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Abstract

We address discrete-time pursuit-evasion games in thee pdrere every player has identical sensing and motion ranges
restricted to closed discs of given sensing and steppinij ragingle evader is initially located inside a bounded setbof the
environment and does not move until detected. We propdSeeep-Pursuit-Capturpursuer strategy to capture the evader and
apply it to two variants of the game: the first involves a stnglirsuer and an evader in a bounded convex environment and th
second involves multiple pursuers and an evader in a boviedarenvironment. In the first game, we give a sufficient g¢@mmon
the ratio of sensing to stepping radius of the players thatantees capture. In the second, we determine the minimabalpitity
of capture, which is a function of a novel pursuer formatiod éndependent of the initial evader location. The SweepRurduit
phases reduce both games to previously-studied problethsuniimited range sensing, and capture is achieved usiagahle
strategies. We obtain novel upper bounds on the capture dimlepresent simulation studies that address the perfoemnahc
the strategies under sensing errors, different ratios n$ieg to stepping radius, greater evader speed and diffetenber of
pursuers.
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On Discrete-time Pursuit-evasion Games
with Sensing Limitations

Abstract—We address discrete-time pursuit-evasion games in  In the context of sensing limitations, in continuous time
the plane where every player has identical sensing and motio  formulations, [11] deals with a version of visibility lingtl to
ranges restricted to closed discs of given sensing and stépg an angle, instead of the entire region. [12] considers a suc-

radii. A single evader is initially located inside a boundedsubset . it of ltiol d b inale fast
of the environment and does not move until detected. We propse cessive pursuit of multiple evaders by a singie faster mmwsu

a Sweep-Pursuit-Capture pursuer strategy to capture the evader N the plane with sensing range limited to a finite disc. [13]
and apply it to two variants of the game: the first involves a proposes a multi-phase pursuit strategy for groups of gussu

single pursuer and an evader in a bounded convex environment with limited range sensing and has demonstrated its capture
and the second involves multiple pursuers and an evader in a ,gherties in bounded environments via simulation without

boundaryless environment. In the first game, we give a suffient . . . .
condition on the ratio of sensing to stepping radius of the formal proof. In discrete time formulations, [14] consisi¢hne

players that guarantees capture. In the second, we determénthe  Problem on a graph, with the visibility of the pursuer linit®
minimum probability of capture, which is a function of a novel nodes adjacent to the current node of a pursuer. A framework
pursuer formation and independent of the initial evader loation.  which uses probabilistic models for sensing devices for the
The Sweep and Pursuit phases reduce both games to previously agents is described in [15] and [16].

studied problems with unlimited range sensing, and capturds We add th f limited . bilitv:
achieved using available strategies. We obtain novel uppéounds € address the case or imited range sensing capabllity.

on the capture time and present simulation studies that addess & PUrsuer and an evader can sense each other_ only if t_he
the performance of the strategies under sensing errors, diérent ~ distance between them is less than or equal to a given sensing

ratios of sensing to stepping radius, greater evader speednd radius. We consider the discrete-time version with one aryma
different number of pursuers. pursuers and a single evader in a planar environment. The
Index Terms—Pursuit-evasion games, sensing limitations, co- motion of each player is constrained to a stepping disc atoun
operative control. it. The evader is initially located inside a bounded subget o
the environment, which we term as tfield. The players can
|. INTRODUCTION leave the field but not the environment. The evader follows
The game of pursuit can be posed as to determine a strateggactive rabbitmodel, i.e., does not move until it senses a
for a pursuer (a team of pursuers) to capture an evader iparsuer [14]. We present an algorithmic approach in the form
given environment. Bycapture we mean that the evader andf a Sweep-Pursuit-Capturgrategy for the pursuer to capture
the pursuer (some pursuer) meet at the same location afteh@a evader. We demonstrate this strategy using two vargdnts
finite time. The aim of the pursuer (pursuers) is to captuee tthe pursuit-evasion game: the first involves a single pursue
evader for any evader trajectory. The evader wins the gameifd the evader in a bounded convex environment while the
it can avoid capture indefinitely. All the players have idealt second considers multiple cooperating pursuers to caftere
motion capabilities. Capture strategies are importantimedl- evader in a boundaryless environment.
lance where we would like to detect and capture equally agileln the first game, the pursusweepghe environment in a
intruders. Another application is search-and-rescueatjpgrs  definite path until the evader is sensed, which must nedbssar
where a worst-case capture strategy guarantees a rescudiappen in finite time. This is analogous to the spanning-tree
spite of any unpredictable motion of the victim. based coverage presented in [17]. We then establish how a
The continuous time version of this game has been studi€keeDY strategy of moving towards thast-sensedocation
in [1], [2] and [3] to cite a few. Recently, the discrete-timeof the evader, eventually reduces the present problem to a
version of the game has received significant attention. [gfeviously-studied one with unlimited sensing. The coiityex
describes sufficient conditions and a strategy for a singégsumption on the environment is required because otlesrwis
pursuer to capture an evader in a semi-open environmethie to the limited sensing range, there exist environments
This strategy has been extended in [5] to the case of multigienilar to those considered in [10] and an evader strategy,
pursuers in an unbounded environment, to capture a singleh that the evader does not get detected again. Finally, we
evader which is inside their convex hull. [6] and [7] deseribshow how capture is achieved using the establisheoNL
pursuer strategies of moving towards, and towards the gusvi strategy [4]. Our contributions are as follows: First, wegent
positions of the evader respectively, so that the distancean analysis which provides a novel upper bound on the time
the evader is reduced to a finite, non-zero amount in finitequired for the pursuit phase to terminate. This bound is an
time. The game has also been studied in different types infprovement compared to our earlier work [18]. Second, we
bounded environments, e.g., circular environment [6]yedr obtain a sufficient condition on the ratio of sensing to stegp
environments [8]. Visibility-based pursuit evasion hasibe radius of the players for capture to take place in a given
studied in a continuous-time setting in [9] and in polygonanvironment. Finally, we show that this condition is tight i
environments in a discrete-time setting in [10]. the sense that if it is violated, then there exist sufficielatge



