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Abstract—A new spatio-temporal decomposition and coordina-
tion scheme is proposed for load restoration in an AC/DC hybrid 
transmission system. First, the framework of spatio-temporal 
decomposition is built for load restoration, the decoupled varia-
bles and spatial and temporal coordinators are defined, as well as 
two interactive blocks. Furthermore, the spatio-temporal decom-
posed models of subsystems and HVDC links are constructed 
considering security constraints and HVDC operation character-
istics. Finally, a new hierarchical overlapping coordination based 
analytical target cascading (HOC_ATC) algorithm is developed 
to coordinate the decomposed models by iterative calculations 
between subsystems and coordinators, as well as the two interac-
tive blocks. The proposed distributed scheme maintains inde-
pendent operations of subsystems, and handles the multi-step 
restoration process by iteratively calculating single-step models. 
The developed HOC_ATC algorithm provides tractable and effi-
cient computation for the HVDC model incorporated load resto-
ration optimization. The effectiveness of the proposed method is 
validated using two IEEE test systems, showing improved com-
putational efficiency and better convergence ability. 

Index Terms— Analytical target cascading, hierarchical over-
lapping coordination, power system resilience, load restoration, 
AC/DC hybrid system. 

NOMENCLATURE 

A.  Indices 

i                   Index of nodes  
j, k               Indices of subsystems  
m                 Indices of restoration step number 
LAB, LA, LB  Indices of iteration between Blocks A and B, iter-

ation in Block A, and iteration in Block B 
*                  Index for variables with fixed values  

B.  Sets 

Nsub      Set of subsystems 
NL,j       Set of load nodes in subsystem j 
NB,j       Set of boundary nodes in subsystem j 
NB,j,VSC, NB,j,LCC, NB,j,HVAC 
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Sets of boundary nodes of subsystem j connected to 
VSC-HVDC, LCC-HVDC and HVAC 

NLCC, NVSC, NHVAC  
Sets of LCC-HVDC, VSC-HVDC and HVAC tie-lines. 

C.  Parameters 

TM        Number of restoration steps 
cL,j, pL,j  Vectors of load weighting coefficient and load 

amount in subsystem j, 
Tf, Tl     Parameters for multi-step coupled steps 
wj, vj     Lagrangian multipliers for subsystem j 
β           Updating parameter for Lagrangian multiplier  

D.  Variables  

xL,j,m, pG,j,m, SB,j,m  
Vectors of load pickup decision variables, generator out-
put variables and boundary variables in subsystem j at 
time step m 

Stie,B,j,m Ptie,m, χtie,m  
Vectors of tie-line boundary variables related to subsys-
tem j, active power through HVDC links and HVDC op-
eration variables at time step m 

Pstep 
tie,j , χ

step 
tie  Vectors of multi-step Ptie,m and χtie,m  

Sg 
B,j,m, xg 

L,j,m, Pstep,g 
tie , χstep,g 

tie  
Vectors of auxiliary variables for coordinators  

σm      Vectors of mismatch values of decoupled variables 
Ya, Yb Vectors of linking variables of blocks A and B 
xg 

L,j,i,m, xL,j,i,m,m-1, xL,j,i,m,m 
         Auxiliary load pickup variable of coordinator, step m 

and step m-1 for node i in subsystem j at step m 
σL,j,i,m  Mismatch of load pickup variables for node i in subsys-

tem j at step m 
PB,j,i,m, QB,j,i,m, θB,j,i,m ,VB,j,i,m 
          Boundary variables of active power, reactive power, 

angle and voltage at boundary node i of subsystem j at 
step m 

PCi,j,m, QCi,j,m, θCi,j,m, VCi,j,m 
           Variables of tie-line Ci at step m 
Pg 

B,j,i,m, Qg 
B,j,i,m, θg 

B,j,i,m, Vg 
B,j,i,m 

          Auxiliary variables of coordinators 
PB,AC,R,m, QB,AC,R,m, VAC,R,m 
          Boundary variables of AC power flow based active 

power, reactive power and voltage on the HVDC rectifi-
er side at step m 

PB,AC,R,m, QB,AC,R,m, VAC,R,m 
           Variables on the HVDC inverter side 
σSub,P,j,i,m, σSub,Q,j,i,m, σSub,θ,j,i,m, σSub,V,j,i,m 
           Boundary mismatch of active power, reactive power, 

angle and voltage of subsystem j at step m 
σVSC,P,Ci,m, σVSC,P,Ci,m 
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          Boundary mismatch of active power and reactive power 
of VSC-HVDC Ci at step m 

σLCC,P,Ci,m, σLCC,Q,Ci,m, σLCC,V,Ci,m 
Boundary mismatch of active power, reactive power and 
voltage of LCC-HVDC Ci at step m 

σHVAC,P,Ci,m, σHVAC,θ,Ci,m, 
Boundary mismatch of active power and angle of 
HVAC Ci at step m 

I.  INTRODUCTION 

ESTORING a power system quickly after a large-area 
blackout is crucial for reducing social and economic costs  

[1]. In the restoration process, “build-up” is a common strate-
gy for power system restoration [2]-[4]. In the build-up ap-
proach, the entire system is set up from small individual grids 
to speed up the whole system restoration process [5]. The 
build-up process conducts a parallel restoration and ends up 
with individual subsystems with energized networks and re-
started generators [5], [6]. With limited generation and differ-
ent load conditions, these independently operated subsystems 
should be reconnected and the un-served load needs to be re-
stored to complete the whole restoration process [4]. This pa-
per focuses on the load restoration of the last stage of the 
build-up process. 

The strategies for transmission power system restoration are 
mainly based on AC power systems. However, in the 2016 
and 2018 outages in Brazil, the failure of HVDC links led to 
irreparable power imbalance of subsystems and further in-
duced system collapse [7]. Thus, the HVDC link has become 
an important part in the restoration process. A thorough intro-
duction to show how HVDC links assist the power system 
restoration was provided in [8]. Ref. [9] presented the possibil-
ity of using HVDC links at the receiving end in the restoration 
process. Ref. [10] proposed a black-start optimization method 
utilizing HVDC links to accelerate restoration. A common 
condition for the AD/DC hybrid bulk system is that several 
AC regional subsystems are connected by HVDC links or 
HVAC lines, e.g. the ultra-high-voltage (UHV) power system 
of China [11]. When a blackout occurs, HVDC links are 
locked, and consequently they become splitting points to form 
subsystems. Since both HVDC link technologies, line-
commutated converter based HVDC (LCC-HVDC) and volt-
age-sourced converter based HVDC (VSC-HVDC) links, are 
able to be restarted in the black-start stage [8]-[10], they can 
be used for load restoration. An HVDC link can interconnect 
regional subsystems without the need of synchronization [8], 
which makes it convenient to reconnect isolated subsystems. 

