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Distributed Output-Feedback Adaptive Fuzzy
Leader-Following Consensus of Stochastic
Nonlinear Interconnected Multiagent Systems

Yafeng Li

Abstract—TIn this article, the distributed output-feedback adap-
tive fuzzy leader-following consensus is investigated for a class
of high-order stochastic nonlinear multiagent systems (MASs)
with unknown control gains and uncertain interactions from
other agents. First, a novel dynamic gain filter is constructed
to compensate unmeasured states and compared with the exist-
ing results, the number of dynamic variables is greatly reduced.
Then, the tuning function method is used to construct adap-
tive laws to compensate unknown parameters. The uncertain
interaction functions are decomposed and approximated by the
fuzzy logic systems. Next, using the backstepping method, the
dynamic gain filter-based distributed adaptive fuzzy leader-
following protocol is designed, which only needs the dynamic
variables’ information of neighbors, and the problem on com-
puting the mutually dependent inputs in some existing results is
completely avoided. Finally, the numerical simulation results are
given to illustrate the effectiveness of the proposed method.

Index Terms—Adaptive fuzzy control, distributed control,
leader following, multiagent systems (MASs).

I. INTRODUCTION

EADER-FOLLOWING consensus as one of the synchro-
L nization control problems of multiagent systems (MASs)
has attracted many researchers’ attention due to its potential
application value [1]-[4] and the references therein, where
there is usually a signal generator as the leader via the com-
munication graph all the other agents (followers) receive the
neighbors’ information to achieve synchronization ultimately.
In the past decades, lots of results on the distributed control
of MASs have been proposed, including linear MASs [4]-[9]
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and nonlinear MASs [10]—-[23]. In [4], the consensus problem
for multivehicle systems described by single integral systems
was investigated. Further, the scholars studied the distributed
state-feedback control [5], distributed output-feedback con-
trol [6], distributed control under switching communication
graphs [7], distributed event-triggered control [8], distributed
finite-time consensus control [9], and so on, for the high-order
linear MASs. However, in practical systems, the nonlinearity,
stochastic disturbances, and even uncertain nonlinear interac-
tions in MASs exist generally. Hence, compared with the linear
MAS:s, the nonlinear ones are more general. Distributed leader-
following protocols on the nonlinear MASs in the existing
literature can be easily divided into two classes: 1) distributed
state-feedback protocol and 2) distributed output-feedback
protocol.

For the state-feedback control of the MASs, assume that
all the states information of the agents can be measured.
Via the communication graph and using the neighbors’ states
information, many distributed state-feedback control proto-
cols are proposed in the existing literature [10]-[20], where
combined with the techniques, such as adaptive control [10],
backstepping technique [11], finite-time control [12], [13],
dynamic surface control [14], fuzzy logic systems (FLSs) [15],
neural networks [16], [17], and so on, many distributed con-
trol problems on the nonlinear MASs have been addressed.
In addition, the uncertain interactions were also considered
in [15], which often encountered in the practical systems, such
as mechanical systems, power electrical systems, and FLSs
were used to approximate these unknown functions. In [19]
and [20], the stochastic disturbances were further considered,
and based on the stability theory of stochastic systems, the
output consensus problems of a class of stochastic nonlinear
MASs were addressed.

However, in many practical application systems, the states
information is difficult to measure and even cannot be mea-
sured directly. Based on this, many scholars have paid much
attention to the distributed output-feedback control of the
MASs [22]-[26]. In [22], based on the constructed dis-
tributed observer, the distributed output-feedback consensus
was investigated, where the nonlinear terms should satisfy
the Lipschitz condition and the diffusion term should be
bounded. The work [23] studied the fuzzy observed-based
adaptive consensus tracking control for second-order MASs
with heterogeneous nonlinear dynamics. The work [25] stud-
ied the output-feedback full state consensus problem using the
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dynamic gain method. In [26], the unknown control gains were
further considered, and based on the constructed k-filter, the
distributed output-feedback protocol was given.

Inspired by the aforementioned introductions, this article
investigates the distributed output-feedback adaptive fuzzy
leader-following control for a class of stochastic nonlinear
MASs with interactions and unknown control gains. Based
on the constructed dynamic gain filter, the distributed output-
feedback controller is designed by the backstepping method
to make the outputs achieve the consensus. The contributions
of this article are listed as follows.

1) The dynamic gain filter is constructed to compensate
unmeasured states. Compared with the designed filter
in [26]-[28], the number of dynamic variables of the
constructed filter is greatly reduced to further reduce
the computation burden, and the nonlinear terms in the
dynamic systems can be more general. Compared with
the observer in [22] and [23], the unknown control gains’
problem can also be addressed.

2) The interactions existing not only in the drift terms but
also the diffusion terms are considered and the condi-
tion on these interaction terms are more general than
the ones in [26] where the interactions are described by
YN it ) satisfying |If(z, 3l < Fylysl, and 7 is
a positive constant. The interaction terms in this article
are uncertain smooth functions on the outputs of agents,
and beyond that, there are no other restrictions.

3) The proposed control protocol only needs the dynamic
variables information of itself and its neighbors. The
case, that the interactions of heterogeneous MASs con-
tain all the states information and the control gains of
each agent are different, is also considered, which makes
the proposed results be applicable for a wider class of
MAS:s.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. Graph Theory and Notations

In this article, R" denotes the n-dimensional space. || X|| =
(Tr{XTXx})(1/?) is the norm of a matrix X. The MASs studied in
this article include N followers and one leader, whose commu-
nication graph is depicted by G. Its connectivity matrix is A =
[a;j] € R*™", the in-degree matrix is D = diag{d\, ..., dy},
the Laplacian matrix is L = D — A, and the pinning matrix is
B = diag{by, ..., by}. The set of neighbors of a node i is N;.
For saving space, the details are not presented here, further
referring to [20].

