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Online Verification of Automated Road Vehicles
Using Reachability Analysis
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Abstract—An approach for formally verifying the safety of

the ego vehicle does not intersect that of all other relevant

automated vehicles is proposed. Due to the uniqueness of &ac traffic participants for all times, safety can be guaranteed

traffic situation, we verify safety online, i.e., during theoperation
of the vehicle. The verification is performed by predicting he set
of all possible occupancies of the automated vehicle and ath
traffic participants on the road. In order to capture all possible
future scenarios, we apply reachability analysis to consier all
possible behaviors of mathematical models considering uecain
inputs (e.g. sensor noise, disturbances) and partially umown
initial states. Safety is guaranteed with respect to the magled
uncertainties and behaviors if the occupancy of the automatd
vehicle does not intersect that of other traffic participans for
all times. The applicability of the approach is demonstrate by
test drives with an automated vehicle of the Robotics Instiite
at Carnegie Mellon University.

Index Terms—Formal verification, reachability analysis, auto-
mated vehicles, autonomous cars, set-based computation.

I. INTRODUCTION

Simulation technigues cannot guarantee safety, sincateifin
many possible future scenarios of a traffic scene exist aed on
can only perform a finite number of simulations.

Simulation techniques can be extended for formal analysis
by guaranteeing that simulations starting indaegion of
the initial state stay in am-region of the simulation so that
a reachable set can be represented by a finite number of
simulations, see [2]. All simulation-based approachesehav
the disadvantage that an exponential number of simulatons
required. Considering only the extreme cases reqaiteg ¢
simulations, where: is the number of state variables, is the
number of inputs, and is the number of parameters. Note that
time-varying inputs (which may cause resonance) are nat eve
considered by looking only at the extreme cases.

Since every traffic situation is unique, it is necessary that

Automated driving will unquestionably provide a variety oplanned maneuvers be constantly verified during the operati

benefits. Among them are the reduction of traffic injuries a

fatalities, time savings when working in the vehicle, retiture

of traffic jams, and mobility for people that previously cdu
not drive. This vision can only be realized if the designens ¢
guarantee that the vehicle will never cause an avoidab#hcr
In order to meet these high safety requirements, we prop
to use formal methods to verify the safety of automated ca
The verification is based on dynamic models that describ
possible behaviors of the considered vehicle (ego vehic

and other surrounding traffic participants. We assume t
the uncertainties acting on those models can be chosen |
enough to capture all possible behaviors of the real wor
If the obtained results are too conservative, one can aRs
provide models that only capture the real behavior up to a

user-defined probability. In this work, reachability arsdyis

used to guarantee the legal safety of planned maneuvens gi§
the aforementioned assumptions, meaning that we guara

a

the vehicle, which we calbnline verification Parts of
this computation process can be precomputed and stored in a

| database, such as time-critical evasive maneuvers. Howeve

is not possible to store verification results of all posstiééfic
situations. In order to meet computation time requirements
st previous work in mobile robotics assumes knowledge of
fbe future behavior of other objects in the traffic scene esus
gnple models to predict their possible behaviors. The Esaip
del for unknown holonomic behavior assumes intervals on

HY ssible velocities in all directions (e.g. in [3]); morevadced

%g’gcé(:lels assume intervals on the acceleration (e.g. in [4]), o
t

Id.

(e.g. in [5]). More complicated non-holonomic models
based on Dubin’s car [6], or a tricycle model [7].
All these works assume that the future motion of the ego
vehicle is perfectly known, which is a good assumption for
g)w—moving indoor robots. However, fast maneuvers of auto
ed cars on terrain of varying quality and in varying weath

not to cause a collision [1]. Note that it is generally impibkes conditions, influence of sensor errors, and the like, requir

to avoid a collision caused by other traffic participantsg,.,e.

consideration of uncertainties in tracking planned triajges.

one cannot avoid a collision from behind when one is capturgds especially important to consider these uncertaintiben

in a traffic jam.

Reachability analysis computes the set of all states rédeh
when the sets of initial states, sensor measurements,
disturbances are uncertain. Reachable sets of the egole/eh\f\@
and other traffic participants make it possible to compuée t
set of occupied road sections over time. If the occupancy
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systems require certification [8]. Most previous work agoid
considering uncertainties in trajectory following due teet
HH}ﬁrent challenges in verifying nonlinear dynamic sysem
th several continuous state variables, as summarized]in [
Most approaches for nonlinear reachability analysis abstr
%p nonlinear dynamics to differential inclusions of siepl
ynamics, either by simplifying the dynamics within regson
of a fixed state space partition [10], [11], resulting in a figb
(mixed discrete/continuous) system, or by simplificatiothie
vicinity of the reachable set [12]-[14]. The latter apptoac
generally outperforms fixed state space partitions, sitice i



JOURNAL OF XX, VOL. X, NO. X, JANUARY XXXX 2

does not require the consideration of hybrid dynamics. Agombine set-based computations as presented in this wérk wi
proaches which do not use abstraction are mostly based sbochastic approaches, such that computationally expensi
computationally demanding optimization techniques [16] stochastic dynamics can be restricted to traffic partidpéor
on a reformulation of the reachability problem as Hamiltorwhich the occupancy intersects with that of the ego vehicle
Jacobi equations, whose solution procedure has expoher®®]. However, the set-based computations in [35] are k&ari
complexity in the number of continuous state variablesf15hnd thus not applicable to a formal analysis.
[17]. When the nonlinear system is monotonic, upper and The reviewed literature shows that nonlinear continuous
lower bounds on the reachable set can be easily compusydtems are usually verified offline due to the complexitihef t
using simulations of corner cases [18], which is used for thpgoblem. However, previous work of the authors [36] shows
model of other traffic participants in the current work. Fothat online verification is theoretically possible when lgpm
chemical reaction equations, those upper and lower bourtlle efficient approach first published in [13]. In this worle w
of the nonlinear system can also be computed efficientlyresent the following innovations compared to [36]:
but a special structure of the dynamics is required [19]., The approach is tested on a real vehicle (Cadillac SRX
This procedure can still be applied when one can bound the research vehicle of Carnegie Mellon University);
dynamics by monotone systems [20], which is also applied fors The vehicle model is validated by real world experiments;
guaranteed parameter estimation [21]. « Instead of only considering the reachable set of the
An alternative to reachability analysis is automated tegor ego vehicle, we also consider the computation of the
proving, which has been applied to automated cruise control occupancy of other traffic participants on the road:;
[22]. In that work, it is assumed that all vehicles on the o The interaction of the maneuver planner with the verifi-
road have to be automated. Additionally, automated theorem cation module is sketched:;
proving requires human interaction, see [23, p. 3577], such, The vehicle controls are modified to fit the interface of
that it cannot be applied to online verification. The number the Cadillac SRX;
of required interactions, however, is expected to decr@ase o The reachability analysis is improved and presented in
coming years. more detail. Specifically, the computation of the lineariza
Constraints for safe vehicle movement, such as avoiding tion error assumption is now automatically adapted.
other traffic participants and road boundaries, can also $ge paper is organized as follows: The basic idea of our
formulated in a robust model predictive control frameworkerification concept is described in Sec. Il. Mathematical
[24]. In model predictive control, an optimal inputis coned  models of the ego vehicle and other traffic participants are
based on solving an optimal control problem for a finit@erived in Sec. IIl. The reachable set computation of the ego
time horizon, where only the first section of the optimajehicle is presented in Sec. IV and the occupancy computatio

input trajectory is executed. This procedure is repeated §pother traffic participants is described in Sec. V. Resafts
that the solution adapts to the current situation. In tubged the test drive are summarized in Sec. VI.

model predictive control (tube-based MPC), concepts from
reachability analysis are mixed with model predictive coht Il. BASIC IDEA AND ASSUMPTIONS

Most of the work on tube-based MPC considers linear systemsp safety concept presented in this paper is based on
[25], [26], but c;oncepts for nonlinear systems also exig{.[2 the principle that plans are only executed when they are
However, nonlinear tube-based MPC approaches are COMPHified for all times. This is achieved by first planning a