Considering the operation of HVDC links between subsys-
tems, load restoration is performed in an AC/DC hybrid sys-
tem. HVDC models are normally built and incorporated into 
the optimal power flow (OPF) model in order to optimize the 
control and operation of the AC/DC hybrid system [12]-[15]. 
These studies solve the optimization problem with a central-
ized approach, where all the information needs to be sent to 
the control center. However, restoration of subsystems is im-
plemented independently [5]-[6], which means that complete 
information may not be available during this restoration pro-

cess. Moreover, the AC/DC system has several subsystems 
divided by HVDC links. This system feature makes it suitable 
to solve the optimal operation problem in a distributed manner 
[16]. Therefore, a distributed approach, which allows subsys-
tems to operate independently and be coordinated only based 
on boundary information, is preferred for the load restoration 
of the AC/DC hybrid system. 

Distributed algorithms are normally divided into Lagrangi-
an relaxation based methods, such as the analytical target cas-
cading (ATC), alternating direction method of multipliers 
(ADMM) and the auxiliary problem principle, and the 
Karush–Kuhn–Tucker conditions based methods, such as the 
optimality condition decomposition and heterogeneous de-
composition [17]. Since the ATC method is a model-based 
distributed method and does not require convexity of the mod-
el, it is convenient to incorporate HVDC models. Ref. [18]-[19] 
propose ATC based voltage control methods, which are very 
helpful for dispatching large-scale wind farm clusters. In [16] 
a three-level hierarchical scheme based on the ATC method is 
proposed, in order to realize decentralized optimal operation 
of the AC/DC hybrid distribution system. Ref. [20] used ATC 
to perform distributed unit commitment in the AC/DC hybrid 
transmission system. The distributed optimization of the 
AC/DC hybrid systems in [16] and [20] focus on spatial de-
composition. Load restoration, however, is a temporally cou-
pled process with coupled multi-step decision variables and 
coupled operation conditions of HVDC links in a sequence of 
time periods [20]. The multi-step situation and highly non-
linear HVDC models [16] result in a largely extended model 
scale and increased complexity. Therefore, temporal decom-
position is also needed to maintain the models with single-step 
scale. In general, the subsystem load restoration in the AC/DC 
hybrid system is a spatial-temporal coupled multi-step prob-
lem and needs spatial-temporal decomposition to achieve trac-
table computation. The binary variables, highly non-linear 
HVDC models and large number of coupling variables in the 
spatio-temporal models may lead to non-convergence of the 
ATC method based iterative calculation. Modification of the 
ATC method is needed to ensure its feasibility for the load 
restoration problem of the AC/DC system.  

In this paper, a new spatio-temporal decomposition and co-
ordination method is proposed for distributed load restoration 
in the AC/DC hybrid transmission system. The hierarchical 
overlapping coordination based ATC (HOC_ATC) algorithm 
is developed to obtain the final distributed load restoration 
strategy. First, the structure of the spatio-temporal decomposi-
tion and coordination is designed composed of two interacting 
blocks. Then, the detailed spatio-temporal decomposed mod-
els are constructed considering restoration security constraints 
and operation characteristics of HVDC links. Finally, the 
HOC_ATC method is applied to solve and coordinate the spa-
tio-temporal decomposed models by iterative calculation. The 
distributed spatio-temporal solution is obtained when the itera-
tive calculation process converges. 

The contributions of this paper are as follows: 1) A new dis-
tributed load restoration scheme is proposed to complete the 
build-up process of an AD/DC hybrid bulk system. It provides 
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distributed load restoration strategy for the large-scale com-
plex system with several AC regional subsystems connected 
by HVDC links and HVAC lines. 2) The spatial-temporal de-
composition and coordination with two interactive blocks is 
designed. Accordingly, the multi-step load restoration model 
incorporated with HVDC links is transformed into computa-
tionally tractable forms. The spatial decomposition achieves 
independent decision-making of each subsystem, and the tem-
poral decomposition further reduces the scale of the optimiza-
tion models. 3) The HOC_ATC algorithm is developed to 
solve the spatio-temporal models by iterative calculation. As 
an improved distributed method, it reduces the model scale in 
iterative calculation and shows better convergence ability 
compared with the standard ATC algorithm.  

The rest of the paper is organized as follows: Section II de-
scribes the framework of spatial-temporal decomposition and 
coordination of the AC/DC system load restoration model. 
The detailed spatial-temporal decomposed models are provid-
ed in Section III. Section IV presents the proposed HOC_ATC 
algorithm. Section V demonstrates the efficacy of the pro-
posed method by case studies, followed by conclusions. 

II.  FRAMEWORK OF SPATIO-TEMPORALLY DECOMPOSED 

AND COORDINATED LOAD RESTORATION IN AC/DC HYBRID 

SYSTEM  

A.  Load restoration of subsystems in AC/DC hybrid system 

 
Fig. 1. Structure of the AC/DC system with individual subsystems. 

During the last stage of the build-up restoration process, 
several individual subsystems typically exist. Transmission 
lines within these subsystems are energized, generators are 
ramping up and a large amount of loads remains un-served [5], 
[6].  As shown in Fig. 1, regional grids are connected by tie-
lines. In an AC/DC hybrid system, tie-lines are distinguished 
in HVAC tie-lines and HVDC links. Depending on converter 
technologies, HVDC links include LCC-HVDC and VSC-
HVDC [9]. The LCC-HVDC is widely used, while VSC-
HVDC has higher flexibility in terms of control and operation. 

Isolated subsystems need to be reconnected to form the inter-
connected system and the remaining un-served loads should 
be picked up to complete the restoration process [4]. The res-
toration process is a multi-step process. Therefore, the restora-
tion optimization model needs to be built as a step-by-step 
optimization [17] or multi-step optimization [21], [22]. Con-
sidering the spatial coupling of reconnected subsystems and 
the temporal coupling of different restoration steps, the multi-
step load restoration model for the whole AC/DC hybrid sys-
tem is model (1) in a compact form. 

In model (1), gj,m() and hj,m() are the inequality and equality 

constraints including load pickup constraints, generator output 
limits, AC power flow constraints and voltage and frequency 
constraints of subsystem j at step m, and gjk,m() and hjk,m() are 
the constraints for HVDC links and HVAC tie-lines including 
steady-state power flow equations and control limits of con-
verters. fj,m() represents multi-step coupled constraints of load 
pickup and boundary variables for subsystem j. fjk.m() includes 
the multi-step coupled constraints for power flow reversion 
and power adjustment of HVDC links between subsystem j 
and k. Pstep 

tie  =[Ptie,m-Tf,…, Ptie,m,…, Ptie,m+Tl] and χstep 
tie =[χtie,m-Tf,,…, 

χtie,m,…, χtie,m+Tl] refer to the tie-line power and control varia-
bles for HVDC/HVAC tie-lines in the multi-step process. The 
objective is to maximize the weighted load recovery amount in 
all subsystems during the multi-step process. The detailed 
model corresponding to model (1) is provided in Section III. A. 
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B.  Spatio-temporal decomposition and coordination 

Because of the coupled spatial and temporal variables in σm, 
the load restoration problem for the AC/DC system is mod-
elled in (1) in a centralized way. However, the model may not 
be feasible, because the subsystems are normally operated 
independently. In spatial terms, due to commercial or security 
requirements, the information of each subsystem cannot be 
completely available to form the centralized optimization 
model. Temporally, centralized multi-step optimization may 
be computationally intractable, especially for large-scale sys-
tems whose model scale is largely extended with variables and 
constraints of several steps. A distributed form with spatio-
temporal decomposition is therefore much more suitable to 
solve the multi-step load restoration problem of an AC/DC 
hybrid system. 