B. Problem Statement

Consider the stochastic nonlinear MASs, in which the
dynamic of the ith agent is described as

dxii = {xi + f1 ()}t + gl (n)aw

dxis = {xi(s+l) +fis(v) + an=2 Dism (Yi)xim}dt
+ gfmdw, s=2,...,n—1

dxin = {pui +/fin(») + Z:;ZQ (binm(yi)xim}dt
+ gl (v)dw

(D

Yi = Xi1

where for i =0, ..., N, u; and y; are the input and output of
the ith agent, respectively. y := [y1,...,yn]7. p > 0 is the
unknown positive constant. w(f) € R™ is an independent stan-
dard Wiener process defined on a complete probability space.
Pism (¥i) 1s the known nonlinear function. f;;(y) and g;s(y) € R™
represent the uncertain interactions from the other subsystems.

The objectives of this article are listed as follows.

1) Construct the dynamic gain filter to compensate the
unmeasured states.

2) Design the dynamic gain filter-based distributed output-
feedback adaptive fuzzy protocol for the stochastic
nonlinear MASs (1) to achieve the leader-following
consensus.

The following assumptions will be used.

Assumption 1: The leader’s output yp € R and its deriva-
tive yo are bounded, and yq is available for the ith follower
satisfying 0 e N;, i=1,...,n.

Assumption 2: The graph G constructed by N followers is
undirected, and for each follower, there exists at least one
directed path from the leader to the followers.

Remark 1: The studied MASs (1) is more general than the
ones studied in some existing results, such as [26], i.e., the
interaction terms are more general and the stochastic distur-
bances are further considered. In addition, since the diffusion
terms gl-Ts(y) are different, each agent may encounter differ-
ent disturbances. w(f) € R™ is just a collection of all kinds
of possible disturbances. Assumption 1 is also a general con-
dition and has been used in many literature [14], [19], [26].
Assumption 2 indicates that the matrix (L + B) is positive
definite, referring to [20] and [25]. In fact, combined with
the dynamic surface control method [14] or the hierarchical
decomposition method [26], the results of this article can be
easily extended to the directed graph case, and at the same
time, other restrictions will be required.

C. Fuzzy Logic Systems

The FLSs has been used as an effective tool to approximate
the uncertain functions in many literature [29]-[37]. In this
article, we consider an FLS that consists of the singleton fuzzi-
fier, center average defuzzifier, product-inference rule, and the
Gaussian membership function.

First, the fuzzy rule base consists of fuzzy IF-THEN rules

Ri: If xyis FY and --- and x,, is F., then y is G' (2)

where [ = 1,2,...,M is the number of the rules. x =
[x1, ..., %] € R* and y € R are the inputs and output of
FLSs, respectively. F é and G! are the fuzzy sets, whose fuzzy
membership functions are g (x;) and peg(y).

Define the fuzzy basis functions as

_ H;{:1 MKl (x5)
Y (Hf:l Kl (Xs))

Then, FLSs can be represented as follows referring to [37]:

YL 91(1—[;;1 Kl (xs)) ,
fO) = ——7— =0"¢p )
2= (Hs:] M (xs))

] 3)
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in which the parameter vector 6 = [6y, o, 01T s the
collection of the point where pqi(y) achieves its maximum
value.

The following lemmas are useful for the controller design.

Lemma 1 [37]: Let F(x) be a continuous function defined
on a compact set Q2. Then, for any constant ¢* > 0, there
exists an FLS f(x) such that sup,.q [F(x) —f(x)| < &*.

Lemma 2 [38]: Let ¢ and d be positive real numbers
and y(x,y) > 0 be a real-valued function. Then, |x|C|y|d <
[ey G X/ (e 4+ d) + [dy =/ DIV /(e + ).

Lemma 3 [39]: Letx € R",y € R",andf : R* XxR™ — R be
a continuous function. Then, there are smooth scalar functions
a(x) = 0, b(y) = 0, such that [If(x, y)|| < a(x) + b(y).

Lemma 4: If for x = [x1,...,x,]7, the C! function f(x)
satisfies f(0) = 0O, then there exist positive smooth functions
b1(x1),. .., bn(x,) such that [f(x)| < Y7, |xilbi(xi).

Proof: By the mean value theorem, we have

1
J@) =f(0) = /0 df (0x) = R(x)x ®)

where R(x) = fol(af/aﬂ)|ﬁ:9xd9 is a 1 x n covector. )
Due to f(0) = 0, there exists a continuous function f(x)
such that

Fl < IR XN < FE x4+ -+ ) (6)

Using Lemma 3, we have

FEAx + -+ llxall)
< lxtll(Br(x1) + -+ + bu(xn))
+ o Il (Br () + - 4 ba(x)
< lxt (b1 (1) — b1(0) + -+ - + bu(xn) — by (0))
+ x11(B1(0) + -+ - + bu(0)) + - - -
+ 12l (B1(x1) = £1(0) + -+ + bu(xn) — by(0))
+ 1xall(B1(0) + - - + by (0)). (7)

By the smoothness, there exists a smooth function bi(x)
such that b;(x;) — b;(0) = x;b;j(x;), so we have

1 1,
Ex,-z + E)g%bj-z(xj)

(1) + 515114750
®)

Ixi 11 (B (x7) — b;(0))

IA

IA

Combined with (7), the result of Lemma 4 can be easily
obtained. The proof is completed.

Remark 2: From Lemma 4, it is easy to obtain that for
any smooth function a(x), there exist positive smooth func-
tions bi(x;) such that @a(x) = (akx) — @(0)) + @) <
Yo ;|6 (x;) + @(0), which is very useful for designing the
distributed protocol in the sequel. Lemma 4 is used to decom-
pose the uncertain interactions, which will be approximated
by the FLSs. Hence, in (5), R(x) need not be calculated in the
controller design process.

