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Abstract—We consider distributed estimation of a random
source in a hierarchical power constrained wireless sensor
network. Sensors within each cluster send their measurements
to a cluster head (CH). CHs optimally fuse the received signals
and transmit to the fusion center (FC) over orthogonal fading
channels. To enable channel estimation at the FC, CHs send
pilots, prior to data transmission. We derive the mean square
error (MSE) corresponding to the linear minimum mean square
error (LMMSE) estimator of the source at the FC, and obtain
the Bayesian Cramér-Rao bound (CRB). Our goal is to find (i)
the optimal training power, (ii) the optimal power that sensors in
a cluster spend to transmit their amplified measurements to their
CH, and (iii) the optimal weight vector employed by each CH for
its linear signal fusion, such that the MSE is minimized, subject
to a network power constraint. To untangle the performance
gain that optimizing each set of these variables provide, we
also analyze three special cases of the original problem, where
in each special case, only two sets of variables are optimized
across clusters. We define three factors that allow us to quantify
the effectiveness of each power allocation scheme in achieving
an MSE-power tradeoff that is close to that of the Bayesian
CRB. Combining the information gained from the factors and
Bayesian CRB with our computational complexity analysis pro-
vides the system designer with quantitative complexity-versus-
MSE improvement tradeoffs offered by different power allocation
schemes.

I. INTRODUCTION

The plethora of wireless sensor network (WSN) appli-
cations, with stringent power constraints, raises challenging
technical problems for system-level engineers, one of which
is distributed estimation (DES) in a power constrained WSN
[1]-[5]. In this work, we address DES of a random signal
6 in a WSN, where sensors are deployed in a large field and
make noisy measurements of §. Due to limited communication
range, however, the battery-powered sensors cannot directly
communicate with the fusion center (FC). Hence, the field
is divided into L geographically disjoint zones (clusters) and
hierarchically into three tiers: sensors, cluster-heads (CHs) one
per cluster, and the FC [6]—[9]. The implicit assumption is
that the communication ranges of CHs are larger, and their
energy and computational resources are higher (compared with
sensors). After local signal processing, CHs transmit signals
received from sensors over orthogonal fading channels to the
FC, whose task is to find an estimate of @, based on the
received signals from CHs [10], [[11].

There is a rich body of literature on DES and dis-
tributed detection in a power constrained WSN, where the
researchers study and optimize an estimation-theoretic-based
or a detection-theoretic-based performance metric, subject to
power constraints. Examples in the context of distributed
detection are [[12[|-[16]. An alternative direction is to study

the outlier contamination of the data in WSNs by outlier
detection methods such as [[17]-[19] caused by imperfect
sensors and power deteriorations [20], [21]. We focus on
power optimization and to conserve space, we elaborate only
the most related ones to our current work in the following. The
authors in [6]—[8] studied DES in a three-layered hierarchical
power constrained WSN, assuming that the FC forms the linear
minimum mean square error (LMMSE) estimate of random 6,
and the objective is to minimize the MSE of this estimator.
The authors in [22] considered DES in a WSN, where sensors
transmit to the FC over orthogonal fading channels and the
FC finds the LMMSE estimate of 6. The authors studied
how partial channel state information (CSI) at the sensors
affects the MSE performance and the optimal power allocation
among the sensors. The authors in [23] considered DES in a
hierarchical WSN, where the CHs amplify and forward their
received signals over orthogonal Nakagami fading channels
to the FC. Assuming the FC finds the LMMSE estimate of
0, the authors studied how partial CSI at the CHs impacts the
outage probability of the MSE. None of the works in [22]], [|23]]
consider the cost of channel estimation at the FC. To enable
channel estimation at the FC, each CH needs to transmit a
training (pilot) symbol, prior to data symbol. In a hierarchical
WSN, where there is a cap on the network transmit power,
the cost of channel estimation cannot be overlooked. Note
that training symbol transmission consumes the power that
could have been used otherwise for data symbol transmission.
Hence, training and data transmit power should be optimized
Jjudiciously, such that the estimation accuracy of 0 at the FC
is maximized.

Assuming the FC employs the LMMSE estimator of 6,
we address this problem, by formulating and solving a new
optimization problem that allows us to analyze the effect of
channel estimation on the MSE performance and transmit
power allocation. The optimization problem is novel, since
considering training transmit power introduces a new dimen-
sion to the network performance analysis and power allocation
optimization. In this regard, the most relevant works are [24],
[25]], where the authors considered channel estimation for
DES in a WSN with one FC only. Our work is different
from [24], [25], since in the hierarchical WSN, our prob-
lem formulation considers power distribution among different
clusters for sensor-CH data transmission as well as power
allocation among different CHs for CH-FC data and training
transmissions. Moreover, we obtain the optimal linear fusion
rules at CHs as the by-product of solving the network power



allocation problenﬂ

Contribution: We derive the MSE corresponding to the
LMMSE estimator of 6 at the FC, denoted as D, and establish
lower bounds on D, including the Bayesian Cramér-Rao bound
(CRB). We then formulate a new constrained optimization
problem that minimizes D, subject to network transmit power
constraint P;,;, where the optimization variables are: i) train-
ing power for CH;, ii) total power that sensors in cluster
l spend to transmit their amplified measurements to CH;
(which we refer to as intra-cluster power), iii) power that CH;
spends to send its fused signal to the FC. We demonstrate
the superior performance of our proposed power allocation
scheme with respect to the following spacial case schemes:
scheme (i) allots a fixed percentage of P;,; for training power
and distributes this power equally among CHs, however, it
optimally allocates intra-cluster power among clusters, and
optimally allocates power among CHs for data transmission,
scheme (ii) optimally allocates power among CHs for train-
ing, equally allocates intra-cluster power among clusters, and
optimally allocates power among CHs for data transmission,
scheme (iii) optimally allocates power among CHs for training,
optimally allocates intra-cluster power among clusters, and
equally allocates power among CHs for data transmission.
We analytically and numerically compare the power allocation
scheme obtained from solving the original problem with the
special case schemes, and show their effectiveness in providing
an MSE-power tradeoff that is close to that of the Bayesian
CRB. Our numerical results demonstrate that power alloca-
tions among CHs for training and CH-FC data transmission are
always beneficial for low-region of P;, and power allocation
among clusters for sensor-CH data transmission is beneficial
for low-region to moderate-region of P;,;.

Organization: The rest of the paper is organized as follows.
Section [[I] describes our system model and power constraints
and states the problem we aim to solve (i.e., the constrained
minimization of MSE D at the FC, with respect to three sets
of optimization variables). Section [[Tl] characterizes D and its
lower bounds. We also derive the Bayesian CRB. In Section
we solve our proposed constrained MSE minimization
problem. We also briefly discuss the constrained minimization
of MSE lower bounds. In Section [V] we solve three special
cases of the original problem, where in each special case, only
two (of three) sets of variables are optimized across clusters.
This analysis allows us to entangle the performance gain
that optimizing each set of these variables provide. Section
[V]] compares the computational complexity of the proposed
algorithms for solving the original problem as well as its
three special cases. In Section [VI|we discuss the convergence
analysis of our proposed algorithms. Section [VIII] presents our
numerical and simulation results. Section [[X] concludes the
work and outlines our future research directions.

Notations: Matrices are denoted by bold uppercase letters,
vectors by bold lowercase letters, and scalars by normal

'We note that there is a rich body of literature on clustering algorithms
and energy efficient routing protocols [26]. Similar to [[6]-[9]. we assume
that clusters and their CHs are given. Given this network structure, our goal
is designing (sub-)optimal distributed signal processing such that the MSE
distortion at the FC is minimized, under a network power constraint.

letters. E denotes the mathematical expectation operator, [.]7
represents the matrix-vector transpose operation, and |A| is
the cardinality of set A. The real and imaginary parts of a
complex random variable x are represented by x, = Re{z}
and x; = Zm{x}. The probability distribution function (pdf)
of z, denoted as f(x), is defined as the joint pdf of z, and
x;, i.e., we have f(x)=f(z,,x;) [27].

TABLE I: Notations and their corresponding definitions.

Notation | Vector and Matrix Definitions

x, x=[z11, ~~~,l’l,KJTv t=[ti1, - tiK,) "

ny, q; ny=[ng1,n )t =@, a, ]

VAL | VA ding (\/&T T - \/T1,)

x,t =[x T, .2 7|7, t=[t: T, ..t 7T

Y,z y:[yl,-u,yL]T,Z—[m 2]t

n,q n=mT,. . n.T|T, q=[q,7,....q, 7T

v, H v=[v1,...,vr]|T, H=diag([h1,...,hr])

M, W M =diag(v/A1,...,./AL) W =diag(w17T,...,wyT)
X, Xn, X =diag(Xn,, ..., Xny ), Bn, 1S drbitmry

g, Xg, Eq:didg(qu ey Bqp), B, =diag(o] a1 ""ng,1<,)
S >, =diag([20Z,, ....,2a§,L})

HH H =diag([h1, ..., hz]), H=diag([h1, ..., h1)])

rs T =diag([(q, .-\ CL]) ¥ =diag(X1,...,21)

A lif[ vy o 1H Ay =diag(Aq,, ..o Ary)

D, dldg \/du -~~\/d1 K;))

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model Description
We consider a DES problem in a hierarchical power
constrained WSN (see Fig. [I), consisting of K spatially-
distributed sensors deployed in L disjoint clusters, L cluster
heads (CHs), and a FC. Each sensor makes a noisy mea-
surement of an unknown random variable 6, that we wish
to estimate at the FC. Cluster [ includes K sensors and its
associated CH, denoted as CH;, and we have ZzL:1 K, =K.
We assume 6 is zero-mean with variance 03. Let x; 5 denote
the measurement of sensor k& in cluster /. We have:
Tk :0+nl7k, l=1,..,.L, k=1,.., K, @))

where n; , denotes zero-mean additive measurement noise with
variance O’?ll’k. We assume that n; ;’s are correlated across
sensors, due to their proximity within cluster /. Sensors within
a cluster amplify and forward their measurements to their
respective CH over orthogonal AWGN channelsﬂ such that
the received signal at CH; from sensor £ within cluster [ is:

ti = \/@xl,k +aqr (=1,.,L, k=1,..,K, ()
where o, > 0is an amplifying factor (to be determined) used
by sensor k, and ¢;  ~ N (0, qu .) is the additive communi-
cation channel noise. We assume that ¢; ;’s are uncorrelated
across the sensors. For a compact representation, we define the
column vectors @; and ¢; in Table [I] corresponding to cluster
! and rewrite (I) and @) as:

=01, +n;, t,=+Ax+q,

2The AWGN channel model is equivalent to the channel model with a
static and known channel gain. Given the channel gain, CH; can equalize
it, which is equivalent to scaling the communication noise variance agl iy
The AWGN channel model for communication channels within a cluster is
reasonable, since sensors are closely located and typically there are direct
line of sight transmissions between sensors and their CH [J9], [28]. On the
other hand, we model the communication channels between CHs and the
FC as randomly-varying fading channels that require channel estimation. The
reason is that the transmission distances between CHs and the FC are large
and hence communication becomes subject to multipath fading effect.

l=1,..,L. (3



Fig. 1: Our system model consists of L clusters, each with a CH, and a FC that is tasked with estimating a random scalar 6.

where 1; is a column vector of K; ones, column vectors n;,
q;, with covarinace matrices X,,,X,,, matrix \/A; defined
in Table m We assume ny, g;, 6 are uncorrelated, i.e.,
E{n;q,"} =0, E{n;0}=0, E{q,0} =0, VI, and the noise
vectors across different clusters are mutually uncorrelated, i.e.,
E{n;n;"} =0 and E{q;q,;7} =0, Vi#j.

