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Distance-Optimal Navigation in an Unknown
Environment without Sensing Distances

Benjanin Tovar, Rafael Murrieta-Cid, and Steven M. LaValle

Abstract— This paper considers what can be accomplished

using a mobile robot that has limited sensing. For navigation
and mapping, the robot has only one sensor, which tracks the
directions of depth discontinuities. There are no coordinates, and
CY

the robot is given a motion primitive that allows it to move
toward discontinuities. The robot is incapable of performing (b) (c)
localization or measuring any distances or angles. Nevertheless,

when dropped into an unknown planar environment, the robot
builds a data structure, called the Gap Navigation Tree, which
enables it to navigate optimally in terms of Euclidean distance
traveled. In a sense, the robot is able to learn the critical
information contained in the classical shortest-path roadmap,
(d) (e) (®

although surprisingly it is unable to extract metric information.
We prove these results for the case of a point robot placed into ) o )
a simply connected, piecewise-analytic planar environment. The Fig: 1. All of these environments are indistinguishable te tbbot with
case of multiply connected environments is also addressed, inlimited sensing; ?lowev.er' f't can still navigate optimally ngsithe Gap
which it is shown that further sensing assumptions are needed. Navigation Tree shown in ().

Due to the limited sensor given to the robot, globally optimal
navigation is impossible; however, our approach achieves locally
optimal (within a homotopy class) navigation, which is the best

that is theoretically possible under this robot model. of depth discontinuities of the boundary, from the current

position of the robot. These discontinuities are caligps

and the abstract sensor may be implemented in a number of
ways, including using an omnidirectional camera or a low-
cost laser scanner. To characterize its environment, thetro

l. INTRODUCTION builds a dynamic data structure, called tGap Navigation

In the design of many mobile robot systems, the intuition i‘gree (GNT), entirely from online sensor measurements. Once

B . o . . : constructed, it encodes paths from the current positiomef t
often that *more information is better”. This typically k= robot to any place in the environment. As the robot moves, the

to the integration of powerful sensors that provide denslaNT is updated to maintain shortest-path information from

accurate measurements of distance information. The goal Is "
. . the current position of the robot. These paths are globally
typically to construct a complete geometric map of the rigsbot_ . ; . . . . .
) . - . - optimal in Euclidean distance traveled if the environment i
environment while localizing the robot with respect to 'tsim lv connected. even thouah aeometric information. such
map [39]. As the number of sensors and the amount of data ply ' 9h 9 '

increase, there are substantial burdens in terms of comErpoZiali?;g;hs’ angle measurements and robot orientation,tis no
consumption, reliability, and modeling. Therefore, ourrkvo ' . . .

. . - . . : Our approach is based on the careful consideration of
investigates theminimal information that is needed to solveimc rmation spaces. To illustrate, consider Figure 1. Wsin
some tasks. By establishing that certain tasks can be sol q P : ' 9 '

: . . . ; Yhe sensing and action history available to the robot, the fiv
using simple sensors, it may be possible to avoid costlysens

. . p e environments are indistinguishable, and generate the same
and substantial modeling challenges. Perhaps “less irioom - : : :
is better”. GNT, shown in Figure 1.(f). Their scale and orientation are

: Lo Iso unknown. All such environments fall into an enormous
We model the robot as a point moving in an unknowf ~° N
guwalence class (called a nondeterministic I-state Bj)[2

Index Terms— Visibility, navigation, optimality, map building,
minimal sensing, shortest paths, information spaces, sensor-bed
planning, bug algorithms.

planar environment. The robot is assumed to have an Irorisinalyv. the robot can perform optimal navigationheidt
stract sensor (in the sense of [14]) that reports the or prerisingly, the robot can perform optimal navigatior
rying to resolve these ambiguities. Thus, the sensing mode
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maps [3], [13], [28] or exact geometric representationd.[A7 inside of a cell, there is no significant change in informatio
topological map usually takes the form of a graph, in whieh thiThe robot receives the same combinatorial information from
vertices represent particular sensor readings and coafigns the sensors. In contrast, as the robot crosses a cell bgyndar
and the edges represent the controls between two diffeoent cthe combinatorial structure of the visibility region diaatly
figurations [36]. Our work differs from previous approacheshanges, and the robot’'s information may be modified. Such
in that we are interested inlacal representation, defined forsudden changes are calladsual events[12]. Our paper
the current position of the robot, rather than a global oike, | focuses on the use of visual events for optimal navigation in
in [5], [6], [8], [10], [38]. the plane.

Our research considers minimal sensing for mobile robots,Finally, a similar data structure to the GNT was presented
which was also considered bug algorithmg[20], [21], [27], in [1], where the shortest-path tree is updated when a point
in which a robot that combines global knowledge with locatrossesconstraint lines For this approach, complete knowl-
information is able to navigate among boundary componergdge of the polygon where the point is moving is assumed,
and reach a known goal. The robot navigation capabilities awhich corresponds to exact localization and perfect sensor
simple (movement towards boundary components and watteasurements. The focus of that work was to compute online
following), no representation of the environment is maimtd, changes in the visibility polygon of an observer in motion.
and the global information consists only of the positiontod t
goal. These characteristics allow the use of bug algorittrms I1l. ROBOT MODEL
robots that have very limited sensing capabilities and lisnre
able motion control. More importantly, the memory requireg

for the algorithms is constant. : I .
g \which the interior of & is connected, and let the boundary

In general, minimal sensing does not allow the full knowof R OR. be the image of a piecewise-analvtic closed curve
edge of the state. In robotics, the problem of driving a syste o imag piecewl vl urve.

from an unknown state to a goal state was considered in I’H%te thatR is S‘”.‘p'y cor:mected, which is an assumption that

context of manipulation [15]. For example, up to convex hult’! | be removed in Section VI.

symmetry it is possible to manipulate polygonal parts to alfin

configuration without any sensor information [16]. Of cayrs A. The gap sensor

not all robotics tasks can be solved without sensors, but itThe robot has only one sensor, callega sensgrwhich

is very interesting, and scientifically important, to detéte s only able to detect and track discontinuities in depth

the minimum information necessary to complete a given tagiformation. The gap sensor is abstract sensof14], which

[2], [9]. Moreover, one may go a step further and design @eans that its physical implementation may vary. It can be

sensor that exactly suits the robotics task. One can thinkiﬁfagined as a crude range sensor that gives inaccuratechsta

an abstract sensothat gives the “ideal” minimal information jnformation, but from which a kind of edge detector can

to the robotics system to work correctly, and its physic@le ysed to extract the discontinuities in the measurement.

implementation using a “subideal” sensor [14]. This sensor can be implemented with a laser range finder,
One such abstract sensor reports the set of points visiQlghars, cameras, or with another ad hoc sensing system. For

from the current position of the robot. This sensor gives ”&ample, imagine an inexpensive laser pointer rotatingikap

visibility region, which formally is defined as the set(xz), in  horizontally on the robot position, so that a horizontaglis

which z is the position of the robot, ande V'(x) implies that  grawn in the field of view of the robot. An omnidirectional

the open line segment joining and ¢ does not intersect the camera can detect where this libesaks thus detecting the

environment boundary. As a robot moves, the visibility e8gi giscontinuities in depth information. The robot does noteha

changes, modifying the information about the environment gny geometric information about the discontinuities, othan

its progress towards a goal. The changes in the visibilgjore their cyclic ordering with respect to the robot's local frarof

have been extensively studied, from the art-gallery probleeference.

