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Optimal Tracking Control for Uncertain Nonlinear
Systems with Prescribed Performance via
Critic-Only ADP

Hongyang Dong, Xiaowei Zhao, and Biao Luo

Abstract—This paper addresses the tracking control problem
for a class of nonlinear systems described by Euler-Lagrange
equations with uncertain system parameters. The proposed
control scheme is capable of guaranteeing prescribed perfor-
mance from two aspects: 1) A special parameter estimator
with prescribed performance properties is embedded in the
control scheme. The estimator not only ensures the exponential
convergence of the estimation errors under relaxed excitation
conditions but also can restrict all estimates to pre-determined
bounds during the whole estimation process; 2) The proposed
controller can strictly guarantee the user-defined performance
specifications on tracking errors, including convergence rate,
maximum overshoot, and residual set. More importantly, it has
the optimizing ability for the trade-off between performance
and control cost. A state transformation method is employed to
transform the constrained optimal tracking control problem to
an unconstrained stationary optimal problem. Then a critic-only
adaptive dynamic programming algorithm is designed to approx-
imate the solution of the Hamilton-Jacobi-Bellman equation and
the corresponding optimal control policy. Uniformly ultimately
bounded stability is guaranteed via Lyapunov-based stability
analysis. Finally, numerical simulation results demonstrate the
effectiveness of the proposed control scheme.

Index Terms—Prescribed Performance; Adaptive Dynamic
Programming; Optimal Tracking Control; Parameter Estima-
tion; Reinforcement Learning.

I. INTRODUCTION

Tracking control problems of nonlinear systems with un-
certainties have aroused extensive attention and been widely
investigated by the adaptive control community. Traditional
certainty-equivalence (CE) adaptive control methods [1] can
guarantee the convergence of tracking errors in the presence of
uncertainties. However their closed-loop transient performance
(e.g., convergence rate and overshoot) is difficult to analyze.
Besides, due to the inherent limitations arising from the
CE design structure, CE adaptive controllers may result in
significant performance degradation [2], [3] when compared
with the corresponding deterministic-case controllers. Some
non-CE adaptive control schemes, such as the immersion-
and-invariance method [4], [5] and its extensions [6], [7],
can partially address these limitations and achieve improved
closed-loop performance. But it is still a challenging problem
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to quantitatively analyze or characterize the performance of
these non-CE adaptive controllers. We note that specifying the
closed-loop performance is very important for many practical
control systems, for example a large overshoot may cause
severe damage to the structure of many mechanical systems.
Nevertheless, it is quite challenging to achieve user-defined
performance specifications for nonlinear systems, particularly
in the presence of uncertain parameters. To address this issue,
a novel prescribed-performance control (PPC) method was
recently proposed by Bechlioulis and Rovithakis [8], [9], [10].
State in a nutshell, PPC ensures that the specific require-
ments on transient performance (mainly including convergence
rate and overshoot) and residual set can be quantitatively
characterized by employing judiciously designed prescribed
performance functions (PPF). Given the merits of PPC, it has
been applied to various classes of nonlinear systems [11],
[12], [13], [14], [15], [16], [17]. A fault-tolerant adaptive
attitude controller with prescribed performance was proposed
in [14] for spacecraft under parameter uncertainties and actu-
ator faults. A neural network (NN)-based PPC method for the
tracking control problem of robot manipulators was designed
in [15]. An adaptive controller for a switched nonlinear system
with multiple prescribed performance bounds was proposed in
[16].

All these aforementioned results lack optimizing abilities
to make the trade-off between performance and control cost,
while this issue is of great importance for many systems (for
example, motion control costs of spacecraft, usually in terms
of fuel and electricity, are the most essential resources of
on-orbit missions). To the best knowledge of the authors, it
still remains an open problem to design an optimal controller
with prescribed performance for uncertain nonlinear systems,
especially for tracking control cases. On the one hand, optimal
control problems usually require to solve the Hamilton-Jacobi-
Bellman (HJB) equations, which is intractable for nonlinear
systems. Although iterative learning algorithms [18], [19],
[20], [21] can approximate the solutions of HJB equations,
how to guarantee the prescribed performance specifications
during the whole control process needs to be investigated. On
the other hand, the existence of parameter uncertainties also
increases the complexity of this problem. How to accurately
analyze the performance of parameter estimator/identifier is
also a challenging task.