In order to realize a distributed form, coupled spatial and 
temporal variables in σm can be decoupled using the Lagrangi-
an decomposition method [23]. Each constraint set σm=0 can 
be transformed into a quadratic penalty function Φ(σm) added 
in the objective function to relax constraints [24]. Accordingly, 
the spatio-temporal decomposition is achieved. 

  2T T

2
=m m m  w                            (2) 

where v and w are vectors of penalty multipliers for model 
decoupling. The symbol ◦ represents the Hadamard product 
which is an entry-wise multiplication of two vectors.  
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Fig. 2. Structure of the spatio-temporal decomposition and coordination 

The direct spatio-temporal decomposition of the model is 
very difficult due to the many coupling variables in σm. Since 
many constraints are relaxed, it is hard to guarantee the con-
sistency of the decoupled variables. Therefore, the HOC 
method [25] is used in the decomposition process to reduce 
the number of coupled variables. Fig. 2 shows the framework 
of the proposed spatio-temporal decomposition. Firstly, the 
model is separated into two blocks A and B. The two blocks 
exchange linking variables with each other. By defining the 
linking variables between the two blocks as (3)-(4), the cou-
pled variables can be largely reduced. In block A which has a 
nature spatial decomposition using fixed boundary variables in 
Yb, the temporal coordinator is formed to transform the multi-
step model into single-step models. In block B with a nature 
temporal decomposition using fixed multi-step variables in Ya, 
the spatial coordinator is built to divide the whole system into 
subsystems with links between them. 
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In a distributed way, the spatio-temporal decomposition is 
coordinated according to interactions in Fig. 2. Three types of 
coordination exist in the spatio-temporal decomposition 
framework. The coordination between the two blocks is based 
on the interaction of linking variables, the spatial coordination 
depends on the boundary variable information and the tem-
poral coordination relies on the multi-step load pickup infor-
mation. The spatial decomposition achieves independent deci-
sion-making of each subsystem, and the temporal decomposi-
tion further reduces the optimization model scale. The detailed 
models used in Fig. 2 are provided in Section III and the 
HOC_ATC algorithm is presented in Section IV. 

III.  SPATIO-TEMPORALLY DECOMPOSED MODELS FOR LOAD 

RESTORATION IN AN AC/DC HYBRID SYSTEM  

In this section the distributed models with spatio-temporal 
decomposition are constructed. First, the original multi-step 
load restoration model considering security constraints and 

operation characteristics of HVDC links is presented. Then, 
the spatio-temporal decomposed models in Block A and Block 
B are described.   

A.  Load restoration model in AC/DC hybrid system 

The original model, which corresponds to Model (1), con-
sists of the objective function, VSC-HVDC link model [16], 
the LCC-HVDC link model [14], [26] and subsystem load 
restoration models [27]. The detailed models are presented in 
Appendix A.  

The non-linear steady-state power flow equations of HVDC 
links are used to represent converters. The non-linear model is 
widely used in AD/DC system planning [28], operation [16], 
[29] and control optimization [30], because it reveals the oper-
ation characteristic of HVDC links. The non-linear equations 
consider detailed HVDC control variables, which ensures that 
the obtained restoration strategy can be implemented accord-
ing to the control strategy of HVDC converters. As such, the 
feasibility of the distributed restoration method is ensured in 
practical AC/DC hybrid systems. 

Linearized AC power flow calculations are integrated into 
subsystem load restoration models. Although DC power flow 
is a popular technique to handle the distributed transmission 
system optimization problem [18], [31], [32], the AC power 
flow formulation is selected to provide the voltage and ac-
tive/reactive power at boundary buses related to steady-state 
power flow of HVDC links. The linearization is based on the 
linear programming approximation of AC power flow (LPAC) 
method in [33] which approximates original non-linear AC 
power flow equations using a series of linear constraints. Ref. 
[33]-[34] justify the exactness of the LPAC model for the 
power system restoration, and the LPAC method has been 
successfully used in the load restoration problem [22]. 

B.  Models of Block A 

As linking variables transmitted from Block B, the shared 
boundary variables S* 

B,j in Block A have fixed values. For the 
VSC-HVDC connected boundary, LCC-HVDC connected 
boundary and HVAC connected one, are S* 

B,j=[P* 
B,j, Q

* 
B,j], S

* 
B,j=[P

* 
B,j, Q* 

B,j, V* 
B,j] and S* 

B,j=[P* 
B,j, θ* 

B,j], respectively. Since boundary 
variables are fixed, the models in Block A are spatially de-
composed, which means subsystems, HVAC tie-lines and 
HVDC links can manage their operation models independently. 

1) Spatio-temporally decomposed subsystem model. In order 
to further reduce the model complexity due to temporal cou-
pling, each subsystem model performs temporal decomposi-
tion by relaxing the constraints for a sequence of time periods. 
By introducing [xg 

L,j,i,m, xL,j,i,m,m-1, xL,j,i,m,m] which satisfy (5), mul-
ti-step coupled load pickup decision variables xL,j,i,m and xL,j,i,m-

1 in each subsystem are replaced by the decoupled xL,j,i,m,m-1, 
xL,j,i,m,m using the Lagrangian decomposition method [24].  
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Each subsystem contains one temporal coordinator model 
(6) which coordinates its spatio-temporally decomposed mod-
el (7).  

