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IEEE TRANSACTIONS ON SMART GRID

Risk Trading in Energy Communities

Niklas Vespermann, Student Member, IEEE, Thomas Hamacher, and Jalal Kazempour, Senior Member, IEEE

Abstract—Local energy communities are proposed as a reg-
ulatory framework to enable the market participation of end-
consumers. However, volatile local market-clearing prices, and
consequently, volatile cost give rise to local market participants
with generally heterogeneous risk attitudes. To prevent the
increased operational cost of communities due to conservative
trading decisions in the forward stage, e.g., a day-ahead market,
we propose risk trading in energy communities via financial
hedging products, the so-called Arrow-Debreu securities. The
conditional value-at-risk serves as our risk measure for players
to study different degrees of market completeness for risk. We
define a risk-averse Nash game with risk trading and solve the
Nash equilibrium problem for an incomplete market for risk as
a mixed complementarity problem. We show that such a Nash
equilibrium problem reduces to a single optimization problem
if the market is complete for risk. Numerical findings indicate
that a significant community cost saving can be realized when
players engage in risk trading and sufficient financial hedging
products are available. Moreover, risk trading efficiently protects
less risk-averse players from highly risk-averse decision-making
of rival players.

Index Terms—Arrow-Debreu security, conditional value-at-
risk, energy community, market completeness for risk, mixed
complementarity problem, risk trading, two-stage stochastic Nash
equilibrium problem

I. INTRODUCTION
A. Motivation and Aim

The development of distributed energy resources and the
progress in information and communication technologies em-
power end-consumers to engage in energy trading. Local
energy communities are proposed as a regulatory frame-
work that allows the market participation of these proactive
consumers, the so-called prosumers [1]-[3]. Energy trading
within a local energy community enables its members to
efficiently utilize distributed energy resources, such as roof-top
photovoltaic (PV) systems, battery storage units, and thermal-
electric appliances. In this way, community members are
expected to reduce their energy cost [4].

However, the uncertainty inherent to the intermittent injec-
tion of small-scale renewable energy sources such as PV sys-
tems causes increased price variability within the energy
community. As a result, the volatility of energy cost for local
energy market participants, the so-called players, increases.

Generally, energy markets are organized in a temporally
sequential manner to ensure a cost-efficient matching of supply
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and demand given the physical requirements of the techni-
cal system, such as the instantaneous balance of electricity
production and consumption. In this context, players make
decisions in a forward market, e.g., a day-ahead market,
before the realization of an uncertain event. The potential
realizations of the uncertainty in a spor market, e.g., a real-
time market, induce volatile prices, i.e., the spot market price
might be comparatively higher or lower than the forward
market price depending on the realization of the uncertain
event. This price volatility leads to a cost volatility for players,
giving rise to risk-averse preferences.' At the stage before
uncertainty realization, i.e., the forward market, a risk-averse
player tends to make conservative decisions such that the
volatility of her overall cost is reduced in both markets.
This risk-averse decision-making comes with the cost of an
increased disbenefit, i.e., a higher cost or a lower profit for
individual players as well as a higher operational cost for the
whole energy community.

Under the common assumption of homogeneous risk aver-
sion [6], all players have identical risk attitudes. However, in
practice we rather observe heterogeneous risk aversion, where
individual players have different risk preferences, such that
some players are willing to accept a greater cost volatility
induced by an uncertain event, e.g., the power generation of
renewable energy sources, and thereby, a greater risk than
others. Consequently, if less risk-averse players could take
over the cost volatility of highly risk-averse players, these
highly risk-averse players are able to make less conservative
forward market decisions while ensuring a low cost volatility.
As a result, the total cost of the energy community as well as
disbenefits of risk-averse players resulting from conservative
forward market decisions decrease.

To this purpose, we propose risk trading within local energy
communities as a vehicle for the cost volatility transfer. Risk
trading describes the exchange of financial hedging products
in a market to reduce the cost volatility by a different mean
than conservative forward market decisions. However, this
transfer depends highly on the availability of financial hedging
products. In this context, local energy markets might range
from a fully incomplete market for risk, where no financial
hedging products are available, to a complete market for
risk [7], in which all potential realizations of the uncertainty
can be hedged. Both degrees of market completeness for
risk constitute extremes, while intermediate cases are those
in which risk trading is possible only for a part of potential

IRisk aversion is a natural attitude of decision-makers, which can be
observed not only in long-term planning decision-making problems but also
in short-term operational ones. However, since operational decisions are made
more often, e.g., on an hourly basis, decision-makers are able to adjust their
risk preferences over time. They can even learn how to play in dynamic games
with risky payoffs [5].
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realizations of the uncertainty.

The concept of risk trading gives rise to two important
market-driven questions: First, how to define and implement a
financial hedging product for energy communities to transfer
the cost volatility from highly risk-averse to less risk-averse
players? Second, does a potentially unique market equilibrium
under heterogeneous risk aversion and risk trading exist?

To answer these questions, we consider a two-stage stochas-
tic decision-making process for heterogeneously risk-averse
energy community members, who engage in risk trading. The
first stage corresponds to trading decisions in a local forward
market for energy and financial hedging products. The second
stage represents trading decisions in a local spot market,
where the uncertain PV power generation is characterized
through a set of discrete scenarios. We apply the well-known
Conditional Value-at-Risk (CVaR) [8] as the risk measure for
players, and then define a risk-averse non-cooperative Nash
game with risk trading based on the collection of all play-
ers’ decision-making problems. Next, we solve the resulting
two-stage stochastic Nash equilibrium problem as a mixed
complementarity problem [9]. However, for the special case
of a complete market for risk, we solve a single two-stage
stochastic optimization problem, which is equivalent to the
Nash equilibrium problem. We eventually evaluate different
degrees of market completeness for risk in terms of individual
costs and total community cost.

B. Literature Review

Neglecting risk aversion causes a systematic overestimation
of benefits as shown in [10], where heterogeneously risk-
averse players are considered for a generation expansion
planning problem. Reference [11] discusses the effect of
different risk preferences on market-clearing outcomes. Risk-
averse stochastic producers avoid the forward market, which
causes the system cost and market-clearing prices to increase.
However, if risk trading among players is available, the cost
volatility can be shifted through risk trading to less risk-
averse players as discussed in [12]. Thereby, even highly risk-
averse players make moderate forward market decisions, since
the volatile cost is hedged. Thus, market-clearing prices and
the system cost decrease. Reference [13] even highlights the
potential benefits of risk trading in the case of ill-designed
electricity markets.

From a methodological perspective, [14] and [15] link
heterogeneous risk aversion and complete as well as incom-
plete markets for risk by stating the problem as a risk-averse
Nash equilibrium problem with risk trading. If the market is
incomplete for risk, multiple equilibria may exist [16], which
are differently stable and may have different system cost as
discussed in [17]. However, if the market is complete for
risk, [14], [15], and [18] show how a risk-averse social planner
solution can be interpreted as a perfectly competitive risk-
averse Nash equilibrium, where sufficient hedging products
are available.

The principles for market clearing and risk trading in an en-
ergy community are not different than those in other electricity
markets, e.g., the transmission-level wholesale markets. How-
ever, since the number of players in local energy markets is

quite limited, their heterogeneous risk preferences potentially
have a great impact on market outcomes. In this context of
heterogeneous risk aversion in energy communities the recent
work [19] addresses the impact of risk trading on the notion of
fairness among community members. Moreover, [20] studies
heterogeneous risk-averse prosumers, where risk trading is
based on a distributed implementation of financial products.
A risk-averse equilibrium is computed given a generalized
potential game structure.

However, a great challenge remains in defining an appli-
cable financial product that enables risk trading. Here, [21]
studies a local energy market on the distribution system level,
i.e., a market organization layer above energy communities,
where financial hedging rights are proposed to reduce the
price volatility due to distribution network constraints. More-
over, [22] considers the simultaneous trading of energy and
the uncertain part of power generation by PV systems. Note
that financial products proposed by [21] and [22] leave the
market partially incomplete for risk [23].