[31], to decompositions of the environment into regions of gach discontinuity will be referred to asgap [34], [37],

similar visibility. In [33], a cell complex decomposition is yhich also corresponds to a region Bfthat is not visible to

presented: thevisibility complex in which points inside a the robot. For example, Figure 2 (right) shows the gaps for

cell seethe same set of objects in the environment. Thee environment shown in Figure 2 (left). It is assumed that

environment can also be decomposed also into equivaleRgg robot can track and distinguish the gaps at all times and
classes of similar visibility of an object. Elements inside record any of their combinatorial changes.

class have a similar qualitative view of the object: they®e | ot G(z) = [g;,...,g,] denote the sequence of gaps as

sameaspect An aspect is defined as the set of views of aghey appear in the gap sensor when the robot is: at
object that share the same combinatorial structure. Thsle p |t » lies in the interior of R, then G(z) is a cyclic

to the aspect graph{4], [23]. In [18], a planar environment rqering; therefore, due to being cyclic, statements sich a
is decomposed into cells thaee the same aspect of thej, o1 = [g,,...,gs, 1] can be made. Iz € OR,
environment boundary. Such a decomposition is called thésn part of the sensor view is obstructed by the boundary,

visibility cell decompositionand each cell is calledasibility  ang a linear ordering of gaps is obtained; however, thisaextr
cell.

In the decompositions mentioned before, as the robot move&The gaps correspond to the spurious edges defined in [18].

The robot is modeled as a point moving in an unknown
nvironment which could be any compact sé& c R? for
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Fig. 4. The chase motion primitive. When the boundary is not simoot
the robot may not necessarily transverse an intervdl ®fwhen executing a
chase motion primitive.

Fig. 2. The robot's view of the environment. The position oé tfobot The robot has no compass, odometers, or other sensors that

is shown with a black disk. On the left, the environment andisibility might be used to derive distances.
region of the robot. On the right, angular position of thegdptected in the
visibility region.

B. Motion primitives
________ \ Since the robot does not have access to coordinates, it is

............... \ important to define a control model that does not require them
/Cf—\ /O/\ The robot motions are expressed as a sequenceation
primitives which are described solely in terms of information
() (b) from the sensor. This enables motions to be expressed withou

referring to coordinates iiR2. For a ga G(z), aga
Fig. 3. Gaps from the environment's boundary. On (a), the Haonto 9 gapg < (w) 9ap

the right is smooth and curves below from the right tangent @y (b), the ChaSin_g motion primitive is denoted as _Chﬁ@é; note that
degenerate polygonal case is shown. there is no reference te because this is unknown to the

robot. In this motion primitive, the robot rotates to aligs i

heading with the gap and moves forward with unit speed. The
. . . . . . robot uses sensor feedback to continue the motion, which is
information will not be important and is not necessarily wmo

o th bot. It is i fant to defi hich ﬁuaranteed to be collision free, except for tangential omsti
0 the robot. 1t Is important o detine which gaps appear long the boundary. If the robot trajectory would be dirdcte
x € OR. A gap will appear to the right (counterclockwise

direction alongdR) of z if either of the two cases shown inInto the interior of the complement dt, then the gap would
Figure 3 occurs. In Figure 3.a, the boundary to the right ot have appeared i6i(x). Note that chasg) might cause

th and below f the right t ¢ Fi {Re robot to follow the boundary, as shown in Figure 4.
smooth and curves below from the right tangent ray. FIgUure o - g0 primitive can be considered as an action in

3.b shows a degenerate polygonal case in which the boundgr}[lierarchical approach. It is therefore important to dgeci

remains on the right tangent ray and then curves below (e'ﬂ?ﬁe conditions under which a motion primitive terminatest L

smoothly, or abruptly at a nonsmooth point). The potenug_lz [0,t;] — R denote the trajectory taken by the robot when

gat;)) :o the left ofz is defined thetﬁamg ;/vay. tl:ot(; thag If the xecuting a motion primitive chagg. Consider howG(7(t))
robot moves across a nonsmooth point on the boundary, Ives as the robot moves. It should be possible to chase

boundary gaps can jump discontinuously. We assume thes% ly when it is present inG(r(t)). Therefore, chase)

are nevertheless tracked because all of the other gaps mog/e? inates whery disappears fron@(7(t)). This termination

continuously, and the proper corrgspondence can be madels guaranteed by Lemma 2, which is presented in Section IV-
For anyx € R, eachg; € G(z) is merely a unique label, ¢ “aj yopot motions are based on primitives. Therefore, any

and does not contain information about lengths or anglegytion strategy for the robot must be a finite sequence of
Most often, as the robot moves a small amount, the gﬁﬂmitives.

sequence does not change. Occasionally, fundamental &hang
occur, such as gaps may appearing, disappearing, merging, o
splitting; these cases will be covered in detail shorthpSse
that the robot moves along any path; [0,1] — R. If there
is some gapy for which g € G(7(s)) for all s € [0, 1], then

IV. THE GAP NAVIGATION TREE

Suppose that the robot moves along any path]0,1] —
R. Consider the information obtained from the gap sensor.

it is assumed that the robot maintains its unique label. ThJr everys € [0,1], a cyclic sequence(:(7(s)), of gaps is
the robot is not confused about the identity of any gaps thapServed. In this section, we will define a compact represent
remain in the gap sequence as it moves. However, if sotn of information that is relevant for optimal navigatiand
gap disappears and then reappears later, we do not reqeﬂre""twjears in:(7(s)) for all s € [0,1].
robot to recall of the old label. Thus, there is no registrati
problem. A. Compressing the sensor history

Recall that the robot has no previous knowledgeRoand Suppose that initially, the gaps are labeled with consec-

it is not capable of building an exact map of the environmenitive positive integers, starting with;. For each new gap
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that appears, it is assigned the next unused integé¥ o forcesg; to split, which enables chagg) to be applied. This
ensure uniqueness. To consider the problem of maintainipgpcess is applied inductively untjl is observed by the gap
information, suppose that the robot moves along some patnsor, and cha&g can be applied. Lethase(g) denote

7, and initially, G(7(0)) = [g1, 92, g3]. Now suppose that at the corresponding sequence of motion primitives. We may
somes’ € (0,1), gap g» splits into two new gaps, which therefore say that any gap in the GNT candbased which

are labeled by convention ag, and g5. The gap sensor means that a sequence of motion primitives is executed until
readsG(7(s")) = [g1, 94, 95, g3]. Now suppose that at somethe gap is eventually chased.

s" e (¢,1), gapsgs and g5 merge into a single gap.