Each CH linearly fuses the signals received from the sensors
within its cluster. Let y; =w;Tt;, where y; is the scalar fused
signal at CH; and w; is the linear weight vector employed
by CH; for linear fusimﬂ (to be optimized). CHs transmit
these fused signals to the FC over orthogonal Rayleigh fading
channels, such that the received signal at the FC from CH; is:

I=1,..,L, 4)

where h; ~ CN (0,207 ) is fading channel coefficient cor-
responding to the link between CH; and the FC and v; ~
CN (0,202 is the additive communication channel noise. We
assume v; is uncorrelated with 6, n;, g;, VI.

To enable estimating h; at the FC, CH; transmits a pilot
symbol with power ¢; to the FC, prior to sending its
signal y;. Without loss of generality, we assume training
symbols are all ones. Assuming h; does not change during
transmission of y; and the training symboﬂ the received signal
at the FC from CH; corresponding to the training symbol is:

G=h/h+u, 1=1,..L, (5)
where v; in () is independent of v; in (@) and is identically
distributed. The FC adopts the following two-stage strategy
to process the received signals from the CHs and reconstruct
0: stage 1) the FC uses the received signals {%}, corre-
sponding to training symbol transmissions to estimate {h; }~
and obtain the channel estimates {ill}lel, stage 2) the FC
uses these channel estimates and the received signals {2},
corresponding to {y;}{, transmissions and find the LMMSE
estimate of 6, denoted as 0. Finding the LMMSE estimator has
a lower computational complexity, compared with the optimal
MMSE estimator, and it requires only the knowledge of first
and second order statistics. Let D =E{(# — §)2} denote the
MSE corresponding to the LMMSE estimator 6. Our main

21 = hyy + vy,

3When the pdf of 6 is unknown, it is reasonable to assume that CH;
applies a linear fusion rule w; and we seek the best w;. In Section [V-AT] we
show that w;’pf‘ is equal to the linear operator corresponding to the LMMSE
estimation of 6 based on t;, multiplied by an optimized scalar x;. When
6 ~ N(0,03) the MMSE and LMMSE estimates of 6 based on ; coincide.

4We assume time-division-duplex transmission and channel reciprocity. We
also assume that the channel coherence time is larger than the overall duration
of pilot transmission, channel estimation, power optimization, information
feedback, and data transmission.

objective is to study power allocation among different clusters,
subject to a network transmit power constraint (including
power for training and data transmissions), such that D is
minimized. Section [[I-B] provides a formal description of
our constrained optimization problem, including the power
constraints and the set of our optimization Variablesﬂ

B. Power Constraints

We describe our power constraints. Let P denote the
average power that sensor k£ consumes to send its amplified
measurement to CH; and P, = Zf; 1 Pi; be the total power
that sensors in cluster / spend to send their amplified measure-
ments to CH;. From (2) we have:

Pl,k:al,k]E{le,k}:al,k(Ug + 0'72”’,), k=1,..,K;. (6)

For tractability, similar to [9], we assume P is equally

divided between sensors within cluster [, i.e., P, = P;/K].

Under this assumption from @ we obtain oy j, = F;d; . where
_ 1 . . .

di = KieZ4e? ) L or equivalently in matrix form, we find

VA;=+/P,D;, where D, is given in Table Let P; represent
the average power that CH; spends to send its fused signal y;
to the FC. We have:

Pl:E{le}:wlT E{tltlT}w,. (7)
=R
=Ry,

Applying (@) and noting that @;, q; in () are zero mean and
uncorrelated, it is easy to verify that:

R, = Py +3X,, ®)

where
Q=A,+0:ll;, A =D,%,,D;, I,=p,p,", p=D1,.

Combining (7) and (8) we obtain:
Pl = wlT(PIQl + Eq,)wl. (9)

Let Py, = Ele 1, be the total power that CHs spend to
transmit their pilot symbols to the FC for channel estimation.
We assume there is a constraint on the network transmit power,
such that:

5Comparing orthogonal channel model and multiple-access channel (MAC)
model adopted in [[7], [T3]l, [23]l, the former consumes more time or bandwidth
for transmission, however, it does not require symbol-level synchronization
for compensating complex channel phase at transmitter. We note that the com-
plexity of the sequence of operation in our work (pilot transmission, channel
estimation, power optimization, information feedback, and data transmission)
is comparable with that of those works that rely upon perfect CSI, since
implementing power allocation solutions obtained based on perfect CSI 7
(18]I, ([TT]), requires pilot transmission and channel estimation, prior to data
transmission.



L
Pin + ) Pi+Pi < Pro.

1=1
Substituting P; in (9) into the constraint in (T0) we reach:

(10)

L
Prirn + Y _w"Sqw; + P(14+w, " Qw;) < Pror. (1)
=1

C. Problem Statement
Under the network power constraint in (I0), our goal is
to find the optimal Py, {P;,P;}£, such that D is mini-
mized. The constraint in (IT)) shows that finding the optimal
{P;,Pi}£_, in our problem is equivalent to finding the optimal
{P,w}E |, since given {P,w;}£ , one can find {P;}-,
using (O). Therefore, our goal is to find the optimal total
training power P;.,, the optimal total power that sensors in
cluster [ spend to transmit their measurements to their CH P,
and the optimal w; employed by CH; for its linear fusion,
such that D is minimized. In other words, we are interested
in solving the following constrained optimization problem:
: L
Ptm7{f1131ll7f11w}f:1 D(Pyyp, { P, w; }i21) (12)
L
PthrszTqu’leer(1+szQl’wz)SPtou
=1
P, € RT, P e RY,w; € RE WL

S.t.

We note that 3, and €2; in the network transmit power
constraint do not depend on our optimization variables.

III. CHARACTERIZING D AND ITS LOWER BOUNDS

A. Characterization of D in terms of Channel Estimates
We characterize the objective function D in (T2), in terms of
our optimization variables. Before delving into the derivations
of D, we introduce the following notations. Considering our
signal model in Section we define column vectors z, ¢,
y, z in Table [I, which are obtained from stacking the signals
corresponding to all clusters. We have:
r=01+n, t=Mx+q,

z=Hy+ v,

(13a)
(13b)

y =Wt

where 1 is a column vector of K ones, column vectors n, q,
v, and matrices M, W, H are defined in Table [l The noise
vectors m, q, v are zero-mean with covariance matrices X,,,
X 2o, respectively, giv~en in Tablg We model the fading
coefficient as hy = hy + h;, where h; is the MMSE channel
estimate and h; is the corresponding zero-mean estimation
error with the variance (7. The expressions for h; and (7 in
terms of training power v; are [30]:

iL 0}2” Viiz CQ v (14)

= 5 5 1 - &5 -
o2 4oy’ o2 4oy,

We define matrices H, H in Table [l and thus we have H =
H + H. Substituting this channel model into (I3b), we can
rewrite the received signal z as the following:

2=[HWM1)+(HW M1)6+(H+H)W (q+Mn)+v.

=z

2 2
20,”0

=z =z

15)
We proceed with characterizing D in terms of the channel
estimates. From optimal linear estimation theory, we have:

= g"z, where g=(E{22"})"'E{6z},
= 02 —E{02}" (E{zz"})'E{6z}.

®%>

(16)

where § and D depend on the channel estimates {h;}% ;.
In the following, we find E{z2'} and E{6z} in (I6) by
examining the statistics of channel estimation error. By the
orthogonality principle of LMMSE estimation [31], hy is
orthogonal to h;, that is E{Blﬁl} = 0, VI, and therefore,
E{z122} = 0. Using the fact that 0, n, g, v are mutually
uncorrelated, we have E{z;z3%} = 0, E{z.237} = 0.
Combined these with the fact that E{z} = 0, the covariance
matrix C, =E{zz"} given H can be expressed as:

C, =2 HWM11"TMWTH" + 2 TWMEMWTT)
+HW(S, + M, M)W H"

+TW (S, + M, M)W'T + %, (17)

where I' and X are defined in Table [l and X; is a K; x K
matrix of all ones. We define A;, and Ay as bellow:
A2
All = UgCZQPlHl + (|hl‘ + C;)(qu + PlAl)v
T .

Az = |pllpl”, w=~Pilp;, Vi
where p is defined in Table (I} It is straightforward to simplify
and write it as the following:

C.=W(A +iA) W' + 3, (19)

where A is defined in Table [I| To find E{0z} we consider
(T3) and we realize that E{6z3}=0. Therefore:

E{02) =E{021) +E{0z:} Y o2 HW M1=02Wp, (20)
where (a) in (20) is obtained from the fact that E{H} = 0.

Based on (T9), (20), the LMMSE estimator 6 and its corre-
sponding MSE in (T6) can be written as:

6 = oopiwrcy!z,
D = o} —outwrc'wp.

(18)

2

in which p and C, depend on the channel estimates. Substi-
tuting (T9) in (ZI) and applying the Woodbury identityf] yields:

D = (0,2 +p "W WA WT +3,)"'Wp)~!
L A2
_ Pylh| w, T w
2 | wi” Ihwy
= (o +§ —_— )7, 22
(o — aglerlTAllwl) 22)

Examining D in (22) we notice that IT; does not depend on our
optimization variables. However, A, depends on P, and

(through the channel estimate ||~ and the channel estimation
error variance (?). Clearly, D depends on w;.