C. Contributions and Paper Organization

To the best of our knowledge, there are only two works in
the existing literature that account for heterogeneously risk-
averse players in the context of local energy communities.
While [19] focuses on the notion of fairness, our work places
strong emphasis on game-theoretical analyses and properties.
In addition, [20] studies the risk-averse equilibrium based on
a generalized Nash equilibrium problem, while we provide
a formulation which yields a Nash equilibrium problem,
and therefore rigorous conclusions on the solution existence
and uniqueness. Moreover, [19] and [20] neglect a thorough
analysis of different degrees of market completeness for risk.

Methodologically, we move beyond [14] and [15] and
mathematically prove that no equivalent optimization problem
necessarily exists in the case that the market is incomplete
for risk, while the degree of incompleteness—either fully or
partially—is arbitrary. Moreover, in contrast to [14], [15],
and [18], we show that although for the complete case an
equivalent optimization problem exists, multiple Nash equi-
libria might still be found.

From the application perspective, we offer a thorough study
on local energy communities with a focus on risk-averse
prosumers, who engage in risk trading. Based on our numer-
ical results, we identify that prosumers with a deterministic
demand avoid the uncertain spot market, while prosumers with
stochastic generation tend to postpone trading decisions to
the spot market, where the realization of the uncertain power
generation is observed. Moreover, by risk trading a significant
community cost saving can be realized, while all players yield
reduced disbenefits.

The remainder of this paper is organized as follows. In
Section II we introduce the structure of the energy community
and describe methods for representing risk aversion and risk
trading. We present risk-neutral optimization problems and
start by defining a risk-neutral Nash game in Section III. In
Section IV we extend risk-neutral optimization problems by
adding the CVaR as a risk measure for players as well as
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risk trading among energy community members and define
the risk-averse Nash game with risk trading. In Section V
we present and discuss numerical results. We conclude our
work in Section VI. Mathematical proofs of propositions are
provided in Appendix A. Appendix B includes the resulting
mixed complementarity problem. Lastly, Appendix C provides
the formulation for a risk-averse social planner optimization
problem whose solution is equivalent to a risk-averse Nash
game in the case that the market is complete for risk.

II. PRELIMINARIES
A. Energy Communities

We understand a local energy community as an aggregation
of a few prosumers, which are spatially located very close
to each other and physically connected to the distribution
system as a single entity. For example, energy communities
were recently demonstrated through “The Energy Collective”
project [24] implemented in Bofzllesskabet Svalin, Denmark,
the “EnergyLab Nordhavn” project [25] implemented in the
Nordhavn neighborhood of Copenhagen, Denmark, as well
as the “pebbles” project [26] implemented in Wildpoldsried,
Germany. These projects enable prosumers to directly engage
in energy trading with their neighbors via a local energy
market within the energy community. This is one key aspect
that the European Commission asks its member states for by
the renewable energy directive, Article 21 [27].

Local markets for energy communities should be differ-
entiated from any other market schemes on the distribution
system level that may geographically cover a whole feeder or
even a suburb. Distribution-level markets might be designed
for trading energy [28] or flexibility [29], taking into account
power losses and technical constraints such as limits on nodal
voltage magnitudes and apparent power flow of lines. We
treat local markets for energy communities as one market-
organization layer below any distribution-level market, and
rather see the energy community as a whole as a potential
market participant in such distribution-level markets. However,
we leave the explicit consideration for future research.

B. Definitions

In this study we consider a local forward as well as a
local spot market, and represent the probability distribution
of an uncertain realization in the spot market by a finite
number of discrete scenarios w € ). Each scenario embodies
a collection of the PV power generation for all prosumers
under that scenario. Prior to the uncertainty realization, the
local forward market determines the energy production and
consumption schedule for each community member for, e.g.,
the next day, as well as a local forward market-clearing price.
In real time when the uncertainty is realized, any deviations
from the local forward market schedule are balanced in the
local spot market, providing a local spot market-clearing price.

In the local forward market, risk-neutral players make
decisions based on physical probabilities 79 of uncertain
realizations, i.e., empirical real-world observations [15]. Risk-
averse players, however, observe physical probabilities and
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Fig. 1: Plot la shows the structure of the energy community, where explicitly
considered players are marked in blue. Plot 1b depicts the two-stage stochastic
decision-making process of energy community members.

increase/decrease the weight of some scenarios to derive risk-
adjusted probabilities 7 [10], which describe their individual
risk preferences on uncertain realizations. In fact, a risk-averse
player treats risk-adjusted probabilities as her individual de-
cision variables, such that she considers comparatively higher
weights for scenarios under which she incurs a high cost, or
achieves a low profit. Similarly, she considers comparatively
lower weights for scenarios, resulting in a low cost, or a high
profit. Note that the sum of risk-adjusted probabilities should
still be equal to one. By decision-making based on resulting
risk-adjusted probabilities, the risk-averse player reduces her
cost volatility at the cost of increased disbenefits.

To outweigh conservative forward market decisions and to
reach a consensus among energy community members on
risk preferences, we consider risk trading via a financial
market product, the so-called Arrow-Debreu security [30].”
For each scenario w € 2, an Arrow-Debreu security is an
unconstrained contract between a security buyer and a seller
in the forward market. Both the buyer and seller are local
energy community members. The buyer pays to the seller in
the forward market based on a market-driven price, the so-
called risk price ., whose value is lower than or equal to 1.
In return, the buyer receives from the seller a payment of 1
in the spot market if scenario w realizes. For example, if a
prosumer buys 100 securities from another prosumer for a
given scenario w, she should pay €100y, but will be paid
back €100 if that scenario occurs. We will show later in
Section V how risk-adjusted probabilities converge towards
a consensus on risk preferences if risk trading is possible.

C. Local Market Structure

Within the energy community we explicitly consider three
types of players as illustrated in Figure la, namely pro-
sumers, a spatial arbitrageur and a price setter. Moreover,
Figure 1b schematically depicts the underlying two-stage
stochastic decision-making process of each player.

Prosumers, who potentially have an inelastic demand and
own PV systems with an uncertain power generation, buy
and sell energy as well as Arrow-Debreu securities in the

2While the definition of Arrow-Debreu securities in [30] is based on a
discretization of an uncertain event, recent efforts have been made to consider
risk trading for a continuous probability distribution of an uncertain event [31].
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local forward market. At the same time, they anticipate all
possible local spot market realizations w € {2, i.e., the spot
market-clearing price and the uncertain PV power generation
in scenario w, as well as their respective response in terms of
energy trades and the cost/revenue from buying/selling Arrow-
Debreu securities for each scenario w.

In the case of a shortage or a surplus of energy the spatial
arbitrageur imports and exports energy from and to the energy
community. Since an energy community supplies and demands
fairly small energy volumes, a direct access for the spatial ar-
bitrageur to the wholesale market is rather unlikely. Therefore,
we consider a retailer’, who serves as an intermediary for the
energy community. The spatial arbitrageur decides on energy
imports and exports as well as her Arrow-Debreu security
trades in the local forward market. She also takes into account
all possible realizations of local spot market-clearing prices as
well as her optimal recourse in terms of energy imports and
exports and the cost/revenue from Arrow-Debreu securities for
each scenario w.

Finally, a price setter, who is a fictitious player [32], reveals
local market-clearing prices evolving under free trade and
perfect competition. In detail, the price setter reveals a local
forward market-clearing price for energy and prices for Arrow-
Debreu securities given trading decisions by prosumers and
energy imports/exports by the spatial arbitrageur. At the same
time, she anticipates the recourse by prosumers due to the
uncertain PV power generation as well as the optimal response
by the spatial arbitrageur and reveals a spot market-clearing
price for each scenario w € Q.

D. Towards a Complete Market for Risk

We study four different cases as summarized in Table . In a
case wherein all players are risk-neutral, a Nash equilibrium is
determined by an optimization problem. The fully incomplete
case constitutes a setting where prosumers and the spatial
arbitrageur are heterogeneously risk-averse and no financial
hedging products are available. We relax the constraint on
the availability of hedging products and consider a partially
incomplete market for risk, where some realizations of the
uncertain PV power generation can be hedged. For these two
cases of an incomplete market for risk, we rely on solving
the Nash equilibrium problem as a mixed complementarity
problem along with its challenges [16], [17], such as potential
multiplicity, instability, and computational burden. However,
if the market is complete for risk, i.e., all realizations of
uncertain PV power generation can be hedged, the Nash
equilibrium problem reduces to an equivalent optimization
problem [18]. According to [15], expected disbenefits decrease
as we move from a fully incomplete to a complete market for
risk, as illustrated in the last column of Table I.