_tatlonglly to0 expensive to be used for an onl_lne applicatiq, , igimensional trajectory((-) the vehicle should follow,
involving fast dynamics with several state variables, sash where((t;) is the reference vector at the final time of the

the vehicle dynamics of this work. intended plah Note that the terntrajectoryis used since the

Another line of work provides formal methods to synthesizg¢erence values are specified over time. In other appdicati
trajectories based on temporal logic specifications that A is sufficient to follow a set of points, referred to as a

provably correqt. In [28] temp_orql logic specifications at_sgd ath However, paths are not sufficient for many automated
o spemfy requ_lrements on m|55|ons_for u_nman_ned a_enal Veﬁmneuvers, such as intersection crossing (one could s&aver
cles. Trajectories for automated vehicles in static emrirents the intersection arbitrarily slowly), making it necesstmyuse

are synthesi_zed in [2.9] within a di_scretized environment. ﬁ‘ajectories [37]. The state of the vehiciéts) might be an
discrete environment is also used in [30] _to Symhe?'ms‘)l_"j‘i'?ievitable collision state, i.e., a state for which therésex
for teams of robots. Another work synthesizes robotic nmtiq, J .onirol action that can possibly avoid a future collision

for a point mass (double integrator) by bounding the error

an abstract kinematic model and using the abstraction for ccepting intended plans with a subsequent maneuver that

planning task [31.]' . brings the vehicle to a stop at a safe location, such that it
A completely different paradigm is to analyze planned paﬂ&%\nnot cause a collision for all future times, see [40, Sec.

using stocr;astic mlethods. Most appr(zjgchdes of this c?teg;ery IV.E]. To focus on the verification aspect, it is assumed that
Monte-(_:ar 0 simu ation [32], [33]. A disa vantage of Monte oterence trajectory is already planned by a standard appro
Carlo simulation is that the computed result differs for thge g. [40]). Note that any kind of trajectory planner can be

same situation depending on the sampling of possible fuui:rgmbined with the proposed verification scheme.
scenarios. This is avoided by approaches that compute the

stochastic prediction deterministically [34]. Some agmtees  We use reference trajectory, plan, and planned maneuwsciEngeably.

g], [38], [39]. We prevent inevitable collision states bylyp
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. ircul
The used trajectory planner should be adapted such thah%{,?;t%rn v ( )E ( )E
new reference trajectories branch off previous ones attpoin enlarged

z(tyer) that are reached by the ego vehicle when the verificapccupancy
yon_of the new referen.c_e trgjectory is completed, as ilatsd vehicle ( t) ; ( ) i
in Fig. 1. When the verification result safe the new reference occupancy . ,

trajectory is chosen, and when it imsafe the vehicle stays Fig. 2: The ego vehicle intends to pass a narrow gap, which

on the previous one. Thus, the braking maneuver leadingdfnnot be passed when adding a fixed circular deviation.
the safe stop is only executed if the vehicle repeatedly ts no

able to find a new safe trajectory. An upper bound of the time
for which the new reference trajectory should branch off is
easily obtained, since the worst-case verification tim@isalr

in the time required to follow the new reference trajectory 2)
tezees SO thatt,e, = viezec, Wherev is a constant describing

the efficiency of the implementation.

parked
vehicles

the accuracy of the sensors, one can specify possible
uncertainties of measured data.

The models that predict the movement of the ego vehicle
and other traffic participants enclose all possible real
behaviors required to ensure that the ego vehicle does
not cause a crash (legal safety [1]). This is achieved

position at occupancy at other ; ° _
toer = Uteee \I— t = [to, t1] —‘\‘ vehicle by_conS|_der|ng boundeq, buft uncertain, values qf sensor
v v o noise, disturbances, driver inputs, and uncertain initial
i | IEC ) states. Note that the time-varying behavior of inputs such
_____________ 44— braking as sensor noise and disturbances is arbitrary, as long as
! [__| ~ the values are within bounded sets.
A T ) 3) It is assumed that either bounding uncertainties of the
occupancy at  o|d ref. new ref. ) 9

ego vehicle  obstacle t=[t;_1.t;] trajectory trajectory sets are chosen large enough to capture all possible
Fig. 1: Verification by checking occupancy intersection. values, or that the bounds capture all possible values
by a probability boundpy, €.9.p, = 99.999%. In the
latter case, the verification can only guarantee safety by
a certain probability, which depends on the choiceof

) In order to obtain practical results, we assume that other
traffic participants respect traffic rules, as long as no
traffic rule violation is detected — corresponding traffic
rules are no longer considered once they are violated.
Based on this assumption we can guarantee that the ego
vehicle does not cause a crash (legal safety [1]).

The verification of each reference trajectory is performed
by computing the reachable set of states of the ego vehicle
and other traffic participants based on a dynamic model an
uncertainties specified by bounded sets. The occupancyeof th
ego vehicle on the road is determined by considering the size
of the vehicle and the projection of reachable sets on positi
variables and orientation. If, for all times, the occupanty
the ego vehicle does not intersect that of all other traffic
participants, and if the drivable area is not exited, thenarice Given the above assumptions, all possible behaviors are cap
trajectory is safe. tured by the presented approach, which makes it possible to

An alternative to computing the reachable set of the eguove that no collision can occur under the given assumstion
vehicle based on the vehicle dynamics (under consideratioar that reason, we qualify the approachfasmal to em-
of a set of initial states, input trajectories, and a set sapa phasize the rigorousness within the mathematical framlewor
eters), is to simply add a fixed deviation from the referen¢gwovided by the models.
trajectory. By doing so, one would not distinguish between If reachability analysis or another formal technique was
situations in which a vehicle has to slowly pass through a gapt applied, one would at least require a stability analysis
versus those in which a vehicle has to perform an aggressofethe trajectory tracker. This, however, is challengingcs
evasive maneuver. For evasive maneuvers, the deviatiom frthe stability analysis depends on the reference trajeciagy
the reference trajectory can easily become more than a metypically requires finding a Lyapunov function for each refe
as demonstrated in [41]. Even if we increase the occupareyce trajectory (which are infinitely many). Only for spécia
by less than one meter in each direction for the gap scenatantrol concepts, such as flatness-based control design, ca
in Fig. 2, the safe maneuver will be classified as unsafiie dependence on the trajectory be ignored, as long as the
so that the vehicle cannot pass through the gap. Anotheodel perfectly matches the real behavior. Unfortunatéis,
alternative is to use heuristics to model the dependency isfrarely the case due to uncertain parameters (loading of
the reachable set on velocity, angular velocity, slip anglthe vehicle, tire-road friction, etc.) and disturbancesa¢
friction coefficient, shape of the reference trajectoryd o imperfections, wind, slope, etc.) so that the stability lpsia
on. However, considering all influences is difficult and thef the undisturbed model becomes inconclusive.
result would not be overapproximative and thus not qualify
for formal verification and certification.

In order to conclude whether a planned trajectory is safe,
several assumptions are made in this work: This section introduces the dynamic models used for the

1) The vehicle sensors detect all traffic participants releachability analysis of the ego vehicle and the occupancy
evant for the safety analysis. However, depending qmrediction of other traffic participants.