III. DISTRIBUTED LEADER-FOLLOWING CONSENSUS

In this section, the dynamic gain filter is constructed to
compensate unmeasured states. Then, by the backstepping
method, the filter-based distributed output-feedback adaptive
fuzzy controller is designed.

A. Dynamic Gain Filter Design

Construct the dynamic gain filter as follows:

di = {(A — liLogc")¢i + LiLiogyi + ¢i(yi)gitdt — (9)
dvi = {(A — liLioge" )vi + Eu; + ¢i(yi)v; }dt

where v; = [vii,...,vinl" and & = [Gin,... Gnll. L >
1 is the designed dynamic gain satisfying (23). Lj =
diag{l,;,.... """\, E = [0,...,0,1]T € R. ¢ =
[1,0,...,017 € R ¢ = [q1,...,qs]" is to be designed
satisfying (16). The matrix A and ¢;(y;) are as follows:

o 1. 0 --- 0
0O 0 1 0
A=|: : D | e R (1D
0O 0 O 1
(0 0 0 0
0 0 0
0 ¢im 0
di(y) = . : : (12)
_O ¢in2 ¢inn
Defining the virtual estimate of x; as X; = [Xj1, ..., Xin]! =

Zi+ pv;, and the estimate error as ¢; = [e;q, . . ., einl’ = x;—%i,

from (1), (9), and (10), one has

de; = {(A - l,'Li()C]CT)ei +£i(y) + ¢i(vi)ei}dt

+ g/ ()dw (13)
where fi() = [f10).f20). ... finMIT and gl (y) =
(i1 (), g2()s - - -, ginM1T.

Defining €; = [€i1, - .
we have

enll = ll-_“LiBlei and u > 0, then

des = {17 L} (A = hLoge)ei + 17 L )
17 L GiConer — 1 Galy + DI Ligler e
+ 1 L' gl (ydw

= {li(A —gch)ei + 7Ly i) + Ly ¢i(vi) Lioes

0 D)e,-}dr HI L T ydw  (14)
where D = diag{0, 1,...,n— 1}.
Choose the Lyapunov function candidate as
Vi = €] Pe; (15)
where the positive-definite matrix P is chosen such that
P(A—qc") + (A —qc") P < —I,. (16)
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From (14) and (15), the differential operator of V,; is

LVei = liZE,-TP(A — ch)ei + 26iTPll._“Ll.6]f,-(y)
+ 2€] PLyy $i(vi)Lioe; — 2€] Plil;!
X (uly + Dy)e;

+Tr{[ L'l o] i ,Og,(y>]} an

From (16), we have

liZEiTP(A — qCT)Ei = liEiT<P(A - qCT) + (A - qCT)TP)Ei

< —lLiele;. (18)

Due to the special structure of ¢;(y;) as (12), we have

L' i(vi)Lio
0 0 . 0 0
0 di2 0 0
-0 I iz 0 0 (19)
0 " L Ginge1y  inn

Combined with the fact /; > 1, ie, ;' < 1, 7% < 1,...,
there exists a positive smooth function ®;(y;), such that

2¢l PL i(vi)Lioei < ®i(vi)el e (20)

where ®;(y;) is determined by P and ¢y, (y;). Similarly, there
exist positive smooth functions F;(y) and G;(y), and positive
constant y;1, such that
2T PV ()
< 2|l Pl
< ynele+ [7HFA(y)
-2,
Tr{[l ‘L'l )] Pl L' @)]} G,
(22)

21

Design /; as

_2>1

I = li(=nali + ni2 + @), Li0) = (23)

il
where the designed positive constants 7;; and 7;1, and the
designed non-negative smooth function ¢;(y;) satisfy (27).
Since P is a symmetric positive-definite matrix, we can choose
a sufficiently large u such that 2uP + PD + DP is a positive
definite. Then, there will exist positive constants w1 and wo
such that

w1l < 2uP + PD + DP < usl,. (24)
From (23) and (24), we have
i
—l—iei (2uP + PD + DP)¢;
< anilie] € — (2 + Gl €. (25)

From (17)-(25), we have
eVei < —€l ei(li(1 — pamin) — vil

+ w1z + @iy) — Pi(yi))
+ [Py + G (). (26)
Designing w2, n;1, and ni2, ¢;(y;) satisfies
{ 1= panin = Lona=n1>0 @7
u1(mi2 + @i(yi) — Pi(yi) — vin = 0.

Then, we have

1 _ _
eV, < ——l,-e,»T i+ [P ) + [T GRy). (28)

Remark 3: In (1), if fi;(y) can be modeled as fis(y) =
9 fom (y), where 9; € R is an unknown constant vector and
f(),s(y) € RC is a known smooth function, then with the method
in [27] and [28], (2 + ¢)n dynamic variables should be intro-
duced. In (9) and (10), we only introduce 2n dynamic variables
to compensate the unmeasured states and we only assume the
uncertain function fi;(y) is smooth. Compared with [26], the
nonlinear terms in (1) are more general.

Remark 4: In this section, by introducing the dynamic
gain (23), the term ¢;s,(-) can be nonlinear function about
the output y;, which makes the filter be applicable for a wider
class of nonlinear systems. Especially, if ¢jz,(-) is a known
constant, we can choose constant gain /; to construct the filter.
In (27), uo and n;; are chosen such that 1 — uon;; > (1/2),
where the constant (1/2) can be chosen as an other positive
value greater than zero and less than 1. For convenience, we
chose (1/2).