L, L,

2

L, , , L, , , 2
L, , , L, , , L, , , 2

L, , , 1 L, , , 1 2

* *
B, , , B, , , B, , , B, , , B, ,VSC

*
B, , , B, , , B, , , B,
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2) Spatially decomposed models of links between subsys-
tems. Constraints (A-34)-(A-35) for HVAC tie-lines are satis-
fied with feasible boundary variables [P* 

B,j,m, θ* 
B,j,m]. Spatially 

decomposed models of VSC-HVDC and LCC-HVDC links 
satisfy (8)-(9), respectively. 
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C.  Models of Block B 

The models in Block B have fixed values of load pickup 
decision variables xstep* 

L,j which are the linking variables trans-
mitted from Block A. There is a spatial coordinator for the 
whole system in Block B to realize the independent decision-
making of each subsystem. Because the multi-step coupled 
load pickup variables are fixed, subsystem models can be spa-
tio-temporally decomposed when the boundary variables in 
SB,j,m are decoupled. Extra variables [Pg 

B,j,i,m, Qg 
B,j,i,m, θg 

B,j,i,m, Vg 
B,j,i,m], 

[PB,j,i,m,m-1, PB,j,i,m,m, θB,j,i,m, QB,j,i,m, VB,j,i,m], [PCi,j,m, θCi,j,m, PCi,k,m, 
θCi,k,m], [PCi,j,m, QCi,j,m, PCi,k,m, QCi,k,m] and [PCi,j,m, θCi,j,m, VCi,j,m, 
PCi,k,m, θCi,k,m, VCi,k,m] are introduced for the spatial coordinator, 
subsystems, HVAC tie-lines, VSC-HVDC links  and LCC-
HVDC links, respectively. The coupling constraints (10)-(13) 
are required as the extension of (A-55) - (A-57). 
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1) Model of spatial coordinator. The spatial coordinator 
model (14) is built to coordinate the decoupled boundary vari-
ables by relaxing (10)-(13) using (2). The first three terms are 
constructed for the consistency of subsystem boundary varia-
bles, and the last three terms are made for the consistency of 
boundary variables of VSC-HVDC links, LCC-HVDC links 
and HVAC tie-lines, respectively.  
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2) Spatio-temporally decomposed subsystem model. With 
fixed load pickup decision variables in x *  

L,j,m , the spatio-
temporally decomposed subsystem model is (15). 
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3) Spatial decomposed models of links between subsystems. 
Model (16)-(18) are built for VSC-HVDC links, LCC-HVDC 
links and HVAC tie-lines, respectively. 
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M
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m

C N
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IV.  SOLUTION METHOD BASED ON HOC_ATC ALGORITHM 

This section develops the HOC-ATC algorithm to com-
pletely decompose and solve the spatial-temporal models of 
Section III. The information interaction and iterative calcula-
tion process are presented. The distributed load restoration 
strategy is obtained when the iterative calculation process 
converges.  

A.  Iterative calculation based on HOC_ATC algorithm  

The HOC_ATC based calculation process is shown below.  
Step 0: Set LAB = 1 and set convergence thresholds ε1 and ε2  

for Block B, ε3 and ε4 for Block A and ε5  between the two 
blocks equal to acceptable small values. Choose any feasible 
initial values for load pickup decision variables X* 

L  in YLAB 
a for 

each restoration step of all the subsystems. 
Step 1: Set LB = 1 and define the initial values of the penalty 

multipliers in vLB 
 and wLB 

 . Choose any feasible initial values for 
global boundary variables Sg,LAB,LB 

B =Sg* 
B  for each subsystem and 

links between subsystems.  
Step 2: Solve subsystem models (15), VSC-HVDC model 

(16), LCC-HVDC model (17) and HVAC tie-line model (18) 
with linking variables in YLAB 

a and global boundary variables in  
Sg,LAB,LB 

B  in parallel, and obtain local boundary variables SLAB,LB 
B  = 

S* 
B and objective values of all the models as fLAB,LB 

 . 
Step 3: Solve the spatial coordinator model (14) with fixed 

SLAB,LB 
B  and obtain the global boundary variables  Sg,LAB,LB+1 

B = Sg* 
B . 

Step 4: Check the spatial coordinator guided convergence 
equations (19)-(21), if they are satisfied, go to Step 6, other-
wise, go to Step 5. 

AB B AB B, , +1 ,
B, B, 3 Sub VSC LCC HVAC, , ,g L L L L

i i i N N N N   S S   (19) 

AB B AB B AB B, , 1 ,
Sub VSC LCC HV4 AC/ , , ,L L L L L L

i i if f f i N N N N  （ ） (20) 

BB ,maxLL                                      (21) 

Step 5: Update penalty parameters vLB 
  and wLB 

  according to 
(22) and (23), set LB = LB +1 and go back to Step 2. 

   B B B B AB B AB B
T1 , , +1 ,

B, B,

Sub VSC LCC HVAC

2 ( )

, , ,

L L L L g L L L L
i i i i i iQ

i N N N N

   

 

v v w w S S
      (22) 

B B1
Sub VSC LCC HVAC( 1) , , ,L L

i i i N N N N    w w  (23) 

Step 6: Collect the optimal result in the LB-th iteration and 
form linking variables YLAB 

b = SLAB,LB+1 
B , set LA = 1 and define the 

initial values of the penalty multipliers in  vLA 
 and wLA 

 , and 
choose initial values for local load pickup decision variables x
g,LAB,LA 
L  = xg* 

L  in each restoration step of all the subsystems. 
Step 7: Solve models (7) of each subsystem with linking 

variables in YLAB 
b  and global load pickup decision variables in x

g,LAB,LA 
L  in parallel, and obtain local load pickup decision varia-

bles x,LAB,LA 
L = x* 

L  and objective values of subsystems as fLAB,LA 
 . 

Step 8: Solve models of temporal coordinators (14) of sub-
systems with fixed x,LAB,LA 

L in parallel, solve equations of HVDC 
links (8)-(9) if LA = 1, and obtain the global load pickup deci-
sion variables xg,LAB,LA+1 

L  = xg* 
L  and decision variables for HVDC 

links χLAB 
tie =χ* 

tie. 
Step 9: Check the temporal coordinator guided convergence 

equations (24)-(26), if they are satisfied, proceed to Step 11, 
otherwise, go to Step 10. 

AB A AB A, , +1 ,
, , , , 1 Sub , [1,..., ]g L L L L

L j m L j m Mx x j N m T         (24) 

AB A AB A AB A, , 1
Sub2

,/L L L L L L
j j jf f f j N  （ ）          (25) 

AA ,maxLL                                               (26) 

Step 10: Update penalty parameters vLA 
  and wLA 

  according to 
(35) and (36), set LA = LA +1, and go back to Step 7. 

   A A A A AB A AB A
T1 , , +1 ,

, , Sub2 ( )L L L L g L L L L
j j j j L j L jQ j N     v v w w x x  (27) 

A A1
Sub( 1)L L

j j j N    w w           (28) 

Step 11: Collect the optimal result in the LA-th iteration and 
form linking variables YLAB 

a = x,LAB,LA+1 
L , and check the conver-

gence conditions for the two blocks (29)-(30), if they are not 
satisfied, LAB = LAB + 1 and go back to Step 1, otherwise, stop 
and obtain the final result. 

AB AB AB AB1 1
a a b b 5&L L L L-  Y Y Y Y          (29) 

AB AB,maxL L                              (30) 

In this algorithm, Steps 1 - 5 concern the iterative calcula-
tion in Block B, Steps 7 - 10 takes the one in Block A and Step 
11 manages the iteration between the two blocks. 