B. Three Lower Bounds on D

We provide three lower bounds on D, denoted as
Dy, Dy, D3. To obtain D; we consider the scenario when
{hy}f, are available at the FC (perfect CSI). This implies
izl =h; and Cf:O,Vl, in (22), and the MSE becomes:

L 2
_92 Pl|hl| wlTlel 1
Di=(o, - T )7L (23)
1= 0o T [ wiT (Bg, +PA)w;
SFor matrices A, B,C, D the Woodbury identity states that

(A+BCD) '=A"1-A-1B(C~'+ DA"'B)"'DA"! [32).



To obtain Dy we consider the scenario when in addition to

.2
exp(—|fu| /¢}) as

_ _am T A
perfect CSI, sensors’ noisy measurement vector x; is available = 2?5202 )02 2 vas=wi VAL, G0)
at CH; (i.e., error-free channels between sensors and their j m-+n—p g+
CHs). Therefore, A; = I;, where I; denotes the identity/.“ np(0)= [Ful |as0| )
. o . . . . i s1,p [N o 1~ 2m+n—p=2m—n+p’

matrix, and ¥, = 0,Vl. In this scenario (23) simplifies to: mlnlpl(m —n —p)!¢ 0y

L 2 T . 2|b| -7 m—n—p

Dy = (09—2 + Z || "w, " Ew, )71. (2*2_7317%17,1)(9): |b‘mﬁnfp(m)( cos(¢p— 7( —sgn(asf))))
= 02 + [P TS, w, _ )
. . . . . (]5:4[) - Ahl 0/ 'LU] \/ En[ \/ 1+ qu wi.

To obtain D3 we consider the scenario when x; is available at
CH; and y; is available at the FC. This is equivalent to having Proof. See Appendix |A O

all measurements {x;}~_ | available at the FC (i.e., error-free
channels between sensors and their CHs, and between CHs
and the FC). Therefore, the MSE becomes:

L
—92 + Z 1szgllll)—l
=1
Clearly, we have D3 < Dy < Dy < D.

Ds = (o (25)

C. Bayesian CRB

Let G denote the Bayesian Fisher information correspond-
ing to estimating 6, given z and the vector of channel
estimates h = [hy,...,hz] at the FC. The inverse of G is
the Bayesian CRB and it sets an estimation-theoretic lower
bound on the MSE of any Bayesian estimation of 0, given z, h

B3)-[35]l. Using th26 definition in in our problem
G= E{(M) }, where f(z, b 9) denotes the joint pdf
of z,h,0 and and the expectation is taken over f(z, h,0).

Lemma 1. The Bayesian Fisher information corresponding
to estimating 6, given z, h is:

G=E{G1(0)}+E{G2(0)}, (26)
where G1(0) = o 1;16’;(9) and G() is given below. For
0 ~ N(O,a‘j) we have E{G1(#)} = o, 2. Both expectations

in are taken over f(6), which represents the pdf of .

/ h] (af(z,\fn,ﬂ
hy Jz; le‘hla oL

) and its derlvative with respect to ¢ are:

m o m-—n

—a26?
(7]‘]7/3 =aje § E E Cm, n,p

m=0n=0 p=0

R e \zl—b|2
“m,n 0 - T < a5 lb’ 28
x/_oo/_ooe np.b(0) exp( 20% )a (28)

(Z |}AL oo m mn
LT

9
j a0 D SOSY 2P 2a,0)

m=0n=0p=0

X (."I n p / / QUL ;LD ) eXp( | 2 | )di] (29)

2
>) lediL[, (27)

where f(z \hl

and the paramEterS ay,az,as, Cm,’n,p(a)v Sm,.n,p,b(‘g): C/) are:

IV. SOLVING THE CONSTRAINED MINIMIZATION OF D

We consider the constrained optimization problem in (12),
where D is provided in (22). We define:

~ 2 T
Pyhi| w; " THw,
)
012” + wlTAllwl

wlTquwl +P(1+ wlTQlwl).

T(Pyrn, Powy) = €2y

Ci(P,w;) =

Using the two definitions in (31)) we can replace the problem
in (12) with its equivalent, problem (PI)), that has a simpler
presentation. In particular, we can writt D™' = o, 24

Zle Ji(Piyn, P, wy). Hence, problem (PI) becomes:
L

Z%(Pt’r‘na-Plawl)

=1

max
Ptrn7{Pl7wl}lL:1

(P1)
L
st. Pin+ Y Ci(Pr,w) < Piot, P, PLERT, w e R4 VL
1=1

It is easy to show that the solution of (PI) holds with active
constraint P, + Zz 1 Ci(P,w;) = Pyot. We further note
that due to the cap on the network transmit power, only a
subset of the clusters may become active at each observation
period We refer to this active subset as A={l:P, >0, [=
., L}, where |A| < L. Regarding the objective functlon

Jl in (PT) we note that it depends on h; (through |hl| in the
numerator and Aj, in the denominator of (31)). Regarding
the optimization variables in (PT) we notice that, since pilot
transmission proceeds data transmission, P;,.,, cannot depend
on the channel estimates {ﬁl}le and can only depend on
the statistical information of communication channels and the
observation model. Examining (EI), we note however, that
solving it for P, provides an answer that depends on le
(which is unrealizable). On the other hand, the variables P;, w;
should be chosen according to the available CSI hy;. Based on
these observations, we propose to consider two problems (P4)
and (Pp) stemming from (PI)). problem (P4) finds the optimal
{P,,w;}E_ | that minimizes D, given P;,,,. Let o € (0,1) such
that Py, = (1 — 0)Piot. Given P, (and thus o), we define

Fi(P,w;)=T(Pirn, P, w;). Problem (P)) becomes:
L
(Pa)  given Py,  max Y Fy(P,w)
{Plvwl}lel

> Ci(P,wi) <0 Pior, PERT, w eR¥, VI
1=1
Section is devoted to solving (P4)). Problem (Pp) finds
the optimal P;,.,, that, instead of minimizing D, it minimizes a
modified objective function E{D}, where an average is taken



over the channel estimates. In Section [V-B| we address (Pp)
and find Py, as well as training power distribution {¢;}~ ,
among the CHs such that Zlel U1 = Pypp.

A. Finding Optimal {Pl,'wl}lL 1 Given Total Training Power

We start with (P4). By taking the second derivative of
Zz 1.7-'1(Pl,wl) w.r.t { P, w;}, it is straightforward to show
that (P 4)) is not jointly concave over the optimization variables.
Alternatively, we propose a solution approach that converges
to a stationary point of (Pa). Problem contains the
constraint Zle Ci(P,,w;) < 0Py, which is referred to as
coupling or complicating constraint in the literature [36]. By
introducing additional auxiliary variables {V;}£ ,, problem

(P 4) becomes:
L
> Fi(Pwr)

P2) given Py, max

{Vi,Pr,wi } |
L
st. (P, w) <V, Y Vi<oPioy, Vi, PLERT, w e R¥ VL
1=1
Note that the auxiliary variable V; represents the total amount
of power allocated to cluster [ (for sensors within cluster [
to transmit their observations to CH; and for CH; to transmit
y; to the FC). According to the primal decomposition [36],
problem (P2)) can be decomposed as the following:

(SP2-1)  given Py, V), max Fi(P,w;)

1, W

s.t. Cl(Pl,’wl)ﬁvl, P GRJr, w; ERKZ,
L

(SP2-2)  given Py, {P, wit{z,, max > F/P
e =
L
Y Vi<oPiu, Vi € RV,

=1

where F;” * denotes the maximum of Fi(P;,w;), which
depends on V;. The solution can be reached by iteratively
solving sub-problems and (SP2-2). In the following,
we provide the detailed solutions for (SP2-T)) and (SP2-2).

1) Solving Optimization Problem .‘ We start with
a brief overview of this section. Let w"", P’*" denote the
solution of (SP2-T). We will show how to compute w;*" in
terms of P, using @2) and how to compute P*" in terms of
w; using @7). Having two equations @2), @[), we substitute
w; from @2) into @7) to reach @), which is a function
of P’ only. Employing a numerical line search method we
obtaln PP from @8). Having P*", we find w{™" using @2).
The detalled explanations follow

Examining F;(F;, w;) and Cy(P;, w;) expressions given in
(37, it is evident that scaling up equally P, w; increases both
Fi(P,w;) and Cy(P;,w;). Therefore, (SP2-T) is equivalent
to its converse formulation, where C;(P;,w;) is minimized
subject to a constraint on F; (P, w;):

(CSP2-1)  given Py, U, Ignin Ci(P,w;)
1, W]
st. Fi(P,w) >U, P eRT, w, e REL

Let C’l(’pt be the minimum of C;( P}, w;), which depends on U{;.
To solve (CSP2-T) we simplify its constraint by substituting

A4, from (18) into F;(P,w;) in @I). Let B, = o3I, +
(|hl| + ¢?)A;. The constraint in (CSP2-T)) becomes:

BwlT(|]A7,l| Hl—Z/{lBl)wl—(|iLl| +<l2)ul’w;‘,12qlwl—0'31ul ZO

(32)
Consider where its constraint is now replaced with
the inequality in (32). To solve (CSP2-T) we use the Lagrange
multiplier method. Let £(v,n, P, w;) be the Lagrangian for
this problem and v and 7 be the lagrange multipliers for the
constraint in (32) and the constraint P, >0, respectively. Equa-
tion (33) shows L(v,n, P, w;). The corresponding Karush-
Kuhn-Tucker (KKT) optimality conditions are [37, pp. 243-

244]:
oL .2
5wy — Ry, +7 (|| + Ui = Pi(lIu] TL—UUy By))Jaw, = 0;
(34a)
~ 2 A 2
VP! (| T —UB)w; — (h| "+ Uyw] Sg,w, — o, Up) = 0;
(34b)
oL T T 2
op, :1+'wl Ql'wlffywl (|hl| Hl—l/llBl)wlfn:O; (34c¢)
nP; =0, (34d)

where R;,, defined in (8), depends on P,. Similar to the
solution of (PT), one can show that the solutions of (SP2-T)) an
must satisfy the equality constraints Cy(P;, w;) = V[

and F; (P, w) =U; (or equivalently (34b)), respectively. Thus

we find:

w," Ry w =V, — P, (352)
. 2 .