To solve the optimal control problems of nonlinear systems,
recently the reinforcement learning (RL)-based control tech-
nique, which is commonly referred to as adaptive dynamic



IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS

programming (ADP) [22], [23], [24], [25], [26], [27], [28], has
attracted extensive research interest. The fundamental principle
of ADP is to improve actions by properly evaluating feedback
from the environment, forming the actor-critic architectures
[20], [29], [30], [31], [32]. This innovative method has been
utilized to approximate the solutions of HJB equations and
subsequently achieve near-optimal control. In the presence of
uncertainties, estimators (or identifiers, when neural networks
are employed to approximate system dynamics) can be further
designed to estimate unknown parameters and then embedded
into the actor-critic architectures. It should be emphasized that
the performance and accuracy of the parameter estimator are
essential for the whole control scheme design. A real-time
estimator with poor performance and accuracy can lead to the
instability of the closed-loop system. Besides, for many prac-
tical systems, some prior information of uncertain parameters
are often available. For example, it is common to know the
lower/upper bounds of the mass of a rigid body. These kinds
of information, to some extent, can be regarded as estimation
constraints. Violation of such constraints may cause that the
parameter update process happens outside the feasible region,
which makes no sense and leads to poor transient performance.
However, the constraint handling abilities of ADP methods are
still immature [33], and relevant studies are still very limited
as mentioned in [13], [34]. Most of existing ADP controllers
neither consider the estimation bounds of unknown parameters
nor can meet the prescribed performance specifications (which
can also be regarded as constraints) of system states.

Motivated by these facts, in the present paper, a novel
tracking controller with both prescribed-performance and op-
timizing abilities is proposed for nonlinear systems described
by the Euler-Lagrange (EL) equation under parameter uncer-
tainties. We mention that the EL equation can represent a large
class of nonlinear systems, such as robot manipulators [15],
[35], [36] and rigid-body attitude dynamics [37]. A contin-
uous PPF is employed to specify the transient performance
and residual set of the coordinate tracking error. Based on
the PPF, an augmented state with a transformation law is
designed to transform the constrained control problem into
an unconstrained one. Then by employing a virtual reference
control signal, we further turn the optimal tracking control
problem of the augmented system into a stationary optimal
control problem. A novel real-time estimator is designed to
identify unknown parameters, and then a critic-only structure
is designed to approximate the optimal cost function and
control policy. Uniformly ultimately bounded (UUB) stability
of the proposed control scheme is guaranteed via Lyapunov-
based stability analysis. The main contribution of this paper
includes:

1) We enable PPC to has essential optimizing abilities.
By utilizing the ADP technique, the proposed controller can
make a trade-off between performance and cost while strictly
guaranteeing performance specifications. From another point
of view, we also show how to handle performance constraints
of states in the ADP-based control architecture.

2) A novel constrained estimator is proposed to deal with
system uncertainties. By employing a special projection law,
the estimator can restrict all real-time estimates to a feasible re-

gion. Moreover, it also guarantees the exponential convergence
of estimation errors with a user-defined convergence rate,
subject to the satisfaction of finite excitation (FE) conditions
[38], [39], [40], [41]. Thus the performance of the estimator
is also prescribed, to some extent.

3) Motivated by the concurrent learning (CL) technique
[38], [39], [40] and its extensions [30], [31], [32], real-time
data and past measurements are concurrently introduced into
the update laws of both the estimator and the critic NN.
This guarantees the UUB of the closed-loop system under FE
conditions, which is a significant relaxation when compared
with conventional persistent excitation (PE) conditions. This
design also allows us to employ a critic-only control struc-
ture, simplifying the commonly-used actor-critic ADP scheme.
Moreover, in the parameter estimator, we circumvent the
requirement of immeasurable derivatives in the CL technique
[38], [39], [40].