I1l. M ATHEMATICAL MODELING
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A. Ego Vehicle Model B. Tracking Controller of the Ego Vehicle

The vehicle model consists of equations representing theThe tracking controller in this work provides the com-
lateral dynamics, the longitudinal dynamics, and the pmsit manded steering wheel velocity, and the commanded lon-
on the road. All variables of the vehicle are related to th@itudinal acceleratioru,. We use a simple controller with
so-calledbicycle modelwhich is the standard model for thesufficient performance for the driving experiments. The-pro
control design of yaw stabilization systems [42]. The mod&pPsed controller is not designed for high performance, but
ignores roll and pitch, such that it suffices to consider onf demonstrate the verification approach. By replacing the
one front and one rear wheel as for a bicycle (see Fig. :g:)quations of the tracking controller, any other control can
The authors have shown that effects of high-order models d@tentially be considered, as long as the dynamics of the
be captured by the presented low-order model when addwtrolled vehicle can be described by ordinary differanti

uncertainty [43]. equations. . .
For the tracking controller, we consider a frame that moves

along the reference trajectory, such that the x-axis is ydwa
tangential and the y-axis is always perpendicular to therref
ence trajectory, see Fig. 4. Desired values provided by the
reference trajectory are denoted by the subsafipFor a
concise notation, we introduce the lateral and longitudina
tracking errore,, ande,:

€z =008(Uy)(Sgp,a — Sz) +sin(¥q)(sy.a — Sy)s

Fig. 3: Bicycle model.
€y = —sin(Vq)(Sg,a — Sz) + cos(Pa)(sy,a — Sy)-

For describing the vehicle dynamics, the cornering stifA desired front wheel angle is generated by weighting the
nessesC, C, and the distance$;, [, form the center of lateral tracking error and the errors of the yaw angle anet rat
gravity to the axes are introduced, where the indi¢eand ~ ~ S .

r refer to the front and rear axis. Further, we require the 0a = krey + ka(Wa — ¥) + k3(Va — W)
\.Il.?]hlde massn and the rotational m_ertla of the yaw aﬂg. The commanded angular velocity of the front wheel is ob-
e parameter values of the Cadillac SRX are obtained & 4 by the proportional contral, = ks(d, — 5). Weighting

described in [44] and are listed in Tab. I. The state varmbfe the lon i{udinal tracking error and tEe Z\L/eltécit érror i
the bicycle model are the slip angle at the center of ngasise the cor%manded lon itgdinal acceleration: y

heading angl&, the yaw ratel, the velocityv, the x-position 9 :

sz, the y-positions,, and the angle of the front whee| see ay = kseg + ke(vg — ).

Fig. 3. Additionally, additive disturbance valugswhere the

subscript denotes the disturbed variable, are introdutiease  After introducing the gaing; = k4 - k; for i € {1,2,3} and
variables model rough roads, wind gusts, and the like. Tlgding sensor noise, which we denotedogind the subscripted
inputs to the system are the longitudinal acceleratiprand  disturbed variable, the final control equations are:

the rotational speed of the steering angle The differential

equations of the vehicle model are v :kl(cos(\lld)(sy,d sy —wy) — SIN(Wg) (500 — 52 — wx))
B :(Lfflf _ 1)\i;+ ﬂg_ Mﬁ-ﬁ-yg k(U — U —wy) + ks(Va — & — wy) — ka(§ — ws),
mu 9 n;v . az :ks(cos(\I’d)(szyd — Sz — Wg) +sin(¥q)(sy,a — Sy — wy))
(I}ZZTCT—lfoB_lfC’j'—l-lTC’rE#_lfod%_y‘ o
1. 1. . I. W + ke(vag — v — wy).
V =0y + Yo (1)

Sz =vcos(B+ ) + ys,
5y =vsin(f + V) + s,

S
,‘/ﬂxyd

5 =V + Ys Y
The first two equations describe the lateral dynamics origi- 6 [n;x,dasy,d]T
nating from force and moment equilibria due to the lateral r ’
tire forces (see [42]). The third equation simply descrithes Fig. 4: Moving frame for the used trajectory tracker.

longitudinal dynamics by integrating the commanded langit

dinal acceleration to obtain the velocity of the vehicleirds

the kinematics of the vehicle, the derivative of the posiiin o )

x- and y-coordinates are obtained by the directior-@) and C- Validation of the Ego Vehicle Model

absolute value of the velocityin the fourth and fifth equation.  Combining the equations of the vehicle model with those of
Finally, the front wheel angle is obtained by integratiortted the tracking controller results in the model of the cong&dll
commanded steering wheel velocity. vehicle. The degree of conformity with real world behavior
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TABLE I: Vehicle parameters. main source of uncertainty is the model input (changing lane
accelerating/decelerating) and not a potential inacguic
the dynamic model. We propose a model that satisfies the

vehicle parameters

m I, Cr=0Cr ly [ g .
2273 kg 4423 kg m®  10.8e4 Nfrad  1.292m  1.515m following constraints:
control parameters C1: positive longitudinal acceleration is stopped when a pa-
3 %2 %3 %4 %5 %o . i
9 12 4 9 1 10 rameterized speetl,., is reached ., could be set to

a certain percentage above the official speed limit).
C2: driving backwards in a lane is not allowed.
C3: positive longitudinal acceleration is inversely propantgl
is shown in Fig. 5 for a double-lane-change maneuver that is o speed above a parameterized speed(modeling a
formally verified in Sec. VI. It is worth mentioning that ddeb maximum engine power).
lane change maneuvers are successfully used for valida{ing maximum absolute acceleration is limited BYioxc.
the lateral dynamics of vehicles, see e.g. [45]-[47]. ThEI O5: actions that cause leaving the road/lane/sidewalk/eross

in Fig. 5 compare the behavior for the yaw angle, the yaw  alk boundary are forbidden. Crossing lanes for traffic
rate, the x- and y-position and the front wheel angle. It can j, the same direction is allowed.

be seen that especially the yaw angle and the position
very well modeled, while the yaw rate and the front whe
angle (which are closely related) show a small deviationtdue
unmodeled effects such as actuator dynamics and time de
However, this is no problem for the formal verification, a
model mismatches are considered by adding uncertainty.

GnstraintsC3 and C4 are physical constraints, while the
ther constraints originate from traffic rules as listed in
he Vienna Convention on Road Traffic [48]. The above

nstraints are considered to be the most important ones
%Iescribing the uncertain behavior of traffic participarits.
should be mentioned that the absence of constraint results

04 in a larger occupancy of other traffic participants and thus

3 only verifies more conservative behaviors of the ego vehicle
Thus, neglecting certain constraints does not result in an
2.9 0.2 e i . .
unsound verification procedure. This is especially usefdes
2.8 there are many traffic rules and many of them are specific to
> 27 > 0 specific countries. Further rules can be added without requi
changing the basic principles of the presented approaah. Fo
2.6 02 other road vehicles, all of the above constraints are pialgnt
25 active, while e.g. for pedestrians, only constraififtsand C2
5 4 p 2 p p are enforced and’5 is applied to s.idewalks ar_wd_ crosswalks
instead of road and lane boundaries. When it is sensed that
t 015 ¢ a cc_)nstraint i_s viola_tgd, it is no longer conside_red for that
30 particular traffic participant. E.g. when a pedestrian segsa
25 0.1 street where no crosswalk is present, constr@mts removed
0.05 and only constraint§’l and C'2 are active. Another example
20 is that when it is sensed that the reversing lights of a vehicl
S 15 ~© 0 are on, e.g. to start a parallel parking maneuver, constfzin
-0.05 on driving backwards is removed. The removal of constraints
10 o1 is presented for the considered examples in Sec. VI-B. To
5 ' describe the system dynamics, we use the same variable
60 %0 00 190 3 P 6 symbols as _for the ego vehlgle, bu.t add a tilde for distinctio
5 ) Thg dynamics of other traffic participants are modeled by a
i . , . point mass:
Fig. 5: Comparison of the controlled vehicle model with the ) )
data obtained from the double-lane-change driving expartm 5.(t) = ax(t), 5y(t) = ay(t). 2

The gray line shows the simulation result and the black Iir]

e . N . :
the measured data. n order to restrict,(t) anda, (t) according to the constraints

C1-C5, we introduce unit vectors that point along the lon-
gitudinal and lateral directions of the vehicl@®,,,(t) =
%[ﬁw(t)a ﬁy(t)]T’ (I)lat(t) = %[_ﬁy(t)a ﬁw(t)]T’ where v =

D. Model of Other Traffic Participants [[[02, 9] " [|2. This makes it possible to formuladg, a,, by the

The model for other traffic participants is simpler comparel.angiufdinal acceleratioliong (¢) and the lateral acceleration

to models used for designing trajectory tracking contrslle alar (1): -

One reason is that parameters of other traffic participams a {g“] = Piongliong + Platbiat

typically unknown (unless transmitted via vehicle-to-iodd Y

communication), so that complicated models requiring ideiihe lateral acceleration is determined by the maximum ab-

tified parameters are useless. The other reason is that sbtute acceleration,,,, and a normalized steering input,
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whereu; = +1 represents steering to the left or right usingrajectory(*(-) and uncertain set®(0), ), andW is
the full tire friction potential:

Re([ov tf]) = {X(ta Zo, C()a y()? w())‘t € [Oa tf]a
70 € R(0),C(t) = C* (1), y(t) € V,w(t) € W}

In general, the set of reachable states cannot be computed
exactly [49], so that one has to compute overapproximations
- _ s ~9 R([0,t¢]) 2 R°([0,%y]). Since reachable sets can be com-
Qcl,long = \/ Qmax — Aat- + : :
puted efficiently for linear systems (see Sec. 1V-B), thesgiv

We further introducevs as the speed above which the aCr_1on|inear equations are linearized in a conservative @ashi
i.e., all possible linearization errors are consideredulteng

celeration is limited by the engine power and no longer H_;F e _
the tire friction so that the acceleration potential becemd! @n Overapproximative computation of the reachable set.
inversely proportional to the vehicle speed (see e.g. [88, S

[1.B.1]). Similarly to the lateral acceleration, we intnack a A. Conservative Linearization

normal~|zed control inputi, for the I_ongltudmal a.ccele.ra.tlon, The reachable set is computed for consecutive time interval
whereu, = +1 represents full braking/acceleration within the

scclratonpoental. Limfed engne poner, e st % 411 WP Ciu s consent e vor
forward driving, and the maximum speed (constraiitsC3) 9 P

. L . be synchronized with the occupancy computations of other
are considered by limiting the acceleration to . . Co . L
vehicles using the same time intervajsand that linearization
35 §g <0 < Dax A flg > 0 points can be computed in advance making it possible to

Alat = AmaxU1-

In order to consider constraiit4, the remaining acceleration
potential in the longitudinal direction is limited to

dmax v
- - C o~ arallelize computations as discussed in Sec. IV-D. In orde
_ Gmaxs 0<v<0g V(v>05Au2 <0 P . . . . _
dc2jong = ( =8 ( s Nz < 0)) to obtain a concise notation, we introduce the vectors-
AU < Umax [yT, wT])T andz = [T, aT]T as well as the séf =Y x W.
0, 0<0V 02> Unax The linearization point is denoted by = [z*,4*], where

Combining dc1 jong and ez 1ong results in the longitudinal x* an_d a* are the_ linearization points of th_e state and .the
acceleration complying with constraint&l-C4 (C5 for road combined input (disturbance and sensor noise), respsctive

departure is considered later): Note that the reference trajectofyt) is realized by a zero-
order hold such that(¢;) is constant in the time interval
- (c2,long U2, |Gc2,1ong U2| < @ctlong 7x. For the subsequent derivations, set-based addition and
a A— . . . . .
long Gcltong SYMT2),  |Ge2.1ong G2] > Gel long, multiplication have to be defined:
where sgi) is the sign function. The method for computing Co®D:={c+dlceC,de D},
the occupancy sets based on this model is presented in Sec. V. C®D:={cd|ceC,de D},

wherec and d are matrices or vectors of proper dimension
IV. REACHABILITY ANALYSIS OF THEEGO VEHICLE such that addition and multiplication are defined. Note that

The behavior of the ego vehicle is uncertain due to sendff Symbol for set-based multiplication is often omitted fo
noise, disturbances, uncertain initial states and vargargm- Simplicity of notation, and that one or both operands can be
eters. In Fig. 5 it is seen that the model of the controllegingletons. In order to avoid parentheses, it is agreed that
vehicle only approximates the real behavior when uncertaipPerations of flxed values have precedence over correspgndi
ties are not considered. To obtain the more general foft-based operations:+ b ® C = (a +b) © C. This does not
i = f(z,¢,y,w) of the controlled vehicle dynamics, the stat@PPly to different operations, e.g.+ b & C # (a +b) ©C.

vectorz, the reference vecta, the disturbance vectar, and ~ Using a first-order Taylor expansion around the lineararati
the sensor noise vectar are introduced: point z*, the original differential equation of thé" coordinate

. 5T is enclosed by the differential inclusion
= Bv \Ila \Ija 1}, Sma Syv

z =
. YVt e Ty
¢ =[sa.d, 4., Ya, Va, va]” " Ofi(z,C(tr))
. * i\~ k *
y=lys, yu. Yi: Yo, Ys.» s, Ysl" i € file", b)) + ——o | (=2 eLi(m),
— T
w —[U}w, Wy, Wy, Wy, Wy, wé] =[A(z—z*)+B(a—0*)]s
We denote the set of uncertain bounded initial stateR @, ®)

the set of bounded sensor noise values*sand the set of where( is the set of Lagrange remainders
uncertain bounded disturbances ¥s The solution toz = )
F(.C..w) for 2(0) = ao, ¢ € [0./], and trajectories(), £, () — {lu — gy LAz L)
y(-), andw(-) is denoted by (¢, zo, ¢(-), y(-), w(-)). Note that 2 022

¢(-) refers to a trajectory, wheredst) refers to the value of ~ ~
the trajectory at time. The exact reachable set for a reference § € R(m) x U,z € R(mi) x U

Zzg(z —z%)

(4)
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The Lagrange remainder covers all possible linearizaticore 2) Obtain the convex hull ofR(t;) and Ry, (tx+1). This
when ¢ may vary arbitrarily in the set of possible values of encloses all solutions for the current time interval as-
« and @ given by the Cartesian produft(r;) x U, see [50]. suming that trajectories fromR(¢x) to Ry (tx+1) are

In this work, we overapproximaté(r;) in (4) using interval straight lines and that the input is certaiiia( = 0).
arithmetic [51], which requires the variablesand ¢ to be 3) ComputeR(7) by enlarging the convex hull of 2)
bounded by multidimensional intervals. This is achieved by to account for the error made by the assumption that

enclosing the set®(r;) andi/ by axis-aligned boxes. trajectories are straight lines and account for the set of
The set of linearization errorg€ in (4) requires the set uncertain inputg/x # 0 (details are explained later).

of reachable state®(7;;), which in turn requires the set of

linearization errors to be computed. This mutual depenglenc R(me)  —=

is resolved by assuming a set of linearization errg(s;) R (s
which should be a superset of the exact set of linearization *

errors£ (7). In order to obtain tight overapproximations, we convex hull of

use the set of Lagrange remaindéis,_,) of the previously RR((fk)’ )

computed time intervat,_;, which have been obtained by Rity) AL

applying interval arithmetic to (4). The new assumption enlargement
an overapproximative set of linearization errors of therentr . ’

time intervalr is heuristically obtained by enlarging(r;_1)
by a user-defined factox: Fig. 6: Steps for the computation of an overapproximation of
_ the reachable set for a linear system.
L(1) =¢ D MNL(11_1) ® (—2)), (5)
usingr = t41 — tg, the solution ofR;, (tx+1) is based on

where ¢ is the volumetric center of(7;.—.), which corre- he \yell-known solution of linear time-invariant systems:
sponds to the center of mass of a homogeneous solid body.

Note thatA is the only ad-hoc assumption that has to be R (trs1) = eV R(tr) +/ A=t gt q, .
made by the user to obtain the linearization error. In the 0

previous work [36] the assumptiofd(7;) was fixed for all
times, resulting in a larger reachable set. If the assumpti

does not hold £(7,) 2 L(7x)), the verification is aborted \ oo i the identity matrix. However, sincé is not always

and the trajectory s retumned as unsafe. Alternatlve!ye Ofhvertible, we compute:, () by integrating the Taylor series
could split the reachable set or enlarge the assumption, teA’“ — "% (Ar)i/(il) for up tor Taylor terms, where;
- 1=0 ° ’

tf}|s V.ﬁ?]u'd rt:]§url]t_|n_ a no]rc}.-dtetgtrrr]ntlﬁlstlc time SL;ratlon Oékthcan be set by the user. In order to account for higher order
aigorithm, WRICh IS In contiict wi € proposed framewon ITaylor terms, an interval matrig,(r) := [-W (r) r, W(r) ]