environments, an evader strategy and initial positionsttier where Q C R? denotes the environment angis the null
players, that lead to evasion against theeGDY strategy. element. The null element will be used to denote a lack of
The second game is played with at least five cooperative poreasurement in our limited range sensing model.d et Q
suers in a boundaryless environment and the field is a boundkeote the field, i.e., the region that initially contain® th
region known to the pursuers. Our contributions are asalio evader. The evader follows r@active rabbitmodel - moves
First, we design a novel pursuer formation and a randomizedly after being detected for the first time. We assume that th
SWEEP strategy for the pursuers to search the field. Thegursuers know the fielg and the environmer®. The goal of
succeedwvhen they detect the evader inside a specédture the pursuer(s) is teapturethe evader, i.e., a pursuer and the
region, which we characterize for the pursuer formation. Wevader are at the same position at some finite tiEv@sion
show that using our BEEP strategy, the pursuers succeeds said to occur if the pursuer cannot capture the evader. We
with a certain probability which is a function of the pursuedescribe the&Sweep-Pursuit-Capturstrategy for the following
formation and independent of the initial evader locatioexty problems:
we propose a cooperative pursuit strategy for the purswers t
confine the evader within their sensing discs. We show that Evader moves to e[7] Pursuer moves to /7]
using this pursuit strategy, the present problem is redtced
a previously-studied one with unlimited sensing. Finallg
show how capture is achieved using the establisheshBs
strategy [5]. We obtain novel upper bounds on the time for
each phase in our strategy, which is an improvement compared
to our earlier work [19]. Also, we present a simulation-tthse
study of the performance of the strategies under sensiogserr

Attime 7 > 1

different ratios of sensing to stepping radius, greatedera Players measure Players measure
speed and different number of pursuers. Evader: yi7] Evader: y“g[[T]]
; St ; ; Pursuer: k(7] UTSUCT: Yy |7
The inspiration for the cooperative strategy proposed in of. @ (8 of. 3.6

this paper has been derived from aspects of animal behavior.
It is well known that predators hunt as a conjoined group'rg. 1. A snapshot of each time instantc {1,2,...} in our alternate
when it is less efficient to hunt alone. This behavior is als@otion model. Players take measurements before and aét@veter's move.
observed when the prey is large or can move as fast as the

predators [20]. Further, predators show an inclinationaials

specialized behavior by maintaining a fixed formation dgrins Single pursuer problem

search and capture of preys [21]. Such specializationsesiigg i )
that there may be configurations that are preferred duri We have a bounded convex environmehtc R* and the

n "
group hunting. Also, in the presence of sensing Iimitatjonggld G = Q. Lete[t] andp[t] denote the absolute positions of

groups tend to maintain spacing between each other that/]§ €vader and the pursuer respectively, at tinweZo. The

regulated by their sensory capabilities [22]. These fats gs dIScréte-time equations of motion are
additional hints towards designing capture-conducivel gier _ e( e t e t71)

; - ; A eltl =elt — 1| +u(elt — 1], Tl 4, T4 ),
formations. In this context, our analysis sheds light on how [ ] [ | (et} z—1. {varlr} 1
the maximum group size of the predators varies with preypt] = p[t — 1] + u? (p[t — 1), {ybedr I} Ly, {yg’ﬂ[r]}izl),
availability and with the prey’s nutrition value. 1)

The paper is organized as follows: the problem’s mathe-

matical model and assumptions are presented in Sectionwhere at ther'™ time instant, yi{7], ys[r] € Qg are
The individual phases of theweep-pursuit-capturstrategies the measurements of the pursuer's position taken by the
and the corresponding main results for both the problems &eader before and after thevader's move, as shown in
presented in Section Ill. Due to space constraints, thefpafo Figure 1. The parentheses notatipyf,[|}._, denotes the

all the results are presented in the online technical rg@8it  Set{yhell], Yped 2], - - -, Uperlt] }- Due to limited range sensing
Simulation results are presented in Section IV. Finally, imodel, forr € {1,...,t}, we define
Section V, we study the relationship between pursuer group nif 1 1l <
sizes and evader availability and its nutrition value. YeulT] = plr =11, i fIplr — 1] —efr — 1] < 7sens )
ef .
o, otherwise.
Il. PROBLEM SET-UP For notational convenience, we defifel,[r]}._} = ¢ for