3 A retailer is a self-interested profit-seeking entity which buys great energy
volumes at the wholesale market and sells energy to many small customers.

4In a perfectly competitive market environment the spatial arbitrageur and
the price setter can be interpreted as a community manager, who simultane-
ously fulfills both tasks, ensuring liquidity and revealing prices [9].

TABLE I: Problem overview with respect to the degree of risk trading.

Risk attitude Risk trading Problem type  Expected disbenefits

Neutral - Optimization®* %
Averse Fully incomplete Equilibrium®™ % % %
Averse Partially incomplete ~ Equilibrium* % % %
Averse Complete Optimization®  *x

*Equivalent Nash equilibrium problem exists.
+Equivalent optimization problem does not necessarily exist.

E. Overview of the Conditional Value-at-Risk

The seminal work [33] defines coherent risk measures p(-)
of an uncertain disbenefit function Z,,. We will apply the dual
representation of a coherent risk measure defined by [34] as

Z,) = P Z e, 1

pZ.) = max > (1)
weN

where the risk set D defines the feasible region for risk-

adjusted probabilities 77. For the CVaR as a coherent risk

measure in particular, the risk set DCV2R [10] is given by

1
CVaR __ [ _p . P _ P < — O
D = {7Tw. g =1, 0<7f < aﬂw}, (1b)

weN

where the equality constraint ensures that the sum of risk-
adjusted probabilities is still equal to one. The lower bound
of the inequality constraint ensures that all risk-adjusted
probabilities 7¥, are non-negative. The upper bound allows
increasing the weight of some scenarios according to physical
probabilities 7& and the risk aversion parameter o € (0, 1]
indicating the percentile of the CVaR measure. For the special
case a=1, risk-adjusted probabilities are equal to physical
probabilities, which represents a risk-neutral attitude.

In fact, (1a) with the risk set (1b) states a constrained
optimization problem that determines risk-adjusted probabil-
ities according to the risk aversion expressed by the CVaR.
This optimization problem is an equivalent representation of
the CVaR metric expressed by the well-known linear program-
ming problem [8] as

CVaR o 1 ] _AaT
p (Zw)—mcm{CJraU;Zm(Zw )"

(Ic)

which states the weighted mean deviation from the o quan-
tile, where ( denotes the value-at-risk. However, implementing
the CVaR by (lc) causes the objective function to be non-
smooth, i.e., non-continuously differentiable, owning to the
positively defined term in (-)*, and thus, limits our possibil-
ities for deriving optimality conditions to draw conclusions
on the uniqueness of the equilibrium point in game-theoretic
models.

Remark 1. In Section IV we combine the dual representation
of a coherent risk measure (la) with the risk set of the
CVaR (1b) when introducing the generic framework of a risk-
averse Nash equilibrium problem with risk trading. This allows
us to use a framework that relies on analyzing the resulting
game-theoretic models in their equivalent forms of variational
inequality (VI) problems [35]. This VI representation enables
us to draw conclusions on the existence and uniqueness of a
game solution. For the case of a complete market for risk,
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we apply the CVaR metric (1c) in the equivalent optimization
problem of the Nash equilibrium problem. This allows us
to efficiently solve the equivalent optimization problem and
derive numerical values of trades and prices.

FE. Assumptions

We assume that all players are price takers, resulting in
a perfectly competitive local energy market. The PV power
generation is the only source of uncertainty, though other
sources of uncertainty can be incorporated in the same manner.
Owning to the low spatial distance, we assume that all PV
systems have the same power generation profile and players
possess the same information on scenarios as well as identical
beliefs on physical probabilities 7©.° Furthermore, owning to
the size of the energy community and the fact that spatial
distances and trade volumes are relatively small, we neglect
network constraints within the energy community. However,
network constraints between the energy community and the
distribution system, which are observed by the spatial arbi-
trageur are of interest and are modeled in this work. Results
change in a way that a network congestion and consequently
limited energy imports or exports affect local forward and spot
market-clearing prices. Moreover, we consider the local market
clearing for a single hour only, since we do not consider any
technology with time-coupling constraints, e.g., energy storage
units. A problem extension to consider multiple time steps
is mathematically straightforward, though it complicates the
solution interpretation on how risk trading affects local energy
market outcomes. Lastly, we consider two trading floors,
e.g., day-ahead and real-time, only, and exclude additional
floors, such as intraday markets. The possibility of peer-
to-peer trading among prosumers within the community is
also discarded.

In the next two sections we introduce the mathematical
formulation of each player’s problem. We start by describing
a risk-neutral energy community in Section III. In Section IV,
we extend the risk-neutral problem formulation to a setting
with risk-averse players and risk trading.

Notation: We use a tilde, i.e., (-), for those symbols associ-
ated with the local spot market. Symbols followed by a colon
denote dual variables of respective constraints. We use these
dual variables when we derive Karush-Kuhn-Tucker (KKT)
conditions of optimization problems in Appendix B.

III. MARKET CLEARING WITH RISK-NEUTRAL PLAYERS

In a risk-neutral setting, each prosumer n € P minimizes
her expected energy cost .J,, of meeting the demand as

. 1 o/ - 1 .
{ Min J,,= @ + 56193 +> 718 ( Nobne + §ﬁpfw)(2a)

PnsPnw

Forward market ~—~—" wen Spot market ~——

cost Regularizer cost Regularizer
S.t. Pn + Pnw + Snw -D,=0: (bnwv VOJ, (2b)
_Pn SanPnX}:Lzygu (ZC)

_Pn S ﬁnw S Pn igiWYEM» VUJ} Vn

(2d)

S A relevant model accounting for asymmetric information about scenarios,
but without modeling risk aversion, is available in [36].

The first term in the objective function (2a) states the
cost incurred from power trades in the local forward market.
Positive values of p,, indicate a demand while negative values
state a supply. Each prosumer n pays/is paid based on the local
forward market-clearing price A for her energy exchange p,.
The second term in (2a) states a regularizer [37] for for-
ward market trades, where [ is a small positive constant®,
e.g., 1073, Institutionally, this regularizer can be interpreted
as a transaction cost arising from trades. The third and fourth
terms of (2a) refer to the expected cost and the regularizer in
the local spot market, weighted by physical probabilities 7°.
The prosumer n pays/is paid based on the local spot market-
clearing price A, for her power exchange p,., in scenario w.
Note that market-clearing prices A and ), are parameters
within (2), while they are variables in the Nash equilibrium
problem, i.e., the collection of all prosumers’ n € P, the spa-
tial arbitrageur’s, and the price setter’s optimization problems,
which are solved simultaneously.

For each scenario w, the prosumer n has to ensure the
satisfaction of her individual power balance, enforced by (2b).
Her demand D,, has to be met by the power exchange p,
in the forward market, p,, in the spot market, and her
PV power generation Sp., which is a scenario-dependent
parameter. Finally, (2c) and (2d) restrict power exchanges
within the energy community by parameters P,,. We introduce
theoretical bounds P, on power exchanges to achieve a
closed and compact decision set for all players [12]. This
will be necessary later for proving the existence of the game
solution [35]. However, we select sufficiently large values
for P,,, and check the equilibrium solution a posteriori to
ensure (2¢) and (2d) are always inactive.

Furthermore, the spatial arbitrageur P®" minimizes her
expected cost J*" from trading energy between the energy
community and a retailer for energy as

Min J* =(C' - \)p' (C° = N)p°
PP PL, P,
Forward market export cost

- (C° =) ] Go
—_———

Spot market export cost

N——
Forward market import cost

© ~i Y\ gl
+ g £ [ (C’ — )\w)pw
—_——

weQ Spot market import cost

st 0<p < 7. xP ,XPI, (3b)
0<p® <Py X, (3¢)
0<pl, <Py, Xh, Vo, (3d)
ogﬁzgﬁe:gj,ﬁe, Vw. (3e)

The first term of the objective function (3a) corresponds to
the cost in the forward market from importing power p' at the
fixed price C' while being paid at the local forward market-
clearing price A. Similarly, the second term represents the
cost from exporting energy p® at the forward market-clearing
price A, while receiving the fixed exporting price C°. The risk-

Very small values for 8 do not alter the total operational cost of the energy
community in comparison to 8 = 0. However, 8 = 0 yields linear objective
functions, and may give rise to multiple trading solutions for players [38]. We
introduce regularizers to ensure strictly monotone objective functions. This
allows us to draw conclusions on the uniqueness of the solution. In fact, a
very small value for the regularizer ensures identical cost for players, who
have identical risk preferences, production, and consumption profiles.
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neutral spatial arbitrageur weights local spot market scenarios
according to physical probabilities 7&. The third and fourth
terms of (3a) resemble the cost from energy arbitrage between
the energy community and the retailer under each scenario of
the spot market, where C' and C® are fixed importing and
exporting prices, respectively. Constraints (3b)—(3¢e) set bounds
for importing P' and exporting P power to and from the
energy community.