Sec. Il. When a reference trajectory is returned as undazée,_ fs introduced, whose symmetric boundsV’(r) » and W (r) r

previously verified trajectory is executed. No_tg that theesi are computed according to [52], so that the particular oiut
of £(r;) does not grow constantly, but stabilizes around a

certain size since the proper(7;) 2 L() has a shrinking #y(r) is bounded by

=:p(r)

ft Ais invertible,z,, (r) can be computed ad~*(e4” — I),,

effect and (5) has an enlarging effect. The valuelotan 1. Aipitl .
be selected as followsA has to be decreased when the ap(r) € ( m@gp(r)) Bt R
reachable set is rapidly overapproximated, and increa$ethw =0
Z(Tk) 2 L(7y)- =:I'(r)

The reachable set due to the uncertain and convex iput
B. Reachable Set Computation of Linear Systems is obtained as derived in [52]:

Based on the set of linearization erratér;; ), we compute AN (AT N
the reachable set of the linearized systeft) = Ax(t)+i(t) Ryp(r) = @ i+ 1) ©Us |B([=W(r)r, W (r) rieltal),
in (3), whereVt € 7, : 4(t) € U(tx) and =0 8)
- N " where the absolute value of a set of vectdrsis defined el-
Ulty) =f(z (t’f)’ C(tr)) — Aw (tf) (6) ementwise agM|; := sup{|m;||m € M}. The enlargement
® B(U & (—0*(tx))) & L(7k). required to bound all affine solutions within is denoted by

. _ N _ ) R. and is computed as in [53, Chap. 3.2]. The reachable set
As a preparation, we split the effect of(¢;) into its center ¢o the next point in time and time interval is obtained by

i and the translated sety = U(1y) © (—i.). The following - compining all previous results and using the operatafr)
algorithm takes advantage of the superposition principte f¢; the convex hull:

linear dynamics, see Fig. 6: Rt Argpy (P R
1) Starting fromR(t;), compute the set of all solutions (1) =™ R(t) & D(r)ie & Ry (1),
- s N R(7i) =co(R(tr), e R(tr) ® T(r)it.) & Re ® Ry(r)
Rhp(txy1) for the affine dynamics = Az(t) + 4. at k k) k c € P
time t441. )
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C. Set of Occupied Positions The time increment for the scenario considered in Sec. VI-A

The reachable set makes it possible to compute the set(ipfluding the attached braking maneuver) varies 071
positionsOC (7;;) occupied by the vehicle on the road for eac? 0-0189 seconds. The performance gain from this small
time interval 7. In a first step, the reachable sRi(r;) is Variation does not exceed that from pre-computing required
projected onto the set of possible positids (2-dimensional) operatlona. Another advantage of fixed atep size is that the
and orientationsRy (1-dimensional). Next, we enclose thePccupancies can be more easily synchronized with othéictraf
position set by a rectanglR, oriented in the direction of the Participants when a common time step is used, which is the
reference trajectory, i.e., it is rotated fy; (¢, ) from the x-axis Main argument for choosing a fixed time step. .
(see Fig. 7). The enclosing rectangle has lerigtand width The requlred_opera'uons for the reachable set computation
w,. In a next step, the width and length of the rectangle afé the €go vehicle are summarized in Alg. 1, where ParFor
enlarged by the dimensions of the vehicle, which has lendPPS can be executed in parallel, i.e., each loop can be
I, and widthw, . Finally, the width and length of the rectangléomputed independently. Additionally, the following |@opan
enclosing the occupation have to be enlargedyandw, P& computed in separate threads: Laeffline 5-8), loop
due to the uncertain orientatidy (see Fig. 7). Using\w =  (line 9-17), and loopy (line 18-20). Note that loop’ can only

maxy-cr, ([U* — ¥4|), the enlargement is compute the time step if the preceding loopy has already
. returned results for this time step or a higher one. The same
Ly = 0.5[(1 — cos(AW))l, — sin(AV)w,|, argument holds for loop and 3.

wyg = 0.5](1 — cos(AP))w, — sin(AW)L,|.

The final dimensions of the enclosing rectangle are:

Algorithm 1 occupancyEgo(R(0),ty,...)

Require: System dynamicsf(z, ¢, y,w), initial set R(0),
disturbance seV, sensor noise s@V, reference trajectory
¢(+), time horizont ¢, time stepr, factor A

l=1ls+1,+ly, w=ws+w, +wy.

W 1 ””””””” _ Ensure: OC(ry)
Rs Ry 1. N=ts/r
S o 0.5, ) )\ 22 for k=1...N do
. T . * _ T T T
ls\ :\I’d(tk) 0.5 Wy § AV i endc?or:—]pu':ez (tk) [X (tkv'ro,ca C( )a ycvwc)v Ye o wc]
«/”/wj// ly —He 5. parfor k=1...N do
(a) Uncertain center of mass. (b) Uncertain orientation. 6: Ay, By, Uy, + linearize(f(z, ,y, w), 2*(tr))
_ . _ _ 7. computee?t”, £,(r), Tx(r) (see (7)),Ry.. (see [53])
Fig. 7: Enlargement of the vehicle occupation due to unierta g. gng parfor
orientation and position. o fork=1...N do
100 L(m) = ¢® ANL(mh-1) & (—0)) (see (5))
1 Ute) = f(2" (), C(tk)) — Ara™ (tr)

D. Parallelization : R@Bk Ue (g@*(tk))) @ L(m) (see (6))
In order to decrease the computation time of the reachjabilii;j ;:QO(ZT )eipe(zg“zrg?(?;)( eg)l“k ()it ® R, (r) (see (9))
: = c D

analysis, we attempt to parallelize as many computations s R — co(R(t1). e R (¢ T -
possible. In this work, a fixed step size is chosen to compute () COGSR( k)éeR (T)((éé?(gg)(r)uc)
the required linearizations in advance. The linearizagiomts . computeﬁ(m)ké% (4p))- abort ifC(7.) ¢ L(7k)

are selected along tha _slolut|ont,:c07c,g(-),yc,wc) starting . reduce set representation Bf(t,1) (see [2])
at the center of the initial set,. subject to the constant 17- end for

disturbancey. and constant sensor noise., which are the 18: parfor k= 1...N do
ce_nters of the set®y and W, respectlve_ly. The linearization 19: computeOC(r;) based orR(r;,) (see Sec. IV-C)
points are pre-selected for constant time steps'ds;) = 20: end parfor
IXT (th, 0.e, C(-), Yo, we), yL, wl], which makes it possible ——
to linearize the system dynamics and also pre-comptte
(r = tgt1 — tg), E(r), T'(r), and R.. Thus, for each
time interval, only the computations remain that require th V- OCCUPANCY OFOTHER TRAFFIC PARTICIPANTS
reachable set of the previous time step. The occupancy of other traffic participants based on all
An alternative is to use an adaptive step size. The poténtigbossible modeled behaviors is computed differently coegbar
variable step size is chosen such that the eRpiin between to the ego vehicle. In theory, one could also apply reachgbil
the linear interpolation of two points in timg andt¢;.; has a analysis and project onto the position and orientation-vari
constant ratio to the size of the reachable set. In other syorlbles to obtain the occupancy. However, the dynamics of the
the relative error rather than the absolute error is colelol model for other traffic participants is monotone under derta
[54], [55]. Given the computation ofR., a variable time conditions and the occupancy can be exactly computed by
incrementr(t,) = ||A%(tx)||0° approximately keeps the constraining only the absolute acceleration. Due to these t
ratio of the size ofR.(7;) to R(7) constant, see e.g. [56]. properties, we propose a new method that directly computes
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left bound—¢ @D < front Fig. 9). The goal of this abstraction is to obtain the rear and
I -7 «— bound front bound, as shown in Fig. 8. The considered paths are
initial occupancy—y g — - — 4 i initially assumed as centers of lanes, where the positiongal
right bound——— y > Leo%rnd a path is s_pechiied by a functida,, éy.]T = p(él(m)_ of the
path coordinate;,,,. The effect of cutting corners is not yet
Fig. 8: Initial occupancy and boundaries of the occupanty s&nsidered in this work. Because of the restricted movement
for a long time interval. along a path, the normalized steering infiytis no longer a
control input to the vehicle. The state vector for the moveime
along a path reduces fio= [3;,,,, ©]7. Due to this abstraction,