B. Distributed Output-Feedback Adaptive Fuzzy
Leader-Following Controller Design

First, define local neighborhood consensus error as

zin = Zay — ) + bi(vi = y0)- (29)
Then, we have
= (L+ B)(y — 1nyo) (30)
where 21 = [z, 220,....zavll, Yy = iy2. ..ol
1ye RY is a unit vector, and
dzi = (L+ B)(x2 + f1(y) — Inyo)dt
+(L+ B)g! (»)dw (31)
where X = [xi2,....x32]", £i(y) = [11O), ... W],
and ng(y) = [en,..., gNl(y)]T. For s = 2, ..., n, define
the corresponding transformation as
Zis = Vis — i(s—1) (32)
where ;1) is the designed virtual controller.
Choose the Lyapunov function as
V=21 Vs+Vo+Vs+V,
V=3 w+B7z
Vi=3 Yk s=2,. (33)

I ~N 2
Vg =752 21 PB;s Vp—zzl 1:0;
Vo =3 30,6716,
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where Bi = ,07l — ,3Ai, ,5,‘ =0 - ,(3,', and éi = 9,‘ — é,'. 9,‘ is
the ideal constant weight of FLSs defined in (41). T'; is the
designed positive-definite matrix.

Step 1: Define & = [L12, ..., tn2l?, 22 = [z12, . . ., w27,
5[1 = [Olll, ey O{Nl]T, and 52 = [612, ey eNz]T. Due to )AC,' =
g + pv; and e¢; = x; — X;, combined with (32), the differential
operator of Vj is

Vi =7 (&2 + pG2 + a1) + & + i1 () — Iyo)

1
+ SO+ B) g »}- (34)
Using Lemma 2 and the transformation €, = l Fen, we
have
N N
3 4 4] 4
P22 < 4_1'03 szl + - Zzlz (35)
i=1 i=1
T
12 =17 [I}JFMEIL Iy GNz]
W R @)
1
— My < = Zzll + 2Ny0. (37)

By Lemma 4, A_ssumption 1, and (30), there exist smooth
positive functions fj{(z;;) such that

N
000 = Y lenllfi (L + B2+ vy ) = fa©) +/n 0)
i=1

N
<Y fa) + P (38)
i=1
where @11 is a bounded positive constant.
Similar with (38), there exist smooth positive function

gi1(zi1) and bounded positive constant @, such that

N
<Y g + . (39)

i=1

1
srle @+ g 0}

From (34)-(39), we have

N
1 1
LV < E Zil (Ciz + pai + 511-2’”2&'1 + Sl + Wi(zi1)
i=1

— Wizi) + zin (fir (zin) + 8 (zi)) + =032

4
N o
+Ze’2+2’2+1N + @y + @ (40)
) B Yo 11 12

i=1

where W;(z;1) is the uncertain function defined in (69).
Remark 5: The structure of W;(z;1) is only related with the
interaction terms which will be decomposed in each step of
the backstepping method. The detail form of W;(z;;) is deter-
mined in (69). What we emphasize is that since W;(z;;) only
contains the outputs information, it does not hinder the design
of each virtual controller «;g. If the interaction terms fis(y)
and g;, (y) are known, then W;(z;1) can be further adjusted and

dealt with in «;;. In this article, we use FLSs to approximate
this uncertain function.

According to Lemma 1, the uncertain function W;(z;1) can
be approximated by the FLSs GiTgoi(zil). The ideal constant
weight vector 6; is defined as

(@) — wi(zn)\] (41)

6; = arg min |:

9 eU; Zi 1EQ,

where U; and €2; are compact sets for 6; and z;1, respectively.
Define the minimum fuzzy approximation error as

ein(zin) = Wi(zi1) — 0] 0izin)

where ¢€;1(zi1) < €]}, and ¢&}] is any positive constant.
Design the virtual controller «;; and the adaptive laws as

(42)

il = —Pidn (43)
B:i =z — o fi 44)
0; = Tiziti(zi1) — o Tib; (45)

where @1 = ¢ + (1/25" P21 + 20 + 0 gitzn) + kain. o
only contains the states information of the ith agent and its
neighbors. k and o are designed positive constants.

From (33) and (40)—(45), we have

LV + Ve 4 £Vg

N N
< - Zkziz] + ZZil(‘Ifil(Zil) = Wi(zi1))

i=1 i=1
+aZeT0 +aZpﬁlﬁ,

+Z 12+Z

+3 ZS + Ny0+®11+c1>12 (46)

r: - 1/3
where Wi (zi1) == zi1 (fir (zi1) + g1 (zin)) + (3/4),0(4/3)251/ ),
Step 2: Calculate the differential operator of V, as

1A%}

N 322
= Zz?z (vi3 — L qavit + 2 (i)vio — 5041'1) + 712
i=1 i=1
T
o daj
ol | 2 Mg | |y g
jensiy T ke(Ni,iy 7K

N
3 2 =
=Y 2| + a2 — Eqvi + ¢oa0ivia + En
i=1

dajg o
- —Jo— Y, —(ovp+ep+£i0)
dyo . 0xj1
JENi, 1}
1 %o
3 > ngl(y)gkl(y)
jketv;, i

ooy 0w
3 Bx]l lgﬂ@)gmy) @7)

Jike{Ni,i

N 2
Z 3z
+ Ttr

i=1

where E;» denotes all the other known terms in —f«;; and only
contains the ith agent’s and its neighbors’ information. Using
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Lemma 2, Lemma fl, and Assumption 1, there exist smooth
positive functions fi2(z;1) and gi2(zi1), and bound positive
constants ®,; and ®,, such that

3 e
5—21?24“21?3

N
ZZ?ZZB 48)
i=
N
oo 1 ou; 1
3 i 3 i
Z oo a ZZlZ 3
i=1 je{Nj,i}
N 2 N
! 2u+2 6 (991 N 5
= 5 Z ! “i2 ale 2 2612
i=1 JE{NI l} i=1
N 2
3 80['1
+ZZZ?2((_81 ) + )—}—Zyé (49)
i=1 Yo
Y 2 T
dait o 818k
3 i ; /
_ ZZQ Z —_fjl Z —
i=l JENL, 01 . ke{N;, i} Oxj10xk1 2