Finally, for given values of p,,p', 0%, Pnw, P, and pF,, the
price-setter PP* derives forward and spot market-clearing
prices, i.e., A and A, as

Min J%* = A( Y pn —p' +7°)
A neN

Buyers’ forward market cost / sellers’ forward market revenue

7AYo — B, +52)]

w€eN neN

(4a)

Buyers’ spot market cost / sellers’ spot market revenue
st. —A<A<A: X’\,Y\,
~A <) <K:x5‘ XS‘ Yw
> Aw > Ay Aw? :

(4b)
(40)

The first line of the objective function (4a) minimizes
the cost for energy buyers and maximizes the revenue for
energy sellers in the local forward market. By sellers, we
refer to producers and energy imports. Similarly, by buyers,
we refer to consumers and energy exports. The second line
minimizes/maximizes the expected cost/revenue in the local
spot market, where each scenario is weighted by the physical
probability WS) . Constraints (4b) and (4c) set the lower and
upper bounds on market-clearing prices’. Note that in the
case that (4b) and (4c) are inactive, the KKT conditions
of (4) enforce power balance conditions within the energy
community in both forward and spot markets.

Definition 1. Given optimization problems (2)—(4), we define
I'(Z,K,{J;}vicz) as the risk-neutral non-cooperative Nash
game, where Z = (P U P U PP?) is the set of all players.
K= (K;x---x Kp x K%x KP%) denotes the strategy set
of the game, where K is the strategy set of player i € Z.

Proposition 1. For the risk-neutral non-cooperative Nash
game I'(+) an equivalent optimization problem exists. In addi-
tion, the Nash equilibrium solution is unique.

Proof 1. We provide the proof in Appendix A-A. ]

IV. MARKET CLEARING WITH RISK-AVERSE PLAYERS
AND RISK TRADING

We extend optimization problems of risk-neutral pro-
sumers n € P and the risk-neutral spatial arbitrageur P*"
by adding the coherent risk measure function p(-) as stated
in (1a) over local spot market scenarios. The risk set of each
player DEVaR is built upon the CVaR measure as defined

7 Again, we theoretically consider a price floor and a price cap to achieve a
compact and closed decision set for the price-setter, and thereby, to mathemat-
ically prove the solution existence. In our numerical study, we will consider
a very large value for parameter A to ensure bounds are inactive. We refer
the interested reader to [39], addressing how an active price cap may cause
market inefficiency.

Risk-neutral Nash game I'(-)

! Prosumers n € P :

Risk-averse Nash game I'*(-)

OXON

’

(2) ) Risk aversion | progumers n € PP :

| Spatial arbitrageur P": (3) %ﬁ Spatial arbitrageur P*: (7),(8)
I ' risk trading 1 !
! Price-setter PP*: ) ¢ ! Price-setter PP*": (9),(10) |

Fig. 2: By adding risk aversion and risk trading to the risk-neutral Nash game,
each player simultaneously solves two optimization problems within the risk-
averse Nash equilibrium problem with risk trading.

in (1b). Moreover, we introduce risk trading among prosumers
and the spatial arbitrageur. Finally, we extend the optimization
problem of the price-setter PP* such that she clears the market
and respects prosumers’ and the spatial arbitrageur’s risk pref-
erences when revealing local market-clearing prices. Figure 2
depicts the affiliation of optimization problems moving from
the risk-neutral Nash game I'(-) with one optimization problem
per player to the risk-averse Nash game I'”(-) with risk trading,
where we consider two optimization problems per player.

We first start with risk-averse prosumers n € PP. Each
prosumer is able to hedge the risk induced by the uncertain
PV power generation in scenario w by trading Arrow-Debreu
securities a,, in the local forward market. We develop two
optimization problems related to each risk-averse prosumer.
These two problems are solved simultaneously within the
Nash equilibrium problem. The first problem of prosumer n
minimizes her risk-adjusted expected cost J£' by determining
her trading decisions p,, pnw, and a,, while risk-adjusted
probabilities 7/, are given. The second one exhibits the
dual representation (la) of the CVaR as risk measure func-
tion pSV4R(.) and determines risk-adjusted probabilities, while
her trading decisions are treated as fixed parameters. The first
problem writes as

{ Min

PnsPnw;:Anw

1
JPY = Apn + iﬁpi + %Nwanw
w

Forward market hedging cost/revenue
~ 1 9
+ Z ™ (Awpnw + iﬁpnw - Onpw ) (5a)
weR
s.t. (2b) — 2d)} Wi

Hedging cost/revenue in w

(5b)

Compared to (2a) in the risk-neutral setting, the objective
function (5a) includes risk-adjusted probabilities 7#  instead
of physical ones. It also comprises one additional free variable
per scenario, i.e., Arrow-Debreu security a,,, and two addi-
tional cost/revenue components related to such securities. The
first line of (5a) includes Zweﬂ LhwOnw, Which refers to the
total cost/revenue of prosumer n over scenarios in the local
forward market, obtained by trading securities a,,, at the risk
price . A positive value for a,, implies that prosumer n
buys securities in the forward market for scenario w, and
thereby lowers her associated risk under that scenario. In
contrast, a negative value for a,, means that prosumer n
sells securities in the forward market, and therefore is willing
to accept a higher risk under scenario w. Note that similar
to A and )\, the risk price p,, is a parameter in (5), while it
is a variable within the Nash equilibrium problem. Note also
that a,,,, and u,, are Nash equilibrium variables in the forward



IEEE TRANSACTIONS ON SMART GRID

stage, though they are indexed by scenario w. If scenario w
occurs in the local spot market, the seller/buyer of security a,,,
pays/is paid at price 1, as given in the second line of (5a).

The second optimization problem corresponding to each
risk-averse prosumer n € P* resembles the risk measure func-
tion pCV‘iR(~), takes her scenario-indexed trading decisions Py,
and a,,, into account as parameters, and endogenously deter-
mines her risk-adjusted probabilities 72 as

o
{%ln an —_— Z '/T wpnw + 5pnw a”er) (6a)
e weN
sty wh,—1=0:¢0, (6b)
weN
1
0 <y < —75 1 X0 2 X Y}, (6¢)

where the objective function (6a) minimizes the negative
expected cost in the local spot market by optimally choosing
values for risk-adjusted probabilities 7© ,. Note that according
to the definition of a coherent risk measure in (1a), the ob-
jective function (6a) maximizes the disbenefit for prosumer n
in the local spot market by increasing the weight of the worst
scenarios. Constraints (6b) and (6¢) set the bounds of risk-
adjusted probabilities 72 according to the risk set DSYaR of
each risk-averse prosumer n.

Similarly, as for risk-averse prosumers we consider two opti-
mization problems for the risk-averse spatial arbitrageur P",
who is also able to participate in risk trading. In fact, she
minimizes her risk-adjusted expected cost J™*1 as

Min J*7 = (C' = X)p' — (C° = N)p + ) pusbe,

L%, DL, P8, b oen

Forward market hedging cost/revenue

FX RO R (AR - b ]
wen Hedging cost/revenue in w
s.t. (3b) — (3e). (7b)

Compared to (3a) in the risk-neutral model, the first line
of (7a) includes the total cost/revenue for the spatial arbi-
trageur from trading Arrow-Debreu securities b, at the risk
price p,, in the local forward market. The second line refers
to her expected cost in the local spot market weighted by risk-
adjusted probabilities 72", including the hedging cost/revenue
under each scenario w.