We assume a discrete-time model with alternate motidfi€ nitial time¢ = 1. For¢ > 2 and forr € {1,...,t — 1},

of the evader and the pursuers: the evader moving first. W have
assume that the players can sense each other preciselyf only i ~plr =1, if [Iplr — 1] — e[7]]| < rsens 3)
the distance between them is less than or equal to the sensingYaitl”] =

radiusrsens Further, we assume that at each time instant, the

players take measurements of each other before and after Sirailarly, at the 7' time instant , yb. (7], v5[7] € Qg

evader’s move, as shown in Figure 1. Defi@g := Q U ¢, are the measurements of the evader’'s position taken by the

o, otherwise.



pursuer before and after thevader'smove respectively, as u° : R? x Ri X oo X Ri — R? andu?s : Ri X oo X Ri X

shown in Figure 1. Due to limited range sensing model, for _— _—
c {1 t} we have (2t — 1)N times (t — 1)N times )
T et Rixm xRi—»RQ for everyj € {1,..., N}, are strategies
~—_——————

(4)  for tﬁtemg\e}%\der and pursuers respectively. The constraithien
maximum step size, given by (6), holds for the evader and
Forr e {1,...,t}, we have every pursuer. Due to the reactive rabbit model for the avade
u® = 0 until it is detected by the pursuers for the first time.
po Jelr], it |le[r] = p[r = 1]|| < rsens The multiple pursuer problem consists adsigning a pur-
YarlT] = { . (5) ; ! :
b, otherwise. suer formation and a corresponding strategy that guarasitee
capture of the evaderThis problem is described by the
The functionsu® : Q x Qg x---x Qy — Q andu” : following key parameters: the ratio of sensing to stepping
D S radius of the players, the ratio of the diameter of the field
Q x Qy x---x Qg — Q are termed astrategiesfor the to the stepping radiug%, and the number of pursuefs.
\ / stej

P _ e[r = 1], if [le[r — 1] = p[T — 1]|| < 7sens
ybef[ ] - .
o, otherwise.

2t times i
evader and pursuer respectively. The apparent lack c_>f SYMME || T\t SWEEP-PURSUIT-CAPTURE STRATEGIES AND
try between the number of arguments in the strategies of the MAIN RESULTS

evader and the pursuer is due to the alternate motion model.
We assume that both players can move with a maximum stedn this section, we describe the Sweep-Pursuit-Capture

size Ofrgep that is, strategies for both problems and the corresponding main
. . results.
[ufll < 7rstep [[uP]] < Tstep (6) We first introduce the following weak notion of capture.

The sensing radiussens is « times the motion radiusse, We o _ o
assumes is greater than 1, i.e., both players can sense furtHagfinition 1ll.1 (Trap) The evader istrapped within the
than they can move. From the reactive rabbit model for t§€nsing radius (resp. radif the pursuer (resp. pursuers) if
evader, we have® = 0 until the evader is detected. After thisfor any evader strategy, the motion disc of the evader is
happens, the single pursuer problem consistsleiérmining completely contained in the sensing disc of the pursuep(res
uP that guarantees capture for any evader strategfy, This union of the sensing discs of the pursuers) after a finite.time
problem is described by two key parameters: the ratio of

sensing to stepping radiusand the ratio of the diameter of
the environment to the stepping radiﬁ’-g;ze(TQ)

To be specific, the evader is trapped at time instagp if
for any evader strategy,

ygef[thap] = e[Ttrap - 1]7 and ygft[Ttrap] = e[Ttrap]-

B. Multiple pursuer problem The idea behind Sweep-Pursuit-Capture strategies is sxidet

We have a total ofV > 5 pursuers that can communicatehe evader and pursue it so as to trap it. Next, we show that
among themselves the location of a sensed evader as welthesevader remains trapped for all subsequent time inshaats
their own position with respect to a fixed, global referendéat capture is achieved by using strategies that were clesél
frame. The environmer@® is R? and the fieldg is a bounded for the unlimited range sensing version of the respectiveaga
subset ofR2. Define Ri := R? U ¢. Let p;[t] denote the This principle applies to both versions of the problem.
absolute positions of thg!” pursuer at time for every;j €

{1,..., N}. Analogous to (1), the discrete-time equations o .
motion are /i Single pursuer problem
. . . . i We first present each phase of the strategy for the single
eftf=elt =1 +u (e[t — 1], {ybed 7]} 7 =1, {vanl7] 7:1)7 pursuer problem.
p;[t] = pj[t — 1] 1) Sweep phaseSwWEEPstrategy: Let diam(Q) denote the
J J . . . .
‘ NN . ; diameter ofQ. The SVEEP strategy is to move with maximum
+u? ({{pa’[T]}j:I}T:lv {ygef[T]}T:p {yiﬁ[f]}le), step size along a path, as shown in Figure 2 such that the

(7) union of the sensing discs of the pursuer at the end of each
step until the end of this phase contai@s We term such a
where at ther'” time instantyge(7], ysal7] € R x --- x RY  path asweeping pattior Q. Let tsyeepdenote the time taken
_N“ti’nr for this strategy to terminate. We have the following result

denote the sets of measurements of the pursuers’ positions

taken by the evader before and after its move. Similarlyemma 111.2 (Sweep strategy) In the single pursuer prob-

Ybedl 7], varl7] € R are the measurements of the evaderigm with parameters: and dam(Q) the timetsweep taken by
position taken by the pursuers before and after the evader’s e

; . . diam(Q) diam(Q)
move. The measurements are given by expressions analogd§sSWEEP is at most[ 2rraen W G Totep W T [’d) steps.
to (2)-(5). Akin to the single pursuer problem, the functon




diam(Q)

Fig. 2. A sweeping path to detect the evader in the Singleysurproblem
using the SvEEP strategy.