B.  Analysis of  HOC_ATC based iterative calculation 

As shown in Fig. 3, there are three types of iterative calcu-
lations in the proposed HOC_ATC based solution process. 

The first type of iterative calculation is performed in Block 
B with fixed load pickup decision variables xstep* 

L . Each subsys-
tem independently optimizes its own spatio-temporally de-
composed Model (15), and is linked with the other subsystems 
to solve optimization Models (16)-(18). Then, the local 
boundary variables S * 

B  are sent to the spatial coordinator. 
Holding local boundary variables, the spatial coordinator 
solves Model (14) and sends global boundary variables Sg* 

B  to 
subsystems, HVDC link and HVAC tie-line models. The cal-
culation in Block B is completed when the spatial coordinator 
guided iteration process converges. 

The second type of iterative calculation is implemented 
within Block A with fixed boundary variables S* 

B. In each sub-
system, local load pickup decisions x* 

L,j are sent to the temporal 
coordinator when the single-step model (7) is solved. By solv-
ing model (6), each temporal coordinator transmits global load 
pickup decisions xg* 

L,j  to the corresponding subsystem model. 
Calculations within Block A are completed when the temporal 
coordinator guided iterations in all the subsystems converge 
and HVDC link models (8)-(9) are solved.  

The third type of iteration is between Block A and Block B, 
Block A sends linking variables Y* 

a = xstep* 
L to Block B and Block 

B sends linking variables Y* 
b = S* 

B to Block A. Both blocks per-
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form calculations with part of decision variables fixed. The 
iterative calculation between Block A and Block B continues 
until the convergence conditions are satisfied. 
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Fig. 3 Flowchart of iterative calculation of HOC_ATC algorithm 

Although it is difficult to give theoretically global conver-
gence proof when models have highly non-convex parts and 
binary variables, the proposed HOC_ATC algorithm has good 
convergence qualities. The iterative calculation within Block 
A and Block B are based on the ATC method, which can con-
verge to the result with a small optimization gap, even when 
the model is non-convex [16]-[17], [20]. Moreover, the HOC 
based iteration between two blocks ensures that the result of 
each iteration gradually gets close to the optimal result [25]. In 
Block A, the temporal coordinator model (6) and subsystem 
model (7) have a mixed-integer quadratic programming 
(MIQP) form, and HVDC link models (8)-(9) comprise sever-
al non-linear equations. In Block B, the spatial coordinator 
model (14) and subsystem model (15) are quadratic program-
ming (QP) problems, and HVDC link models (16)-(17) are 
non-linear optimization problems without integer variables. 
The MIQP and QP models are of small scale and the number 
of non-linear equations of HVDC links models is also small, 
so that they can be efficiently solved. Detailed convergence 
analysis is in Appendix B. 

V.  CASE STUDY 

Two systems were used to demonstrate the effectiveness of 
the proposed method. The first one is a modified three inter-
connected 6-bus AC/DC hybrid system [20]. The second one 
is a sectionalized restoration IEEE 118-bus system. The con-
vergence thresholds of the HOC_ATC algorithm are 0.1%. 

A.  Efficiency of spatio-temporal decomposition and 
coordination scheme in 6-bus system 

 
Fig. 4. Three-area 18-bus AC/DC hybrid system 

Fig. 4 shows the three-area 18-bus AC/DC hybrid system. 
The multi-step number is set as three. Although subsystem 
models are linearized, the highly non-convex HVDC models 
make the whole problem hard to solve efficiently in a central-
ized way. As shown in Table I, the spatio-temporal coupled 
model for the 18-bus system can be directly solved using 
Fmincon. The calculation time is 2966.70 s and the objective 
value is -9.50 p. u.. Based on the HOC_ATC algorithm, the 
subsystem model and HVDC model can be solved inde-
pendently. With QP in Block A and MIQP in Block B, subsys-
tem models are iteratively solved using Gurobi, while HVDC 
models are solved using Fmincon. The proposed HOC_ATC 
method takes 33.32 s to find the objective value -13.50 p. u., 
exhibiting faster computation and better optimization result 
than the centralized one.  

TABLE I 
COMPUTATION EFFICIENCY OF DIFFERENT METHOD  

 Obj (p. u.) Slover Cal_time (s) Iteration 
Centralized -9.50 Fmincon 2966.70 / 

HOC_ATC -13.50 
Gurobi+ 
Fmincon 

33.32 
B [12;12] 
A [13 1 18;13 1 18] 

 
Fig. 5. Active power (a), reactive power and voltage (b) iterations of SUB2 

step 2 in Block B  
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Fig. 6. Iterations of load pickup decisions in Block A  

 
Using the HOC_ATC algorithm, the model is decomposed 

into spatial-temporally decoupled single-step subsystem opti-
mization models and spatially decoupled HVDC link models. 
The whole process starts with the iterative calculations in 
Block B. Taking boundary variables between SUB1 and the 
LCC-HVDC link in Step 2 as an example, Fig. 5 shows the 
iteration process of shared boundary variables. In Fig. 5 (a), 
‘G_P_S2’, ‘SUB1_P_S2’ and T_P_S2 refer to boundary ac-
tive power variables of the spatial coordinator, subsystem and 
LCC-HVDC links, respectively. The subsystem active power 
on the x-z plane is the spatially decoupled variable for the op-
timization model of Step 2, while the one on the x-y plane is 
the temporally decoupled variable of Step 2 for the optimiza-
tion model of Step 3. In Fig. 5 (b), the x, y and z axes are the 
iteration number, voltage value and reactive power, respec-
tively. It can be seen that all the boundary variables of the spa-
tial coordinator, the subsystem side and the HVDC side satisfy 
convergence thresholds after the Block B iteration.  

Then, the calculation goes to Block A. Fig. 6 shows the it-
eration of load pickup decisions of three subsystems in three 
restoration Steps S1, S2 and S3. The iteration numbers of 
SUB1, SUB2 and SUB3 are 13, 1 and 18. The load pickup 
decisions ‘LP_B’ in Block B are different from the result 
‘LP_A’ obtained in Block A, which means load pickup deci-
sions are adjusted in the iterations of Block A. Thus, the sec-
ond round of Block B iteration begins with the result of Block 
A. Similarly, the calculation in Block B converges after 12 
iterations and the second round of Block A calculation ends 
when all the iteration calculations within subsystems converge. 
Since the load pickup decision obtained from Block A is the 
same as in the last round, the whole HOC_ATC loop stops 
with the optimization result obtained according to the final 
round of Block A iteration.  