Similar to (6), the second optimization problem of the
spatial arbitrageur within the Nash equilibrium problem de-
termines her risk-adjusted probabilities 7", while treating
her scenario-indexed trading decisions pw, pe,, and b, as
parameters. This problem writes as

Min 772 == " [(C1-Au) il —(C-Au)i b (8w)
T weN
sty 7wl —1=0:¢", (8b)
weN
1
Ogﬂ'grgwws:xr,xw, Vw. (8c)

The objective function (8a) minimizes the negative expected
local spot market cost J*"#? by choosing 7. Constraints (8b)
and (8c) ensure bounds for risk-adjusted probabilities 72"

according to the risk set DEYaR:a" of the risk-averse spatial
arbitrageur.

Finally, the price-setter PP*" also considers two optimiza-
tion problems within the Nash equilibrium problem. In the
first optimization problem, she minimizes the risk-adjusted
expected cost for energy/security buyers, maximizes the risk-
adjusted expected revenue for energy/security sellers, and
determines market-clearing prices A, Ao and L AS

Min JP* M= A pa—p' %) + Dt (D tnw + b)
AsAa s neN weN neN
+ > 7D (D Brw — B, + 1) (9a)
weN neN
s.t. (4b) — (4c), (9b)
_Mgﬂw SMZX(’;Y& Vw. (90)

For given values of Arrow-Debreu securities a,,, traded by
prosumers n € P* as well as securities b,, traded by the spatial
arbitrageur for scenarios w € (2, the price-setter chooses risk
prices fi,, such that the cost for buyers is minimized and the
revenue for sellers is maximized. Moreover, she weights cost
in the local spot market according to system-wide risk-adjusted
probabilities 7', which are considered as parameters in (9).
Constraint (9¢) imposes theoretical lower and upper bounds
for risk prices p,.

In the second optimization problem, the price-setter deter-
mines the system-wide risk-adjusted probabilities =) given
scenario-indexed trading decisions Py, ]Biw, and pg, as
well as risk sets of prosumers DSVR and the spatial arbi-
trageur DCVaR.a7 a5

Min JP*02 = =% "l [No( D B — Bl +55)]  (10a)
e weN neN
st Y 7w —1=0:¢", (10b)
weN
1
0< 7)< —W Xn X, Vw. (10c)

Aligned with the definition of a coherent risk measure
in (la), the objective function (10a) maximizes disbenefits.
In other words, it minimizes the expected energy revenue
of sellers and maximizes the energy cost of buyers in the
local spot market, aiming at determining system-wide risk-
adjusted probabilities 7). Constraints (10b) and (10c) ensure
bounds for system- w1de risk-adjusted probabilities 7'}, given
the risk set DEVRN. The risk set DOV is formed based
on the intersection of risk sets of prosumers and the spatial
arbitrageur. In fact, this risk set corresponds to the risk set of
the least risk-averse player as described in [14]. This implies
that o in (10c) is equal to min{ay, - -, an, @ }.

Definition 2. Given (5)—(10), we define I'*(Z, K, {J; }vicz)
as the risk-averse non-cooperative Nash game, where Z =
(PP U PP UPPST) is the set of all players. K=(Kp x---X
Kpr2 x K9P12 x PM1.2) denotes the strategy set of the
game, where K; is the strategy set of player ¢ € Z.

Remark 2. The risk-averse Nash game I'?(-) with risk trading
provides a generalized representation. By adjusting the risk

aversion parameter of players, ie., ai,---,ape,a®, and
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TABLE II: A summary of problems to be solved.

TABLE III: Average computational time in seconds.

Problem Fully incomp. Partially incomp. Complete Neutral
Fully incomplete Mixed complementarity problem (15)—(20) 6 Scenarios 2.1 1.8 0.4 0.2
Partially incomplete Mixed complementarity problem (15)—(20) 500 Scenarios 437.1 891.0 5.1 4.0

Complete
Neutral

Optimization (21), followed by optimization (22)
Optimization (12)

the availability of Arrow-Debreu securities, I'*() is able to
describe several game setups, including both risk-neutral and
risk-averse Nash games. The risk-averse setups range from
a fully incomplete market for risk, where no Arrow-Debreu
security is available for trading, to a complete market for
risk, where Arrow-Debreu securities are available for trading
in all scenarios. The intermediate setups represent partially
incomplete markets for risk, where Arrow-Debreu securities
are only available for trading in a subset of scenarios.

Proposition 2. If the risk-averse non-cooperative Nash
game T'”(-) is either fully or partially incomplete for risk,
then no equivalent optimization problem necessarily exists. In
addition, multiple Nash equilibria may exist.

Proof 2. We provide the proof in Appendix A-B. ]

Proposition 3. If the risk-averse non-cooperative Nash
game I'?(-) is complete for risk, then an equivalent optimiza-
tion problem exists, where all players reach a consensus on
risk-adjusted probabilities due to unconstrained risk trading.
This is in line with the findings of [14], [15], and [18]. How-
ever, multiple Nash equilibria may still exist, since objective
functions are not strongly convex in a.,, and b,,.

Proof 3. We provide the proof in Appendix A-C. ]

Remark 3. We reformulate the risk-averse Nash game I'?(-)
with risk trading as a mixed complementarity problem [9] by
concatenating KKT conditions from all optimization problems
within I'?(+), i.e., optimization problems (5)—(10). Appendix B
provides the full formulation of the resulting mixed com-
plementarity problem. This mixed complementarity problem
contains bilinear terms due to products of risk-adjusted prob-
abilities and trading decisions, resulting in a mixed non-linear
complementarity problem. However, it can be solved using
PATH [40] or other mixed complementarity problem solvers.

Remark 4. The risk-averse Nash game I'?(-) with a complete
market for risk can be solved in the same way as stated in
Remark 3. However, Proposition 3 shows that an equivalent
optimization problem for such a problem exists, which is
a risk-averse social planner problem endowed with the risk
measure function p”'(-) and the risk set DCVaR" We provide
such an optimization problem related to our risk-averse Nash
game I'”(-) with a complete market for risk in Appendix C.
By solving this convex optimization we avoid computational
issues, coming along with solvers for mixed complementarity
problems as highlighted in [17].

According to Remark 3 and Remark 4, we solve optimiza-
tion problems for the risk-neutral Nash game T'(-) and for the
risk-averse Nash game I'?(-) when the market is complete for
risk. In contrast, we solve mixed complementarity problems

associated with T'?(-) when the market is partially or fully
incomplete for risk. We provide a summary of problems to be
solved in Table II.

V. NUMERICAL STUDY AND DISCUSSION

We apply models presented in Sections III and I'V to analyze
the impact of heterogeneous risk aversion within an energy
community. We start with an illustrative example with 6 sce-
narios to gain insights into risk trading. In the second part, we
turn our attention to a problem with 500 scenarios, where we
shed light on the payment flows among energy community
members in the local forward and spot markets. Moreover,
we gradually increase the risk aversion of one prosumer to
highlight the implication for rival players.

Throughout this section, we consider three players,
namely n, no, and ng, in addition to the spatial arbitrageur ar.
Player n; is a prosumer who owns a stochastic PV system with
a mean power generation of 6 kW while having a deterministic
demand of 10 kW. Player ny owns a stochastic PV system
only, with a mean power generation of 6 kW. Finally, player ns
is an inelastic demand, with a deterministic load of 10 kW.

We consider the spatial arbitrageur to be the least risk-averse
player with a®” = 0.9. Player n; is moderately risk-averse
with oy = 0.5. Player ny is highly risk-averse with as = 0.3,
while player ng is slightly risk-averse with as = 0.7. The
fixed importing price C' in the local forward market for the
spatial arbitrageur is €0.5/kW, while she receives a price C*®
of €0.25/kW for exporting electricity in the forward market.
In the local spot market, the fixed price for importing Ci
is €0.75/kW, while the exporting price C* is €0.125/kW. This
incentivizes the energy community to optimally settle in the
forward market, since costs are lower and revenues are higher.
The regularizer is set to 3 = 0.01. The lower and upper bounds
for power trades and clearing prices—if unequal to zero—are
chosen such that those bounds are never binding®. Lastly, for a
partially incomplete market for risk, Arrow-Debreu securities
are available for a third of the scenarios only.