By convention, gs is assigned, rather than worrying abouB, Critical events and incremental GNT construction

corr]ceTp}ondenge :.0 the ongmalt gap Iabet:@g tlt ;N'”dbe The GNT can be constructed incrementally as the robot
useful for navigation purposes to remember thatand g moves along a path. Initially, the GNT consists of a root

were merged to obtain gap. Perhaps this could be enCOdeQ/ertex that is connected to one leaf vertex for every gap in

as G(7(s")) = lg1,[94,95), 93], in which [g4,g5] is used G( i i ;
L2 I Fal o ’ . 7(0)). Each timet at which a change ir7(7(¢)) occurs
as the gap label instead gf. This idea could be applied orresponds to aritical event This requires updating the

iteratively to make complicated, nested expressions fer t NT. There are four different kinds of critical events (see

structure of merged gaps that appea6ifr(1)). Note that the Figure 5):

cyclic order of G(7) is enough to generate the correct label J ] . .

correspondences when a gap splits. In the previous examplel,) A new gapy gppears.A .verteXg IS "’?dded asa child of

this means that when gap splits, of the new two gaps that the root, while preserving the cyclic ordering from the

are detected, the one detected after gapis actually gap gap Sensor. . ) .

gs4. Also note that given a geometric constraint (Lemma 1 in ) Ga}pSgl andg, merge intog: Vernce.Sgl andg, becomg

Section IV-C), the correspondence between gapndgs can children of a new vertexy, which is added as a child
of the root and preserves the cyclic ordering.

be determined, but such information is not currently needed A di T ; hich t be a leaf
Rather than representing merge information syntactically ) i ?:rz%vézappears. € vertexg, which must be a feal,

it will be convenient to express it as a rooted tree in which . .
Gap g splits intog; and go: If ¢ is a leaf vertex, then

all children are ordered. Suppose once again that a path ) . .
Pb g (& g1 and g, become new vertices; otherwise, they already

[0,1] — R is executed. Let th&ap Navigation Tree (GNT) ict hild Both q ted t
be a rooted tree, defined as follows. Every non-root vertex of exist as chi ren_ob. oth g1 andg, are connected to
the root, preserving the cyclic ordering.

the GNT is a gap that appears@(7(s)) for somes € [0, 1].
Every child vertex of the root is a gap i(7(1)), and they o ]
are cyclically ordered around the root in the same way thgt Geometric interpretation of the GNT
they appear inG(7(1)). All remaining vertices (i.e., not the Now consider the geometric information that can be inferred
root and its children) in the GNT are gaps that appeared about the environment from the GNT. This will help us to
G(7(s)) for somes < 1, but not appear irG(7(1)) due to prove that the GNT enables optimal navigation. We begin the
merging. The children of any non-root vertex,are precisely discussion with the relation between critical events arel th
the gaps that were merged to fommand are assumed to begeometry of the environment. Critical events are deterthine
ordered in the same way that they once appeared in the ¢mpgeneralized inflectionand generalized bitangentsf 9R.
sensor. Following the presentation of [26], a generalized inflectad
When is a GNT as complete as possible for a particularR is identified with a connected, open setc JR if there
environment? This question will be addressed in detailtghor exist a lineL that partitions/ into three connected sefs, 1>
however, it is convenient to have the definition now. Considand I3 such that: 1)/; is an open set that does not intersect
the leaf vertices of a GNT. If any leaf vertex has the poténtid, 2) I, is a closed subset df, and 3)I3 is an open set that
to split, then the GNT is incomplete because it could expandioes not intersect, and that lies on the opposite side bf
Recall that some gaps split when approached using ¢haserom ;. If 5 is a single point, then the right derivative of
and others simply disappear. Let the gaps that disappear &t (taken in the limit of open intervals ;) evaluated at
their corresponding vertices in the GNT be calledmitive. I corresponds to the slope éf Likewise, a pair of disjoint
If all leaves of a GNT are primitive, then the GNT is said t@onnected open sefsandJ identify a generalized bitangent if
be complete A geometric interpretation of this will be givenat least one point of is visible to one point of/, and if there
in Section IV-C. is a line L that partitions/ and.J into setsly, 1>, and/s, and
The primary use of the GNT is to define a sequence df, J;, andJs respectively, such that: 1 (J;) is an open
motion commands that guides the robot to a gap that onset that does not interseét 2) 5 (J2) is a closed subset of
was once observed by the gap sensor and is consequently moand 3) 73 (J3) is an open set that does not interséctand
a child of the root. Letg be such a gap. It appears in thehat lies on the same side @&f from I; (J1). From now on,
GNT because it was involved in one or more gap mergashen we writeinflection or bitangent we meangeneralized
The merges can be undone by applying the chaggimitive inflectionandgeneralized bitangentespectively.
to every gap in the GNT that is an ancestorgofSuppose, Given an inflection, identified by liné and setd;, I, and
for example, that the path from the rootgas (¢1,¢2,...,9) I3, as defined before, anflection rayis found by extending
(ignoring the root, which is not a gap). The primitive ch@gg¢ a ray insideR with the same slope a5k, from a point in/
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[s} 92 s,
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(a) Appearance (b) Merge

(c) Disappearance (d) Split

Fig. 5. Updates in the Gap Navigation Tree. (a) Chasing @apgap g3 appears, and the respective vertex is added to the root. (lBn\apgs is
chased, gapg; and g2 merge. They become children of a new gap and the tree is updated accordingly. (c) Gagpdisappears when chased. The vertex
corresponding tgs is removed from the tree. (d) Gap splits into gapg1 andg2. The two cases for the split are presented hergy lfvas known to have
descendants, these become children of the root; otherwiseé¢w vertices are created.