B.  Computation efficiency  of HOC_ATC method in IEEE 
118-bus system 

The IEEE 118-bus system is divided into five restoration 
subsystems which can balance power supply and demand by 
themselves. Fig. 7 shows the structure of the system which 
uses the LCC-HVDC link, VSC-HVDC link and HVAC tie-
lines connecting SUB1 and SUB2, SUB3 and SUB5 and the 
other subsystems. The centralized model for this case cannot 
be directly solved by general optimization tools due to its 
large-scale, highly non-convex form. Therefore, the HVDC 
incorporated large-scale model is solved in a distributed way.  

The ATC based distributed method used in the AC/DC sys-
tem [16], [20] is applied for comparison with the proposed 
HOC-ATC method. Convergence processes of different meth-

ods are demonstrated in Fig. 8. As can be seen, the largest 
boundary variable mismatch of the HOC_ATC method is low-
er than 0.1% with 73 iterations, while the ATC method cannot 
converge with a mismatch higher than 1%. Both methods per-
form iterative calculation with spatial-temporal decoupled 
models. However, the ATC method coordinates all the shared 
variables at the same time, while the HOC_ATC algorithm 
divides the original problem into two blocks and coordinates 
the corresponding variables separately. The convergence prob-
lem of the ATC method is caused by integer variables and the 
increase of shared variables in the multi-step process. In spa-
tial-temporally decoupled models, the integer variables in-
clude not only load pickup decisions for the current step, but 
also the ones coming from temporal decoupling. Moreover, 
the ATC method coordinates integer variables and boundary 
variables simultaneously, which makes it hard to converge. 

 
Fig. 7. IEEE-118 bus system with five subsystems 

 
The iteration of the HOC_ATC method is shown in Fig. 9 

using boundary active power variables of SUB1 ‘P’, HVDC 
link ‘T_P’ and the spatial coordinator ‘G_P’ in five restoration 
steps S1, S2, S3, S4 and S5. ‘P21’, ‘P32’, ‘P43’ and ‘P54’ are 
temporally decoupled active power variables of S1 S2 S3 and 
S4 for optimization models of S2 S3 S4 and S5. The first, sec-
ond and third rounds of Block B iteration numbers are 17, 22 
and 16. Iteration numbers in Block A for SUB1, SUB2, SUB3, 
SUB4 and SUB5 are 3, 3, 17, 4 and 14, respectively.  

 
Fig. 8. Convergence processes of different methods. 
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Fig. 9. Boundary variable values in the whole iteration process. 

 
 

As seen in Fig. 10, the objective value changes according to 
the iteration process. The objective value changes in Block B 
because of the coordination process of boundary shared varia-
bles of all the subsystems, tie-line utilities and the spatial co-
ordinator. In Block A, the change of objective value is caused 
by the coordination of load pickup decision variables using 
subsystem temporal coordinators. After 73 iterations, the final 
result is obtained at -172.13 p. u.. 

 

 
Fig. 10. The objective value in the whole iterative process. 

 

VI.  CONCLUSION 

This paper presents a new spatio-temporal decomposition 
and coordination scheme for load restoration in an AC/DC 
hybrid transmission system. An improved distributed algo-
rithm is proposed to realize the scheme. Using the proposed 
spatio-temporal decomposition method, the original HVDC 
incorporated multi-step model of the whole system is decom-
posed to a single-step load restoration model of each subsys-
tem and operation model of each HVDC link. By applying the 
developed HOC_ATC algorithm, the result is obtained by iter-
atively calculating parallel small-scale models with simple 
mathematical forms within and between two interactive blocks. 
The proposed scheme maintains the independent operation of 
subsystems and provides a computationally tractable form of 
the highly complex load restoration model in the AC/DC hy-
brid bulk system. The case study shows the calculation pro-
cess and the computation efficiency of the proposed method 
indicating computation efficiency and enhanced convergence 
abilities when facing highly non-convex multi-step models. 
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Appendix A 

The detailed AC/DC bulk system load restoration model cor-
responds to Model (1). 

1) Objective: The goal is restoring the un-served load to 
complete the restoration process as soon as possible. Therefore, 
the objective function (A-1) is to maximize the total load re-
covery amount of all the subsystems in the multi-step process. 
cL,j,i and pL,j,i are load weighting coefficient and load amount of 
load node i in subsystem j. xL,j,i,m is the load pick up binary 
decision variable for load node i in subsystem j in step m. 

L,

L, , L, , L, , ,
1

min
M

j

T

j i j i j i m
m j Subsys i N

c p x
  

              (A-1) 

2) Model of VSC-HVDC link: The steady state equations de-
scribing the two-terminal VSC-HVDC link are constructed as 
(A-2)-(A-9) [16]. 

RR ,RlX

,RcX

DCR
IR,IlX

, IcX

s,RV
s,LV

B,AC,R, B,AC,R,/m mP Q B,AC,I, B,AC,I,/m mP Q
B,DC,I,mP

B,DC,R ,mP

 
Fig. A-1 The equivalent circuit of the VSC-HVDC link 
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P V V Y V Y

 
     (A-

7) 

 DC,R, DC,R, DC,I, DC DC,R,/ *m m m mP V V R V         (A-8) 

 DC,I, DC,R, DC,I, DC DC,I,/ *m m m mP V V R V          (A-9) 

where PB,AC,R,m, QB,AC,R,m, PDC,R,m and VDC,R,m are the active 
power and reactive power from the subsystem, the DC active 
power flow and DC voltage on the rectifier side of the VSC-
HVDC link in step m, PB,AC,I,m, QB,AC,I,m, PDC,I,m and VDC,I,m are 
the ones on the inverter side, μR and XC,R are DC voltage utili-
zation ratio and filter capacitance of the VSC station on the 
rectifier side, μR and XC,R are the ones on the inverter side, δR,m, 
MR,m, δI,m and MI,m are modulation angles and degrees of the 
rectifier side and inverter side of the VSC station in step m,  
Vs,R and Vs,I, which are sent by subsystems, are voltages in 
subsystem boundary buses, and YR, YI, αI and αR satisfy equa-
tions in (A-10)-(A-11) where YR, Xl,R, YI and Xl,I are equivalent 
resistance and reactance of VSC stations on the rectifier and 
inverter side. Constraint (A-12) is the DC transmission limit. 
VSC control parameter range limits are (A-13)-(A-14). 

 2 2
R R R R R R R1/ arctan /l, l,Y R X R X i VSC     (A-10) 

 2 2
I I I I I I I1/ arctan /l, l,Y R X R X i VSC     (A-11) 

DC,R ,maxjkP p (A-12) 

R,min R, R,max I,min I, I,max&m m         (A-13) 

R,min R, R,max I,min I, I,max&m mM M M M M M    (A-14) 

3) Model of LCC-HVDC link: The steady-state power flow 
equations of the LCC-HVDC link are (A-15)-(A-24) [14], [26]. 
Constraints (A-25)-(A-28) are variable limits. 