A. Computational Issues

We use Gurobi Optimizer 9.0.1 under Python 3.7.6 to solve
optimization problems, and PATH [40] under GAMS 24.6 to
solve mixed complementarity problems. All these problems

8Note that upper bounds on imports and exports for the spatial arbitrageur
represent the network capacity constraint between the energy community and
the distribution system. These bounds, if active, alter local market-clearing
prices. In particular, if upper bounds for energy imports and exports are
binding and the energy community exhibits an energy surplus, local market-
clearing prices decrease, while in the case of an energy shortage local
market-clearing prices increase. Therefore, the network congestion changes
the cost/revenue of players n1 to n3, while the spatial arbitrageur earns a profit
from energy arbitrage. This profit comes from the price difference between
the local market-clearing price and the buying/selling price of the retailer.
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Fig. 3: Forward A, spot A, and Arrow-Debreu (AD) security g, market-
clearing prices as well as risk-adjusted probabilities per player resulting from
the stochastic PV power generation, which is reported per player, under dif-
ferent degrees of market completeness for risk, i.e., fully incomplete, partially
incomplete, and complete. Equally weighted scenarios among four players are
indicated in blue, while differently weighted scenarios are indicated in red.

are solved on a 8 GB-RAM computer clocking at 2.40 GHz.
Note that all source codes are available in our online compan-
ion [41].

Optimization problems in general and mixed complementar-
ity problems with at least one risk-neutral player scale well as
the number of scenarios increases. Table III provides the com-
putational time required to solve the underlying problem. For
the case of 6 scenarios the computational time remains within
seconds, while for the case of 500 scenarios the computational
time needed by the PATH solver significantly increases. We
observe computational challenges in the PATH solver when the
problem size increases with respect to the number of scenarios.
For such a case, an alternative solution algorithm is to use a
decomposition approach, e.g., an alternating direction method
of multipliers, to compute a risk-averse Nash equilibrium [42],
though we leave it for future research.

We emphasize that the proposed Nash equilibrium prob-
lem does not serve as a tool for clearing a local energy
market, where computational time significantly matters, but
rather provides a framework for analyzing the implications
of heterogeneous risk aversion and risk trading within local
energy communities.

B. Illustrative Example with 6 Scenarios

Figure 3 presents the PV power generation S’W as scenario-
dependent input data, as well as optimization/Nash equilibrium
problem outcomes for different degrees of market complete-
ness for risk, including forward A and spot Ao market-clearing
prices, risk prices i, and risk-adjusted probabilities of dif-
ferent players, i.e., 7/, and 7. In the fully incomplete case,
risk-adjusted probabilities vary highly among players. The
most risk-averse player no weights the scenario with zero PV
power generation the most with «£ , = 0.556, since no
revenues are achieved. Interestingly, the weight of the scenario
with the highest PV power generation is increased since this
event causes the local spot market-clearing price to reduce,

which also induces lower revenues. A similar behavior, but

TABLE IV: Power schedules in the local forward market [kKW].

ni no ns Spatial arbitrageur
Fully incomplete 372 227 534 6.79
Partially incomplete 291 -2.15 4.89 5.65
Complete 200 -299 486 3.87
Neutral 1.67 -3.33  4.68 3.03
10 w1 w2 w3

# AD

# AD

.

—5 =

—10 & | | | = | | |
niy m2 n3 ar niy m2 mn3 ar ny m2 N3 ar

Fig. 4: Arrow-Debreu (AD) security trades among the three players n1 to n3
and the spatial arbitrageur (ar) for all scenarios w1 to we in the forward stage
of a complete local energy market for risk.

less extreme, is observed for player n;. In contrast, player ns,
who is a sole consumer, increases weights for scenarios with
high spot market-clearing prices while accordingly reducing
weights of scenarios with low spot market-clearing prices.
As we move towards the complete case, for scenarios where
Arrow-Debreu securities are available, players reach a con-
sensus on risk-adjusted probabilities, marked in the partially
incomplete and complete cases in blue.

Based on risk-adjusted probabilities given in Figure 3, play-
ers adjust their forward market trades, as listed in Table IV.
If the market is fully incomplete for risk, player ng, who
owns a stochastic PV system, reduces her local forward market
trades and postpones trading decisions to be made in the local
spot market when the realization of PV power generation
is observed. In contrast, player ns, who has a deterministic
load, prefers meeting the majority of her demand in the local
forward market, and thereby avoids the price volatility over
local spot market scenarios. Player n; has a stochastic PV
power generation as well as a deterministic load. We observe
that she meets her demand in the local forward market while
postponing decisions regarding PV power generation to the
local spot market. The spatial arbitrageur imports/exports
to/from the energy community according to trading strategies
of players nj to ns.

Risk trading outweighs heterogeneous risk aversion and
shifts risk-adjusted forward trades towards observations in
a risk-neutral setting. Figure 4 illustrates the Arrow-Debreu
security trades in the forward stage for each scenario in a
complete market for risk, which allow reaching a consensus
on risk preferences. All three players n; to ng buy Arrow-
Debreu securities for scenario w; with the lowest PV power
generation, while the least risk-averse player, who in our case
is the spatial arbitrageur, is the only Arrow-Debreu security
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Fig. 5: Cost distribution over scenarios wi to wg for players as well as for the community as a whole in dependence of the degree of market completeness
for risk. Colored markers refer to the risk-adjusted expected cost from each player’s perspective. The distribution of the cost over scenarios is given by boxes,
horizontal lines, and circles. Each box highlights the cost between the second and the third quartile. Horizontal lines show the 5th and 95th quantiles. Finally,

circles indicate outliers below the 5th and beyond the 95th quantiles.

seller. However, for the following scenarios, we observe
the opposite trend. In most cases, risk-averse players n,
to n3 emerge as Arrow-Debreu security sellers, while the
spatial arbitrageur appears as a Arrow-Debreu security buyer.
Therefore, players n; to mg erase their cost volatility, while
the spatial arbitrageur absorbs it. Thus, unconstrained risk
trading leads to a consensus on risk-adjusted probabilities
corresponding to the risk preference of the least risk-averse
player, i.e., the spatial arbitrageur.

The effect of risk trading on the cost distribution as well
as the distribution of the total community cost is shown in
Figure 5. Moving from a fully incomplete market to a complete
market for risk, the cost distribution for players reduces to
the point where in the complete case costs in all scenarios
are identical. However, since the spatial arbitrageur absorbs
the cost volatility of players n; to ns, her cost volatility
increases. Nevertheless, her expected cost remains unchanged.
If all players are risk-neutral, they realize the lowest disbenefit.
Similarly, looking at the total community cost we observe
that moving from a fully incomplete market to a complete
market for risk, the total expected community cost reduces
by 5%, while the community cost volatility increases. This cost
reduction as a result of completing the market for risk confirms
findings by [15] as discussed in Section II-D. Moreover,
owning to risk trading, the expected community cost from
each player’s perspective converges towards a common belief,
indicating a consensus on risk preferences.

C. Assessing Risk Aversion with 500 Scenarios

In this section we assume the spatial arbitrageur to be
risk-neutral, i.e., a® = 1, because we expect the spatial
arbitrageur to be a necessary automated service for the energy
community in a similar way as the price setter clears the
local market. Moreover, this assumption allows us to solve
mixed complementarity problems with the PATH solver under
GAMS without any computational issues as the number of
scenarios increases.

Figure 6 illustrates the evolution of the expected community
cost and its standard deviation in the risk-neutral Nash game

Community cost Wasserstein distance

04 g
ij :
= 2
é 5 = 0.2 §
<
0 ] 0 =

0 200 400 600

Number of scenarios

Fig. 6: Expected community cost and standard deviation highlighted by the
shaded area in the risk-neutral Nash game. The Wasserstein distance shows
the convergence against a good representation of the probability distribution
as the number of scenarios increases.

with the number of scenarios. Moreover, we show the Wasser-
stein distance [43] between each set of sampled scenarios and
its predecessor. Based on these numerical findings, we observe
that from 500 scenarios onward changes arising from one ad-
ditional scenario representing uncertain PV power generation
hardly take place. Therefore, we choose 500 discrete scenarios
to approximate the underlying continuous probability distribu-
tion of PV power generation.