The remainder of this paper is organized as follows. In
Sec. II, mathematical preliminaries are introduced, and the
optimal tracking control problem with prescribed performance
specifications is formalized. Then an estimator-based critic-
only control scheme is designed in Sec. III with Lyapunov-
based stability analysis. Simulation results are demonstrated in
Sec. IV to show the features and effectiveness of the proposed
method. Finally, we conclude the paper in Sec. V.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. Preliminaries

Throughout the paper, the time domain of all functions
is R>g. The notation | - || denotes the Euclidean norm
of vectors and the induced norm of matrices. We denote
V.() = (0(-)/0x)T, where (-)V is the transpose of the
corresponding vector/matrix, and we set VI(:) = (V. (-))T.
Besides, Apin(+) and Apax(-) are employed to represent the
minimum and maximum eigenvalues of the corresponding
matrix, respectively.

The definitions of finite excitation and persistent excitation
conditions are presenting as follows.

Definition 1 (Finite Excitation, FE) [40]: A bounded signal
s(+) : R — R™ ™ js said to be finite exciting over an interval
[t,t + T], where t > 0 is a fixed time index, if there exist
finite constants 7" > 0 and ¢ > 0 such that

t+T
/ ST(T)S(T)dT > clyxm (D
t

where I, ., is the m dimensional identity matrix.

Definition 2 (Persistent Excitation, PE) [42]: A bounded
signal s(-) : R — R™ ™ is said to be persistently exciting
if there exist finite positive constants ¢ and 7" such that for
arbitrary ¢ > 0, one has

t+T
/ ST(T)S(T)dT > clixm )
¢

The contrast between FE and PE conditions is clearly
indicated by their definitions. The former requires the sig-
nal to be excited just over a specific finite time interval,
whereas, qualitatively speaking, PE implies the satisfaction of
FE throughout the whole timeline.
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B. System Model

In this paper, a class of nonlinear system described by the
following Euler-Lagrange equation is considered:

.fl = T2 (3)
M(z1)i2 + C(xy, 22)x2 + g(T1,22) = 0 €]

where z1,xo € R"™ respectively denote the generalized co-
ordinates and velocities, M (z1) € R™ "™ is the generalized
mass matrix, C(z1,22) € R™™ denotes the Coriolis ma-
trix, v € R”™ represents the control input to be designed,
and g(x1,22) € R™ denotes the gravity or friction-related
vector. Note that M (x1), C(x1,22) and g(x1,x2) all con-
tain uncertain parameters, and they satisfy a parameter-affine
representation as follows

M(z1)22 + C(x1, 22)22 + g(21,72) = H(21,22,22)0 (5)

where H is a regressor matrix, and § € R™ is called the
parameter vector which contains all the unknown parameters
of the system. Please note that though 6 is unknown, the
regressor matrix H is available for controller design. A simple
way to get the expression of H is to take Jacobian of the
left-hand side of (5) with respect to 6. Other commonly-used
properties of the system in (3) and (4) include: 1) M (xq)
is positive definite for all z; € R", and there exist positive
constants m,, and mys such that m,, < ||M(z1)]] < mas. 2)
M (x1) —2C (21, z2) is an anti-symmetric matrix. Hereinafter,
for ease of notation, the arguments of M, C and g are omitted
when there is no ambiguity.