until a point of OR is hit. Given a bitangent, identified by As illustrated in Figure 6.(a), appearances and disappeasa
the setsly, I», I3, J1, J2, J3, and by the lineL, a bitangent of gaps occur when the robot crosses inflection rays. The
line segmenis any of the open segments with endpoints iother critical events, merges and splits of gaps, are cblate

Iy and J, completely contained iR. For each bitangent, two bitangent line segments &fR. Merges and splits occur when
bitangent complementare defined. These correspond to ththe robot crosses bitangent complements (Figure 6.(b)).

two rays with the same slope &f starting at a pointi; and  Together with the previous discussion, the following lemma
J2, extending untiloR is hit, and not containing any point ofis presented:

the bitangent line segments of the corresponding bitangent | emma 1:Let g; and g» be two gaps that merge into gap

Inflection rays and bitangent complements decompBse 93- When gs splits, g; and g, appear at the same angular
into cells of similar visibility, called aspect cells (also calledPosition in R at the time of the merge, independently from
visibility cells). We use a common general position asstonpt the robot's motion.
that no line is tangent to more than two points of the Proof: Merges and splits occur when the pursuer crosses
boundary, since suclritangentswould not survive a small a bitangent complement &f. Thusg,, g2, andgs are aligned
deformation of the environment [22]. Without this generawith the bitangent at the split or the merge. This is independ
position assumption, the simple capabilities given to tap gof where the bitangent complement is crossed. O
detector make it impossible to distinguish some criticaras The previous lemma associates two critical events to a
that occur simultaneously. For example, a gap splitting inparticular bitangent complement: a split and a merge. This i
three gaps from a gap splitting into two gaps occurring vethe basis for the correct encoding of critical events in tiNTG
close and simultaneously to a gap appearance. Appeararieesn though the robot may not be able to recognize that a gap
and disappearances of gaps are related to inflectiorsRof that appears was detected previously, Lemma 1 implies that
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/
Disappear Split gap [inflection ray
/

Y. .
RS R bitangent
S @ @ o v g v % -Complement
~ . . = e
N B 3

. 7
Appear \"~. : >
@ Gapr.
(split) *
@) (b)
(a) (b) Fig. 7. Every chase motion primitive terminates, either withisappearance

or with a split critical event. The black disc representspghsition of the robot
when the chase motion primitive is issued. After reactdfity the robot moves
tangentially tooR, until an inflection ray (a) or a bitangent complement (b)
is crossed.

Fig. 6. Critical events. (a) Appearance and disappearahamps occur
when the robot crosses inflection rays. (b) Splits and mergerday crossing
bitangent complements.

when a gap splits, it can only split into gaps that merged bE- Constructing a complete GNT

fore. Lemma 1 also provides the correct label correspor&enc Now that we have specified how the GNT is expanded as the
after a gap split. The identification of the gaps is done gurelopot follows a fixed path, the next task is to determine what
by the order of the gaps before the corresponding merge, 3fgtion commands should be executed so that the robot follows
not by the “features” of the environment that produced therg.path that builds a complete GNT. Incompleteness of the GNT
is caused by any nonprimitive leaves. Therefore, the GNT is
forced to be complete by iteratively chasing leaves. Eadle ti
D. The gap-based roadmap that a leaf splits, one of its children can be arbitrarily
and chased. If a leaf disappears, then another nonprintéafe
Consider a path segment: [0,1] — R followed by the is selected for chasing. The order in which the nonprimitive
robot with the motion primitive chagg). Assume now that |eaves is chased is not important. Eventually, all leavds wi
the chasgy) has not been issued, but that the robot is atig primitive, in which case the GNT is complete.
point 7(t), with 0 < t < 1. If chasdy) is issued, then the As an example of constructing a complete GNT, suppose the
robot follows the same path, restricted to[t, 1]. This is robot is in the environment as shown in Figure 8. In Figure 8.a
because gap detection depends only on the current positig® show the boundaries of the aspect cells. The root of the
of the robot. Consider now the paths followed by each of theNT is shown as a solid black disk. Vertices that are not
possible motion primitives after a critical event. The sét &nown to be primitive are shown as circles, and vertices that
points of R visited by all such paths is called tlyap-based are primitive are squares. The robot begins to build the GNT a
roadmap and it is denoted bys. Once the robot is on a point shown in Figure 8.(a). There the robot first executes dhase
of S, chase motion primitives may only reach points insitle When this gap is followed, the robot triggers an appearance
All of the paths that generate the roadmap have finite lengévent, and gapy; is added to the tree (Figure 8.(b)). Later,
which is is a direct consequence from the following theorergaps g, and g; merge, and they become children of a new
Lemma 2:Termination of chadg) is guaranteed for any vertex, g, (Figure 8.(c)). Whery, disappears (Figure 8.(d)),
g € G(z) and anyz € R, and is caused by only two possibleg, is the only remaining nonprimitive gap, and the robot
critical events: disappearance or splittinggof executeschase(g,), which generateschaség,), chaség,)].
Proof: The heading of the robot is always aligned witilfhe robot chaseg, until it splits, and theng, is chased
g, which forbids the robot to follow any cycle, or to move(Figure 8.(e)). Finally, whery, disappears, all of the leaf
away from g. Consider now Figure 7. As the robot moveyertices are primitives. (Figure 8.(f)).
with unit speed towards the gap, the starting point of the gapLemma 3:The procedure of iteratively chasing nonprimi-
slides ondR, towards the respective inflection ray or bitangeriive leaves terminates with a resulting complete GNT.
complement. When the robot reach#B, the position of the Proof: Consider the path- executed during the proce-
robot and the starting point of the gap coincide, and threire. The key observation is that any time that a new gap
cases should be considered: 1) the robot moves away frappears inG(7(s)), it must be primitive. If the gap is chased,
the inflection ray or bitangent complement, 2) the robot is cannot split. Therefore, the only gaps that contributeéhi®
stationary indR, 3) the robot moves towards the inflectioincompleteness of the GNT are ones that either appeared in
ray or bitangent complement. Cases 1 and 2 cannot ocalif;7(0)) or were formed by a sequence of splits of these gaps.
since the heading of the robot always points to the gap, aRgen though chasing a leaf may reveal new gaps via splitting,
the robot moves tangentially ahk with unit speed. Thus, the the number of primitive gaps for a given environment is finite
remaining case always occurs, and the respective infleipn because each corresponds to a inflection. There are finitely
or bitangent complement is eventually crossed. It is cleat t many inflections becausgr is piecewise-analytic. Each time
the termination critical event cannot be an appearanceesiithat the procedure forces a gap to disappear, it is one step
the gap is already detecteg € G(x)). The critical event closer to having a complete GNT. Since the number of gaps
cannot be a merge either, because the corresponding merginfinite, the procedure must terminate with a complete GNT.
gap for the bitangent complement pair is not yet visiblel O
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S. In Section IV-C we will extend the optimality arguments
to points not inS. For the following discussion, let, ¢ € S,
and letU = (u,us,...,u,), With u; C OR, be the sequence
of maximal connected intervals ofRR that the robot traverses
(in order) in the shortest path fropto q.