the occupancy without the need to compute reachable sgig |ongitudinal dynamics are monotone:
of auxiliary variables. The resulting algorithm is muchtés

than for the ego car, which is important, since one typicallg€finition V.1 (Monotone dynamics; see [S7])A system is
has to consider several other traffic participants and onty oMonotone with respect to the initial stat¢0) € R(0) and
ego vehicle. The consecutive time intervajs used for the NPUtsu(t) € U when the following property holds for the
prediction of the ego vehicle are identically used for oth&elutionx(z,z(0),u(-)):
tralffic pdartitiipagtt&_ et and t dict if Vi, j,t > 0:2;(0) < Z;(0),u;(t) < a;(t) then

n order to obtain fast and accurate occupancy predictions, . ] N -
we compute different occupancy sets for diﬁzren%/apbs'nrast Vit 2 06t 2(0), u() < xilt 2(0), 4(). B
of the dynamic model. We show that intersecting those séisconstructive method to prove monotonicity is presented in
returns an overapproximation of the exact occupancy, whih7], which returns monotonicity with respect t and .
is formalized by introducing the projection operatanj() of (@, is no longer an input). Thus, the front bound on the path
a set and an operatesach() returning the reachable set of acoordinate can be computed as follows: Start at the maximum
model M;. initial position and velocity (within the set of possibléitial
states) and apply full possible acceleration. Obtainimgftbnt
bound on the acceleration along a curved path considering
C4 requires solving an optimization problem for which a fast
semi-analytical method exists [58]. The optimal solutisrai
bang-bang control, i.et, takes only the values1 or 1 since

] LMY C ] "y . the input is already normalized. The rear bound is obtained b
proj(reach(Mp)) € ﬂ proj(reach(M;)). applying the full deceleration potentigfa2 ., — a,,.

i=1

Proposition V.1 (Overapproximative Occupancy) Given

are models)M;, i = 1...m which are abstractions of model
My, i.e., reach(My) C reach(M;). The occupancy of the
model M, can be overapproximated by

m

occupancy set
for some time interval

Proof: Sincereach(Mj) C reach(M;), we have that

reach(My) C ﬂ reach(M;) D i -
i=1

— proj(reach(My)) C proj( ﬂ reach(M;)) N ”

i=1

Further, it is shown in [56, Prop. 1] that Fig. 9: Occupancy along road boundaries.

i ) C i ). .
prOJ(QreaCh(MZ)) = me‘] (reach(:) B. Occupancy Towards Road Boundaries

Computing the occupancy when the movement is not re-

We propose two abstractions: The first abstraction allowdicted along a path is much more challenging, since there
the vehicle to move arbitrarily in the lateral direction,tbudO€S Not exist a single trajectory that defines the boundary f
considers the longitudinal dynamics along a path (see S@llimes. This is demonstrated in Fig. 10, where simulation
V-A). This abstraction provides the rear and front bounchef t TOr different orientations of the vehicle-fixed acceleoati

occupancy set in the driving direction, see Fig. 8. The secoleCtor are plotted while the absolute value is alwayg..
The angle¢p = 90° corresponds to a left turn without

abstraction provides the left and right bound in Fig. 8 bP/ itudinal lerat b _ so° q
considering limited absolute acceleration and by not atgw On?' IlIJ tl>nak' acce %r]a |?n,tw greaﬁit an b corresp;r?nt S];
ta full braking without steering. It can be seen that for

behavior that results in leaving the drivable area (see Set § ) . ) o
V-B). different times, solutions of different acceleration otegions

(¢ € {90°,110°, 130°}) define the border of thesesolutions.
] Note that even the union of positions for all acceleration
A. Occupancy Along Road Boundaries directions is only a subset of the occupancy set, because the
In this subsection, we use the abstraction that vehiclasceleration direction is allowed to be time-varying.
move along paths while considering constraifiisC4, where To simplify the analysis for the movement on the plane, we
the lateral positions are arbitrary within lane boundaf@se restrict ourselves to constraintst andC’5 in this setting. This
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const. acceleration

(¢ = 90°) Inserting ij = 72(t) — b2 from (10) into (11) and some
const. acceleration  rewriting results in thec-coordinate of their intersection:
(¢ = 110°) 9
P -+ AL 1
const. acceleration by = (t) é ) + —wvgAt. (12)
- T (¢ — 1300) 2’00 t 2
Using 7#(t) = famaxt?, we obtain after some calculations
- = method A 2
—— method B 7~°2 (t) - 7:2(t + At) = (_a’lgnaxt?) + O(At))At,

where O(At) includes linear and higher-order terms Af.
_ _ Inserting the above result into (12) and computing the limit
Fig. 10: Occupancy boundary for changing to the left lanesg, A+ s () results ian(t) and thus inBU(t) using (10). m
The occupancyC(ty) for specific points in time;, as well as
) ) i .. the left and right boundary are plotted in Fig. 11 for theiatit
makes it possible to apply the road-fixed acceleration mpl{}elocity o = 20 M/S anday., = 10 M/, It is obvious that

a(t) anday(t) as shown in (2), resulting in monotone dys, s resylt allows behaviors that result in driving backveard
namics, whereas the dynamics of the vehicle-fixed accederat, 11, is resolved by setting, (t) = b,(t*) after timet* =

mpu_tsdlat(t) and@long(t) are_no_t m_onotone. We first Cons'dervo/amax, for which it is no longer ensured that the vehicle
straight roads with uncertain initial states, where eadnesthas not come to a stop

variable is bounded by an interval and theaxis is aligned

Sx

with the road direction. Due to monotonicity of (2), the left
() and right (r) occupancy boundary is obviously obtaingd b 4t "(tkt1)
starting at L [ba(®), by ()T
- R . Y

#(0) = [5,(0), 3,00, 2,00, T0)] # 0pm=eezql

~ ~ ~ ~ ~ T t

2:(0) = [5,(0), 5,(0), 2,(0), (0] , ROl
where under- and overlines represent respectively therlowe - OC([tw, ti+1])
and upper limits of initial states. This is indicated for arain 0 10 20
initial positions in Fig. 8. Based on the worst-case initial Sa

states, we first compute the occupancy when only the absolute  Fig. 11: Occupancy sets according to method A.
acceleration is limited (constrain®'4), which we refer to
as method A. Note that other constraints, which e.g. forbid j5 hot yet considered that the lateral acceleration oépth

leaving the road/lane boundary, are not yet consideredh@ur \qphicjes has to change direction when approaching the road

constraints are separately considered according to Prdp. Moundary to avoid crossing it (constrai), which results

so that e.g. in a post-processing step the occupancies ®eypn,, ynnecessary overapproximation; see the dash-datted |
road/lane boundaries are cut off. In this setting, the 000p i, Fig. 10. A simple solution that exactly considers coriatra

of the vehicle can be described by circles with ceatey and 4 andcs is yet unknown, but we can propose a solution that

radius7(t) when the initial position and velocity are knownoverapproximatively consider@4 andC’5, which we refer to

[4]: as method B. When one neglects the longitudinal dynamics,
~ 5:(0) 0,(0) ~ 1. one obtains the time for switching the acceleration dicecti
(t) = + t, 7(t) = =maxt’ : . :
54(0) 0y(0)| g maxy to avoid a straight road boundary from a lateral distance

For computing the occupancy we are interested in the bourga?e Fig. 10) and a lateral initial velocity ia: as

ary that encloses all possible circles: ~ 1,2
AmaxW + §U0,lat — Vo,lat
ts (13)

Proposition V.2 (Boundary of Occupancy) Without loss of =
generality, we choosg,(0) =0, 5,(0) =0, 9,(0) = vo, and
0y(0) = 0. Thez- and y-coordinate of the boundary are: for |/amaxw + %valat — vo,1at > 0, otherwise leaving the
o 3 ! a2 roa_d cannot be preve_ntc_ad._The proof is straightforwafd and
ba(t) = vot — Ty L by(t) = \/_&%Mﬁ _ <amaxt > _omitted due to space limitations. For curved roads the time
209 4 209 is obtained by constructing an artificial straight road biany
 close to where the occupancy boundary hits the road boundary
(see Fig. 12) between the poirdts andP,. Prop. V.2 is used to
Proof: To simplify the proof we introduce the newgptainP;, andP; is obtained by computing a feasible solution
variableb, (t) = bz(t) — vo t. The possibler- andy-positions  that touches the road boundary, thus the overapproximation
of the two circles with radiug(-) at timet and¢ + At are:  pas to lie in between the overapproximatioh and the
Bi + 55 = 2(t), (10) underapproximatior,. The artificial straight road boundary

. s 19 o is obtained by connecting’, and P, and pushing the line
(bz — voAL)” + by = 77(t + At). (11)  outside using binary search.

amax
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axis-aligned box
y Enclosfng_ not required in Fig. 8 since the lane boundaries are already
L#» amms cicle  yeached. The distancég(ty), 5, (t) are obtained by comput-

z G ing the analytical solution of the double integrator modelg
Kamm's circle  (2)). Note that as an overaproximation for the lateral cliogp
(radius dia) it is assumed that the vehicle can accelerate in the directio

P, of the corresponding halfspace normal with .. regardless
- _ J_ of the acceleration in perpendicular direction as illustdaby
—>

Ay

const. acceleration the boxed acceleration circle in Fig. 12.