The system state x = [z],23]T is required to track a
reference signal =, = [z}, z5]T with &, = =2 and
Tp1, Tpo, Tro € Loo. Since x,1 and x,.o are user-defined, we
assume that @5 = f,.(z,) as [21], [32], where f,. : R?" — R,
Defining error states to be: z; L 21—z and 29 £ o — Ty,
one can get the following error model:

7;’1 = 29 (6)

iy = — fr(xy) + MY (21)[C(21, 22) 20 — g(21, 72) + U]
=M (x1)[~H (1, x2, fr(2,))0 + 1] -
A technical challenge of designing ADP-based tracking
controllers for continuous nonlinear systems is the non-
autonomous nature associated with the trajectory tracking
problems. And directly employing the original control input
u into the cost index will render the cost index ill-defined
(since w can be persistently exciting in tracking control cases).
Following the strategy given in [42] and [43], a reference
control signal is designed in our paper to solve this problem.
A fundamental requirement for the design of w, is that u —u,
should converge to zero when all tracking errors converge to
zero. So that ;1 = 1 — u,. can be employed into the cost index.
The reference control signal employed here is

ur(,) EM (201) fr (@) + C@r1, Tr2)Tr2 + 9(271, Tr2)
:H(Sﬁ'rl, Tr2, fr(mr))e
®)
This renders
21 = 2o &)

é2 :M_l(ml)[y(zh227$’r17$7‘2)9+M} (10)

where  Y(z1, 22, 1, Zp2) £ H(zp, 2y, fr(z,)) —
H(x1,x2, fr(x,)) is employed for ease of notation. One can
see that 4 — 0, when 1 — x,1, T2 — T2, and To — I,
satisfying the requirement as discussed before.

Based on the error model in (9) and (10), the control
objective is to guarantee the convergence of tracking errors
(21 and z9) by designing the augmented control input p under
the uncertain parameter vector 6. Besides, the generalized co-
ordinate tracking error z; is required to satisfy the performance
specifications as discussed in the following subsection.

C. Prescribed Performance Specifications and Error Transfor-
mation

Following the design philosophy of PPC in [8], [9], [10], a
continuous PPF is employed in this paper to restrict z;:

(11

where p;o, pico and [; are positive constants, with p;g > piso
and p;o > 21;(0), and here z1; denotes the ith entry of 21,
i=1,2,..n.

pi(t) = (pio — pioo)eilit + Pico, 1 =1,2,..0n

Figure 1: Prescribed performance illustration.

The coordinate tracking error z; is required to satisfy:
—cp)lpi(t) < z1i(t) < [1—lei(1—cp)]pi(t) (12)

forall ¢t > 0 and ¢ = 1,2,...,n, where 0 < ¢, < 1lis a
positive constant which is employed to restrict the maximum

overshoot, and
0,
l ei — 1 7

is employed to adjust the performance requirements based
on the initial condition of zy;. Eq. (12) actually defines an
admissible domain for z;, we denote it by .. For the case
21;(0) > 0 and 21;(0) € D, the performance specifications
and the admissible domain ®, are illustrated in Fig. 1.

As a brief summary, p;(t) quantifies the overshoot, steady-
state error, and convergence rate of the coordinate tracking
error. For each entry zy; of 21, i = 1,2, ...,n, the maximum
overshoot of zy; is less than |c,p;(0)], and the steady-state er-
ror is bounded by [—pico, Pico]- Moreover, before the tracking
error convergence to the residual set, the convergence rate (in
the sense of exponential convergence) is always larger than /;.

_[Cp+lei(1

if Zli(o) Z 0

if Zh‘(O) <0 (13)



IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS

Based on the PPF, we define ¢;(t) = zy;(t)/pi(t) and
consider the following transformation law:

oy by Gt leill = cp) + i)
ei(t) =1 1= l(1—c,) — qilt)

It can be readily checked that e;, 2 = 1, 2, ..., n, is well-defined
when z1,(t) € D,.
Eq. (14), in turn, leads to z1; = h;(e;, p;) with

hi(ei, pi) = [(1+ cp)siglei) — ¢p — lei(1 — ¢,)]ps

and here sig(e;) = 1/(1 + e~%) denotes the sigmoid func-
tion. Thus, by employing (14), the tracking error z; in the
domain ®, is transformed to an auxiliary tracking error
e = le1, e, ...,e,] defined on R™. This is the most essential
property of PPF.

