relative measurement errors.

Let N € R¥"™ be a matrix with entries N;; ~ N(1,02),
i =1,...,d, j = 1,...,n, independent Gaussian random
variables and ® denote the Hadamard (elementwise) product
of matrices. E and P denote the expectation (componentwise
for matrices) and probability.

We model a noisy point cloud @ = O P S by masking
with NV, i.e. replacing Q with @' = Q ® N. In this case, we
have E[Q’] = @ and, moreover, if b(Q) = 0 then E[b(Q")] =
0, too.

Let E: = E[E(Q")] = E[E(Q © V)] Eg = E(Q') =
E(Q ® N) and Eg = E(Q) be the corresponding ellipsoids:
the first being the “average ellipsoid” (averaged over the noise,
N), the second being the “noisy” one, and the third being the
“ideal” one.

First we compare E¢ to Eg. By a straightforward compu-
tation, we obtain that

Eg =E[(QOoN)(QoN)]=(QQ") 06 (141g+X) =
=FEg+ o2 diag Eq, (1)

where X = diag(o?,...,0?).
Thus,

IEqr = Eqll> = 0 max Ei; < o®|[Bgla. ()

In particular, this means that the “average” ellipsoid Eg-
does not deviate from F too much if the relative noise is
small enough.

The above applies to any noise matrix N = (N;;) € R¥"
where the entries N;; are i.i.d. random variables with E[N;;] =
1 and Var[N;;] = o2,

Using the analog of Chebyshev’s inequality for symmetric
positive definite matrices (see [[13, Theorem 14])]

tr §2
= 3)

where S? = E[(Eq)?] — (E[Eq])? is the variance matrix
(computed elementwise) and 6 > 0 is a constant.
We have that

P(|Eq —Eqll2 >0) <

wE[(Eg)?) =Eltr (Bg)?) < phr By (4)



where the inequality is obtained by assuming that N =
(N;;) € RY™ has independent entries and py, > b},
wy > (uh)?, where p is the I-th (non—central) moment
of N(1,0%), ie. p) = 1, py = 1+ 0%, py = 1+ 302,
wy =1+ 602+ 304,
Also, we have
tr (E[EQ/])z =tr (EQ + 0'2 diag EQ)2 =
=tr (E3) +20° A+ 0*A, (5)
where A = Zle Eqli,i)?.
We estimate tr S? by combining Eq. 4{and Eq. [5|as follows:
tr S? = tr E[(Eg/)?] — tr (E[Eg/])?
<o?(2+0 )(3trEé —A)
<9do’||Egll3, (6)
as we assume o < 1.
Finally, by combining Eq. 3] with Eq. [] we obtain
9do*||Eql3
52
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for any fixed € > 0. In this instance we can fulfill the usual
“three—sigma” rule by choosing & = v/3do.

Thus, Eq. [2| and Eq. 8| imply that with probability 1 — Q(c)
we have

P (|| Eq

Setting § = ¢ || Eg||2 in Eq.

—Eqlla >0) < %)

—Eqll2>ellEqll2) <

1Eq = Eqll2 < [[Eq — Eqll2 + [|1Eq — Eqll2
< (V3do +0%) || Eqlla = (V3do +0(0)) [|Egll2- (9)

Note that above we measure the magnitude of the scale—
. . .. |Eqgr—Eqll2 :
invariant quantity —z-r=— that corresponds to the relative
difference of the ellipsoids. Indeed, simultaneous scaling of the
point clouds by a non—zero factor induces the same scaling of
the ellipsoids. However, this should not affect the orthogonal
transformations or the point matching between the clouds.

Let U be obtained by running E-Init on P and @’ as input:

we have U = argmingcoq) |U Ep U — Eq||2. Thus,

|Ep —UOEp O U|s = |UEp Ut — 0 EpO|;
<|UEpU" = Eqll2 + [|Eqr — Eqll2
<[0EpO' - Eqll2 + | Eq: — Eqll2 =
=2|Eq — Eqll2 < (V12do + 0(0)) [| Egll>-  (10)
Since ||Egll2 = ||Ep||2, we can rewrite the above as
|Ep —U'OEpO'U|y < V12do +o(o),  (11)

where Ep = Hgﬁ is the “normalized” ellipsoid. As re-
marked above, such normalization does not affect our analysis
of the proximity of O and U.