(¢ =90°)
== method A Algorithm 2 occupancyOther(R(0),ty, ...)
— method B

_ . Require: Initial set R(0), time horizont;, time stepr,
Fig. 12: Right boundary of the occupancy on a curved road. parametergiyax, Tmax, vs, halfspacesd;, H., path
Ensure: OCother (k)
) 1. N=ts/r
The first part of the occupancy boundary of method B until,. Set3,,, (to), 3ion(to), 5i(tk), &r(tx) from R(0)
time ¢, is computed as for method A (see Prop. V.2). Fors. compute left/right halfspaceH;, H, (see Fig. 12)

the second part of method B, we use a coordinate systemq computet, ;, ¢, , for left/right bound (see (13))
where the x-axis is aligned with the artificial straight roads; ComputeOC.omy using methodd or B

boundary. In addition we abstract the original model sut th 4. for . — 1. .. N do
accelerations can take values within a box aligned by the new.  computes,, , (), 3i0n(t) according to [58]

coordinate system, which encloses all accelerations belind 4. OCother (1) = chopione (OCcompts S1on (th)s S1on (1))

by the absolute acceleratiaiy,.., see Fig. 12. This makes if 5(t,) < 0 then e -

it possible to obtain a worst-case initial staté,) for the 4. @, = —1fort <t,,, i, = 1 otherwise

second phase: 1L Dyt (tk) = Dyoy (th—1) + Gmaxlir

N1 . _ N T 12 S10t(t) = F1ay (1) + Dy (o1 )T + Gmalin

T(ts) = |bg(ts), by(ts), V0. — Gmaxls, Vo4 Tt Gmaxts| - 2lat Zlat ~lat _max®r 3
( S) [ z( S) y( S) 0 et 0y e S} 13: Ocother(Tk) - Choplat(ocother(Tk)a Sl(tk)le)

14: end if

The initial position is obviously the final position of thedfir

phase and the initial velocity is based on monotoniaity; — 1% I S(tx) <0then _

dmaxts 1S the lowest possible velocity in the-direction and W =1fort <ty = —1 otherwise

0.y + Gmaxts IS the highest/lowest possible velocity in thel” glat(tk) :glat(tkfl) T Gmax o,
y-direction for the left/right bound. Note that the initidhte 18 Stat (k) = S1at (tk—1) + Vtar (fe—1)7 + Gmaxi 3
i(t,) is not reachable, but provides a worst-case initial state f8°: OCother(Tk) = chopy (OCother (Th), 51 (tk), Hr)

the second phase of method B. Once the road/lane bounda?y end if
is reached, the left/right occupancy bound coincides with t 2% end for
corresponding road/lane boundary. The results of method A
and B are compared in Fig. 10, where method B performs
better close to reaching the road boundary.

The overall algorithm as described in Alg. 2 works as
depicted in Fig. 8. First, the left and right bounds are coragu  The approach for formally verifying the safety of automated
independently using methodl or B for the entire time vehicles is applied to a Cadillac SRX which has been modified
horizon. Note that the bounds continue along the road/labg the Robotics Institute at Carnegie Mellon University for
boundaries once those boundaries are reached. Next, theas¢dmated driving. The vehicle is the successoBo$s the
in between the left and right bound, denoted ®¢ .., Vvehicle that won the DARPA Urban Challenge in 2007. The
is chopped for each time interva), to extract the occupan- hardware design of the new vehicle differs from the previous
cies for the current time interval, see Fig. 8. The choppirane by hiding sensors and computing devices, which results
operation is performed separately for longitudinal, leftd in a more production-ready vehicle, see [59] and Fig. 13.
right direction. The operation in longitudinal directios de-
noted by chop,,,e (OCcompis 31 (k) S1on(tr), path), where
Sion(tk), S1on (tr) are the combinations of lower and upper
bounds along the path denoted byth. The chopping for
the left border is denoted byhop,,,(OCcompi, Si(tk), Hi),
where §;(t;) is the orthogonal distances to the halfspace
H, = {z|nfz < d;}, wheren; is the normal andi, the
distance to the origin. The operation movgs in normal
direction by the distancg;(¢;) and computes a set difference
with OCcompi. The chopping operation for the right side is_
analogous. Note that the chopping in the lateral direct®on Fig.

VI. EXPERIMENTAL RESULTS

13: Cadillac SRX performing lane change maneuber
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The sensing of the positiofsw sy], velocity v, and yaw onto the two-dimensional state space. Measurement uircerta
angle ¥ is performed by the Applanix POS LV platform,ties)V are based on th&r confidence interval of the specified
which uses the GPS signal and an inertial measurement usénsor noise from the manufacturer fog, w,, wy, which
The yaw ratel is measured by the built-in sensor required foare modeled by a normal distribution. Assuming a normal
the yaw-stabilization of the vehicle. We use the rotary timsi distribution, the probability that a measurement is cagdur
sensor in the steering wheel motor to obtain the angiéthe by the 30 confidence interval is given by the error function
front wheel, which is given by a constant ratio. aserf(3/v/2) = 0.997. Other measurement uncertainties are

Interfaces to the actuation of the vehicle are the steeriegtimated from sensor data. The disturbance)sét chosen
wheel velocity, which corresponds oby the steering-wheel- as 0 for all dimensions, except for the dimensions adding
to-front-wheel ratio, and the desired velocity, which ialreed uncertainty ta3 and ¥, which are altered when the tire contact
by the built-in automatic cruise control (ACC) system. Ie thforces vary due to damaged tarmac. The set values are listed
future, it will be possible to command the acceleration d@s Tab. Il. Other than the measurement uncertainties pealid
proposed by the used mathematical model (1). Since thisbig the manufacturers of those devices, disturbance sets hav
not yet possible and we do not have access to the intertlbe obtained from disturbance observers [60]. To obtain a
ACC system for modeling its dynamics, we restrict ourselvelisturbance set validated by extensive test drives is plart o
in the experiment to driving with constant velocity. future work. In those test drives, each time a disturbance

In order to repeatedly test a maneuver, we performed the tgst. iS estimated that is not within the axis-aligned box
drives in Robot City which is a former steel production siteof disturbances), each interval of) has to be enlarged
in Pittsburgh that is now dedicated to testing field robotse T appropriately such thaj.,i; is contained in).
driven maneuver is a double-lane-change maneuver, as shown
in Fig. 14. This maneuver is integrated into a closed-lodp,pa TABLE Il: Measurement uncertainties and disturbances.
such that after each round, two identical double-lane-ghan

maneuvers are performed. Although the reference trajector measurement uncertainty, p = [—1, 1]

is the same for both maneuvers, the result differs, since lan wa,wy wy Wy Wy ws
change maneuvet is pgrformed at a spot \_Nthh has pot holes 0.06pm %27, rad 437, vadis  0.06p mis %927 ) rad
and loose tarmac, while the road conditions for lane change disturbances, p = [—1,1]

maneuverB are much better (see Fig. 14). Maneuvewas " YT, Yoo Ysos Yoo U
) ; \Jr y Yus Ysg s Ysys Ys

performedl4 times and maneuves 13 times. The maneuvers 0.2prad/s 0.2p rad/g€ 0

were driven with7.5 m/s and the maximal lateral acceleration

is 2 m/<.