Taking the time derivative of (14), one has

2(22; — z1pi/ pi)
¢p) — qillcp + lei(1 —
Pi
—h;(es, ps
. (eis pi)]

K2

(14)

15)

€, =

[1—1ei(1— ¢p) + 4ilpi

(16)
= 1;l22; —

where 7; = 2/[(1—le;(1— ) — q;)(cp + lei(L = ¢p) + qi) pil.
Then one has the following transformed error model:
é= T[ZQ - P,Zl]

. B a17)
Zo= M"Y (21, 22, 71, Tp2)0 + 4

where z; = [hy,ha, .., h,|T can be represented by e and
p with p = [p1,p2,...,pn|T. Besides, we denote T £

diag{r1, 72, s}, and P 2 diag{pn/p1, 52/ 2, o] P}
Accordingly, an augmented model can be organized as follows.

X = F(X)+ G(X)u (18)

where X £ [eT 2T 2T, 2%, pT, pT]7T is the augmented state
vector, and
T(ZQ — PZl)
M_l . [Y(Zly 22, Trl, 3?7-2)9]
F(X) 2 2 ,
( ) fr(l'r)
P
—Lp
G(X) é [OnxnvM_l,onxruonxnaOnxnaonxn]T
and here L £ diag{l1,l,...,1,,}.

D. Optimal Control Formulation

By employing the state transformation law in (14), the
prescribed-performance tracking control can be achieved
through guaranteeing the boundedness and convergence of e
and z9. Moreover, to reduce the control cost, we aim to find
a control policy u that minimizes the following cost index:

JA /W[T(e(T)’@(T)) +pf (N Ru(r)ldr (19)
0

where 7 (e, 22) = eTQce + 23 Q. 22, and Q., Q. and R are
positive-definite matrices. One can see that, by employing
the error states and also the virtual control signal u, J is

well-defined and the optimal tracking control problem of the
original system is transformed to a stationary optimal problem.

Based on (19), one can construct the following cost func-
tional:

V(x) £ / T lre(r). z2(r) + W (M) Ru(n)dr (20)

Moreover, substituting (18) into the time derivative of (20)
yields the following Hamiltonian:

VYV - (F+Gu)+r+u"Ru=0 (21)

We use p* to denote the optimal control policy and V* to
denote the corresponding optimal cost functional. Then, by
taking partial differential for both sides of Eq. (21) with respect
to i, one can obtain a closed-form expression of p* as follows
1

M* _ _iR—lGTVXV*
Then substituting p* back into Eq. (21) results in the well-
known HJB equation in terms of VxV™:

(22)

r+VYV*F — iv;@v*GR—lGTvXV* =0 (23)

However, it is very hard to analytically solve (23), and the
existence of parameter uncertainties also increases the tech-
nical difficulties of this optimal control problem. To address
these issues, a parameter estimator and a critic-only ADP
controller are designed in the following section to compensate
the uncertainties and approximate the optimal control policy.

III. DESIGN OF AN ESTIMATOR-BASED CRITIC-ONLY
ADP CONTROLLER WITH PRESCRIBED PERFORMANCE

A. Design of a Constrained Parameter Estimator

As the essential part of the whole control strategy, a novel
constrained parameter estimator is proposed in this subsection
to estimate 6, which can guarantee the exponential conver-
gence of the error 62£0—90 subject to the satisfaction of
FE conditions, and here 6 denotes the estimate of 6. First, we
construct the following filtered states for the original system
in (3) and (4):

Tpa(t) = —awpa(t) + x2(t), x72(0) = (1/a)z2(0) (24)
Ug(t) = —aus(t) +u(t), up(0) € R? (25)
Wi(t) = —aWs(t) + We(t), Wr(0) € R™*™  (26)

where a > 0 is a user-defined filtering gain. The new regressor
matrix W, satisfies W,.0 = Mj:fg —C(x1,22)x2 — g(21, 22).
We emphasize again that, based on the parameter-affine prop-
erty of the EL system, the regressor matrix W, is available
for the estimator design, and its specific expression can be
obtained by taking Jacobian with respect to 6.