N

<Y zhfol) + o
l'_

(¥ ()

0x
jetN,iy ~ 7

4
o \?
_— 1
+ . Z,l. <3xj13xm) *

< ZZ?lﬁz(Zil) + &y

i=1
N 2
oo
4 il
syal o ()
. ey j1
i=1 Jje{N;,i}

+N+ )

52
( il > + N2+ 1|50
3)6118)6/(1

J-ke{Ni, i}
N 2
3z; 30(1 oo il
> > ﬁ axl g1 Megh )
i=1 jkev,iy O

(2 Gy
i=1 ke S T OXk

N
+ Z 280 (zi1) + .
i=1
It follows from (47)—(51) that:

LVy

(51

N
3 2
= Zziz an — gl + ¢ (Vi) via

i=1
+3'+H'+3' 0ctt 2+1
4Z12 =17 4212 o

duj 1 2u+2 3 duj 2
_ Z pv]2+§ Z lj ) %

axj1 .
jetNiiy JEIN,i}

do \? 8%\
2 o) 3xj10
jeni oY1 JkeN, iy N ON1OM

oy Doty \*
+ (N 4N42) 422 Y (—a” —%1)
ke

+ 22

N N N
1 4 47 4 -
3 .El 3+ '§1 Zfin(zin) + E 1 Z182(zi1)
= = =

N
Ne, N,
+EE €2t 7Y+ Par + P

(52)
i=1
Design the virtual controller ;> as
2 - 3
app = — | kzip — l7gavit + ¢in2(yi)viz + zi2 + Eip + R
8ai1)2 ) 1 2u+2 3 (Ot 2
X (— +1)+= Z L'z
J
( 9y0 2 v a1

B Z aoe,lAU]Hle Z (804111>
Xj
+ 22 Z

9%a;
(a —- > +2(N*+ N +2)
JkelN;, iy N SRk

2
+ Zi2 Z <%%>
JkENLi} 3Xj1 axkl

where the term (dwj1/dyo) is used. Obviously, if the ith agent
cannot receive the leader’s information, then «;; will not con-
tain the information yy and this term will be zero. Hence, «j»
only contains the ith agent’s and its neighbors’ information.
From (33), (52), and (53), we have

(53)

LVy + LV,

< _ZkZ12+Z< B ’2> +ZZ;1\IJ12(Z11)+¢21
i=1
N
Z Nej, n Zﬁi(m _
i=1

where Wp(zi1) = z,(fa(z) + 8n(1) and 11 =
—Z?z jE{Ni’i}(aail/a)le)ij.
Combined with (46), we have

P N.
,Oi) + Zyg + O 54

LV + LV + £V +£Vg + EVP
2

< —Zk( z +z12> + Zzll Z Wij(zi1) — Wilzi)

j=1
N 4 N N
DIEEOIEE N0 3 (oa - - i)

i=1 i=1
N

1 N, <
+ SN+ 30+ Z(‘Dﬂ + ®p)

> (55)

J=1

where the unknown parameter p will appear in the following
design process, whose adaptive law will be designed by the
tuning function method and given in the last step.

Step s (s = 3,..., n—1): Assume that at step (s — 1),
there exist continuous function W;_1)(z;1), smooth function
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Tis=2) = = Dmed D jc(Nii) 23, ([0¢tigm—1)1/10x;11)vj2, and vir-
tual controller «;;—1)(-) associated with variables g, Hl-T, O

i, xj1, &jtse -5 Gss Vjloe .., and vjs_1y, for j € {N;, i}, such that
s—1

€Y Vi+ Vg + Vg + LV,
j=1

N s—1 N s—1 N
SO RN BB DILTER Zf
i=1 Jj=2 i=1 j=1 i=1

oA g o Ze b +oZ(pﬂlﬂ,+p,p,)

i=1 i=1

Ja 1 X ~
2 l(m )>(Ti(52) — pi — G,Oi)

2N s—1
%4"‘2 ]l+¢']2)-

j=1

*2
(56)

N
+2
i=1
N ( s—1
i i E
Z ) T
Then, calculate the differential operator of V; as

N s
=Y vt — Basvin + ) biggixijuyg — Leis-1y
i=1 j=2

N 32123 30(1(5 1) 30(1(5 1)
+Z -5t Z 3 Q. &1 (y)gld()’)
, ‘ L 0xj1 0x
i=1 J.ke{Nj,i}
N K
= Zzi Zis+1) + s — Bgsvit + Z‘Pisj(yi)xijvij + Ejs
i=1 j=2
0i(s—1) 2 oaj(s—1)
B L AT
90; = ale
JENi,i}
1 %51 0i(s—1) .
RIS e e e
kemy OXoxe Yo
N 12
3z; o 1 oo 1
D I D e PR LT S
. 2 . . a‘xll 8
i=1 JE{N;,i}
where E;, denotes all the other known terms in —fo;(s—1)
and only contains the ith agent’s and its neighbors’

information.
Using Lemmas 2 and 4, and Assumption 1, there exist

smooth positive functions f,-s(z“) and g;s(zj1), and bound
positive constants g and Py such that

N 3 L&
3 4 4
ZZI'SZ[(S—H) =7 Zzis + 2 Zzi(H]) (58)

_Z Z 33Oll(s 1) Z 3 30!1(5 by

i=1 je{Nj,i}

1 N oaj(s—1) 2 N N
2HA2.6 i(s— 2
AP ”(Tl) +32 4
i=1 je{N;,i J i=1
8Olz(s 1) N.4
1 —
s (( dyo + * 470

Z dal(: l)f
E jetniil g !
l

a2 QAi(s—1) gjlgkl
+ 2 kelVii) o0 2

(59)