Lemma 4:Let H = (g1, g2, ..., gn) e a sequence of gaps,
in which g; is the gap chased when the robot traverses the
intervalu; € U. The path generated by chasing iteratively the
sequencdd is the shortest path betweenandgq.

Proof: It is sufficient to prove that the path between
u; and u,4+q iS optimal, since the sequendg is optimal
by definition. The shortest path between two points in the
Euclidean plane is unique and is a straight line. When the
robot transverses the interior d?, from wu; to w;1; when
following g;+1, the trajectory is a straight line tangential to
u;+1. Finally, the intervalu,,o is visible until g;1; has a

@ @ @ critical event; otherwise, this contradicts the orderlbffor
@ @ the shortest path betweenand q. O
Theorem 1:If R is simply connected and the robot is at a
(c) (d) point in S, then the path encoded in the Gap Navigation Tree

between the root and any poigte S is globally optimal in
Euclidean distance.

Proof: Let p € S be the current position of the robot.
From the GNT, a sequend€ = (g1, 92, ..., gn, gq) Of gaps is
generated such that if chased, the robot reaghBg following

H, the intervalsU = (uj,us,...,u,) of the boundary are

® transversed by the robot, in that order. I8 be the sequence
of gaps that generates the shortest path betweand ¢, as
in Lemma 4. Letg; € H, generated from interval,; € U, be

(e) ® the first gap in whichH and H, differ. Since critical events

Fig. 8. Buiding the Gap Navigation Tree. (2) The thin linées the pl are recorded in the GNT as they become visible, this means
ig. 8. Building the Gap Navigation Tree. (a) The thin linesw the places ; ‘e viai ;
where gap critical events are triggered. The robot chasegrimitive gaps that the !mervalud IS YI_SIbIe before the rest of the path in
from (a) to (f), updating the GNT accordingly, until all ofeHeaf vertices o, and it becomes visible wheg); splits. The shortest path
are primitive. Squares and circles denote primitive and riomiive vertices, between the current position of the robot and the rest of the
respectively. path encoded irff, is the one that starts by chasigg (by
Lemma 4). ThereforeH, containsgy, and we conclude that

. . H=H,. O
Note that even though a GNT is complete, it neverthelessNote that optimality follows uniquely from gap critical

changes as the robot moves in its environment. This happeer\]/%nts and no distance measurement is ever performed by the
because the tree always expresses how the environment a ! P y

pears relative to the local frame of the robot. Once a corepIeﬁ%oethg;g?gg?ﬁééogieng tgr? d'?;eer\éﬂ;_ﬂzzgzdfggg%p co

GNT has been constructed, however, it remains complete in
spite of any motions executed by the robot. respon ds to thehortest-path roa_dmapalso called theeduced
visibility graph [24], [30]. It is important to remember that
optimality is possible when the GNT is used for navigation,
V. OPTIMAL NAVIGATION but the construction time of the GNT may not be optimal. In
Given that the GNT is built from critical events, andact, the distance traveled in the construction may berariit
these correspond to the boundaries of the aspect cellsbad compared to the one traveled if the map of the environment
decompositions such as [18], points inside of an aspect cas available [32]. If the environments have some resbrist
have the same GNT. In fact, once the GNT is constructed ttough, some bounds can be found for certain explorations,
encodes the same information as if the single-source,esdtort such as object searching insideneralized streetgresented

path problem would be solved from a given aspect cell.  in [7].

A. Moving along the gap-based roadmap B. Complexity

We now argue the optimality of the paths generated bylIn our case, the environment is unknown, and it is not
chasing sequences of gaps in the GNT. In the followingncodedas an input to an algorithm in the usual sense. For this
discussion we prove the optimality (in the Euclidean sensedason, we analyze the GNT complexity in terms of relevant
using chase mation primitives of paths starting and ending €énvironment features. Consider the numleof inflections
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in the environment. The construction of the GNT cannot tak# g. The robot can return to any previously visible landmiark
more thanO(n) gap-chasing motion commands. Since thetgy chasingg until [ appears inG(x). We can therefore define
are O(n?) bitangents, and all of the visual events may behase(l), which is a sequence of motion primitive that leads
triggered while chasing a gap, the tree is updated at mast!. An objecto € O can be handled in the same way in
O(n?) times. Note that this bound corresponds to the naitBe GNT, resulting inchase(o). Objects are different from
algorithm for constructing the visibility graph, in whictaeh landmarks in that the robot is alloweddarry an objectr € O

pair of vertices is tested for mutual visibility. The robatrmot to another part of? and drop it. As the robot moves away,
predict a visibility event, given thak is unknown; thus, it has will be incorporated into the GNT in the appropriate way, in
to sense each of the events to have all of the information cdise a request is made to returnoto

the shortest paths. When the GNT is completely constructed;The next theorem states that once completely constructed,
its number of vertices is maximum when it is a completthe extended GNT can be used for navigation from the
binary tree, with a path to each of the inflections. Thus, durrent position of the robot to any object or landmark in
requiresO(n) space in the worst case. However, the GNT ithe environment.

not generally a complete binary tree, and it is not necdgsari Theorem 2:The extended GNT encodes a path to any ob-
balanced. A query fochase takes in the worst cas@(n) ject or landmark in the environment from the current poaitio
time. of the robot.