Fig. 3. lllustrating evasion. The dotted circles are the/@ta motion discs
. . and the solid circle is the pursuer's sensing disi¢] and p[t] are on the
2) Pursuit phase -GREEDY strategy: Once the evader is circle Q2 described in Proposition 1.4 such thé¢[¢] — p[t]|| = rstep Evader

detected, the @EEDY strategy for the pursuer is tmove chooses to move te[t + 1] on © with full step size.
towards the last sensed position of the evader with maximum
step sizeThis strategy has the property that the pursuer sense

the evader’s position at every successive time instanttsgt %i) Prior to its (¢ + 1) move, the pursuer constructs the
P y tefl Jine elt]p[t], as shown in Figure 4. Let this line intersect the

denote thetrapping time i.e., the time taken by the pursuerboundary of the environment at a poik{t] such thap]t] lies
to trap the evader after detecting it. We now present our m%@tweene[t] and X[1].

result for the GREEDY strategy. (i) The pursuer then also constructs the life+ 1) X [¢] and
moves to the intersection of this line with the circle ceateat
p[t] and of radius-siep Of the two possible intersection points,
the pursuer selects the one closerfo+ 1].

Theorem I11.3 (GREEDY strategy) In the single pursuer
problem with parameters andd"%te(pg), if K > /2 + 2cos [,
where

Be

™

then theGREEDY strategyhas the following properties:
(i) the pursuer traps the evader within its sensing radius,
and
i) the trapping timety,, satisfies
pping p
log (\/l{zsin2 Be—cos Bc—1

-l ) diam(Q) , . _
tirap < +1 — =/ | Fig. 4. Single pursuer problem: Using thedn strategy to capture the
N log(1 — PCT"EBC) 2K Tstep evader. The dotted circles represent the motion discs opltneers.

. —1
V3 {dlaL(Q)-‘ arctan 8%’ (8)

2/{7’3[ep

X[t)(= X [tsweep + Luap])

9) This construction guarantees that the pdfrjt] remains the
Furthermore, ifx > 2, then as(diam(Q)/rsep) — —+00, same as the poink [tsweept tiap), fOr everyt > tsweept tiap,
tirap € O ((diam(Q)/Tstep)3)- wheretsweept tirap IS the time at the end of the pursuit phase.

Let tcap be the time taken by the pursuer to capture the evader

Theorem II1.3 is tight in the sense that if the condition oafter trapping it. We have the following result.
x is violated then there exist sufficiently large environnsent
an evader strategy and initial positions for the playerat thTheorem IIL.5 (L ION strategy [4]) In the single pursuer
lead to evasion against theRGEDY pursuer strategy. This is problem with parameters; and d‘%tf), after trapping the

described by the following result. evader within the sensing radius and using thien strategy
(i) the distance]||p[t] — e[t]||, is a non-increasing function
Proposition IIl.4 (Evasion) Given a single pursuer problem of time,

with parameters: and d‘dTLI(pQ) such thatx < /2 +2cosf, (i) the pursuer captures the evader,

where 3. is given by(8), and Q contains a circle of radius (il)) teap is at most’-p(diam(g))Q—‘ steps
\/%, then there exist an evasion strategy and initial posi- cap Tstep '
tions of the players for which the pursueGREEDY strategy

_ Thus, our problem with limited sensing is solved because
fails to trap the evader.

once the evader is trapped within the pursuer’s sensingsadi

Figure 3 illustrates this evasion strategy under the candit it remains trapped until capture, from part (i) of Theorefrbll

required by Proposition I11.4. We have also obtained an upper bound on the total time to
3) Capture phase LION strategy: Once the evader is CaPtUre, 1.8 .fsweep ttrap + tcap

trapped within the sensing range of the pursuer, the pursuer )

employs the LON strategy from [4] to complete the captureB- Multiple pursuer problem

For the sake of completeness, we now give a brief descriptionThis section describes the sweep-pursuit-capture syréveg

of the LION strategy, adapted to the present problem settingiultiple pursuers and the corresponding results. We assume
The LION strategy can be applied to this phase as followthatx > 4 and N > 5. We define the following formation.



Definition 111.6 (Trapping chain) A group of N > 5 pur- [—2rsens | + 27send. Here, negativéy implies that some

suers{p1,...,pn} are said to be in @rapping chairforma- of the pursuers may begin sweeping from outgide
tion if (i) Form a sweeping path for the square region and sweep
(i) po,...,pn_1 are placed counterclockwise on a semi-  a&long adjacent strips as shown in Figure 6.
circle with diameter equal td\ps — pn—1]|, The shaded region in Figure 6 refers to the area that would fal
(i) forall je{1,...,N—1} in the proposed capture regi@h Now we are interested in
determining the probability that an evader falls in the sithd
Ipj = pjall = rsiepy/45% — 25, and region in Figure 6. That is given by the following result.