Once LLEP - WEth||2 = 0 for a W € O(d) we
have W Ep = EpW. Up to a change of basis we may
assume that Ep = A = diag(Ay,...,Aq) with Ay >
Ay > ... > Mg > 0 all distinct, as before. Then E‘p =

diag(1, A7 " A2, ..., AT ' \,). This implies immediately that TV
is diagonal, and thus W € Ref(d). Since by assumption P
does not have symmetries, we can only have W being the
identity transformation .

Thus, if € and o in Eq. [11|are small enough, we have U* O
is close to I, and thus U that matches the specimen cloud
P to the noisy cloud @’ will approximate well the original
transformation O that matches P exactly to Q.

B. Additive noise

Additive noise is also present under usual circumstances.
One example is the background noise in the communication
channel.

In this case, let N € R%*™ be a matrix with entries Nij ~
N(0,0%),i=1,...,d, j = 1,...,n, independent Gaussian
random variables. To model noise, we replace ) with Q' =
Q + N. As before, E[Q'] = Q. Moreover, once b(Q) = 0,
then E[b(Q")] = 0, too.

Let £ = ||Eg —Eg||r be the non—negative random variable
measuring the difference between the “noisy” ellipsoid Eg-
and the “ideal” ellipsoid Fq. Here we prefer to use the Frobe-
nius norm instead of the spectral radius, although these norms
are equivalent and our choice is only that of convenience.

First, we compute

Eo = (Q+N) (Q+N)' = Eg+QN'+N Q'+N N, (12)

and thus

§=Eq — Eolr <2|QIr INllF + INIF,  (13)

by subadditivity and submultiplicativity of the Frobenius norm.
As E[,/n] < \/E[n] for any non-negative random variable,
we obtain

El¢] < 2]Qllr\/ENINIZ] +E[IN]Z] =

=2(|Q||lr Vndo +ndo?. (14)

As
we get

X Y3 <2 X% + 20|V [3 for any X,V € RIX,

€ =|QN' +NQ"'+ NN'|%

<8[QIF INIE +2[INl[E.  (15)

Here we also use submultiplicativity of the Frobenius norm.
As noted before E[|N|2 = ndo? Also, we have
E[||N||4 < n2?d?u4, where ju; is the i-th central moment of
N(0,0%). The latter inequality follows from s = 30* >
o* = p3. Thus
E[¢?] < 8|Q|% ndo?* + 6n*d*o*. (16)
Let 6 > 0 be a positive real number. Then the classical
Markov inequality implies

E[¢?]
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P([Eq — Eqllr > 0) <



By setting 6 = v/30||Q||F in Eq. and using Eq.

we compute

P (|Eq - Eallr > V37 |QllF)

8ndo?|Ql% 6n*d*ot
<3ndo+o(c). (18)

30Ql% 3olQlF
Let Ep = Hgﬁ be the “normalized” ellipsoid. From Eq.
(18), and by app{ying an estimate analogous to Eq. we

obtain that
||EP *UtOE'pOtUHF <vVv12o

holds with probability 1 — Q(o).

Using Eq. and applying an analogous argument to that
in Subsection we obtain that for sufficiently small o
the transformation U* O is close to the identity transformation
I;. Thus, the recovered transformation U that matches the
specimen cloud P to the noisy cloud Q" will approximate O
well enough.

19)

V. NUMBER OF POINTS DISCREPANCY

Now let Q = OPS, for a point cloud P € R¥**, an
orthogonal transformation O € O(d) and a permutation matrix
S € Sym(k) but in this case, we are given two point clouds
P’ and @’ such that P’ > P and Q' D Q.

We assume that the two point clouds P’ and @’ can be par-
tially matched using ICP despite having different cardinalities.
We need to understand how the norms of AP = P’ \ P and
AQ = Q' \ Q affect our approach.