Proof: There are two cases for paths insigl?, depend-
ing of whether the object or landmark are visible from the
current position of the robot. If it is visible, then the ralman

Rather than be confined to the subsefdtfhat corresponds travel in a straight line, following the line of sight. Otheése,
to the gap-based roadmap, we would like to define tasks thatif the object or landmark was visible at some point, it is now
allow the robot to move anywhere . It is difficult to even hidden behind some gap, in which case following the sequence
define such problems without using coordinates. Suppose tBegaps in the GNT will make it visible. We now prove that
the environment may contain both static, interesting [Hac®l every point of R was visible at least once to the robot while
some movable objects. Imagine that some objects are plage@structing the GNT. Assume that there is at least one point
in R, and the robot is required to retrieve them. l@t= , which was never visible. By definitiom is not currently
{o1,02,...,0m} be a collection ofm point objects and let yisible, which means it is behind one of the currently detect
L ={l,b,...,l,} C R be a set of statitandmarks The gaps, sayy (p either belongs to the current visibility region
robot could be asked, for example, to deliver objects frogy not). If by chasingg it disappears, thep will be visible,
one landmark to another. Note that each landmark is a pojgich is a contradiction. If it splits, the argument is rejeea
in k. Each object has a current position fhat any given recursively. Since all of the gaps are chased until theyeeith
time; however, the precise position is unknown to the robotspjit or disappear, all points aR are visible to the robot at
Assume that each object and landmark is uniquely identifeast once. N

able and may be placed anywherefin An objecto; € O'is  As a corollary to Theorem 1, we extend the path optimality

said to berecognizedwhen the robot is at € R if and only  for points not inS:

if 0; € V(z). Recognition of a landmark is defined similarly. Corollary 1: In the extended GNTchase(l) andchase(o)

The gap sensor can be enhanced to recognize objects gl to distance optimal motions tb or o, between any

landmarks. LetG(z) be a cyclic sequence that may contairp,ossime pair of positions ik.

gaps or objects. 16 € O ando € V(z), thenG(z) contains Proof: The argument is the same as the proof of

o precisely between the appropriate gaps from the robofeorem 1. For paths starting i, we only have to include

position. For example, ib3 lies between gapg; andgs, then the extension of the chase motion primitive for objects and

the sensor observation might i&(z) = [g1,92,03,95.97]. |landmarks. For paths that do not start §n consider the

Likewise, landmarks may also appeardGfiz). sequence of gaps that generate the optimal path, and the
For the task of retrieving objects or moving to landmarkgequence read from the extended GNT. Apply the the argument

the motion primitive, chase, is adapted. A fifth critical V& presented for Theorem 1 considering the gap for which they

included, which corresponds to the appearance of an objectigst disagree to be the first gap followed. 0
landmark inG(x). Thus, chase terminates if a disappearance

or split occurs to the gap being chased, or if an object or
landmark appears. We also allow the robot to chase an object
or landmark, yielding chage) or chas€/). To enable this  So far we have only considered simply connected environ-
primitive, the object or landmark must be visible from thenents. Now we study the problem in whidk is multiply
robot position. connected, which is more common in practice. In this ¢aBe

The algorithm from Section IV for constructing a completdéave several components. It is assumed that each component
GNT proceeds in the same way; however, additional informef OR is bounded and it is the image of a piecewise-analytic
tion is now stored in the tree. The GNT definition is extendedosed curve. The construction and use of the GNT was based
to allow objects and landmarks to appear as vertices. If anthe motion primitive of chasing gaps until a critical even
object or landmark disappears behind a gafit will appear occurs. Although this offers a clean and simple feedback
very much as a merge), then it is added to the GNT as a chddntrol to the robot, it is not sufficient for multiply conrted

C. Traveling anywhere in the environment

VI. MULTIPLY CONNECTED ENVIRONMENTS
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é\o P J—B Fig. 11. (a) Global optimal navigation is not guaranteed intiplyl connected

environments. Paths with least number of gaps are preferigal.rdbot will

follow the path on the right, because it offers fewer gapshase, although
it is not the shortest path. With only gap information, theabbannot do
better. (b) A worst case navigation example.blf> «a, and if the robot
chooses to follow the gap on the right, almost the whole ttatgpundary
will be followed to reach the circle.

Fig. 9. Encoding objects in the Gap Navigation Tree. When tia@dular
object hides behind the gap, we associate such an objectthétigap. The
gap encodes the last time the object was visible (the objdutdenbehind
the gap).

in simply and multiply connected environments. In simply
connected environments, gap critical events are sufficiant
multiply connected environments they are not.

From a minimalist perspective, which critical events skoul
be addedfor multiply connected environments? There are, of
course, many ways in which this question can be answered,
and it depends ultimately on the task the robot has to solve.

@) (b) In our case, we are interested in a data structure that escode
Fig. 10. Gaps in a multiply connected environment may not dieapga) at leastone path from the current position of the robot to any
The robot will chase any of the two gaps shown, and none of théin 4ce jn the environment. Thus, the data structure is stitb@
disappear. (b) Using only the gap sensor, the spiral looks#me as the disc . .
in (a). When two paths to the same location are detected in the GNT,
the one with the least number of gaps is recorded, and the
other one is eliminated. Although paths are no longer glgbal
. . . . .optimal, they are optimal in the homotopy class to which the
enwro_nments. We state this negative result formally in t ath belongs. No algorithm based only on our gap-chasing
following theorem: L i ) . ... _model can do better. In [20], a similar problem is considered
_ Theorem 3:Termination of gap-chasing motion primitivesy; s solved by changing the direction of navigation if the
is not guaranteed in multiply connected environments. bt moves in the direction opposite to the goal. Without

Proof: Refer to Figure 10.(a). The environment does nf measurement of direction or distance, this is not possible
have an inflection ray, or a bitangent complement. The robgt yer our gap-chasing model

will chase one of the gaps, expecting it to split or disappear
and it will keep going around a boundary component foDreve/{.. New assumptions for multiply connected environments
Furthermore, only using gap sensing, path optimality in Given Theorem 3, a critical event should be introduced
multiply connected environments cannot be achieved: that guarantees a chasing motion primitive terminates. One
Theorem 4:Global path optimality is in general not possiWay t0 do this is to provide the robot with the capability
ble using only gap sensing. of recognizing a location it visited before. This can be done
Proof: Consider Figure 11.a. The robot has the choice 8f°Viding the robot wittmarkersor pebbles When the robot
following a path to the left, or the right, to reach a goal. ThE'akes contact for the first time with a boundary component
path on the left is longer in the number of gaps to chase, Blffile chasing a gap, a pebble can be dropped. Later, if by
it is shorter in distance. The only information availabldtis chasmg the same gap, the pebble is found, a critical event is
number of gaps to chase, but this is only an indication of hdf/d9ered. This indicates that the boundary component &as b
“cluttered” a region is, and is not related to the distancbeo surrpundgd _c_ompletely once. Th.e robot is provided with a new
traveled. Given that no length is associated to the gaps, bgietion primitive, surrount), which commands the robot to
paths are equivalent, and the robot cannot determine waicHRnSverse completely the boundary comporieance.
shorter. Furthermore, as shown in Figure 11.b, the pathechos | '€ Pebbles, as the gap sensor, are considered in an abstract

by the robot may be arbitrarily longer than the shortest _pal%ense, Wi,th an implementgtion that can vary. For exar_n;m, th
may be implemented using computer vision, or with GPS,

it is done for the bug algorithms [27]. Note that even if
S is available, its use is relegated exclusively to thdleeb