Figure 7 presents the expected cost of all players as well
as the total community cost. It provides details of costs
specifically incurred in the local forward and spot markets
by trading energy and Arrow-Debreu securities. Figure 7a
corresponds to a fully incomplete market for risk, where
players n; to mg incur the highest cost among all cases.
This causes the expected community cost with 8.39€ to be
comparatively high too.

As risk trading is possible for one-third of 500 scenarios,
Figure 7b illustrates how players n; to ng reduce their energy
trades in the local forward market and increase more profitable
activities in the local spot market, though subject to the PV
power generation uncertainty. This uncertainty is partially
hedged by awarded Arrow-Debreu securities. Note that the
cost for all players ny to ng as well as the community cost de-
crease to some extent in comparison to those costs in the fully
incomplete case. In particular, the expected community cost
decreases from 8.39€ in the fully incomplete case to 7.62€
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Fig. 7: Expected cost of players n1, n2, n3 and the spatial arbitrageur
over 500 scenarios incurred by trading energy and Arrow-Debreu (AD)
securities in local forward and spot markets. Plot 7a corresponds to a fully
incomplete market for risk, plot 7b associates with a partially incomplete
market for risk, and lastly, plot 7c refers to a complete market for risk.

in the partially incomplete case, implying a 9.18% saving in
the community cost.

Figure 7c shows results for a case wherein the local energy
market is complete for risk, i.e., risk trading is possible
for all 500 scenarios. The three players n; to ng as well
as the community as a whole incur the lowest cost among
all three cases. In particular, the expected community cost
drops to 5.53€, i.e., a 34.09% saving in the community cost
compared to a fully incomplete market for risk. Moreover, this
plot shows that energy trades in the local forward market have
been reduced even further, while the engagement of players nq
to ng in the local spot market has been increased. It is worth
noting that the expected cost of each player in the local spot
market is fully compensated by Arrow-Debreu securities. This
causes a significant cost volatility for the spatial arbitrager,
who is the greatest security seller in this case study.

Finally, we note that the spatial arbitrageur yields a zero cost
in expectation in all three cases. In particular, since constraints
on energy imports and exports are never binding, the local
forward and spot market-clearing prices are equal to importing
and exporting prices. Moreover, the revenue of the spatial
arbitrageur from selling Arrow-Debreu securities in the local
forward market are fully balanced with her expected cost in
the local spot market for compensating the security buyers.

In the following, we gradually increase the risk aversion of
one of the players, e.g., player nq, and investigate impacts on
her rivals. Figure 8a shows such an effect on the expected
cost as well as the cost standard deviation. For the fully

—0— N1 —A—TN2

n3 —m— Spatial arbitrageur

=5 | | |
(a) Fully incomplete market for risk.

[

5T
0)
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o A A A A A A A A A A A A A A A4 o4
=5 | | | |

1 0.8 0.6 0.4 0.2

low medium high

Risk aversion a1
(b) Complete market for risk.

Fig. 8: Cost under an increasing risk aversion of player ni. Plot 8a graphs
observations for a fully incomplete market for risk, while plot 8b illustrates
the situation for a complete market for risk. Marked lines refer to the expected
cost while shaded areas highlight the cost standard deviation.

incomplete case the expected cost for player n; increases
significantly as her risk aversion «; increases. However,
owning to her risk-adjusted forward market position the cost
standard deviation decreases. Moreover, we observe that the
risk aversion of player n; impacts the expected cost and the
cost standard deviation of players ny and ns. Player n3 incurs
comparatively lower expected cost, while her cost standard
deviation increases. The reason for this is that player n; trades
her stochastic PV power generation in the local spot market,
and thereby lowers the local spot market-clearing price from
which player ng profits.

As noted previously, if the market is complete for risk, risk-
averse players nj to ng fully erase their cost volatility, while
the spatial arbitrageur absorbs all the cost volatility as graphed
in Figure 8b. Thus, the standard deviation of players nq to ns
is zero, while the spatial arbitrageur experiences a remarkable
cost volatility, though with an expected value of zero.

VI. CONCLUSION AND FUTURE WORK

This work proposes risk trading within energy communities
to outweigh market inefficiencies arising from heterogeneously
risk-averse community members. We have formulated a two-
stage stochastic Nash equilibrium problem and show differ-
ent solution approaches depending on the degree of market
completeness for risk. Risk trading complements local en-
ergy markets within energy communities when players have
heterogeneous risk preferences. Risk trading protects players
with slight risk aversion from conservative decisions made by
highly risk-averse players. As a result, a significant system
cost saving can be realized, while disbenefits for all players
are reduce.

This work opens a wide range of research questions to
be addressed in the future. The role of an energy storage
system should be considered, since energy arbitrage over time
can reduce the volatility of local market-clearing prices, and
therefore the cost volatility for players by a different mean
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than risk trading. In addition, the small number of energy
community members gives rise to potential strategic behavior
by some local market participants. This aspect should not
be neglected in designing a suitable risk trading product. If
the spatial size of an energy community increases, network
constraints within the community and resulting power losses
have to be respected too. In addition, it is of interest to include
the possibility of peer-to-peer energy trading among prosumers
within the energy community. Another interesting research
direction is to explore risk trading among retailers/aggregators
on a distribution system level, i.e., one level above energy
communities. Furthermore, we note that Arrow-Debreu se-
curity is a highly stylized financial product, which can only
be traded for predefined scenarios. Therefore, the probability
distribution of an uncertain event must be certainly known
to complete the market for risk. Research on a less stylized
product is of interest for determining an optimal trade-off
between market completeness for risk and applicability of a
financial product. Lastly, from a computational perspective,
research on different solution algorithms for Nash equilibrium
problems, e.g., based on various decomposition algorithms,
is promising.

APPENDIX A
PROOFS

Proofs are based on equivalent forms of Variational In-
equality (VI) problems and strict monotonicity of players’
preferences [35].

A. Proof of Proposition 1

We state the problem I'(-) of finding a Nash equi-
librium as a VI(F,K) with the game map F(z) =
[V1J1(Z17 Zfl), BN Vm«Jar(Zar, Zfar)7 V)\JA(,ZA7 Zf)\)}-r, where
z = [p1, 1w, P15 Py By A, Aw]  denotes the strategy vec-
tor. For the game T'(-) the strategy set K; is compact, convex,
and non-empty. Moreover, the game map F'(z) is continuous,
since all cost functions J;cz are continuously differentiable.
Therefore, a solution set SOL(K, F') exists.

To show the singleton nature of the solution set SOL(K, F')
we derive the Jacobian matrix of F'(z) as

5 0 - 00 0 0 L 0
) > ||
07938 -~ 00 0 0 0 =2 "
0 0 00 0 0 -1 0
VzF(z)=| |0 0 00 0o o 1 o]}[
0 0 00 0o o o - |7
0 0 00 0 0 0 79
T 0 —T1 0 0 0 0
Jps
0 78 00 -9 78 0 0

The Jacobian matrix above is symmetric indicated by the
blue diagonal entries, meaning that the corresponding game
is integrable [9]. This implies that an equivalent optimization
problem solving the VI(F, K) exists, whose objective function
is given by

0(z) = /01 F(°4t(z —29))" (2 — 20)dt =

- 1
Cl i Ce e - 2
p P+ n§EN 50Pn

o - 1

O (sl _ ere S as2

+ 378 (O, — OB + Y 56, (1)
weN neN
which motivates the optimization problem
Min.  (11) (12a)
Pn PP Prw ;ﬁ‘w :132,

s.t. (2b), (2¢), (3b), (3d). (12b)

The objective function of the resulting optimization problem
is convex and quadratic. This confirms that a unique Nash
equilibrium point for the risk-neutral Nash game I'(-) exists. H

B. Proof of Proposition 2

Following Appendix A-A we state ['”(-) as VI?(F, K) with
F(z) =[ViJ{ (21,2-1) V12 (21, 2-1) y - Var 7P (Zar, 2—ar),
Vard“""? (zar, Z*M)avszpSml (2ps, Z*pS)vvszps’%(ZPSa Z*pS)]Ta
where z = [p1, Prw, 1w, T, 5 DY D Bros B by T oy Ay Aw,s
m;] denotes the strategy vector of the game. Moreover, to
apply tools from VI we assume constraints on Arrow-Debreu
security trades, although they are never binding. We write the
Jacobian matrix as