Let Ep = E(P'), Eg = E(Q'), Eap = E(AP), and
Earg = E(AQ). A straightforward computation shows that
Epr = Ep + EAp and EQ/ = EQ + EAQ. Note that EQ =
O Ep O,

Let U € O(d) be obtained by running E-Init with point
clouds P’ and Q' as input. Then we obtain that U =
argmingeoq) |U Epr U' — Eq|f2-

Thus, we get

|Ep —U'OEp O Ulls = |Ep — Ut Eq Ul <
<|Ep —Epll2+ | Ep — U" Eq/ Ull2+
+|U* Eq:U = U EQUl||s = ||Earllz + | Eagll2+
+|Bp —U"Eq Ullz < | Eapllz + [ Eagll2+
+Ep — 0" Eq Ol2 < |Eapl2 + | Eagll2+
+ |Bap — 0" EaqOlls < 2(| Earl2 + [|Eagll2) . (20)

Assume that ||Eap|r < ﬁHEpHF and [|[Eagllr <
ﬁ |Eq||F. This will be the case, e.g. when the norm of
vectors in P and AP are relatively comparable while P
contains considerably more points than AP and the same
holds for () and AQ.

For any non—degenerate matrix X € R?*? we have || X |5 <
| X||r < v/d||X||2 between its Frobenius norm || X || - and its

spectral radius || X||2. Thus we get
|Ep —U"OEpO'U|2
€
<27 (IBrlz + [ Eqll2) < e[| Epll2- 21)

As before, for the normalized ellipsoid Ep we obtain

|Ep —U'OEpO'U||y <. (22)

Once ¢ is small enough, the same logic as in Section
leads to the conclusion that, up to a change of basis, we have
U = OD for an element D € Ref(d). Since in Step 4 of
the algorithm each element of Ref(d) is tested, we still shall
obtain the best match starting with U. The rest of the algorithm
will then work out as usual.

Thus, the transformation O € O(d) and the point matching
S € Sym(k) will still be recovered once we initialize ICP to
match two large parts of P € R*** of a point cloud P’ €
R¥>™ and Q = O P S € R¥*F of a point cloud Q' € R¥*",

VI. SUPERPOSITION OF ERRORS

If several of the above issues (multiplicative or additive
noise, or point cardinality difference) are present, then the
errors add according to the triangle inequality for matrix
norms. If all three kinds of errors are relatively small, our
algorithm is still robust. We provide experimental evidence

below, Subsection

VII. POSSIBLE MODIFICATIONS

The algorithm is based on aligning the eigenvectors (princi-
pal half—axes) of two ellipsoids associated with the respective
points clouds. In the above, eigenvectors are matched based
on the order of eigenvalues. However, in the case of excessive
noise, eigenvalues may switch. To tackle this issue, instead of
treating the uncertainty in ellipsoid matching as an element of
Ref(d), we assume that we can be wrong up to a bigger finite
group: the 2¢ d! element B, Coxeter group that also permutes
the coordinate axes.

VIII. NUMERICAL EXPERIMENTS

A. Statistics definitions

The following statistics were measured in the experiments
to quantify and compare results.

o the added noise (normalized): v = ||Q" — Q||2/||P]2;

« the normalized distance to the noisy image Q’:
6 =1Q" = Qicpll2/[1P[]2;

o the normalized distance to the actual (without noise)
specimen image: dspec = [|Q — Uicp P S||2/[| P23

o the success rate of the test batch: 100 tests with success
criterion dspe. < 0.05;

« the distance to the original orthogonal transformation:
0o = ||Uz(‘p - O| 25

o the normalized Hamming distance to the original permu-
tation: 0 = ||Sicp — SI|%/(2 - n);

« the ICP change in the (normalized) distance:
0" = (|Q" = Qinitllz — Q" — Qicpll2) /1 Pl 2

o the ICP change to the orthogonal transformation:
05 = |Uinit — Uicpl|2-




B. E-Init: random point clouds

100 tests were performed. Each time a random point cloud
P C R3 with 100 points is generated. The points in P are
distributed uniformly in the cube [—20,20]3 (each coordinate
being uniformly distributed). Then a random orthogonal matrix
O € O(3) and a random permutation S € Sym(100) are
generated, and the cloud Q = O P S is produced. In all tests,
ICP initialized with our algorithm recovered O and S (up
to machine precision). In fact, we only need to run ICP to
recover the nearest neighbors, and thus the permutation S.
The orthogonal transformation U = UyU, pD*U}é from E-Init
is already equal to the original O under ideal conditions.