Together with these results, note that using only gap sgnsf’iﬁs
a robot cannot determine whether it is surrounding a conve _ . - .
boundary component or it is traveling inside of an boundat pIem_entat|on. The particular |mplemeptat|on of the pebb
component that has a spiral-like shape (compare Figure)lo! not important, as long as the robot is able to detect that
and (b)). Even though these negative results may be disgr,our' as surrounded a boundary component once. Note that the
ing from an implementation point of view, they provide a clea 2|n practice, crude distance information could be used to maleh s
formal distinction regarding minimal information requinents decisions.
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As before, when the robot is placed in a new environment,
all of the leaves of the GNT are marked nonprimitive because
the robot has not yet seen what is behind the corresponding
gaps. To guarantee that the robot will see the whole envi-
ronment, a surround motion primitive is executed for each
of the components 0®R. The robot chooses arbitrarily to
follow a boundary component not traversed before, and once
this is completed, a new boundary component is selected. In-
crementally, the robot determines how to reach every baynda
component, as various gaps get associated with them.

;NQ ;“Q

[ 5

e

Fig. 12. Start and end of a gap. From the robot’s perspedtieeboundary ~ The critical events are encoded in the same way as be-
components can be related to the beginning and end of a degutbndinuity. fore, with the following exception. Since the environmesit i
multiply connected, the homotopy class of paths between two
locations may not be unique. From the robot's perspective,
pebblecould beimplemented with a localization method, buhowever, all paths through the GNT are equivalent because
localization itself is not required. the robot lacks distance information. Therefore, pathg tha
The number of pebbles needed depends on the particuilptse the least number of gaps are preferred. This heuristic
GNT construction algorithm. As we will develop later, theloes not guarantee that optimal paths will be preserved, but
algorithm proposed surrounds each boundary component, @nefers paths that drive the robot through less clutteredsar
by one, recording all the gap critical events. If we furtheTo achieve this, some paths are eliminated from the GNT as
assume that each of the boundary component is uniquédylows. Suppose that the sequengg, ..., g,.) of gaps read
identifiable, only one pebble is needed. The somewhat strofigm the GNT is the shortest sequence of gaps which reach
assumption that each boundary component is identifiableaisparticular object, landmark, or boundary component. The
justified from a minimalist point of view. Such critical eusn association of the object, landmark or boundary component
should be detected to guarantee that the robot has expleedyith any gap other than,,, is removed. If the object, landmark
whole environment. As the size of the boundary componergg boundary component is visible from the current positibn o
increases, the implementation of the sensors becomes m@ke robot, then the association with any vertex is removed.
challenging. Nevertheless, such information should bege
to make performance guarantees. Given the previous procedure, some nonprimitive gaps may
As with objects and landmarks, components @® are not be associated with any object, landmark or boundary
associatedvith a gap. Particularly, the start and end of the gagomponent. Any vertex corresponding to such gap is labeled
are associated with the respective boundary components. & block Furthermore, if all of the children of a vertex are
example, in Figure 12, gagp begins at boundary and ends labeled as block, and the vertex itself is not associated wit
at the outer boundary. Gap begins at boundary component an object, landmark or boundary component, then the vertex
and ends at boundary componenand gapys begins and ends itself is labeled as block and all of its children are elinéth
at boundary component These are referred, respectively, a§hus, two block vertices cannot merge in the tree, since only
the start and end of a gap, and are recorded together witlne is kept. Figure 13 illustrates this process. A splittitark
each gap, updating them accordingly if they change (a gu@rtex yields two block vertices. A block vertex returns to a
end may change without causing a visibility event). Notet thaonprimitive status if it is associated with a new goal. In a
if the boundary is never visible to the robot, there will net bsense, keeping a branch full of block vertices does not &rsere
a gap associated with it. This is the case when the boundémg robot knowledge of the environment, because it can reach
component cannot be reached in the connected componenglbpf the goals chasing other gaps. To summarize the previou
R in which the robot is. discussion, the following theorem is presented:

B. Constructing the GNT for multiply connected environreent Theorem 5:In the GNT for multiply gonnected environ-
mentschase(!) andchase(o) lead to mations locally optimal

" To (t:onstruct the GNT, the vertices are now classified inff gistance td or o, between any possible pair of positions in
ree types:

1) Primitive: Primitive vertices encode gaps that appear as
the robot moves. Proof: With the argument of the proof for Theorem 2,

2) Nonprimitive: Nonprimitive vertices are the parents ofwe argue that each object, landmark and boundary component
vertices corresponding to gaps that merge, or they dsevisible at least once to the robot. Thus, if vertices are
leaves that are not primitive but that merged with anot eliminated from the GNT, there is at least one path to
object, a landmark, or they are the only gap associatedch object, landmark, or boundary component. Furthermore
with a particular boundary component. vertices are eliminated only if there is another path (which

3) Block: A block vertex is a leaf that is not primitive, generates a smaller sequence of gaps). Once such path is
and its associated boundary components are the samaalected to remain in the GNT, local optimality follows from
some primitive or nonprimitive gap. Theorem 1. O
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(a) (b)

Fig. 14. Graph Navigation Tree simulation for a simply conadatnviron-
(c) (d) ment. (a) Initial position. (b) and (c) Intermediate momentdhadonstruction.
(d) The instant before the last nonprimitive gap disappears.

Fig. 13. Block vertices elimination. The vertices in the sreswe marked
with the corresponding boundary component at their stattckBrertices are
denoted with dotted outlines. In (a), after the robot transes the trajectory
shown, the shaded vertex will be eliminated, since itselfisdhildren have present in the environment. Once this task is completed, the

goals already in the tree, yielding (b). As the robot movestf®) boundary ohat moves all the square objects of a certain color to the
component becomes associated with a gap closer to the root, which pesduc . . .
further elimination of block vertices (d). corresponding circle of the same color. Figure 15.(a) shows
the tree when the construction is completed (all of the Ieave
are squares). From this point, the robot begins to deliver th
objects until this new task is completed (Figure 15.(b)).
Finally, in Figure 16, a simulation in a multiply connected
We implemented a simulation of the algorithms for thenvironment is presented. The GNT is shown for the position
GNT in simply and multiply connected environments. We alsef the robot, denoted as a black disc. The two trees correspon
validated the GNT sensing requirements on a mobile robotto the GNT before and after the boundary comporignivas

surrounded.