Zhfis(zin) + @y

()

0x
=1 \je(Noi) 71

(60)

2
+ Y Paisn) NN 4
el 0x;j1 01

J.ke
N
3Z%Vtr ti(s—1) 0Q(s—1)
0x;j1 0Xr1

i=1 Jke{Ni,i}
2
<3Oli(s—1) 30li(s—1)> Tl

N
4
= Z Zis Z 9 9
, Xj1 X1
i=1

j.ke{N;,i}
N

+ Z 2 8is(zi) + g
i=1

8j1 (Y)gkl »

(61)

It follows from (57)—(61) that:

a8

N
=27
i=1

N
ais — Fqevin + Z Gisj (Vi) xijvij
=

3 2 [ da
+ u,3+4z,s+ 3o . (—3;5 ‘))
Jje{N;,i} g1

0aj(s—1) 23 0ai(s—1) 2
+ Zis Z o + ZZis v +1
jey s T o

2
02 ai(s—
Y (—_’“ ”) +2is(N + N2 +2)

kel 3x113xk1
2
0j(s—1) 0j(s—1
a3 (Hmnliem)
jkelNay N OMt o OXK
0j(s—1) = 0j(s—1
- é(f' Loi— Y a’;; L pu2
Pi jeny O

1 N
4
T ity
i=1
N N N N
2 47 4 -
+ 5 21: €ip + Z;Zufis(zil) + X;Z”gis(zil)
= = =

N -4
+ 770 + g1 + Pyo. (62)
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Design the virtual controller «;; as

Qi

‘ 4
=2

5 (aai(ﬁl)) 1) 4+ Z 2u+2z,v<3al(; 1))
9y0 jevii) 2\
2
dis—1) \* % atis—1)
+ Zis Z < axi; + Zis Z 3xi1 941
7 JikelN; I

JE{N;,1}
5 00j(s—1) 0i(s—1) 2
o 3 (i)
kel ale 0Xk1

_ Z 3%0 D 5, +3(¥é‘(s:1>
N pi

J
s—1 9a
(Z Zim l(n: D ) (63)

_ Z 30{1(5 D,
Je{N;.i}
where Ti—1) = =350 D jenii) 23, ([0ctign—1)1/[8x1 D2,
and same with the analysis of ;> below (53), «;; only contains
the ith agent’s and its neighbors’ information.
It follows from (56)—(63) that:

N
oz
=— (kZis — g + Z Gisi 1) xijvij + 25 + Bis + =

(Tits=1) — 0 i)

N
€Y Vi+ Ve +LVg + LV,
j=1

N s N K
< Zzn Z‘Pij(zn)—%(zz'l) —Zk % +ZZ;}
i=1 j=1 i=1 J=2

N N
((s = DN + 1)e>
Py H OIS o 5
i=1 i=1
N N u 0i(m—1
IEOWIES v (FPsER )
i=1 i=1
x R . 1
X <Tz‘(s—1) —Pi — Upi) +o 21: Lipi + 5 21: 5?12
i= =

1 5, (—DN_, <
ENy% + TY?) +) (P51 + Pp)
j=1

4
Zi(s+1)

+ (64)

where Wis(zi1) = 23,fis(zi1) + 23, 8is (i)
Step n: Through the above inductive design method, we can
design u; and the adaptive law p; as follows:

Ui = dip (65)
Pi = Tign—1) — 0 p; (66)
where oj, can be calculated as step s, and Tiu—1) =

— an=2 Je{N;,i} Z?m([aol,'(m_l)]/[ax]'[])sz. Then, the differ-
ential operator of €31 | V; +€Vy + £Vp + £V, is

n
€Y Vi+ Ve +LVg + LV,
j=1

N n N n
—Zk zfpl—Zzg- +Zzn Z‘Ifij(zz'l)—‘lfz
i=1 i=1 j=1

N

Zé 5 +op

i ((n — l)N+ D, iﬁzfi
pum i—1

+oZplpl+ Ze + Nyo

n

Tt (n_ DN, 4+Z i1+ D). 67)

Now, we give the main result of this article.

Theorem 1: For the high-order stochastic nonlinear
MASs (1) satisfying Assumptions 1 and 2, based on the
dynamic gain filter (9) and (10), the distributed output-
feedback adaptive fuzzy controller (65) with the adaptive laws
(44), (45), and (66) can render all the expectations of out-
put tracking errors (y;1 — yo), (2 — ¥o), ..., )N — yo) to be
semiglobally uniformly ultimately bounded and converge to
an adjustable set.

Proof: Since [; > 1, based on Assumption 1, Lemma 4,
and (30), there exist positive smooth functions W,;(z;;) and
bounded positive constant ®,; such that

N
> (= DN+ 25 (F0) + Gl )

i=1
N N
-2
<Y Wz + YL .
i=1 i=1

Using Young’s inequality, we have

(68)

- N U PRI
0670 =o (o] - 9,7)9,- < —50|8| +3olel?

oppibi = crp( - ﬂz)ﬂl <opp ' Bi—opB?

< 1 ’3~2+1 -1
——opPBi + =0
= 2,0, 2,0

A~ -~ ~ 1 ~2 1 2
o pipi = o (pi — Pi)Pi < 0P+ 0P}
Combined with (28), (33), (67), and (68), and letting

Witzi) = Y Wii(zin) + 2 Wei(zin) (69)

=1
where W;(zi1) = 23, fi(zi1) + 23, 8ii(zi1), we have
N
eV =LV 4+ ((n— DN +2)eV,;
i=1
1
+ Elifirfi

n
2 4
Zil +Zzij

1 _ 1
+ Lole? + S0P+ Eop,-z

g2 N)'% (n—

(70)
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Let « = min{([;(0)]/[2((n — 1)N + 2)max(P)]),
o, 2k/[ max{(L + B)_l}]), 4k, [U,o/(max{l";l})], fori =
I,...,N} and &1 = (1/2)a)l6;|> + (1/2)ap" + (1/2)0p?,
g = YL [ED/2 + [WN53/2) + [0 — DN/ATS +
Z]'-‘zl(cbjl + Pp) + Zflzl li_z"cbei, where «, ¢1, and & are
positive constants.