C. E-Init: Caerbannog point clouds

100 tests as described above were performed on each of
the three unoccluded Caerbannog clouds [14]: the teapot, the
bunn and the cow. All tests successfully recovered both O
and S.

D. E-Init: comparison to ICP without intialization

We compare ICP initialized with E-Init to ICP without E—
Init in the case of the Caerbannog clouds described above.
In a batch of 100 tests, we obtained (under ideal conditions)
no higher than 2% success rate (i.e. > 98% failures) without
initialization and a 100% success rate for ICP with E-Init. A
sample of point cloud registration with and without is shown

in Figures [T]-[2]

y=-0.05 0.58

Fig. 1. A typical result of ICP applied to the “teapot” cloud without
initialization: the specimen cloud P (blue), the image @ (red) of P under
an orthogonal transformation, and the image of P recovered by ICP (green).

—0.67 y=-0.05 0.58

Fig. 2. A typical result ICP applied to the “teapot” cloud with E-Init. The
specimen cloud P is in blue, while the image @) of P under an orthogonal
transformation is red, and the image of P recovered by ICP is green. The
green and red images completely overlap.

I Also known as the Killer Rabbit of Caerbannog.

E. Multiplicative noise

100 tests were performed on each of the three unoccluded
Caerbannog clouds [14]: the teapot, the bunny, and the cow.
All tests were successful in recovering O with relatively minor
errors given that the noise is also relatively minor. Recovering
the permutation S fails in most cases as even relatively minor
noise interferes seriously with the nearest neighbors matching.

In each test, we obtain an orthogonal transformation Uj,,;;
from our initialization algorithm and then an improved trans-
formation Uj., after running ICP. We also obtain the image
of P from ICP, ie. Qicp = Ujcp P Sicp and compare it to
@’ after matching the nearest neighbors of Q;., and Q' using
a matching matrix S;.,. We also compare Q;cp to the actual
specimen image Q = O P S of P.

We find it instructive to compute the improvement that ICP
makes to the initializing orthogonal transformation U, as well
as the distance between Qinit = U P Sicp and Qicp.

In the tests, we used Gaussian (multiplicative) noise
N(1,0?) with o € {0.1,0.2,--- ,0.6}.

In Fig. [3] we plot the success rate depending on the added
noise v.

Judging from Fig. 3] most tests fail for » < 0.35 (which
approximately corresponds to o > 0.4).

We also produce the plots for dspc. (Fig.[4) and 4, (Fig. E])
depending on v. In Fig. [f] the case of a noisy “teapot” cloud
is shown.

FE. Additive noise

100 tests as described above were performed on each of
the three unoccluded Caerbannog clouds [14]: the teapot, the
bunny, and the cow. The procedure and measurements were
similar to the case of multiplicative noise.

In Fig. [/| we plot the success rates measured for different
levels of noise by running 100 tests in each case, for each of
the Caerbannog clouds.

In Fig. [8] the case of a noisy “bunny” cloud is shown.

Additional plots and test statistics are available in the
GitHub repository [15].

G. Occluded images

100 tests as described above were performed on each of
the three unoccluded Caerbannog clouds [14]: the teapot, the
bunny, and the cow. We used P’ = P unoccluded as a
specimen cloud, and Q' = QUAQ as its occluded image. Here
Q = OPS, as described in Section [V] and AQ was created
as follows. First, we determine the rectangular bounding box
B for () with sides parallel to the coordinate planes and
then generate uniformly inside B random points AQ. The
cardinality of AQ is controlled by the level of occlusion «:
namely |AQ)| is the integer part of « |Q)|.