VII. | MPLEMENTATION

A. Simulations

Figure 14 shows a simulation of the GNT construction. TH&: EXperiments with a Pioneer mobile robot
position of the robot is marked with the large black disc, We performed some limited experiments to test the validity
which also serves as the root of the graphical representatimf our sensing model.T he platform was a Pioneer 2-DX with
of the GNT. Primitive vertices are shown with a squardwo laser range finders. A merge event is shown in Figure 17,
nonprimitive ones with a disc. Dark (red) and light (greenp which two gaps are merged into one when the robot
color vertices hide regions of the environment to the rightides behind a corner. Although the gap-chasing procedure
or to the left, respectively. The branches of the GNT atemplemented here was enough for our simple experiments,
aligned with the gap they represent, but this is only forigtar a more robust navigation system following discontinuities
of presentation. Recall that no exact angular informat®n should be implemented (such as the one presented in [29],
used when constructing the GNT. The initial position of theshich uses similar models).
robot is shown in Figure 14.(a). Because no gap has beerEven though our experiments were much simpler than the
explored, all vertices of the tree are circles (nonprimitiaps). ones we used in simulation, we are hopeful that the sensing
Figure 14.(b) and (c) show different states of the the GNT, asquirements are met in many real settings. For example,
nonprimitive gaps are being explored. In Figure 14.(c) it i®pological maps, similarly based also on visibility eveand
particularly clear that the two vertices on the bottom-kfe constructed by two robots, were presented in [35], in more
encoding two regions that will not split, whereas all of thehallenging environments. Further experimental work i st
other branches encode all of the other possible destirsaiion needed to evaluate the full applicability of our model. For
the environment. Figure 14.(d) shows the moment just befoggample, the use of two laser range finders seems an overkill
the last nonprimitive gap disappears. It can be seen that falt the problem at hand. Also, the experiments were done in
other leaves of the GNT are squares. an artificial environment using cardboard as the envirorimen

Figure 15 shows an example in which the robot was askbdundary. The robustness of gap sensing in the presence
to construct the GNT, and to encode the position of the objectf small gapsin a real environment remains to be tested.
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Fig. 17. Gaps merging. Figures (a) and (b) showing the statkeofree and
(b) the position of the robot before and after the critical evierdetected.

Fig. 15. Object finding simulation for a simply connected esminent. In
(a) the state of the Gap Navigation Tree is shown, after tistcaction phase

concluded. In (b) the tree is shown, after all of the objeetgetbeen delivered. is constructed from dEteCtmg online visual events, yngd'

a simple but powerful framework for solving visibility bake
tasks in the plane. Our approach studies minimal informatio
a robot should gather to solve a task. The GNT shows that the
need of an exact geometric representation of the envirohmen
or localization, may be ignored to solve some visibility-
based tasks. Moreover, not only are exact representations
eliminated, but the information needed by the robot can be
greatly minimized.

The GNT is well suited for solving other visibility tasks. We
applied it for pursuit-evasion in unknown environments][19
but its use for other tasks is still open. As mentioned in the
introduction, the localization problem is easily desctilka
(b) terms of visual events, and the use of the GNT in this case is
Fig. 16. Simulation in a multiply connected environment. TheTasishown  Straightforward, following the algorithms in [11], (18]
for the position of the robot denoted with the the black dis¢d). In (b) and Although experiments validating the sensing model were

(c), the GNT is shown before and after the boundary compohgnias nresented, some practical issues remain to be solved. Tae mo
surrounded, respectively. The laldgl; of some vertices indicates their start.

and end boundary component. Vertices without such labelitivergrimitive Important ones are related to the gap traCki_ng processe_Sinc
or block. the gaps have to be tracked at all times, the implementafion o

the gap sensor should be robust enough. An important issue
is when a critical event is not detected by the robot (due

Finally, and perhaps more importantly, in a real setting trfe Noisy reading from the gap sensor, for example). In this
robot is not a point. This raises two main issues. The first ¢§Se, complete branches of the GNT may be lost, or the robot
that a robust wall-following procedure should be impleneeint May chase the “wrong” gaps to reach a goal. An interesting
(this becomes even more important in the multiply connect&goblem is to detect such errors also from the critical evjent

case). The second issue is that optimality is potentialsy, lo and to devise a strategy to recover as much of the already-

because the gap-chasing procedure does not incorporate i tree as possible. Another direction is to determingcivh
robot radius. sensing capabilities should be added to make the gap sensor

more robust. In doing so, the minimalist approach should be
still considered in terms of the abstract sensors. Our malpo
here is that by removing information requirements in the

This paper presented the Gap Navigation Tree (GNT) dai@jorithmic side, measurement errors in the sensors caild b
structure, and its use for optimal navigation in unknownienv

ronments with a robot that has limited sensing. The na\ogati SInstead of comparingisibility skeletonsconfigurations of the GNT should
be used. It is remarkable that such an algorithm will work véactly the

paths are optimal, even though no distance or other exafdimation discarded by the visibility skeletons, becatise spurious edges
geometric measurements are made by the robot. The GBbbfrespond to the visible gaps in an aspect cell.

VIIl. CONCLUSIONS
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solved cleanly and directly. One example of this is the pebkh7]
implementation proposed in Section lll, through a GPS. If a

GPS is available, it is tempting to build a geometric mod 8]
of the environment, since the localization problem has been
solved for us. In such a case, we will have to rely on the error

measurements of the range finders, and of the GPS itself[lg]
instead the effort focuses on the task at hand, we may find

13

H. H. Gonzalez, E. Mao, J. C. Latombe, and T. M. Murali. riPiag
robot motion strategies for efficient model construction. Rabotics
Research - The 9th Int. Sym@A999.

L. J. Guibas, R. Motwani, and P. Raghavan. The robot liz&gon
problem. In K. Goldberg, D. Halperin, J.-C. Latombe, and R.9@fil,
editors, Proc. 1st Workshop on Algorithmic Foundations of Robotics
pages 269-282. A.K. Peters, Wellesley, MA, 1995.

L. Guilamo, B. Tovar, and S. M. LaValle. Pursuit-evasioran unknown
environment using gap navigation graphs. IEEE/RSJ Int. Conf. on

that such measurements are not needed. In the tasks presente Intelligent Robots & System2004.

in this paper, only depth discontinuities, and a pebble kho 20l

|. Kamon and E. Rivlin. Sensory-based motion planninghwgtobal
proofs. IEEE Trans. Robot. & Autom13(6):814-822, December 1997.

be detected. Using the GPS as a pebble solves the sengimgl. Kamon, E. Rivlin, and E. Rimon. A new range-sensor bagledally

requirement easily and cleanly, and we may even ignore the

GPS measurement errors. Moreover, the sensing requirquﬂt

is not compromised to any implementation, since the pebhig]
can be implemented through computer vision, or even, with2a4
robot arm droppingeal pebbles. (241
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