w, " [P (|| T —UBy) — (|| + Uy Bq Jwi =02 Uy (35b)

Combining @ and (33b) we reach:

V
MRt (Ul Ul T 24 B) n =0,
" (36)
From (34a) and (36) we find the lagrange multiplier 7:
V-
T 02 ul &7

Ul

e Computing w?* given P;: Substituting (37) into (34a) and
conducting some mathematical manipulations result in:

02 Ry,
Ul —

Vi P |I~Ll||Nl|Twl, (38)

(|l +) S+ PiBi i =

=B,

where p; is defined in (I8). Since Ry, - 0,%,, >0, B; >0,
the matrix B; is positive definite and full rank and hence

invertible. Multiplying both sides of (38) with B; ™!, we find:
Uyw; = _1|N1|\N1|Twl (39)
Also, multiplying both sides of @ with Rt, we reach:

ng w R71[|#1HH1|

=Bs
(40)
Inspecting (39) and (@0), and aiming at finding vector w;,

we realize that (39) and (@0) are ordinary eigenvalue prob-

lems. Since the solutions to (SP2-I) and (CSP2-1) satisfy
the equality constraints C;(P;, w;) =V, and F (P, w)) =U,




respectively, from (39) and @0) we find:
2

opt __ —1 T opt __ Oy,

]:l )‘maw(Bl ‘Nl”“l' )7 Cl )\maz(BQ)
Let s”" be the eigenvector corresponding  to
Amaz(B1 Hallp|"). We note that FP' is achieved
when w; is an appropriately scaled version of s/, i.e.,
w{?" =r;s7P", where scalar r; is such that (35d) is satisfied.
Also recall TI; = p,p,” is rank-1. Thus F7** is the only
non-zero eigenvalue of By !|p||p,|” and s is the
corresponding eigenvector. Proposition [I] gives expressions
for w?" and F7*" in terms of P

Proposition 1. Considering problem (SP2-1), the optimal
fusion vector w;” * and the maximum value of the objective

function F}” " in terms of P, are:

+P. (41)

a2
o Vi—-PF  _ o | BiPim
wlpt: thl 1pl’ ]:lpt:2|1|—ﬁz’ 42)
l le( + VWPI)
T -1 o
where ,=p;" Ry, " p,, Bl:m-
Proof. See Appendix O

For our system model Ry =E{0t;} =03+/P,p,. Hence,
we can rewrite w{”" in @2) as:

o — /VZ_B —
wlpt = 0'6 2 ﬁ(RtllRtle)'
—_———

=X1

(43)

Since R, lRtlg is the linear operator corresponding to the
LMMSE estimator, @3) implies that the optimal linear fusion
rule at CH; is equal to the linear operator corresponding to
the LMMSE estimation of § based on ¢;, multiplied by the
amplification factor ;.

e Computing P*" given w: Note that (34d) results in 7 =0
for active clusters with P, > 0. Letting 7 =0 in and
solving for v we find: 14 wlTszl

v = — . (44)
’wlT(|hl| Hl—ulBl)’wl
Equating @4) with (37) and solving for U, we get:
(Vl - Pl)‘ill|2’wlTlel

U = . @5
: o2,(1+w] Q) + (Vi — P)w] Bw, (@3)
On the other hand, solving (33b) for ¢ results in:
-2
Bk 'm
U = | wy Thw, 46)

) .
3, + ([ +C)w[ Bgwi + Paw] Biw,
Combining (@3) and [@6), we obtain P/** in terms of w; as
the following: 9 A 2 o\

Vi(oy, + ([Tl + G wi” Zg,wi)

pert —
1= ) :
05, (2 + wi Qw) + (|| + ¢ )wi " Bg,w,
At this point, we have obtained two equations: [@2)) provides
w{?" in terms of P, and @7) provides P in terms of w.

Substituting w{*" from @2) in @7) yields in:

(47)

~ 2
Ly, n, Prywy) =w; S wi+ P (14w, "Qw) + (|| + ) Uw!Sqwi+o

o A2 ° _ _
ail(Vz—QPl pt)Tl+(|hl| +<12)(VZ_P1 pt)2PzTth 12%th 1Pz
—P?'ol (Vi—P")p, "Ry, "' U Ry, 'p,=0. (48)

Note that 7;,R;, in @8) depend on P/” ¢ and thus, a closed-
form solution for P” * remains elusive. One can employ a line
search method (e.g., the Golden section method [38, p. 216])
to solve (@8) in the interval (0,)};). Having P™" we find w;""
using @2).

2) Solving Optimization Problem (SP2-2): By substituting
FPP' from @2) in the objective function, problem (SPZ2)

becomes: L .2
. L || BiPim
given Py, {P,w;}i21, max — T E
Wihe, 157 9% 1+ Vi—P, )

L
st Y Vi<oPi, Vi €RT, VL.

=1

(49)

The maximization problem in @J) is concave and its solution
can be found via solving the KKT conditions. In particular,
we find (see Appendix [C] for derivations):

o h BT
v = [ﬁz('a—” V] M S E O
v
h P
Z |hl\/301\/
A o= ( LA ou )2 (50b)

UPtOt_ZleA -Pl+Zl€A ﬁl

Note that the first term of the right side of the equality in (50a)
is P; introduced in Section Given \, |y, o, in (50@) and
the easy-to-prove fact that Tl—i—Plg—E >0, it is straightforward
to show that % > (0 for active clusters, i.e., increasing P,
increases P;. Having the solutions to problems and
(SP2-2), Algorithm [I] summarizes our proposed solution to
problem (P4). Essentially, this algorithm iteratively solves
(SP2-T)) and (SP2-2) in a block-coordinate ascent manner until
the convergence is reached. In Section [VII} we argue that the

algorithm output converges to_a stationary point of m )
B.” Finding Optimal Total Training Power and its DisTribution

Among CHs

In this section, we focus on (Pg) and find F;,, as well
as training power distribution {1/}, among the CHs such
that Zlel 1 = Py, As we mentioned earlier, to find P;,.,, we
consider a modified objective function, i.e., instead of Zle T
in (PI) we consider Zlel E{J:}, where the expectation is
taken over the channel estimates |le| . Since solving this
problem analytically is still intractable, we use the Jensen’s

inequality for concave functions [37, pp. 77-78], to establish

a lower bound on E{7; (P, P, w))}:
E{J(Pirn, P, w;)} <Gi(Piyn, P, wi),

where G;(Pyn, P, w;) is obtained from 7 ( Py, P, w)), after

replacing |lAn\2 with ]E{|le|2} To find E{\ﬁl|2} needed for

G1(Pirn, Py w;) we revisit the error conespoqding to the

LMMSE channel estimation in (T4). Note that h; is a zero-
mean complex Gaussian. Let 20}% denote the variance of h;.
1

For the model h; = h; + h;, we invoke the orthogonality
principle from the linear estimation theory [30], that states

L2
2 Uy — Prw, " (|| TL Uy By)w;) —n Py, (33)

A



Algorithm 1: proposed solution of

Input: Py, Pirn, {Bl}le, €, and system parameters
defined in Section [l
Output: optimal optimization variables {POp ‘ ,Op N

Let ¢ indicate the iteration mdex V( 2 l( A( Ca
denote Vi, P, w;, A values and

FO=3 a0 ]-'l(Pl( ) wll )) at iteration i.
- Given the channel estimates, sort the clusters as
described in Appendix [C]
- Initialization: i=1, A® = {1,..., L}, randomly choose

(e.g., the Golden sectior] method p. 216]). Since this
problem is concave over (0, 1), the convergence of Golden
section method to 0°P! is guaranteed.

Based on the above observation, we propose the method
described in Algorithm [2] to solve and find P7?'. The
proposed method is basically Golden section method, where in
each iteration we apply Algorithm IIlto find {P,,w;}F_,, only
for the purpose of successively narrowing the search interval
for 0. The output of Algorithm IZI converges to o°P! and thus
POPt _ ( Opt)Ptot~

trn

{Pl(o), wlm) }E | such that 0< Pl(o) < Vl(o) = P”‘”ZP”"
an(c(i) )@) holds with active constraints, and compute
FO.

- Tterate between solving (SP2-T) and (SP2-2) until
convergence. At iteration ¢ do below:
1: Obtain P(i) € (0, V (=1 ) via solving ([@g), substitute
P( ) into (@) to obtain “’z( ), compute F (%),

F) _pli-1)
2 0f |t —

the optimal solution { P/ = P( 2 fpt*wl(i)}VleAm
and {POPt 0, w Op —O}VI¢A(L)
3: Increase 1, update A® and find {Vz
using (503). (505
- Continue the iteration until the stopping criteria in step
2 is met.

| <€, terminate the iteration and return

Ntea

var(h)) = var(hy) — var(hy) = 207, — (7. where (7 in (]EI)
depends on ;. Since h; is zero-mean, we have E{|hl| =
var(hy). Thus, Gi(Pirn, P, wy) = (o, 60w o,

o3, twi T Ay w;
Ay, —oag PII; + 20,” (Bq +PA). Notlce that G; depends
on the optimization variable P,,.,, through ¢? i in the numerator
and A4, in the denominator. We reconsider (PI)) in which 7,
is now replaced with G; B

, where

(PB’) max gl P, ™ Pl7 wg
PM“rn{Phwl}lL:l ; ( ! )
L
s.t. Ptrn+ZCl(P)l> wl) SPtot; Ptrru P ER+7 w ERKla vi.
=1

Examining (Pz/), we realize that solving it for P, provides
an answer that depends on Fj,w; (which is undesirable).
To circumvent this problem we propose a method to find
Py, based on the following observation. We observe that,
although (P5/) is a non-concave maximization problem, iven
{P,w}t | and letting 0 = 1 — L= the problem (|
under these conditions becomes strlctly concave with respect
to the variable o over the interval (0,1), and hence, the
objective function has a unique global maximum in this
interval. Let ¢°P! denote the solution to this problem, which
can be efficiently found using numerical line search methods

Algorithm 2: proposed solution of

Input: P, €, system parameters defined in Section
Output: optimal optimization variable o°P!

Apply the iterative Golden section method to find

oo (0,1)

- Initialization: =0, ol(, )= =0, O'(O) =1.