The initial set is composed by addition of two sets. The
first one is the enclosing boX of all recorded states at the
beginning of the maneuver, while states that are not medsure
have the pseudo-intervél), 0]. The second sef,,,. contains
uncertainties not captured k¥, and contains measurement
uncertainties for measurable states and worst-case atisusp
for states that are not measured. Thus, we haveTitay =
Z ®Zunc. The uncertain intervals &y, for s;, sy, ¥, ¥, and
0 are as for the measurement uncertailty Since the slip
= Al % angle 3 is not measured, a worst-case intervalefi, 1]0.02

! }i rad is assumed faF,,..
- S VR . It can be seen in the plots of the vehicle measurements
Fig. 14: Test site at Robot City with maneuvetsand B.  for ¥/¥ and /¥ in Fig. 15 that there exist two bundles of
recordings, one representing lane change manedvgr A),

The vehicle control is implemented in MATLAB Simulink the other one representing lane change manevéic B),
and runs on a dSPACE AutoBox. The code for computing tf€€ Fig. 14. It is expepted that we wou_ld see more variation
reachable sets is implemented in C++ and runs on a sepafdtéhe recorded data, if the same test is performed in more
laptop connected to the software framework for sensing al@fations and under different weather conditions.
path planning, which is maintained and extended from the\We use a time step size of= 0.01 s and the expansion
DARPA Challenges (Grand Challenges and Urban Challengi¢tor A = 1.8 for the reachable set computation. The
The C++ code for the reachable set computation can HRachable sets are represented by zonotopes of Qifler

downloaded from the current website of the first author d¥here an introduction to zonotopes can be found in [13]. The
by requesting it via email. computation time on a laptop with an Intel i7 Processor with

1.6 GHz and6 GB memory is4.2 sec, while the maneuver
_ takes7.5 sec so that the computationds= 1.79 times faster
A. Reachable Set of the Ego Vehicle than the maneuver time. It is expected that the computation
The reachable set of the ego vehicle for the double-lant@ne will be improved by code optimization and better future
change maneuver is plotted in Fig. 15 for selected projestioprocessors.

&

maneuverA s,
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c
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T 28 32 lc B © . N
© < 0 7 aligned x-position [m]
56 S lc A Fig. 16: Snapshots of the occupancy of traffic participaats f
selected short time intervals.
24 ) . . i
—02 0 02 225 0 02 Three different scenarios are considered: In the first sce-
' § [rad] ) ) § [rad] " nario, vehicle Il is far enough away that the static obstéle

Fig. 15: Reachable set of the double-lane-change for selec .afely passed by the ego vehicle. Throughout the considered

roiections. The liaht arav area shows the reachable set |rrr1e horizon the other vehicles obey the traffic rules for
PrOJe ' gnt gray e considered time horizon, i.e., they restrict their rite
the intended maneuver and the dark gray set the one for

. . " MGvement to their own lane and respect the virtual speed limi
transition to a safe _stop. The white box shows th(_a set ofainmof 7 mis. However, for the occupancy prediction according to
states. For plots with measurable states, black lines septe

the measured values Sec: V we allow a penalization af0% so that othe_r trz_;\ffic

' participants travel with up td.2 - 7 = 8.4 m/s. A violation

of traffic rules is presented in the third scenario. In Fig. 16
shapshots of the occupancies of the ego vehicle and other
i . vehicles are plotted every.7 s, which illustrates that the
Based on the reachable set computation, the following taskgneuver is safe. The unions of occupancy sets for all times

B. Safety Verification of the Maneuver

are verified: are shown in Fig. 17(a). The uncertain initial position and
» A standstill in a safe position at the end of the plannegkiocity of vehicles | and Il with respect to the coordinate
maneuver is realized. system of Fig. 17(a) are;.(0) € [—5,5] m, s5,(0) €
» Road boundaries are never violated. [2.5,4.5] m, vr ,(0) € [6,8] m/s, vr,(0) € [-0.2,0.2] m/s,
« Collisions with static obstacles are avoided. s11,2(0) € [110,120] m, s77,,(0) € [2,4] M, v;7,(0) € [6,8]

« Collisions with other traffic participants are avoided. m/s, v;;,(0) € [-0.2,0.2] m/s. The body size of the ego

We assume that the double-lane-change is in an urbanvehicle isl, = 4.5 m , w, = 1.8 m, the maximum absolute
rural setting with traffic in both directions caused by aistatacceleration isi,., = 7 m/$, and the velocity at which the
obstacle on the road. Further, there are two vehicles dyiviengine power is insufficient to produce forces that exceed th
in the lane with oncoming traffic, as depicted in Fig. 16 fomaximal tire force isvg = 7.3 m/s.
shapshots of the occupancy sets. Note that the coordinaes aThe computation time for the other traffic participants (a
rotated so that the road is horizontal in Fig. 17(a) for ettéew hundredths of a second) is negligible compared to that
use of space instead of diagonal as shown instlie, plot of of the ego vehicle. In addition, the occupancy of each traffic
Fig. 15. The static obstacle and the other traffic partidipane participant can be computed in separate processes. Clgeckin
not present during the test drive, but realized as virtuab the intersection of occupancies is not negligible, but can b
in the traffic scene. Otherwise, a real crash might occur ifstarted in a separate process, once the reachable set fosthe
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(a) The evasive maneuver is safe and the ego vehicle can etarthe planned maneuver. White lines show the recordedigrasiof the ego vehicle.

initial occupancy
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=
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8 A T JR
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_s5 \ \ | | \ | |
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aligned x-position [m]
(b) The evasive maneuver is not safe since vehicle Il is tosecl The ego vehicle has to follow the previously verifiechpaiding behind the static
obstacle.

initial occupancy
(white dashed border)

5
E ego vehicle Y
_§ intended part
a N
i o static obstacle <«— vehicle Il
3 e 1
_En reference final occupancy
© | | ‘trajectory (black‘ solid border) | | |
-5

-20 0 20 40 60 80 100 120
aligned x-position [m]
(c) Attime ¢t = 5.9 s the initially safe situation in Fig. 17(a) becomes unsafeesit is detected that vehicle Il has left the road boundkris assumed
that this vehicle does no longer repect the road boundarginip the ego vehicle to brake. The occupancy of the ego leebialy consists of an intended
part since the intention is to stop so that the braking panioisrequired.

Fig. 17: Occupancy sets for all times in different situasiarf the double-lane-change maneuver. The light gray regsbiow
the occupancies of the ego vehicle of the intended trajgaection and the dark gray regions of the trajectory to a sefp.
The medium gray tone indicates the occupancy of the oth#ictgaarticipants.

time interval is obtained. Since the reachable set comipuatatimmediately obtained.

of the ego vehicle takes considerably more time than the|n the second scenario, vehicle Il is not far enough away
collision check, the overall duration is solely determit®d o guarantee that the ego vehicle can safely pass the static
the reachable set computation of the ego vehicle when t§gstacle. This scenario has exactly the same setting, £xcep
collision check is performed separately. Thus, with todayinat s11.2(0) € [85,95] m. The unions of occupancy sets for
computer hardware, we can verify maneuvers 1.79 imes 5| times are shown in Fig. 17(b). The same figure also shows
faster than the time it takes to execute the maneuver (see §86 occupancy of a verified maneuver of the vehicle, which
VI-A), which is a prerequisite for the online applicatiom | stops the vehicle behind the static obstacle. The verifinati
situations where an immediate danger is sensed, e.g. aishildf that maneuver took place during the movement of the
stepping into the street, verification results have to baiobtl yehicle, but before the verification process of the current
within about0.1 s, which is not yet possible. For this reasoneference trajectory, which was returned as unsafe. Sinee t
we plan to store verification results for a small number ofew maneuver is not safe, the vehicle follows the previously
typical evasive maneuvers in a database, such that reselts\gyified plan to stop behind the static obstacle. Once ttfictra
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