DCR
T,R1: a

T,L 1a :AC,RV AC,IV

DC,RV DC,IV

B,AC,R, B,AC,R,/m mP Q B,AC,I, B,AC,I,/m mP Q
B,AC,R,mP B,AC,I,mP

 
Fig. A-2 The equivalent circuit of the LCC-HVDC link 

B,AC,R, DC,R, DC,m m mP V I (A-15) 

B,AC,I, DC,I, DC,m m mP V I (A-16) 
2 2 2
B,AC,R, R, B,AC,R ,m m mQ S P  (A-17) 

2 2 2
B,AC,I, I, B,AC,I,m m mQ S P  (A-18) 

R, R T,R AC,R, DC,

3 2
m m mS k np a V I


(A-19) 

I, I T,I AC,I, DC,

3 2
m m mS k np a V I


(A-20) 

DC,R, R T,R AC,R, R, C,R R DC,

3 2 3
cosm m m mV np a V X np I 

 
(A-21) 

DC,I, I T,I AC,I, I, C,I I DC,

3 2 3
cosm m m mV np a V X np I 

 
(A-22) 

DC, DC DC,R, DC,I,m m mI R V V  (A-23) 

DC, DC,R, ,maxm m jkI V p (A-24) 

T,R,min T,R T,R,max T,I,min T,I T,I,max&a a a a a a    (A-25) 

DC,min DC, DC,maxmI I I  (A-26) 

AC,R,min AC,R, AC,R,max AC,I,min AC,I, AC,I,max&m mV V V V V V    (A-27) 

R,min R, R,max I,min I, I,max&m m         (A-28) 

where SR,m and SI,m are respectively the apparent power on the 
rectifier side and inverter side in step m, npR and npI are the 
numbers of series connected bridges in the rectifier and invert-
er, respectively, aT,R and aT,I are transformer tap ratios for the 
rectifier side and inverter side, αR,m and αI,m are the ignition 
angle for rectifier operation and extinction angle for inverter 
operation in step m, and IDC,m is the DC current in step m. Pa-
rameter k can be determined according to [26].  

4) Operation constrains between steps for HVDC links.  
Because the power flow through HVDC links relies on the 

control of electronic devices within the LCC or VSC station, 
several constraints are built to match the sequential operation 
characteristic of HVDC links in the restoration process. Equa-
tions (A-29) and (A-30) are constraints for power adjustment 
of HVDC links, where binary variables x+ 

Ci,m and x- 
Ci,m mean that 

the power flow through the HVDC link Ci is adjusted upward 
or downward in step m. MC is the allowed number of power 
adjustment in restoration period TM. To avoid repeated small-
amplitude adjustments of HVDC links, (A-31) is set to ensure 
the power adjustment is within bounds. Therein, r+ 

dc,m and r- 
dc,m 

are upward and downward adjustment bounds, respectively. 
Specifically, owing to the difficulty of the LCC station to re-
verse the power flow direction, (A-32)-(A-33) are set to avoid 
frequent power flow reversal, where binary variable oB,i,m=1 
when the power flow is in forward direction while oB,i,m=0 
when the power flow is reverse, Mo is the constant with a large 
value. NLCC and NVSC are sets of LCC-HVDC and VSC-HVDC 
links. 

, , LCC VSC1 ( & )
i iC m C m ix x C N N             (A-29) 

 , , LCC VSC
1

( & )
M

i i

T

C m C m C i
m

x x M C N N 



     (A-30) 

+
, ,min , ,max , , , , 1

+
, ,max , ,min LCC VSC( & )

i i i i

i i

C m dc C m idc C jk m C jk m

C m dc C m dc i

x r x r p p

x r x r C N N

  


  

  

   
  (A-31) 

min( , )

, , , 1 , , 1 LCC
1

1( )
M m T

i i i i

t t N

C m C i m C t C t i
t m

o o o o C N


 
 

      (A-32) 

 , DC, , , LCC1 ( )
i i iC m o C m C m o io M I o M C N       (A-33) 

5) Constraints for HVAC tie-line. The active power limit of 
tie-lines is (A-34) with the upper bound Pjk,max. For HVAC tie-
lines, the maximum phase angle difference θjk,max is required in 
(A-35) to avoid excessive standing phase angle problem of 
neighboring subsystems reconnection. 

, , ,max HVAC( )
iC jk m jk iP P C N               (A-34) 

, , , , ,max HVAC( )
i iC j m C k m jk iθ θ θ C N                 (A-35) 

where PCi,jk,m, θCi,j,m and θCi,k,m are active power flow through 
HVAC tie-line Ci between subsystem j and k, phase angle on 
the two ends of tie-line connected to subsystem j and subsys-
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tem k. Nhvac is the set of HVAC tie-lines. 
6) Model of subsystem j. Subsystems are with meshed 

network, restarted generators with minimum generation levels 
and un-served loads. Inequality (A-36) ensures the load will 
not be shed as long as it is picked up. Equation (A-37) is the 
multi-step generator output constraint which means generators 
are ramping up with ramp rate ri between the upper and lower 
limits. Equalities (A-38) and (A-39) determine the active and 
reactive power of each node in subsystem j, respectively. Con-
straints (A-40)-(A-46) are for the linearized AC power flow 
calculation. The branch flow limit (A-47)-(A-50), voltage lim-
it (A-51) and reserve constraints (A-52)-(A-53) are security 
constraints. The boundary power limit is (A-54). The details of 
the subsystem constraints can be found in [27].  

  L, , , L, , , 1 L( )j i m j i m , jx x i N   (A-36) 

 
 

G, , G, , 1 G, ,min

G, , G, , 1 G, ,max G,

max ,

min ,

i m i m i m i

i m i m i m i j

p p rT p

p p rT p i N





 

   
(A-37) 

, L, , , L, , L, B, , , B,

G , , G,

( ) || ( )

|| ( )+0

n m j i m j i j j i m j

i m j

p x p i N P i N

p i N

    


 (A-38) 

, L , , , L , L, G , , , G,

B, , , B,

( ) ( )

( ) ||0

n m j i m i j j i m j

j i m j

q x q i N q i N

Q i N

    

 
         (A-39) 

, ,
, Line

n m nl m Subj
n l N

p P n N


             (A-40) 

, ,
, Line

n m nl m Subj
n l N

q Q n N


          (A-41) 

*
, , ,( )nl m nl nl nl m nl n,m l mP g g cos θ b θ θ     (A-42) 

*
, , , , , ,( ) ( )nl m nl nl n m l m nl nl m nl n m l mQ b g θ θ b cos θ b δ δ      (A-43) 

* 0
,nl mcos θ cosθ    (A-44) 

* 0 0
, , ,

0

( )( )

( ) 1, 2,..., 2

nl m n m l mcos θ sin vd θ θ θ vd θ

cos vd θ v h

 



     

  
(A-45) 

 , ,  . .1n m n m VoltsV δ p u   (A-46) 