In our tests, we used o € {0.2,0.4,--- ,1.2}.

In Fig. 0] we plot the success rates measured for different
levels of noise by running 100 tests in each case, for each of
the Caerbannog clouds.

In Fig. the case of a noisy “cow” cloud is shown.
Additional plots are available in the GitHub repository [15].



I ‘tTT te

0.1 0.2 0.3 0.4 0.5

Fig. 3. Success rate (vertical axis-7) depending on the multiplicative noise
(horizontal axis-v) over 100 tests for the “teapot” (red circle), “bunny” (green
square), and “cow” (blue lozenge) point clouds. The experiments were carried
out for Gaussian multiplicative noise A'(1,02), o € (0.1,0.2,...,0.6).
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Fig. 4. Normalized distance to the specimen depending on the multiplicative
noise measured over 100 tests for the “teapot” (red circle), “bunny” (green
square), and “cow” (blue lozenge) point clouds. v and §spec are computed
for Gaussian multiplicative noise N'(1,02?), o € (0.1,0.2,...,0.6).

Fig. 5. Distance to the original orthogonal transformation depending on the
multiplicative noise measured over 100 tests for each of the “teapot” (red
circle), “bunny” (green square) and “cow” (blue lozenge) point clouds. The
experiments were carried out for Gaussian multiplicative noise N'(1,02),0 €
(0.1,0.2,...,0.6).

H. Superposition of errors

We provide the results of 100 tests performed for various
levels of occlusion, additive, and multiplicative noises super-
imposed on each of the Caerbannog clouds. For example, in
Figures 1] -[12] the case of the “teapot” cloud is presented. In
each figure, the level of occlusion is fixed, while we provide
the dependence of the measured parameters on the values of
o for additive and multiplicative noises. Additional plots are
available on GitHub [15].

1. Registering multiple scans

We compare two scanned images of the same sculpture be-
fore and after restoration in several cases shown in Figures [[3]

[13] [I7) (see Section [X] also for Figures [T4] [I6} [I8).

x=0.01 ‘
Fig. 6. Multiplicative noise with v = 0.087 (o = 0.1) on the “teapot” cloud.
Shown in the plot is the specimen cloud Q (red), the noisy cloud Q' (blue),

and the recovered cloud Q;cp (green). There is a significant overlap between
the point clouds.
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Fig. 7. Success rate depending on the normalized additive noise measured
over 100 tests for each of the “teapot” (red circle), “bunny” (green square)
and “cow” (blue lozenge) point clouds. v and 7 are computed for Gaussian
multiplicative noise N (0, 02), o € (0.01,0.02,...,0.06),

Our E-Init algorithm performs well in this case, as shown
in Figures [T4] (right), [I6] (right), [I§] (right), used in conjunction
with the out—of-the-box ICP supplied in open3d [16]. The
latter applied without E-Init fails to register properly, as shown
in Figures [T4] (left), [16] (left), [T§] (left). We used the point—to—
plane version of ICP in all instances.

The ground truth for matching the broken and restored
sculptures is shown in Figures[T3](center), [I3] (center),[T7) (cen-
ter). It is worth mentioning that the statue has relatively light
damages only in Figure [I3] while in Figure [I3] the broken
and restored statues differ significantly. Also, in Figure |17]the
ground truth alignment shows that the broken and restored
images do not fully match.

The code and mesh data used are available on GitHub [15]].

J. Comparison to other algorithms

We use GO-ICP [7] as a state—of—the—art reference algo-
rithm as it provides provably convergent branch—and—bound
strategy for global search over the orthogonal group O(3). In
our experiments, 10 tests were performed on each of the Caer-
bannog point clouds [14] for comparison. With multiplicative
noise N (1,0) having o = 0.1

It is worth mentioning that normal multiplicative noise with
o = 0.1 (in which case 0.08 < v < 0.093) requires the MSE
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Fig. 8. Additive noise with v = 0.074 (¢ = 0.01) on the “bunny” cloud.
Shown in the plot is the specimen cloud @ (red), the noisy cloud Q' (blue),
and the recovered cloud Q;.p (green). There is a significant overlap between
the point clouds.
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Fig. 9. Success rate depending on the normalized occlusion averaged over
100 tests for each of the “teapot” (red circle), “bunny” (green square) and
“cow” (blue lozenge) point clouds. v and 7 are computed for occlusion levels
a€(0.2,04,...,1.2).