- At iteration ¢ of Golden section method, do below:
1: Compute two evaluating points ozl(f) and o' using
the starting and the ending points of the search interval
(03", 0).
2: For each evaluating point, use Algorithm [I] to obtain
{P,w}E | and compute the objective function
ZlL_ Gi. Suppose G\, G denote(: )the vahte)s of

Zl_ G, when it is evaluated at oy’ and ae”,
respectively.

- Depending on the values of géi), Qei) update the search
interval (o, (0 ol )).

- Continue the iteration until 0( 2 Zgi) <e.

Given PP, we find {¢;}% |, via minimizing the MSE of
the LMMSE channel estimates for all clusters:

L
min Z ¢

given PPt
P }lL=1 =1

trn

(D

L
st. Y i < P g €RT, VL

The above is a convex minimization problem. Solving the
associated KKT conditions, we obtain:

"Let 2:°P* denote the maximum value that a concave function f(z) attains
over a search interval @ € (zp, z¢). This numerical method finds z°P! via
successively narrowing the range of the search interval. Let ¢ be the iteration
index, (Iél),l'éz) ) be the starting and ending points of the search interval
at iteration 1, aél) = 0.382(1'53Z> — Zél)) + ZISZ) and ol = 0.618(L(f) —
Ig")) + IZSU be the evaluating points. Also let flgz), fél), denote the values
(@) @)

of the function f(z) when it is evaluated at the evaluating points o, ae
respectively. For 1n1t1ahzatlon we let t=0, Z<0) =xp I(0> =2xe. At iteration
i, we compute f () and f

2°Pt as the following: if j( 2

and then update the search interval to find

> £, then I = 70 70T — o)
if flgz) = fegl), then Ilgl-H) = aél),L(:Hl) = aél), and if flfl) < fél), then
IIEHD = al(f),IéerD :ISL). As the stopping criterion, we check whether
the length of the search interval exceeds a pre-determined threshold e. If
the stopping criterion is met at iteration j, the algorithm returns the optimal

solution z°P? :ij . Otherwise, we update the search interval and continue
the iterations until the stopping criterion is met.



(P1) Max Y- Ji

- variables: Py, {P, Wi 3=,

- non-concave maximization

- J; depends on channel estimates

chanme : (P2) given Py, Max Xi, F
estimates (P4) given Py, Max i, F; equivalent = - variables: {V;, P, w;}}_;
- variables: {P;, w;}i_; - {V;}}_, are additional auxiliary
- non-concave maximization variables
- non-concave maximization
Algorithm 2: the output of this algorithm is g°P¢ =
(P)  Max Si, E()} (Pyr) Max 3, gy

- variables: Py, {P, w}i_,
- E{.} is over channel estimates
- non-concave maximization

- variables: Py, {P, wi}i_,
-given {P,w}fy,0 =1—
becomes concave in (0,1) w.r.t. o

Algorithm 1: the output of this algorithm is {P°"¢,

! Primal decomposition of (P2) !
\ (SP2-1) given Py, Vi, Max F !
- variables: P;, w; |
i -solve (SP2-1) for all clusters X
| - non-concave maximization, thus we cannot claim
17 its solution is globally optimal and unique i
- numerical solution for P; using Golden Section '
method !

- closed-form solution for w; !

1

1

1

1

1

1

1

1

1

1
1
1
|
1
| (SP2-2) given Poy, {P, Wi}y, Max i, FP*
1 - variables: {V;}i_,

! -concave maximization

1 - closed-form solution for {V;}f_;

1

given 6/Pyp, Min Yk
- variables: {i,}_;

- convex minimization
- closed-form solution for {i;}_,

=188 (52)

Ptrn

, (PB’)

1
1
1
1
1
1
Ptot \
1
1

Fig. 2: This block diagram is the pictorial narrative of our approach to solve the original constrained optimization problem (PI).

o2 o2 N Lo,
=[BT ], kel (s
Thy FOu t%zt‘f'Zl—l

The solution in (52) is based on the assumption that all
CHs participate in pilot transmission and P,f’p " satisfies the

inequality P** > U”L S O — sz “’ = T. However,
when PP' <, the ‘solutions in (32) 1mply that ¢, =0 for

some clusters. In this case, we propose to choose i; =
in which a is a common factor. Imposing the constraint

SO b= PP results in:
o Popt
zpl:%, l=1,..,Lwhen P*" < Y. (53)

Oy 21:1

Fig. ] shows a block diagram that summarizes our approach
to solve the original constrained optimization problem (PI).
Overall, the sequence of algorithm implementations and net-
work operation follow. The FC implements Algorithm [2] to
obtain P7”', and consequently to find {¢;}/-, given in .
The FC feeds back this information to CHs (all the obtained
{P,,w;}}, values during the execution of Algorithm [2| are
discarded at this point). CHs send their pilot symbols to
the FC and the FC estimates the channels {h;},. Now,
given PP! {hz},_ 1> the FC implements Algorithm |1} finds
{Plopt ("’t}],l, feeds bacK?®| this new information to CHs,

op

and feeds back P = PIZ( to sensors. Sensors send their
amplified measurements to their CHs. CHs send their fused
signals to the FC. Finally, the FC estimates 6.

G'Ul

C. Minimizing Lower Bounds on MSE D

This section discusses constrained minimization of the lower
bounds D1, Dy we derived in Section [[II-B} The lower bound
Dy depends on {P;,w;}{, and hence its constrained mini-
mization becomes:

8Similar to , we assume that the FC energy resource is much larger
than those of the sensors/CHs. Therefore, the overhead required for feeding
back the necessary information from the FC to the sensors/CHs is neglected.

L
Pilhi*w T T,

o2, + |h|*wT (Bq, + PLA)w

(P3) max

L
{Plv’wl}lzl 1=1

L
st Y w Bgwi+ Pl +wi " Quw) < Pror, PERY, w, e RFL VL
=1
This is similar to @[) with the difference that P, =0, 2and
hence in (50a) and (30B) expressions we let ¢? = 0, ||
|hl| ,0=1. Algorithm I can be followed to find the solution
to (P3), using w?* in @2). The lower bound Dy depends on

{w,;}_, and hence its constrained minimization becomes:
L

|hl\2wlTElwl

P4) max 5
{wit, = 0d + [ wTZ, w
L
ZwlT(ogﬁz—i-Enl Jwi < Prot, w; GRKL7 vi.
=1

This is similar to (P2)), with the differences that P;,., =0 and
P,=0,VI. Following similar steps we took in Section to

solve (P2), we find that (30a) and (50B) become

h| " O'
opt 5 ‘ AU _1 + 5 _ ]
[ l ( A )] ’ l |hl|2(1_a_g7_l/)7
h B“ T/
ZleA| B VT

ou,
Piot+> 14 B/
opt

The optimal weight vector w;" corresponding to the solution
opt _ [V (2 -1
of (P4) is computed as w;"" = /T—;(UHZH—EM) 1.

V. SOLVING THE SPECIAL CASES OF THE ORIGINAL
PROBLEM

The original problem (PI)) aims at constrained minimization
of D, with respect to three sets of optimization variables:
P,,,, total training power, P, power allocated to sensors in
cluster [ to send their measurements to CH;, and P; power
allocated to CH; to transmit its signal to the FC. To untan-
gle the performance gain that optimizing each set of these
optimization variables provides, we consider the following
three special cases of (PI). In problem (P1-SC1) assuming

’ -1
:( )2, TlillT(UgEl+2m) 1l~



Py, is given and ¢, = Py.,/L, we optimize {P,, P} .
In problem assuming P, = P,VI, we optimize
Pin, P,{Pi}£_,. In problem assuming P, = P, VI,
we optimize Py, P, {Pl}lel. Note that problem (P1-SC1) is
the same as problem addressed in Section [[V-A] In the
following we address problems (PT-SC2) and (PI-SC3).

A. Solving Special Case (P1-SC2): When Intra-Cluster Pow-

ers of all Clusters are Equal

Problem becomes:

L

D

=1

~ 2
P|hl‘ wlTleg

P1-SC2 —_—
( ) 012)1 +'wlTAllwl

max
Ptrnypv{wl}l[lzl

L
St Pirn+Y_w,"Bg w4+ P+w,” Qw) < Pioy, Pirn, PERY,
=1

where A1, =02¢2PIL + (|| +(2)(Sq + PA,). To address
(PI-SC2) we consider the following two sub-problems: (a)
finding P*, {w;}, given P, (b) finding P;., as well as
{¢F}E.| such that Zlewl* = P;.,,. Sub-problem (a) is a
special case of in which, for finding P*, we use Golden
section method, and sub-problem (b) is similar to (Pp). Recall
that Py, = (1 — o) Piot and thus Zlel(P-i-Pl) =0P;,:. We
let 0. € (0,1) such that P = (1 — 0.)0 Pt It is simple to
show that sub-problems (a) and (b) are both concave and hence
P* and Pj., are unique. Next, we summarize our proposed
solutions for solving sub-problems (a) and (b) in Algorithms
3-a and 3-b, respectively.

Description of Algorithm 3-a: Let P* = (1 — 0})0 P,y
denote the optimal P. We apply Golden section method to
find o € (0,1) and thus P* that maximizes the objective
function in (PI-SC2), denoted as F (o). At iteration %, for each
evaluating point we first compute the optimal Vl(z), denoted as
{(V\"}E | using (B0@), and substitute V" into @2) to obtain
{'Evl(l)}lL:l. Next we compute ]-'ZEZ) and F”. The stopping
criterion is similar to Algorithm 2] Algorithm 3-a returns the
optimal o, {w; ;.

Description of Algorithm 3-b: We address sub-problem (b)
similar to problem (Pp) in Section More specifically,
we consider problem (Pp/), where P, is substituted by P,
and apply a modified version of Algorithm [2] to solve it. In
particular, at iteration ¢ of Algorithm 2} we use Algorithm
3-a to obtain the optimal variables P, {ﬁ:l(z)}f:l, and then
compute Rz(f) and RS). The rest is similar to Algorithm
Algorithm 3-b returns the optimal Py, {¢7 }- ;.