(i) p1,p2,pN—1,pN are on the vertices of a rectangle such
that the polygon with verticegps,...,pn}, in that
order, is convex (cf. Figure 5).

diam(G)

!

T 2Tsens @ lO

Fig. 6.  Multiple pursuer problem: \BEeP strategy. The shaded region
represents the region swept by the capture region of theitrghain.

Fig. 5. A trapping chain formation folN = 9 pursuers. The circles around

the pursuers denote their sensing ranges. The lightly shestgon denotes

the capture region and the darkly shaded region along wéHightly shaded .

one denotes the extended capture region. Theorem IIl.7 (SWEEP strategy) In the multiple pursuer

problem with parameters, dii‘::e(g) and N, for any prob-
We now describe the Sweep-Pursuit-Capture strategy for thiaility distribution for the initial |poosition of the evadewith
multiple pursuer problem. support ong, using theSWEEP strategy,
1) Sweep phase SWEEP strategy: The pursuers begin by (i) the probability P of detecting the evader inside for a
placing themselves in a trapping chain formation. We defimgoup of pursuers in a trapping chain, satisfies

the capture regionS for a trapping chain by I Yk
r

. >—F2>1- ,
S = U By, (rsend N Co{pz,...,pN-1}, T I+ 4rsens (\/ 4k2 — 25(N — 3) + 27TI€)

JE{3,... N2}

and

(ii) the timetsweeptaken by theSWEEP strategy to terminate
where B,,, (rseng C R? denotes the sensing disc of pursuesatisfies
p; and Co{ps,...,pn_1} C R? denotes the interior of the

convex hull of {ps,...,py-1}. The lightly shaded region in  tgeep< [dlam(g)( /2 ﬂ
Figure 5 is the proposed capture regidh, for the trapping Tstep  \VA4r? —25(N —3) + 7k

chain. In the sweep phase, pursuers wish to detect the evader y [diam(g) 1 9/4r2 — 25 W
within the capture region. We consider a square region of Tstep

length equal to diameter of the regigndiam(G) that contains o 3
the field G. The pursuers sweep this square region in tfgemark Ill.8 The minimum probabilityP of the pursuers
direction of the normal te,px, outward with respect to the detecting the evader inside the capture region by using the

convex hull of the pursuers. For a trapping chain shown PWEEPstrategy isndependenof the evader’s location. Hence,
Figure 5, we define theffectivelength! as the best that the evader can do in the present framework is to

locate itself initially with a uniform probability irg.
V4r?Z — 25

L= [lp1 = Pl = 2rsens= TS‘EF’(W - 2”) - (10) e shall see that the pursuers win when the evader is
2N=3) detected irS by the pursuers. Otherwise, there exists a path for
As the pursuers move in the direction described earlie; thghe evader such that it can avoid being captured indefinitely
clear a rectangular strip of lengtham(G) and width/+47sens 2) Pursuit phase CIRCUMCENTER strategy: If the evader
The SwEEP strategy for the pursuers is as follows. is detected within the proposed capture region at tigagep
(i) Choose the first rectangular strip at a random distanti®e pursuers need to ensure that they trap the evader within
lo from one edge of the square region containiig their sensing ranges. Before we describe the strategy ér th
and sweep it length-wise. The distan&gis a uni- pursuit phase, consider the following possibility: if theader
form random variable taking values in the intervasteps into the darkly shaded region of the sensing range of



p2 (or of py_1), thenp, (resp.pn_1) can use the @EEDY where

strategy (ref. Section IlI-A2). By moving towards the evade T K

the evader’s motion disc gets contained inside that pussuer ¢(k) = 1 arctan (m)’ and
sensing disc and thus the evader gets trapped. This mativate

us to define arextended capture regio§® for the trapping  (ii) at that time instant, the evader is inside the pursters
chain by convex hull in such a way that

S¢ = U Bpj (Tseng N Coo{pg7 - ,pN—l}- By (e[tsweep+ ttrap]) - Co{pl, e apN}[tsweep+ ttrap]a (11)

JERe N where the notatiorB, (a) refers to the closed disc of radius
The darkly shaded region along with the lightly shaded regiqentered at point in the plane.

in Figure 5 is the extended capture regi®hfor the trapping

chain. The QRCUMCENTER strategy guarantees trapping of the
We now present the following pursuit strategy. At each timgvader even without pursuess andpy. But in that case, the
stept > tsweep inclusion in (11), which will be required to establish an epp