Combined with (70), we have

LV < —aV + &1 + . 71)
Further, one can obtain
EVO] < e EVO)] + 2 (1 — ey ()

o

where (¢2/a) can be adjusted to be small enough, and the
bound of (¢1/«) is associated with ; and p.
Since E[(1/2)z] (L + B)~'Z1] < E[V(1)] and

F@+B "% =y — Lyo] @+ B[y — Lyo]

> |ly — Loyol*Amin(L + B) (73)

we have (E[ly; — yol)*> < Elly; — yol*] < Ellly — Luyoll’] <
(RE[V(®1l/[*min(L + B)]). Hence, the expectations of output
tracking errors are bounded and can converge to an adjustable
set. In addition, based on Assumption 1 and (71), y;, €, zis,
,éi, 0i, and éi are bounded almost surely (a.s.). Hence, [; is
bounded a.s. From (9), we have

d(i7 15" )
= {14 = ac") (7" Lg' &) + 17 Ly 8i0)s
—Z,-ll.‘l(,u,, + D) (li‘“Ll{)l;,-) + l}"‘ qy,-}dt. (74)
Similar with (14)—(28), choose the Lyapunov function Vi =
(li_”LiBl{l-)TP(li_MLif)lii), whose derivative satisfies
Vie
1 /0 o NT/_, N
= _Eli(li ML,'()IQ> (li MLi()lgi) + 2<li ML,'()IQ) Pl; quyi
1 /0 o NT/_. - 2
< —Zli(ll. “Ly'a) (17 Le'c) + 4”134. H gy

Due to that y; and /; are bounded a.s., from (75), ¢; is bounded
a.s. Combined with (43)—(45), (53), (63), and (66), v is
bounded a.s. So the stability of the filter can be guaranteed.
From X; = ¢; + pv; and ¢; = x; — X;, x; and X; are bounded a.s.
So all of the dynamic variables are bounded a.s. The proof is
completed.

In Theorem 1, the dynamic gain filter-based dis-
tributed output-feedback adaptive fuzzy consensus proposal is
proposed for the stochastic MASs, where the interactions only
contain the outputs information of each agent and the unknown
control gains in each agent are same. The results can be further
extended to the following MASs:

dxii = {xpp + fi1 (0)}dt + g%, (x)dw

dxis = {Xits1) + fis(X) 4+ Dy Pism (Vi) Xim }dlt
+ gi];(x)dw, s=2,...,n—1

dxin = { pitti + fin(X) + X inm (i) Xim |t
+ gl (x)dw

Yi =Xl

(75)

(76)

where different from the MASs (1), for i = 0,...,N, the
unknown constant gain p; in each agent can be different. x :=
[x11, ..., xnnl”. fis(x) and gis(x) € R™ represent the uncertain
interactions from the other subsystems.

Assumption 3: Fori = 1,...,N and s = 1,2,...,n, the
drift term fj;(x) and diffusion term g;s(x) satisfy the following
conditions, respectively:

Ifis )| < fis )
lgis@)1| < &is()

(77)
(78)

where J_‘,-s(y) and g;s(y) are known positive smooth functions.

Theorem 2: For the high-order stochastic nonlinear
MASs (76) satisfying Assumptions 1-3, the distributed adap-
tive proposal (65) can extend to this case to solve the output
leader-following consensus problem.

Proof: In the filter design process, the estimator can be
chosen as %; = [X1,...,%in]" = & + pivi. In the distributed
protocol design process, we can design the adaptive law p;
for j € {N;, i} to compensate p; for j € {N;, i} in the ith agent.
The rest of the proof is similar to the one of Theorem 1 and
omitted.

Remark 6: In (76), the interactions in the ith agent can
contain all the states information of all agents, which makes
the interactions be more general and the proposed method be
applicable for a wider class of MASs. There are many nonlin-
ear functions satisfy Assumption 3, such as y,2 cos(xp + xj2),
[(y%) /(1 + xizz)] and so on. In addition, the unknown control
gain p; in each agent can be different, and we need to design
more adaptive laws to compensate these constant gains.

IV. NUMERICAL EXAMPLE

To illustrate the effectiveness of the proposed methods, con-
sider the heterogeneous MASs with one leader (agent 0) and
four followers (agents 1-4) under the communication graph
Fig. 1. The agent 1 is the parallel active suspension system,
referring to [28] and [40] for details. The dynamic of the
suspension system with a random noise can be written as

dxy) = [%Mz}dl‘ + gudw

dxjp = {—Cfxlz + ,Ol'v}dt ~+ grodw
Yy =X

Agent 1: (79)

where x11 is the suspension travel, xj, is the fluid flow into
the hydraulic actuator, A is the effective surface of piston,
¢r and p are some positive constants, and i, = uj is the
current input adjusting the opening of the current-controlled
solenoid value that controls the fluid flow. Set A =1, ¢y = 2,
g11 =0,and g1p = xf1+0.5x11 sin(x12), and the parameter p is
assumed to be unknown and chosen as p = 5. If the unknown
parameters in each agent are different, Theorem 2 can be used.
For simplicity, we assume the unknown parameters are same.
The dynamic of the ith (i = 2, 3,4) agent is as follows:

dxiy = {xip + f1 )}t + gl () dw

dxpp = {pu; + fio(y) + Gi2 (vi)xin}dt
+ gh(y)aw

Yi =Xl

Agent i : (80)



320 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS, VOL. 52, NO. 1, JANUARY 2022
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Fig. 1. Communication topology.
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Fig. 2. Responses of consensus errors.