B. Solving Special Case [P1-SC3): When Powers of all CHs
for Their Data Transmission to the FC are Equal

To incorporate the constraint P, =P in the cost function of
problem (PI-SC3)), from Section we recall that w{”" =
Xl(Rtl_lag\/Flpl). Therefore from P, = w;” Ry, w; in )
and P, =P, we conclude x7="P /oy P;7;. Substituting for w;

in (PI), problem (PI-SC3) becomes:
L

~ 2
(P1-SC3) max - AP;””' n
Pron PP IS D24 M p TR, VS, Ry
L
st. Pin+Y (Pi+P) < Piot, Pn, P € RT, P, € RT, VL.
=1

To address we consider the following two sub-
problems: (a) finding P*,{P/}E, given Py, (b) finding
Py, as well as {¢;}, such that Zle Y = Pp.,,. Sub-
problem (a) is a special case of in which, for finding P*,
we use Golden section method, and sub-problem (b) is similar
to (Pp). We let o4 € (0,1) such that P = (1 — 04)0 Piot.
It is easy to show that finding P*, P}, in sub-problems (a)
and (b), respectively, are concave problems, and hence P*
and Pj., are unique. In Appendix we prove that finding
{P;}[, in sub-problem (a) is jointly concave over P;’s and
therefore its solution is unique. In the absence of a closed
form expression we use gradient-ascent algorithm to find the
solution. Algorithms 4-a and 4-b summarize how we solve
sub-problems (a) and (b), respectively.

Description of Algorithm 4-a: Let P* = (1 — 0};)0 P
denote the optimal 7. We apply Golden section method to
find ¢ € (0,1) and thus P* that maximizes the objective
function in (PI-SC3), denoted as F(og4). At iteration i, for
each evaluating point we compute the optimal Pl(z), denoted
as {151(1)}%:1 using gradient-ascent algorithm, and substitute
them in to compute }'éz) and F{. The stopping
criterion is similar to Algorithm 2] Algorithm 4-a returns the
optimal o7, { P/} ,.

Description of Algorithm 4-b: We address sub-problem
(b) similar to problem (Pg) in Section Specifically,
we consider problem (Pg/), where P; is substituted by P
and apply a modified version of Algorithm [2] to solve it. In
particular, at iteration ¢ of Algorithm 2} we use Algorithm
4-a to obtain the optimal variables P, {P{”"}~ | and then
compute R{"” and R{"”. The rest is similar to Algorithm
Algorithm 4-b returns the optimal Py, {v7}- ;.

VI. COMPLEXITY OF ALGORITHMS

We discuss the computational complexity of Golden section
method as well as Algorithms 1, 2, 3-a, 3-b, 4-a, 4-b, which
allows us to compare the computational complexity of solving
(PI) versus those of (P1-SC1), (PI-SC2), (P1-SC3).
e Golden section method: This method includes a one-
dimensional search to find the optimal point. If no matrix
inversion is required, its complexity order for convergence to
an e-accurate solution is €, where € =log(1/¢) [38} p. 217].
We use this method for solving @) In each iteration, to
compute the left side of (@8) we employ the matrix inversion
algorithm in [39] to calculate Ry, ~! with complexity order of
O(K 12'37). Therefore, the overall complexity order of finding
PP €(0,V;) becomes O(eK2T).
e Algorithm [I] for solving (P4): We switch between solving
(SP2-T) and (SP2-2) until the stopping criteria is met. In each
iteration, we need to (i) find {P;}£ , using Golden section
method, with the overall complexity order of O(eK), where
K=Y}, K¥%, and (i) calculate {V;}/ , using (30), which
needs 7, 5; that are found in (i) and hence, the complexity
order of finding {V;}, is O(L). The overall complexity order
of Algorithm |1 becomes O(€(L+¢€K)).
e Algorithm [2] for solving (Pz/): In each iteration, for each
evaluating point we use Algorithm [1| to obtain {P,,w;}F~ .
Therefore, the overall complexity order of Algorithm [2] be-
comes O(e%(L+eK)).




e Algorithm 3-a for solving sub-problem (a) of (PI-SC2):
In each iteration, for each evaluating point computing 7; in
(50), @2) involves the matrix inversion R;, ', and thus, the
complexity order of finding {V;}£, and then {w;}&, is
O(K). Therefore, the overall complexity order of Algorithm
3-ais O(eK).

e Algorithm 3-b for solving sub-problem (b) of (PI-SC2): In
each iteration, for each evaluating point we use Algorithm 3-a
to obtain P, {w;}£_,. Therefore, the overall complexity order
of Algorithm 3-b is O(e2K).

e Algorithm 4-a for solving sub-problem (a) of (PI-SC3): Note
that the complexity order of the gradient-ascent algorithm to
maximize a general non-smooth convex function f(x) and
converge to an e-accurate solution is O(1/¢), if no matrix in-
version is required for finding f(z) and its gradient V f(z)
p- 232]. In each iteration of Algorithm 4-a, for each evaluating
point, since computing the objective function in and
its derivative with respect to P; involves the matrix inversion
R;,~", the complexity order of finding {P;}£ , using the
gradient-ascent algorithm is O(K /e). Therefore, the overall
complexity order of Algorithm 4-a becomes O(eK /).

e Algorithm 4-b for solving sub-problem (b) of (PI-SC3): In
each iteration, for each evaluating point we use Algorithm 4-a
to obtain P, { P} ,. Therefore, the overall complexity order
of Algorithm 4-b is O(¢2K /¢).

To solve (PI) we need to solve (P4), (Pz/). Therefore, the
complexity order of solving (PI) is eg=O(e(1+€)(L+EK)).
To solve (P1-SC1) we need to solve (Pa)). Therefore, the
complexity order of solving (P1-SC1) is e; = O(e(L+€K)).
To solve (PT-SC2) we need to solve sub-problems (a) and
(b) of (PI-SC2). Therefore, the complexity order of solving
is ex = O(€(1+€)K). To solve we need
to solve sub-problems (a) and (b) of (PI-SC3). Therefore, the
complexity order of solving is e3=0(e(1+€)K /e)
It is clear that e; <eg <ep<es.

VII. CONVERGENCE ANALYSIS

We discuss the convergence analysis of Algorithms [T] and [2]
which solve problems (P4) and ( respectively

e Convergence of Algorithm m Problems and (P2)
are equivalent. In (P2), the cost function is non-concave and
the constraint is a closed convex set w.r.t. the optimization
variables {V}, P, w;}{,. Algorithm [l] is indeed a block-
coordinate ascent type algorithm with two blocks. The first
block solves ) for all clusters to obtain {P,,w;}~ .
is a non-concave maximization problem for which
we have a numerical solution for FP; using Golden Section
method and a closed-form solution for w;. Since (SP2-1) is a
non-concave maximization problem, we cannot claim that our
proposed solution for Pj, w; is globally optimal and unique.
The second block solves to obtain {V; }£ ;. is
a concave maximization problem for which we have a closed-
form solution for V. Since (SP2-2) is a concave maximization
problem, its solution is globally optimal and unique.

The authors in proved that in a block-coordinate
descent algorithm with only two blocks, which solves the
unconstrained minimization problem

min flx1, x2),
(1,22)ER™L XR"2

(54)

11

. k+1
minimizer wg MR

algorithm converges to

we have the
f(l'l,ﬂ?ék)) vk,

given
argmin
T
a stationary point
such that f(a:gkﬂ)., w<2k+1)) <
ng( (k1) :JcékH)) 0,Vk. The authors also proved
the convergence when f in (34) is minimized subject to a
convex constraint set (see Corollary 1 and Section 4 in [41]] [.])
Equipped with this result from [H0], [#1]l, we return to our own
problem. Let f=— Zz 1 F wl—{Vl}, 1, wg—{PZ,’Ujl}l N
in problem . When solving problem (P2)) using the block-
coordinate method with two blocks, we note that has a

globally optimal solution and thus mgkﬂ): argmin f(xq, a:ék))

global
the

if we can find a point wng)

F@ ) 2y and

is completely known. Also, our proposed solution for (SPZ-1)
satisfies the condition V, f(a:(lk's_1 ,a:(zkH)) =0 (because it
is the solution of KKT conditions for (SP2-1)). Furthermore,
our extensive simulations indicate that the condition
f(mgkﬂ),:cgkﬂ)) < f(azgkﬂ),:cék)) is always satisfied Vk.
Hence, we conclude that the output of the block-coordinate
ascent method between (SP2-1) and (SP2-2) converges to a

stationary point.

Regarding the convergence speed of the block-coordinate
descent method, few works have obtained a convergence rate
under special conditions on f in (54). However, for the general
case of non-convex f, even under convex constraints, no
convergence rate is established in the literature. Our extensive
simulations indicate that the average number of iterations
needed for Algorithm [T] to converge to an e-accurate solution
for {PP", wiP*}E | is 30.

e Convergence of Algorithm [&} In this algorithm, we
employ Golden section method to obtain Pﬁﬁl, where in each
iteration we apply Algorithm [l to find {P;, w;}{-,, only for
the purpose of successively narrowing the search interval of
Golden section method. Consider solving the following non-

convex minimization problem under convex constraints:

min f(x,y)
z,y

st. v ey C R, (TS 0y C Rn2, (55)

where Golden section method is used to obtain z°%*. If y*) =
argmin f(z*),y) given *), k= 0,1, ... is known instantly,

Gozllden section method converges linearly, and the rate of
convergence is approximately 0.62 [38 p. 217]. Equipped
w1th this result from [3§]], we return to our own problem. Let

Zz 161, © = Py, y={P,w;}}~, in problem (
We obtain x°P* using Golden section method, where in each
iteration Algorithm [1}is applied to obtain y°P!. Note that in
Section [[V-B| we proved that f is strictly convex w.r.t. = and
thus, the convergence of Algorithm [2| to x°P! is guaranteed.
Since Algorithm [I]is an iterative algorithm with an unknown
convergence rate, the exact convergence rate of Algorithm [2]is
unknown. We only know that convergence rate of Algorithm
is less than 0.62. Our extensive simulations indicate that
the average number of iterations needed for Algorithm [2] to
converge to an e-accurate solution for z°P! is 15.
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Fig. 3: D, D1, D2, and D3 versus Piot (dB).

VIII. NUMERICAL AND SIMULATION RESULTS
In this section, we corroborate our analytical results with
numerical simulations, compare the effectiveness of different
proposed power optimization schemes in acheiveing an MSE
distorion-power tradeoff which is close to the Bayesian CRB,
and investigate how the allocated power across clusters vary
as signal-to-noise ratio (SNR) changes.