(i) While e[t + 1] ¢ S¢[t], the pursuergs, ...,py_1 move bound on the time for the capture phase that follows, is not
towards thecircumcentet O of the triangle formed by guaranteed.
P2[tsweeg, €[tsweeg ANAPN _1[tsweeg With maximum step.  3) The Capture phasePLANES strategy: Once the evader
Pursuersp; and py move parallel top, and py_; is trapped within the sensing ranges of the pursuers, the
respectively. pursuers use the LRNES strategy from [5] to capture the
(i) Otherwise, one of the pursuers which senses the evadwader. Before stating our results, we reproduce thisegjyat
directly, makes a @EEDY move (ref. Section IlI-A2) for completeness.
towards the evader and the others move parallel to thatLet the time at the end of the pursuit phasetep+ tuap
pursuer with the maximum step. and the evader be inside the convex hull of the pursuers as
One such move is shown in Figure 7. In case (i) of the stratedfy, (11) (cf. Figure 8(a)). FOt > tsweep+ twrap and for every
note that the pursuers may not sense the evader in evBHfSUEIp;:
subsequent move. But they will encircle the evader by clpsin « Draw the lineh,[t + 1] throughe[t + 1], parallel to the
the trapping chain around it and then shrink the enclosed line joining e[t| andp;[t], as shown in Figure 8(b).
region around the evader. We have the following result. « Move to the point closest tet + 1] on the lineh;[t + 1]
with maximum step size.

P4

P
e L]

3 D2
(a) Evader inside pur- (b) PLANES strategy.
suers’ convex hull lllustrating a pursuer

move.
Fig. 8. Algorithm RANES
Fig. 7. Multiple pursuer problem: RCUMCENTERSstrategy. At timefsweep Theorem 111.9 shows that use of theKC UMCENTER strat-

the evader position is sensed py. Pursuera, .. ., ps move towards O, the . . .
circumcenter of triangle formed ky., e andps. p1 andpg move parallel to €gy In the pursuit phase leads to the evader bemg trapped and

p2 andpsg respectively. The circles around the pursuers represeirtsbnsing  inside the convex hull of the pursuers. Now capture follows
discs. from the following theorem, which was partly inspired by the
results on the PANES strategy in [5].

Theorem I11.9 (CIRCUMCENTER strategy) In the multiple

pursuer problem with parameters 4229 and N, starting

from a trapping chain formation, if the “evader is detectethwi
eltsweeg € Sltsweed, then using theCIRCUMCENTER strategy,
(i) the pursuers trap the evader within their sensing radii,
(i) the trapping timetyap satisfies

Theorem I11.10 (PLANES strategy? In the multiple pursuer
problem with parameters:, d‘jm(g and N, let the evader

be trapped inside the convex full of the pursuers such that
property(11)is satisfied. If every pursuer follows tiReANES
strategy, then

1 (i) the distances||p;[t] — e[t]|| for everyj € {1,...,N},
trap < V4K2 — 25]\7(1 + .—), are non-increasing functions of time,
2sin¢ (i) the pursuers capture the evader and

1The circumcenter of a triangle is the unique point in the elavhich is (iif) the tImGQ tcap taken in the capture phase is at most
equidistant from all of its three vertices. 18kv4k? — 25N.




Item (i) of Theorem II1.10 implies that once the evader is  Ze[t + 1]e[t]p[t] = m — 0.2. Of the two points possible,
trapped within the sensing ranges of the pursuers, it resnain  the evader chooses that point which is further away from
trapped within their sensing ranges at the end of every pursu  the boundary. In other words, when the evader reaches the
move. The capture is now complete and we obtained a novel boundary, it chooses to move to a point that is away from

upper bound on the total time to capture, it@veepttrap+teap the pursuer as well as not very close to the boundary.
For our simulations, the environment is a circle with diaenet
IV. SIMULATION RESULTS 40 units. We assume = 5 units andrsep = 1 unit. The initial

We now present simulation studies to investigate the rpesition of the evader was chosen uniformly randomly in the
bustness of the algorithms to sensing errors. We study tlevironment. An upper limit o2, 000 time steps was set to
performance of the algorithms in several cases such as-difféecide whether the strategy terminated in a success.
ent sensing to stepping radius ratio and faster evader. ¥ée al The following is a summary of our findings:
study the case of different number of pursuers in the maeltipl (i) Performance of the strategy with noisy measurements
pursuer problem. All simulations were run using MATLAB  The plots of probability of success of the strategy and aera

We assume two types of sensing error models: capture times after detection (given that the strategyiteates

Gaussian errorsWe assume zero-mean additive Gaussiamith capture) for both noise models versus the respectii er
measurement errors in the position of the evader with parameters are shown in Figure 9. We observe a similar trend
standard deviation given by in the performance of the strategy in both noise models.

o;j[t] = ellp;[t] — eft]ll;

for some constant > 0. This means that the uncertainty in
the location of the evader increases with its distance from a
pursuer. The evader is defined to be captured if the probabili
of the evader being inside the motion disc of the pursuerrbefo
the pursuer’'s move is more than a certain threshold. In other
words, for someg and for some pursuey;,

Bo, 1t/ (Wheslt]) C Broe(pslt — 11),

whereB, ;) (yhet]) denotes the circular region of radius|t]
centered ayp.t].