350 0 0 00 0 00 0 01 0 0
0B, 00 -~ 00 0 00 0 00 a2, 0|
00 0 -1 00 0 00 0 00 0
00 0 L ¢ -~ 000 000 00 0 O0]]Je
00 0 0 00 0 00 0 0-1 0 0
0 0 0 0 00 0 00 0 01 0 0
VzF(z)=||0 0 0 0 00 0 00 C 00 —72 0
~ ar,p1
00 0 0 00 0 00-¢coo = ofl”
00 0 0 00 0 00 110 0 0
[0 0 0 o0 00 =C C°1 ¢ 00 0 0] [Jore
0 0 1 0 00 0 01 0 00 0 0
10 0 0 11 0 00 0 00 0 0 |Jo,
0 7 0 0 00770 0 00 0 0
[0 0 00 - 00 0 00 0 00 0 g])]Jgesn
_ 1 /Y = 1p~2 ar _ _1 Y (=i ~e
where Gn = — 27 (Awpnw* 2 pnw)? q — gar )‘w(pw 7pw)7
| 17rnw > '2 Lo o
" = —=(EBp2, + C'pl, — C°pL,). Since the market is

incomplete” for risk, players potentially apply different risk-
adjusted probabilities. Therefore, the Jacobian matrix of I'*(-)
is asymmetric as highlighted by the red entries. Thus, an
equivalent optimization problem does not necessarily exist. ll

C. Proof of Proposition 3
If the market is complete for risk, all players apply iden-

tical risk-adjusted probabilities, i.e., 72, = 7% = x'). This
observation is based on the equivalence by the zero-gradient
conditions with respect to Arrow-Debreu securities among all
players for the case of unconstrained risk trading as given in
Appendix B. Thus, the Jacobian matrix of I'/(-) is symmetric,
with a skew symmetric inner part. An equivalent optimization

problem solving VI?(F, K) exists. Its objective is given by

0(z) = /01 F(2° +t(z—2°) T (2 — 2%)dt =
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. 1
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where 77} € DEVR.N This gives rise to
Min. (13) (14a)
pnvpivpe’i’nwvﬁiw ,PS,
5.t (2b), (2¢), (3b), (3d). (14b)

However, we cannot derive a conclusion on the solution
uniqueness, since Arrow-Debreu security trades are not explic-
itly stated in the optimization problem. Therefore, the objective
function (13) is not strongly convex in a,,, and b,,. |

APPENDIX B
MiIXED COMPLEMENTARITY PROBLEM

We reformulate the Nash equilibrium problem as a mixed
non-linear complementarity problem, which solves the risk-
averse Nash game I'”(-) with risk trading. In the following,
we provide this problem by concatenating the KKT conditions
associated with prosumers’ optimization problems (5)—(6), the
spatial arbitrageur’s optimization problems (7)—(8), and the
price setter’s optimization problems (9)—(10). Note that £
refers to the Lagrangian function of the underlying optimiza-
tion problem.

The KKT conditions associated with (5) are as follows. Note
that in order to obtain a closed and compact decision set, we
consider theoretical lower and upper bounds on Arrow-Debreu
security trades in the form of Y, < anw <Yy, Vn,w,
whose dual variables are XZ " and 3, respectively.

oL
=X+ ﬁpn + Z (Z)nw - p +X Xn = O vn (153)
Ipn
weN
oL (X > % P b
(9]3 =T hw (Aw+5pnw)+¢nw_ an"i_ Xnw= 07 an W, (15b)
oL
= Hw - Xa + Yz;lw = 07 vna W, (150)
aanw Lenw
0<p,—P, LXP>O n, (15d)
0< P, —pn LXP >0, Vn, (15e)
O S ﬁnw - En J— an 2 Oa Vn,w, (15f)
0< Py —phy, LXh, 20, Vn,0, (15)
0<apew+Y, L Xt >0, Vn,w, (15h)
0 S ?w — Qnw 1 Y?w) Z 07 Vn7w7 (151)
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The KKT conditions associated with (6) are
oL ~ 1
7:_)\w~nw —Bp2, — nw P —x" X
871'57,(;.) ( P + QBpnw a ) + d)n an + Xnw
=0, Vn,w, (16a)
ngwaXfM >0, Vn,w, (16b)
1
0< —w@ — T LXP, >0, Yn,w (16¢)
Z ., —1=0, Vn. (16d)

weN

The KKT conditions corresponding to (7) are as follows.
Again, in order to achieve a closed and compact decision set,
we consider theoretical lower and upper bounds on Arrow-
Debreu security trades of the spatial arbitrageur in the form
of =Y, < b, < Y,, Vw, whose dual variables are X
and X°,, respectively.

oL : i i
Z=C'—A—x" +%x° =0, (17a)
op' =
0L _ _ceqn- X X =0, (17b)
op® =
oL wrr AL S S5
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0<Y,—by LX° >0, Vuw. (170)
The KKT conditions corresponding to (8) are
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o mar—1=0. (18d)
we
The KKT conditions associated with (9) are
oL i A=A
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neN
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0<M+py, Lx">0, Y, (19h)
0<M—py, LY>0, Vw. (19i)

Finally, the KKT conditions associated with (10) are

oL < 3 P _
w = *)\w( anw — DPu eri,) +¢ﬂ *XS +XS
w neN

=0, Vw, (20a)

0< 71'2 1 XS >0, Yw, (20b)
1

0< ﬁwﬁ? —nll LX7 >0, Vw, (20c)
d al—1=0. (20d)
we

The resulting mixed complementarity problem is the collec-
tion of conditions (15)—(20).

APPENDIX C
COMPLETE MARKET FOR RISK

We solve the risk-averse Nash game with a complete market
for risk based on a risk-averse social planner problem, which
minimizes the negative expected risk-adjusted system cost as

: i i 1 2 N 1 =N
IVIEIH C - Cepe +n€Z]v §ﬂpn - ¢ + QTWGZQ T Xw (213)

Community cost in the forward market

s.t. (2b) — (2¢), (3b) — (3d),

o . - 1
O™+ CUpl, = CP% ) 580 S X0 ¢y Yo, 210)
neN

CVaR metric (lc)
(21b)

Community cost in the spot market

0 <X, Vw, (21d)

where = = {pn,p', %, Prw, By, B, @, X0 }. The objective
function (21a) minimizes the total community cost in the
forward market as well as the total expected community
cost in the spot market, which are endowed with the CVaR
metric introduced in (1¢). Variable ¢"' shows the value-at-risk,
and Y] is a non-negative auxiliary variable. Constraints (21c)
and (21d) ensure the non-negativity of CVaR-related variables,
where the dual variable p,, of (21c) corresponds to system-
wide risk-adjusted probabilities [10], and thus, risk prices.

Given the optimal values obtained for a risk-adjusted so-
cial plan (py,p', p°, Prw, Py, B5,), as well as risk prices fi,,
forward A and spot Ao market-clearing prices, we solve the
following optimization problem to derive values for Arrow-
Debreu securities traded, i.e., a,, and b,:

l\/gnz (Z/J/:,a/nw_ Z""aizﬂ-syz“z)
n

neN we weN

Prosumer’s CVaR metric (1c¢)

]. @7
Y Hbe = T+ = D AR (22a)
we weN
Spatial arbitrageur’s CVaR metric (1c)
~. 1 . -
St O+ NoPnw + 5BPne — Gnw < Xy Yn,w,  (22b)

Prosumer’s spot market cost

6 (C1— AL)By = (Co— Do) = b S X, Yo, (220)

w

Spatial arbitrageur’s spot market cost

(22d)
(22¢)

0 S yﬁw? VTL,W,
0<Xy Vw,

where @ = {anw, @8, Xows b, 7, X&' }. Parameters denoted
by (-)* correspond to values obtained from the risk-averse
social planner problem (21). The first line of the objective
function (22a) corresponds to Arrow-Debreu security trades
by risk-averse prosumers, while the second line refers to the
spatial arbitrageur’s trades. Constraints (22b) and (22c) define
the CVaR metric for each prosumer and the spatial arbitrageur,
respectively. Lastly, (22d) and (22e) ensure the non-negativity
of CVaR-related variables.
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