A. Comparing D and its Lower Bounds

Suppose 6 is zero-mean with 03 =1 and L =10 clusters. To
enforce the heterogeneity in the network, we randomly choose
Ohys Ovs Ony s Oqy € (0,1), and Ky € {1,2,...,10},1 =
1,...L,k = 1,...,K;. To capture the effect of randomness
in flat fading channel coefficients and communication noise,
the numerical results are computed based on 106 Monte-Carlo
trials, where in each trial, one realization of |h;|,v;, VI are
generated. We also assume ¢ = 1072, In Section we
derived three lower bounds on D, of which we optimized
D1,D5 in problems (P3), (P4), respectively. Fig. 3] plots
optimized D, optimized D1, optimized D- versus Pi;,:. Note
that D3 =0.0043 is constant. Clearly, D3 < Dy <Dy <D <o3.
Also, Dy, Dy, D decrease as P,,; increases.

B. Comparing Different Power Allocation Schemes

We compare the effectiveness of power optimization
schemes, obtained from solving (PI) and its special cases
(P1-SC1), (PI=SC2), (P1-SC3), in decreasing the MSE of the
LMMSE estimator. We also compare the optimized MSE
with the Bayesian CRB G~! derived in Section Let
D, D., Dy denote the MSE corresponding to the optimal
solutions of (P1-SC1), (PI-SC2), (PI-SC3)), respectively. We
know D3 < G~' < D < Dy,D.,D; < 0. To quantify
the efficacy of different power allocation (w.r.t three sets of
optimization variables P,.,, P;’s, P;’s) in closing the MSE
performance gap o7 — G~', we define three factors as the
following:

Dy—D D.—D Dy—D
gt = Ug_G_lv ge = Ug_G_lv 9gda = Ug_G_lv

where 0 < ¢4, 9c,94 < 1. A larger factor g means that the
particular power allocation is more effective in reducing the
MSE performance gap (closing the MSE performance gap).
Fig. [ and Fig. ] plot g¢, gc, ga versus Py, for two sets of
noise variances (in Fig. |§| Oh,,0q, , are chosen from a smaller
interval (0,0.5)). For g; we plot three curves corresponding
to Py, = 5%, 25%, 60% Pyos. Fig. E| shows g. > g¢+(Pirn, =
5%3‘Ptot) > gt(Ptrn, = GO%PtOf) > qgd > gt (Pt,u,,, = 25%3‘Pt()t)-
Whereas Fig. [5| shows g;(Pirr, = 5% Piot) > ge > gt (Pirn =

(56)
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Fig. 4: g¢, gc, gq versus Piot (dB) for the first set of system parameters.
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Fig. 5: g¢, ge, gq versus Pior (dB) for the second set of system parameters.

25%Piot) > ga > 9i(Pirn = 60%P0t). Evidently, a more
accurate channel estimation does not necessarily lead into a
smaller D;. Two takeaway messages are: (1) g¢, gc, ga > 0,
i.e., the solution obtained from solving (PI) always leads
into an MSE improvement, (2) the actual values of g¢, gc, ga
depend on the system parameters and F;,:. Note that in
Fig. 4| at Py = 0dB, ¢g; = 0.15 (for Pyy = 25%P;0t),
ga = 0.17, g. = 0.48, meaning that power allocation among
CHs for training and P;, and among clusters for obtaining P,
reduce the MSE performance gap to 15%, 17%, 48%, respec-
tively. Combining the information given by ¢¢, g., g4, G With
the computational complexity analysis in Section |V provides
the system designer with quantitative complexity-versus-MSE
improvement tradeoffs offered by different power optimization
schemes.

C. Behavior of Power Allocation Across Clusters

We study the effect of heterogeneous clusters on the be-
havior of our proposed power allocation scheme to solve
@ as P, increases. Consider a network consisting L = 3

clusters with K; = 6,0,,, = 0n,,04,, = 0g,"l, k. We
) : 5 ar,
define 77 = Z#- as observation SNR of sensors within cluster

I, vf = 0—121 as channel-to-noise ratio (CNR) corresponding

2
to sensors-CH; links, and 'yld = Z’;l as CNR corresponding

to CH;-FC link. Let ¢ (dB) = 10log,o(¢1), P (dB) =
10log,,(P,),P; (dB) = 10log,(P1), Vi (dB) = 10log,,(V:),
where V; = P,+P; represents the allocated power to cluster [,
excluding its training power ;. In the following we consider
three scenarios: (i) when observation SNR 77 and CNR ~f
are equal and CNR %d are different across clusters, (ii) when
observation SNR ~¢ and CNR ~;! are equal and CNR ~f are
different across clusters, (iii) when CNRs ~} and %d are equal
and observation SNR ~7 are different across clusters.

Figs. [6a] [6b} [6c] [6d] respectively, depict ; (dB),V; (dB),P,
(dB),P; (dB), VI, versus P, for v = 5 dB,~yf = 5 dB, V!
and ¢ = 14 dB,~v¢ = 8 dB,v{ = 2 dB. Regarding Fig. |§| we
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make the following observations: 1) all powers increase as
Py, increases, 2) when P, is small, only cluster 1 is active,
and as P;,; increases, clusters 2 and 3 become active in a
sequential order, 3) in all regions of P;,;, a cluster with a larger
%d is allotted a larger v; (water filling), 4) in low-region to
moderate-region of P;,;, a cluster with a larger 'yld is allocated
a larger V; (water filling), and in high-region of P, V; of all
clusters converge (uniform power allocation), 5) in all regions
of P, a cluster with a larger 'yld is assigned a larger P, (water
filling), 6) in low-region of P, a cluster with a larger fyld is
allocated a larger P; (water filling), and in high-region of Py,
a cluster with a larger 7 is allotted a smaller P; (inverse of
water filling). The behavior of P, and P; in high-region of P,
can be explained by examining the behavior of V;. Note that,
although CNRs ~{,~4,~4¢ are different, the differences are
compensated as Py, increases and V; of all clusters converge.
This fact implies the behaviors of P; and P; in high-region of
Py, are opposite, i.e., water filling and inverse of water filling
power allocation for P, and P;, respectively.

Figs. respectively, depict ¢; (dB), V; (dB), P,
(dB), P; (dB), VL, versus P, for 4° =5 dB, =5 dB, Vi and
~v{ =14 dB,vy5=8 dB, v5=2 dB. The following observations
can be made for Fig. [/} comments 1) and 2) for Fig. [f] also
hold for Fig. 3) in all regions of Py, ; of all clusters
are equal (uniform power allocation) since ~}"’s are equal, 4)
behavior of V; in Fig. [70] is the same as that of Fig. [6b] 5)
in low-region of P, a cluster with a larger ~; is allocated a
larger P; (water filling), and in high-region of P, a cluster

Fig. 8: {yf =5 dB, =5 dB}}_, and 7§ >~9 >~5.

with a larger v} is allocated a smaller P; (inverese of water
filling), 6) in all regions of Py, a cluster with a larger 7} is
allocated a larger P; (water filling). Note that, although CNRs
1,75, V5 are different, the differences are compensated as Pt
increases and V; of all clusters converge. This fact implies the
behaviors of P, and P; in high-region of P, are opposite,
i.e., inverse of water filling and water filling power allocation
for P, and P, respectively.

Figs. respectively, depict 1; (dB), V; (dB), P,
(dB), P; (dB), VI, versus P, for v =5 dB, 751:5 dB, VI and
v{ =14 dB, 9§ =8 dB,y§ =2 dB. The following observations
can be made for Fig. [8} comments 1) and 2) for Figs. [f] and
also hold for Fig. E[, 3) in all regions of Pj., t; of all
clusters are equal (uniform power allocation) since 7;’s are
equal, 4) in all regions of P a cluster with a larger 7}
is allocated a larger V;, a larger P, and a larger P; (water
filling). The behaviors of V;, P, P; in high-region of P,
are different from the two previous scenarios (CNRs across
clusters were different), in which V; of all clusters converge as
P,,: increases. Here the difference in observation SNR across
clusters cannot be compensated as P,,,; increases. Hence, V; of
clusters are different, such that a cluster with a larger (smaller)
7 is allocated a larger (smaller) V.

One may wonder given our proposed power allocation
scheme, how the powers allocated to a CH and a sensor would
be different. To answer this question, we let Py, = P; + ¢y
denote the sum of power that CH; consumes for transmitting
its fused signal y; as well as its training symbol to the
FC. Fig. |§| plots P, and P, j versus Py, using the same
setup parameters of Fig. [§] We observe that for all clusters
Py, >> Pk = 1,..., Ky, ie., the power allocated to each
sensor is much smaller than the power allocated to each CH.

IX. CONCLUSIONS

We studied distributed estimation of a random source in
a hierarchical power constrained WSN, where CHs linearly
fuse the received signals from sensors within their clusters,
and transmit over orthogonal fading channels to the FC. Prior
to data transmission, CHs send pilot symbols to the FC to
enable channel estimation at the FC. We derived the MSE
D corresponding to the LMMSE estimator of the source at
the FC, and established lower bounds on D, including the
Bayesian CRB. We addressed constrained minimization of D
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under the constraint on Py, where the optimization variables
are: i) training power P, and {{;}%_,, ii) sensor-CH data
transmission powers {P}£ ,, iii) CH-FC data transmission
powers {Pl}lel. We demonstrated the superior performance
of our proposed power allocation scheme, comparing with
schemes obtained from solving special case problems where
subsets of these variables are optimized. Our simulations re-
vealed that 1) when CNR corresponding to CH;-FC link varies
across clusters, 1;, P, allocation follow water filling fashion
in all regions of Pj,, P; follows (inverse of) water filling
fashion in (high-region) low-region of Py, 2) when CNR
corresponding to sensors-CH; links varies across clusters, P,
allocation follows (inverse of) water filling fashion in (high-
region) low-region of P;,;, P; allocation follows water filling
fashion in all regions of P, 3) when observation SNR varies
across clusters, both P;,P; allocation follow water filling
fashion in all regions of P, and they diverge from uniform
power allocation scheme as P, increases. Leveraging on
this work, we discuss three future research directions as
follows. First direction is considering a coherent multiple
access channel model (instead of orthogonal channels) for
intra-cluster communication, where sensors within a cluster
transmit their amplified measurements to their CH simultane-
ously. Second direction is exploring distributed estimation of
a random vector source with correlated components. Similar
to our work, all sensors can make noisy measurements of a
common vector source, or sensors of different clusters can
make partial observations of the vector source. Third direction
is studying a system where the FC is equipped with multiple
antennas (MIMO system model).