Non-Gaussian errorsThe measured distance is given by
(14€*)||p;[t] —e[t]||, wheree* is a random variable uniformly : N

o X | . . 0 005 01 015 02 025 03 03 04 045 05
distributed in the interval—e, €], wheree > 0 is the specified Eror parameter
_error parameter. With resp_eCt to angular mea$uremerﬂ§’ IfFig. 9. Effect of measurement noise in the single pursueblpm. For a
is the actual angular location of the evader with respect topaticular evader strategy, we study how the capture pilityaand average
local reference frame of a pursuer, then the measured amg|£H9elgltwf(33 time given tgat the strategy SucceedsOi \llary Wi;hndiﬁe fp:’a\ra_metafr,|
PR : : under Gaussian and Non-gaussian error models. In the togfigno interva

Ioga‘uon IS glvgn by9a_+ €05 Where ¢o is a random variable of +0.1 (not shown to preserve clarity) about the probability eat&s is
uniformly distributed in the interval—A#, Af], where the e 95% confidence interval given b P(e) - 2,/%25 P(e) +2,/02),
value of A¢ was chosen to bé degree. The evader is capture@nerer, — 100 is the number of trials [24]. In the bottom figure, the veitica
in this model ifyb([t] € By (pi[t — 1]). bars give a95% confidence interval about the average capture tifi{e)

) step\ o SD(o) SD(o) :
which is given by.[T.(e) - 2\ 509 ,T(.s) + 2‘./ wPe) ] ,. whereSD(e) |.s.
the standard deviation in the capture tini&() is the estimated probability
of success ana = 100 is the number of trials [24].
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A. Single pursuer problem
Under the considered noisy sensor models:
« The SNVEEP strategy remains unchanged. It terminates (ii) Different sensing to stepping radius ratios/e repeated
when an evader measurement is available. the simulations for the cases of the ratio of sensing to stepp
» For the REEDY and LION strategies, the pursuer usesatios = 7 andx = 10. We present the variation of probability
the noisy measurements of the evader position insteadgbfsuccess in the Gaussian noise model in Figure 10.
the true positiore[t] to compute its next position. (iii) Faster evaderWe repeated the simulations for the case
For the evader’'s motion, we assume that it moves away frashfaster evader. Assuming no noise, we present the vamiatio
the pursuer with some randomization, while avoiding thef the probability of success in the top part of Figure 11. We
boundary. Specifically, observe that when the evader is at lea& times that of the
« if the evader is not close to the boundary of the enviropursuer, the proposed pursuer strategy is not efficient.
ment, then it chooses to move to a point on its motion
circle, selected_uniformly randomly in a se<_:tor with angI%_ Multiple pursuer problem
0.2 radians. This sector is placed symmetrically along the ] )
line e[t]p[t] and away from the pursuer. Under the considered noise models:
« If the boundary is visible to the evader, then it chooses. The SNEEP strategy remains unchanged. It terminates
to move to a point[t + 1] on its motion circle such that when an evader measurement is available.



Sensing to stepping radius ratio = 7

, T T T (i) Performance of the strategy with noisy measurements
MW The plots of probability of success of the strategy and ayera
capture times after detection (given that the strategyiteatas
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0af ] with capture) for both noise models versus the respectig er
02} ] parameters are shown in Figure 12. We observe a similar
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Fig. 10. Effect of varying the sensing to stepping radiumratin the single

pursuer problem. For a particular evader strategy, we shady the capture 70— Gavssanamor ‘ ' ‘ ‘ ' ‘ 7]
probability varies fors = 7 and x = 10 with the noise parameter, under

Gaussian noise model. The error bars are in accordance vgitiner9. r

Single pursuer problem
T T T

Average time to capture
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Fig. 12. Effect of measurement noise in the multiple purqueblem. For
] a particular evader strategy, we study how the capture piitha(top figure)

T e T S and average capture time (bottom figure) given that theestyegucceeds, vary

0.2

Estimate of probability of capture

Evader/pursuer speed ratio with the noise parameter, under Gaussian and Non-gaussian error models.
Multiple pursuer problem The error bars are in accordance with Figure 9.

0.8

] (ii) Different number of pursuerdVe repeated the simula-

] tions for the cases of the number of pursuéfs= 10 and

] N = 15. We present the variation of probability of success in
T e the Gaussian noise model in Figure 13.

L
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Evader/pursuer speed ratio
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Fig. 11. Performance of Sweep-Pursuit-Capture strategynsiga faster . e N-10 S
evader. For a particular evader strategy, we study how theie probability g I T T 1T ]
varies for higher evader speeds, assuming no measuremiset e top 5 o8l .
figure presents the single pursuer case and the bottom figesergs the 2 ool i
multiple pursuer case. The error bars are in accordance Rigfire 9. H oal |
% 0.2 4
E
g o . L . . . . L . . .
« For ORCUMCENTER and R.ANES strategies, the pur- R = o
suers use the average of the available evader measure- |, — N-1s L
ments to compute their next positions. g I T I T T I ]
5 0.8 B
For the sake of simulations, we assuve= 7 pursuers £ 0l
with x = 5 units andrsiep= 1 unit. We assume a square field iém,
of edge lengthl00 units, where the evader is initially placed 2 0al ]
. . . £
at a uniformly randomly selected location. Upon detectioa, ki S S —
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

assume that the evader moves away from the closest pursuer Error parameter

with some randomization. SpeC|f|caIIy, it moves to a point OHg. 13. Effect of varying the number of pursué¥sin the multiple pursuer

its motion circle, selected uniformly randomly in a sectér Qyroblem. For a particular evader strategy, we study howaipéuce probability
angle equal td).2 radians. This sector has its vertexeff and varies forN = 10 and N = 15 with the noise parameter, under Gaussian

angle bisector parallel to the |iﬁ¢tsweed0, Wheretsweepis the hoise model. The error bars are in accordance with Figure 9.