Fig. 3.

Fig. 4.

Responses of state variables xqp, x12, X11, and X3.

where f21(y) = y5 — 3, /() = y3 +y4, 8210) = 0, g2(y) =
Y3 = v4 $22(v2) = 0.4y3, f510) = ¥3 — 33, [20) = ¥3 + »2,
g310) = 0, g22() = y3 — y2. $32(13) = 043, fu1 () =
Vi — Y3 fi2() = ¥5. 841(0) = 0, g2 (y) = 3, and ¢un(v4) =
0.4y£. Design the dynamic gain k-filter as (9) and (10), where
using the LMI tool box in MATLAB to solve (16), we obtain

that g7 = [1.1498 1.3900] and P = —16457383 —10457(;(())3

Choosing u = 0.5, based on (24), we have pu; = 1.1677 and
uo = 4.7323. From (20), choose ®1(-) = 0.5003 * 2, and for
i=2,3,4, ®;(-) = 3.4503¢;22(y;). Based on (27), set y11 =
0.2, v21 = 0.7, 31 = 0.6, and y41 = 04. Fori = 1,2,3,4,
nit = ni2 = 0.1057, and @;(v;) = uy (i) +¥ir)- Then, the
dynamic gains are designed as (23).

In the sequel, based on (43)—(45), the virtual controller o

and adaptive laws éi and ﬁi are designed as

o = __Bi&il A &1)
Bi = znain — 0.28;,

b = zi@i(zi1) — 0.26;

- N
SEmlooof

o~ —
-~ - " ~
\_‘_,”

0 2 4 6 8 10 12 14 16 18 20

»,
L S

Fig. 5. Responses of state variables x;1, x22, X21, and Xp5.
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Fig. 6. Responses of state variables x31, x30, X31, and X3;.

where &;] = (i + (1/2)1,31,-1 + éiTQDi(Zil) + 7z;1. Choose the
fuzzy membership functions as ppi = exp(—0.5(z;1 + 2)%),
ur2 = exp(—0.5(z;1 + D?), Wpi3 = exp(—O.Szizl), Wpis =
exp(—0.5(zi1 — 1)), and pps = exp(—0.5(z;1 — 2)?), and
define fuzzy basis functions as ¢;;(zi1) = [(1tpi)/ (Zle wri)].

Then, based on (53) and (66), the controller u; and adaptive
law 0; are designed as

oa it

u = — 11112 —l q2Vi1 +¢122(yl)v -
i
B Z dajg o dojg { B daj l
TR TR T

2u+2 (0l dag1
Y () 5 g,
jem 2 YL e S
o

+z Y. ( ") + 7z (82)

Jje{N;,i}

daij R

pi=-2p . —’v,2 0.25; (83)

JEiNi,i}

where based on (81), [(dei1)/(3B)] = —ai1, [(3ei1)/ (3xj1)] =
ay[(aau)/(azu)] [(Bei1)/(9¢i2)] = —Bi, [0/ (A1) =
/3:(3/2)1 zits (i) /(36)] = —Bilon i iz via @isl, and
[(0aj1)/(3y0)] = —bi[(daj1)/(3zi1)].

Choose the initial values as x11(0) = 0.6, x12(0) = —0.3,
x21(0) = —0.3, x22(0) = 0.5, x31(0) = 0.4, x3(0) = —0.3,
x41(0) = —1.1, x40) = 04, [(0O) = 1, LO) = 2,
300) = 1.2, I4(0) = 1.5, p;(0) = 0.3, pp(0) = 0.1,
03(0) = 0.2, and p4(0) = 0.5, and the initial values of

the other dynamic variables are chosen as 0. Set the refer-
ence signal yo(¢) = 0.5 sin(#). Simulation results are shown in
Figs. 2-12. Fig. 2 illustrates that the local neighborhood con-
sensus errors are bounded. Fig. 3 illustrates that the outputs of
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Fig. 7. Responses of state variables x4, X472, X41, and X43.
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Fig. 8. Responses of dynamic gains.
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Fig. 9. Responses of adaptive laws S;.
Fig. 10. Responses of adaptive laws p;.
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Fig. 11. Responses of adaptive laws éi.

the followers can track the reference signal yo(¢) effectively
based on the proposed adaptive fuzzy output-feedback con-
trollers. Figs. 4-7 show the effectiveness of the constructed
dynamic gain filter. Fig. 8 shows that the designed dynamic
gains are always greater than 1. Figs. 9—11 show the responses
of adaptive laws. Fig. 12 shows the response of the control
inputs of each follower.

o
— =

2 4 6 8 10 12 14 16 18 20

Fig. 12. Responses of control input u;.

V. CONCLUSION

In this article, we have studied the distributed output-
feedback leader-following control problem for high-order
stochastic heterogeneous nonlinear MASs with interactions
and unknown control gains. The existence of unknown control
gains makes the traditional observer method unusable. At the
same time, to reduce the number of the introduced dynamic
variables, a novel dynamic gain filter is constructed to com-
pensate the unmeasured states. Based on this filter and by
the backstepping method, the distributed protocol is further
designed. The restrictions on the uncertain interactions exist-
ing not only in the drift terms but also the diffusion terms
are very loose. It has been proved that the proposed method
can render all the expectations of output tracking errors to
be uniformly ultimately bounded. In our future work, we will
further consider the output consensus problem for MASs (1)
under fixed and switching graphs, which is more challenging,
and extending the results of this article to MASs with multiple
control inputs will be also considered.
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