APPENDIX
A. Derivation of Bayesian CRB
Using the Bayes’ rule f(z,h,0) =
decompose G into two terms [33]:

f(z, h|0)f(0), we can

9%1n f(z, h|6)

0%In f(0

=~ T2IO, g g TSRO, s
———
—Gr(0) —Ca(0)

in which the outer expectations are taken over the pdf of
0, denoted as f(f). Note that E{G1(6)} depends on f(0)
. For instance, if 9 is Gaussian with variance o3, we
obtain E{G1(6)} = o, . Since h and 6 are independent,
the Bayes’ rule says f(z, h|9) f(z|h,0)f(h), and we can
rewrite G2(0) = —E{E{%W‘ﬁ}}, where the outer
and inner expectations are taken over the pdfs f(ﬁ) and
f(z|h,0), respectively. We note that G'5(#) depends on the

* pf)
(b) Cluster 2

5 30 3B 40 o 5 10 15 20 25 30 3 4
Pyt (dB)
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i versus Prot(dB) when {7/ =5 dB,v¥=5 dB}}_, and 7§ >~9 >~3.

parameters of the observation model at the sensors as well as
the physical layer parameters corresponding to sensors-CHs
and CHs-FC links. One can show that z;’s conditioned on h,
are independent, i.c., f(z|h,0) = H1L=1 f(z1|hy,0). Moreover,
since channel estimation is performed independently for each
cluster, we have f(A) HlL L f(hy). Hence Go(0) becomes:

0% f(z1|hy, 0) 1 af(zlmlae)z
//z{; 96* f(Zl|71179)( 90 )]

hl}Hfzz|hl,0 f(hi)dzdh.
7;£l

Using the following two facts:

Jod Jf ] ] [ Tnstio

hl hl 1hl+1 Zl—1 Zl+1 ZL 1#[

le PN le_leH_l N dZthl N dhl—ldhl—i-l .

Z/ 892 / F(zlhu,0)) =0,

we find that G (6) reduces to 27). Examlmng (]ZI} we realize
that we need to find two terms in order to fully characterize
G2(6): the conditional pdf f(z/|h,0), and its first derivative
with respect to 0, 8 f(z|hs, 0)/06. In the following, we derive
these two terms. Using (13)) we can write the received signal
at the FC from CH; as:

= (hy + ) w" (VA(01, + ) + q;) +u.

=uy,

dhy = 1,

8 f Zl|hl7
02

(58)

=uz;

in which uy,, ug,,v; are mutually independent conditioned on
le,ﬁ. Let z; = uj,ug,. Hence, z; = 2z 4+ v;. Next, we find
the conditional pdf of Zz;, conditioned on iLl,G Considering
(3), we note that h;, v, are zero-mean independent complex
Gaussian, and hence from (T4) we find that hl is also a zero-
mean complex Gaussian. Since h; = hH—hl, we have hl
CN (O,(l ) Also, uy, ~ CN (hl,(l) and ug, NN(M[,O'l)
in (38), where ji = 0w, VAL, 7 = w7 (VA VA +
34, )w;. To find the conditional pdf of z; we use the following
lemma from [42].

Lemma 2. If X ~ CN (p,ef=, ‘792@) and Y ~
CN (/1,:,,67""5?',05) are independent complex Gaussian random
variables, the pdf of Z=XY (which is equal to the joint pdf
of its real and imaginary parts) is:
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where ky = pg /0 ky = py/oy|Z] = /22 + 22,472 =

arctan(z;/z.), and K,.(x) is the modified Bessel function of
the second kind with order  and argument .

s

K p(

Therefore, we can write the conditional joint pdf

f(z,, 9) using (39). Recall v; ~ CN (0,202 ). Hence
v? +vf
flo) = Flu,,o,) = 5

7(27572 y eXp (— 57 £). Since Zl and v;
are independent, the conditional joint pdf f(z,, 0) is
computed as f(z,, 0) = f(z, 0) f( v, 1),
in which * is the operatorAfor two—dimensional convolution.
Substituting for f(Z;,, zi, |, 0), f(v,.,v,) from above and
defining b = |b|e/4?, after some mathematical manipulations,
we reach f(z|h;,0) and W in 28) and 29), respec-
tively, whose parameters are defined in (30). Substituting (28]
and (29) in 27), we compute G2(0).

B. Proof of Proposition I Finding w;", F*" in terms of P,

According to (39), the only non-zero eigenvalue of B; and
its corresponding eigenvector are:

FP = "B ), s =B . (60)

2
v T
Vim B &= 7 (GG, By =l 6=

~ 2 012,

"+ G + 55 Ep = 2, +PA;, 24 = #Xp. By
substituting A;, IT; into €2; and By, and 2; into R;,, B; in
(38) becomes By =X, +&X,,. Using the Binomial inversion
Lemma || we compute s;” ¢ in (60):

-1
Sopt _ E(ﬁ[ |l’l‘l|

Define §; =

! — . 61)
1+ €l|Nz|Tz¢ll|Nz|
From (1), we obtain w;":
0
opt l _1
g, (62)
\/|Nz| 2¢,1th ¢,1|Hl| l

@) 31 IO B
= = T~ 2p =\ By o
\/pzTEPllpl(l +ogPplSp ) U
where 7, is defined in Proposition [} To obtain (a) in (62),
2
(]. -+ B |2 6[)

b) in @), we use

, which is established using the

we use the fact that |ul|TE;llRtl2;ll|ul|

where ¢ = |p|" EPz |t;]. To obtain (
EP P
Ry, "'p = 1+0’§Plfil Ts5 e

N T
Binomial inversion lemma We have FP = ||t st

Substituting s{”* from (6I) in and using the fact that

LOAm, ) =)

1—oj Pim= W we reach:
]_-]opt _ ‘/’Ll‘ E;, |:u’l‘ (63)
T §
L&l 25 [l
~ 2 A2
[u| Prm || BLPim

~ 2 . . o2 By’
" (1= o3 Pm) + G+ 5 on(t )

C. Solution of the Problem in (9)

Define §; = Vl P and let T' denote the objective function in
([@9). We have 2~ % >0, implying that the solution

to (@9) must satlsfy the equality Constralnt Zl 10+ P =

0 P,o;. Also, 65 85 =0,Vi#j, and 2 862 —%<0 Y.

Thus the Hessian of 7T with respect to ¢§;’s is diagonal and
negative definite, proving that T is jointly concave over ¢;’s.
Since the constraint is linear in §;, the problem in @9) is
concave. The Lagrangian function £ associated with @9) is:

L ;3 2 L
| B
TBZ) o1 ()\_WIH'A(UPtot—ZPl)’
=1 1=1
where A, 7;’s are the Lagrange multipliers. The KKT optimal-
ity conditions are:

~ 2
| B2P
Al BBy~ o, v, (64a)
o2 (B + 1)
L
A <Z o+ P — UPm> =0, A >0, (64b)
=1
’7]15[ = 0, m >0, (51 > 0, Vi. (640)

The condition implies 7; = 0 for active clusters with
8;>0. From (64a) we infer: N
—n],

h| [P
ot — lﬁl(ihzi Py

Oy, A
in which [2]* =maz{z,0}. Having 67"", we find V" = 577"+
P, given in . Substituting (63) in the active constraint
condition >, 8+ P, = 0P, the Lagrange multiplier A
becomes equal to the expression given in (30b), in which
A is the set of active clusters. To uniquely determine .A,
we carry out the following procedure. Let L4 = |.A| where
La<L. Suppose the clusters are 1ndexed in the descending

hl°P ha|” P hol’P
order of | 1‘ 17 > | ZL 22 > > "“li”L Choosing an
o7, % o3,

(65)

L 4 value we find A and compute 6l°pt :ﬁl(lah—” Bn_1),vi.
vl

If 677 >0, 1 =1,..,L4 and 6*" <0, | = LA+1,...,L,
then we have identified the set of active clusters A with their
corresponding P, ! € A. Otherwise, we repeat this process for
another L 4 value. It is proved that the solution always exists

and is unique [43].

D. Proof of Concavity of sub-problem (a) of over P)'s

We rewrite the cost function of sub-problem (a), denoted
as JF, as:



Fi
L
1 1 Sy
F=— —(1-——), (66)
Ug;bl( sz+131mz)
0'2 —
where b; = ﬁ( 7;l +<l2)7 S1= ?gfl’,ml = plTEPllpla Xp =
Yo + BA;. We have b,s,m; > 0 and Xp >
m - — 2m
0. Also, I = —p S AT p < 0,55 =

2plTE;l1A121§11AlEl§llpl > 0. One can obtain 22. =

5 oP,
sy (mi+P T?’Lz]) om

and prove that m; + P, 8P,l > 0 which infers

Bu(si+Pimy)?
85>0,ie,
3, -0=3p-PA =X -PYAS, =
_ _ _ omy
PZTEP,lpl - PzplTEPllAlEprl >0= ml—f—Pla—P] >0.

JF in (66) is an increasing function of P;, and thus, the solution
of sub-problem (a) of (PI-SC3) must satisfy the equality
constraint Py, + Zle {P,+P} = P,y. Furthermore

o2F, sil(si+ Bmz)(2%—"1§; + Pza;gé’) —2(my + H%—’E;P]
OP? - bi(s; + Pmy)3 '
The denominator of the right-hand side is positive. The nu-
merator of the right-hand side can be simplified as num =
I+ 1>+ I3, where

L =sip (PSR A, ASE — S5 AZ ey,

L =p (PEp LS AR = B TLE, ) py,

Is = P’p, (S5 LS A, A

— X5 AP ILEL ASE p;

02ne can prove that I; <0, > <0, I3=0. Hence, num <0 and
8615;; < 0. The following sequences of inequalities are easy to
verify:

By =0=Sp-PA = I-PE;'A =

Sp A - PEG AP AT = [L<0]
I-PSp A= (o p)* > Filp o) (0" S5 Aipy) =
I, - PILE, A = S5 LY, - PSR LY, AS

=|1,<0)

1 (a) _ _
PszpllAsz = PzTAzzp,lpz = (PzTPz)PzTZPZ]Ale:
P AR (e o) = LS A=A L =
SHILERASH AT =S5 A S LS A SR

=|1;3=0|

where (a) comes by the fact that plTE};lA[p, is scalar. The
Hessian of F with respect to P;’s is diagonal and negative
definite, which proves that F is jointly concave over P;’s.
Moreover, the constraint is linear in P}, and therefore finding
P;’s in sub-problem (a) of is jointly concave over
P;’s and has a unique solution.
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