time when the evader is detected ands the circumcenter of

the triangleps(tsweed, P6ltsweed and eltsweed. We study how (i) Faster evaderWe repeated the simulations for the case

the average capture time after detection varies wikn upper of faster evader. Assuming no noise, we present the vamiatio

limit of 1000 time steps was set to decide whether the strateg§ the probability of success in the bottom part of Figure 11.

terminated in a failure. We observe that when the evader is at lga8ttimes that of
The following is a summary of our findings: the pursuers, the proposed pursuer strategy is not efficient



Variation of upper limit on pursuer group size with evader density

V. BIOLOGICAL INTERPRETATIONS °
Our analysis in the previous sections can shed light on the 12 S
trade-offs that predators face when deciding upon the group ;
size. Based on our results from Section lI-B, we now study .
how the group size of the pursuers varies with the evader o o
availability in the multiple pursuer problem. °
For simplicity, we assume a square field where the evader j T
is initially located and denote by := m the evader is o
density. From the results in Section IlI-B, an upper bound on o
the total time taken by the pursuers in all three phases of the T*®
strategy is given by o
1 cN ‘ ‘ ‘ ‘ ‘
6(aN + b) + \/E(GN + b) + kN’ 0 o2 o4 Evaderdegsiely o8 ! <10°

whereq := 2r§tep /412 — 25/7r, b= (2m€_ 642 — 25)/7T, Fig. 14. Plot of maximum group size of pursuers that can bagel versus

the evader density, for k = 5, =1, v = 10000.
¢ = 2rqep/AK2 — 25 and k = ArZ — 25(1 + 1/sin¢) + W, forse =5 raen =1, ¥
18kv/4k? — 25 are constants independent of the number of

predatorsV or the evader density. We considered two variants of the pursuit-evasion in disere
From part (i) of Theorem IIl.7, we observe that when alime The first involved a single pursuer and an evader in a
other variables are kept constant, the lower bound on Sygsunded convex environment. The second was a formation
cgssful detection probgbility of theV\EE_EP strategy incr_eases design problem for multiple communicating pursuers to cap-
with N. However, a higherV results into a greater time e 3 single evader in a boundaryless environment. In both
capture the evader. This suggests a trade-off on the graep §oplems, the evader was initially located inside a bounded
N which we analyze as follows. subset of the environment and moved only when detected. We
Let v denote the nutritional content of the evader. WBroposed a Sweep-Pursuit-Capture strategy for both prable
quantify the energy spent by each pursuer as the time takefy the first problem, we gave sufficient conditions on the
to capture the evader. The energy gain from the pursuit rfnge of values taken by the ratio of sensing to stepping
quantified as the amount of nutrition each_ p_articipatiqg;per radius of the players so that theRGEDY pursuer strategy
receives from the evader. For a self-sustaining pursuinwst  of moving towards the last-sensed evader position leads to
have that the energy gained by each pursuer is at least eq{al eyader being trapped within the pursuer's sensing disc

to the energy spent during the hunt. Thus, and finally to capture. We also gave conditions under which
v 1 cN there exist locations from which the evader can escape. In
N > 5(aN +b) + V3(aN +b) +EN. the second problem, we have shown that the pursuers capture

the evader with a certain probability that is independent of

From this relation, we observe that for a given valueiof the initial evader location in a bounded region. We gave
there exists an upper limit on the number of pursuers in th@vel upper bounds on the total time taken to capture for
group for which it is advantageous for the pursuers to engageth problems. We also presented simulation studies that
in a pursuit with the prospect of gaining energy. A plot of thaddressed the performance of the strategies under sensing
upper limit on the group sizéV' versus the evader densiy errors, different ratios of sensing to stepping radiusatme
is shown in Figure 14, evader speed and different number of pursuers. Finallyhen t

This analysis shows that for higher values &fa larger basis of the obtained upper bound on the total capture time,
number of pursuers can be accommodated in the trapping provided an upper bound on the group size of the pursuers
chain. This is consistent with observations in the biologr which the pursuit is advantageous from the point of view
literature by Caraco and Wolf [25] that have reported highef gaining energy. The conclusions based on our analysis are
group size in foraging lions during the wet season (preynsistent with observations reported in ecology litexatu
abundance), than in the dry season, (prey scarcity). Aurthe In the future, it would be interesting to design efficient
from our analysis, it also follows that for a given evadestrategies for the single pursuer problem in complex enviro
density, the higher the prey nutrition value the higher is ments. Also, considerations such as communication losses o
the upper limit on the number of pursuers in the trappingrors in the multiple pursuer problem and more sophisigtat
chain. This is consistent with the observations reported Bgnsing models for the players are potential future divesti
Griffiths [26] regarding how the size of hunting packs relate

to the size of the prey relative to that of the predators. ACKNOWLEDGMENTS
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