,m max,ax ,nlnl nm lS SP       (A-47) 

,m max,ax ,nlnl nm lS SQ      (A-48) 

,max ,max, ,2 2nl m nlnl nm lP +S SQ   (A-49) 

,max ,max, ,2 2nl m nlnl nm lP -S SQ   (A-50) 

,min , ,maxn n m n SubjnV V V N     (A-51) 
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(A-53) 

B, ,max B, , , B, ,maxj j i m j-P P P                          (A-54) 

where pG,i,m and pG,i,m-1 are the output of generator i in step m 
and m-1, ri is the ramping up rate of generator i, Tm is the load 

pickup operation time in step m, pn,m and qn,m are the active 
and reactive power injection into bus n in step m, Pnl,m, Qnl,m 
and Snl,m are the active power flow, reactive power flow and 
apparent power on line nl, gnl,m, bnl,m and θnl,m are the conduct-
ance, susceptance and phase angle difference of line nl, Vn,m, 
δn,m represents the voltage amplitude and voltage deviation of 
bus n, cos*θnl,m is the approximate variable of cos θnl,m, Δ de-
notes the incremental change of variables, Δf, ΔpTL,j,m and 
ΔPB,j,m are the frequency deviation, load amount increase and 
boundary power increase in subsystem j in step m, and PB,j,m 
and PB,j,max are the boundary active power and maximum 
boundary active power of subsystem j. NG,j, NL,j, NB,j, NSubj and 
NLine are sets of generator nodes, load nodes, boundary nodes, 
subsystem nodes and transmission lines in subsystem j. 

7) Boundary constraints. Some boundary constraints 
should be satisfied when subsystems are reconnected. Eq. (A-
55)-(A-57) are the boundary variable consistency required 
between subsystem and VSC-HVDC links, subsystem and 
LCC-HVDC links and subsystem and HVAV tie-lines.  

B,AC,C , B, , , B,AC,C , B, , ,

B, ,

&

,
i im j i m m j i m

i vsc j vsc

P P Q Q

C N i N

 

 
(A-55) 

B,AC,C , B, , , B,AC,C , B, , , B,AC,C , B, , ,

LCC B, ,

& &

,
i i im j i m m j i m m j i m

i j lcc

P P Q Q V V

C N i N

  

 
(A-56) 

C , , B, , , B, , , , , B, , ,

B, ,

&

,
i ijk m j i m k i m C j m j i m

i hvac j hvac

P P P θ θ

C N i N

  

 
(A-57) 

Note that models of HVDC links, HVAC tie-lines and sub-
systems are built for the multi-step process where step m∈

{1,…,TM}. 

Appendix B 

The convergence analysis of HOC_ATC is as follows. 
Set the original problem (1) as (B-1). Based on (B-1), the 

sub-problems in blocks A and B are (B-2) and (B-3), respec-
tively. Ya and Yb are linking variables between two blocks, and 
Yo represents other variables. 

 a b o

a 1 b 2 o 3

min , ,

. . , ,

f

s t   

Y Y Y

Y Y Y
         (B-1) 

 a b o

*
a 1 b b o 3

min , ,

. . , ,

f

s t   

Y Y Y

Y Y Y Y
         (B-2) 

 a b o

*
a a b 2 o 3

min , ,

. . , ,

f

s t   

Y Y Y

Y Y Y Y
         (B-3) 

The HOC_ATC starts with block B based on any feasible Y* 
a  

=YLAB 
a . In block B, (B-3) is further decomposed into the parallel 

subsystem model (B-4) and tie-line model (B-5).  

 b,Sub a b o

*
a a b 2 o 3

min , ,

. . , ,

f

s t   

Y Y Y

Y Y Y Y
          (B-4) 

 b,Tie a b o

*
a a b 2 o 3

min , ,

. . , ,

f

s t   

Y Y Y

Y Y Y Y
         (B-5) 

In block B, the ATC algorithm is performed based on these 
parallel models to obtain the optimization result in (B-6). Note 
that subsystem models (B-4) is a QP problem since binary 
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variables have been fixed in Ya. Thus, if the tie-line model (B-
5) is convex, the result of applying the ATC method can be 
strictly proved to be equal to the optimal result of (B-3) [24]. 
In this paper, non-linear constraints of HVDC tie-line models 
are used. Despite this, the HVDC models are in small-scale 
forms with several non-linear constraints so that the ATC al-
gorithm within block B can still provide the result with a small 
optimization gap (within 0.01% as shown in the case study of 
[16]). Accordingly, the in-equality in (B-6) can be satisfied. 

 
  

AB AB AB

AB

a b o

a b o b 2 o 3

, ,

, , ,

L L L

L

f

f s.t.  

Y Y Y

Y Y Y Y Y
     (B-6) 

Then, the obtained YLAB 
b  becomes Y* 

b  for block A. In block A, 
(B-2) is decomposed into the parallel subsystem model (B-7) 
and tie-line equations (B-8). The optimal objective value of 
(B-2) can be obtained by optimizing (B-7). 

 a,Sub a b o

*
a 1 b b o 3

min , ,

. .

f

s t   

Y Y Y

Y ,Y Y ,Y
                (B-7) 

 a,Tie b o

*
b b o 3

E.q. , 0

,



 

g Y Y

Y Y Y
                             (B-8) 

With fixed boundary variables in Y* 
b (YLAB 

b =Y* 
b ), the optimiza-

tion of (B-7) is MIQP and tie-line models do not need optimi-
zation. Solving (B-7) and (B-8), variables in Ya and Yo are 
with fixed values in YLAB+1 

a and YLAB+1 
o . The MIQP model is 

solved by Gurobi which can guarantee the optimality using the 
Branch-and-Cut algorithm. Therefore, the calculation in block 
A can get the result satisfying (B-9) where the left hand side is 
the optimized objective value and the right hand side is the 
possible objective function values in a feasible region.  

 
  

AB AB AB

AB

1 1
a b o

a b o a 1 o 3

, ,

, , . . ,

L L L

L

f

f s t

 

  

Y Y Y

Y Y Y Y Y
(B-9) 

Get Y* 
a  = YLAB+1 

a , the second round of block B has (B-10). 

 
  

AB AB AB

AB

1 1 1
a b o

1
a b o b 2 o 3

, ,

, , ,

L L L

L

f

f s.t.

  

  

Y Y Y

Y Y Y Y Y
     (B-10) 

According to (B-10) and (B-9), (B-11) is satisfied. It means 
the proposed HOC_ATC algorithm has the convergence at-
tribute by providing the iteratively decreasing result for the 
minimization problem. Since the minimizing problem at least 
has a lower bound, the iteration converges if the objective val-
ue keeps on decreasing. 

   AB AB AB AB AB AB1 1 1
a b o a b o, , , ,L L L L L Lf f   Y Y Y Y Y Y (B-11) 
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