Fig. 10. Occlusion with v = 0.57 (v = 0.4) on the “cow” cloud. Shown is
the specimen cloud Q (red), the occluded cloud @’ (blue), and the recovered
cloud Q;cp (green). There is a significant overlap between the point clouds.

parameter of GO-ICP to be set to 0.0001. Lower values of the
MSE parameter (e.g. 0.001) result in the branch—and—bound
method choosing the wrong branch at times. The time needed
to find the right parameters, which are necessary to run GO-
ICP, were not taken into consideration. The results showing
a much larger computation time for GO-ICP than E-init are
presented in Table I}
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Fig. 11. Colormap for the statistics of tests on the “teapot” point cloud
matching P to the occluded @’ with additive and multiplicative noises
superimposed. Occlusion is formed by adding uniformly distributed points in
the point cloud @ bounding box: occlusion points are 5% of the original cloud
cardinality. The noise parameters: o for N'(0, o) additive noise is indicated
on the horizontal axis, o for N'(1, o) multiplicative noise is indicated on the
vertical axis.
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Fig. 12. Colormap for the statistics of tests on the “teapot” point cloud
matching P to the occluded @’ with additive and multiplicative noises
superimposed. Occlusion is formed by adding uniformly distributed points
in the point cloud @ bounding box: occlusion points are 25% of the
original cloud cardinality. The noise parameters: o for N'(0, o) additive noise
is indicated on the horizontal axis, o for A(1,0) multiplicative noise is
indicated on the vertical axis.

|| Model Average time(s)  Ospec 0o ||
Teapot GO-ICP 75.90 0.008  0.009
Teapot E—init 2.77 0.006  0.007
Bunny GO-ICP 103.64 0.011  0.012
Bunny E-init 6.35 0.004  0.005
Cow GO-ICP 18.17 0.011  0.012
Cow E-init 8.34 0.005  0.006
TABLE T

COMPARISON OF E-INIT WITH GO-ICP.

K. GitHub repository

The  SageMath code used to perform the
numerical experiments is available on GitHub at
https://github.com/sashakolpakov/icp—init. The open source
computer algebra system SageMath (freely available at


https://github.com/sashakolpakov/icp-init

https://www.sagemath.org/) is required to run the code.

IX. CONCLUSION

This note presents an approach to initialize the Iterative
Closest Point (ICP) algorithm to match unlabelled point clouds
related by rigid transformations so that it finds good solutions.
The method is especially pertinent when there is a large
overlap between the centered point clouds and is based on
matching the ellipsoids defined by the points’ covariance ma-
trices and then trying the various principal half—axes matchings
that differ by elements of the finite reflection group of the
ellipse’s axial planes. We derive bounds on the robustness of
our approach to noise and experiments confirm our theoretical
findings and the usefulness of our initialization.
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X. APPENDIX

Fig. 13. “Enfant au Chien” before (left) and after (right) restoration (available
from [17]). The ground truth of matching the sculptures (center).

Fig. 14. “Enfant au Chien” ICP registration: without initialization (left) and
with initialization (right).
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Fig. 15. “Pan and Bacchus” before (left) and after (right) restoration (available
from [[17]). The ground truth of matching the sculptures (center).

Fig. 16. “Pan and Bacchus” ICP registration: without initialization (left) and
with initialization (right).

Fig. 17. “Hermanibus” before (left) and after (right) restoration (available
from [17]). The ground truth of matching the sculptures (center).

Fig. 18. “Hermanibus” ICP registration: without initialization (left) and with
initialization (right).
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