Then substituting Eqgs. (24)-(26) into (4) yields

d . .
f(foQ - Wf9 - Uf) = 70[(M£L‘f2 - Wf9 - Uf) (27)

dt
which renders M@ po = W0-+u g+, where y(t) = v(0)e™ L.
By the initial conditions given in (24)-(26), we have (0) =
0,,. Therefore,

Mgy = Wiel +uy (28)
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An important feature of the filtered dynamics in (28) is
that & is an available signal (note that & usually cannot
be measured). From (28), one can see that uy = W;0,
where W is another auxiliary regression matrix satisfying
W10 = Mo — W6. This indicates the filtered control input
uy actually contains the information of the uncertain parameter
vector 6.

As mentioned in the introduction, the parameter estimator
needs to obey some specific constraints. In this paper, we
consider the situation that the uncertain parameters lie within
certain bounds: 0y € (0k min, Ok,max), k¥ = 1,2,...,m, where
0y, denotes the entry of 0, and 0y min and 0i max are respec-
tively the lower and upper bounds of 6. Then, consider the
following projection law:

ak = (ek,max -

where sig(yx) = 1/(1+e~%*). One can see that, under
this projection, the constrained parameter estimation problem
of 65 on the interval (6x min, 8k max) is transformed to the
unconstrained one of 9, on R, for £k = 1,2,...,m. Then,
a novel parameter estimator is proposed in the following
theorem.

Theorem 1: Considering the EL system described by (3)
and (4), the filtered states defined in (24)-(26), and the
projection law in Eq. (29), design the following estimator

1(D8(t) = W (tuy (1))
Wi(t)0(t) — Wi (t:)uy (t:)]

ak,min)Sig(wk) + ek,min (29)

W(t) = —k [WE (W

— kaYw i[WIT(

i=1

where ¢ = [1[)1,1/32, .‘.,7,ZAJm]T is the estimate of ¢ =
[¥1, %2, ...y V] 15 t; denotes a set of past time indexes with
0<t <t i=1,2,..q, and g is a constant which denotes
the total number of historical data points; Yy is defined by

|

and here Yy £ 1 WHEt)Wi(t;) is employed for ease of
notation; ky, k1, k2, and k), are user-defined positive constants.
Set the estimate of every 6 to be:

ék = (ek,max -

(30)

Y,
k)\ImXTn7

if Yy is full-rank

otherwise @D

ekﬂnin)Sig(l&k)) + Hk:,min (32)

Then one has
1) 9,0 € Lo, where ¢ £ z/; —
2) ¥t >0, Bk (t) € (Bk.min, Ok.max);
3) If Yy is full-rank, 6(t) exponentially converges to zero.
Proof: Consider the following storage function,

VI £ Z{(Gk,max - ek,min)['lz;k + lIl(]. + eilz}kidjk)
k=1

— pysig()

where 1&;@ & zﬁk — 1y, denotes the entry of z@ Then it can be
readily verified that V; — 400 when ¥ — +00, and ¢ = 0,,
is the unique and global minimizer of V;. Thus V7 is a valid

(33)
—In(1+e )]}

Lyapunov function candidate of . Taking the time derivative
for both side of (33) yields

_Vi: <
9 min -
5 2 Jomin) (sig () sig(n)) 0
3 R (34)
By (29) and (32) , one has 6 = Ok — 0 = (Okmax —
ok,min)(Sig(wk> - Slg(u}k‘)) Thus
Vi = T (35)

Recall the fact that uy = W0, 7,2 in (30) is equivalent to

D) =~k WEOW (D0 — koY Yo(t)  (36)
Thus

Vi = =k [Wi(0)0(1)]|* — k20T ()Y Yeh(t)  (37)
Eq. (37) shows V; € L, and this ensures 1[1 € L. Then,

based on the projection law in (32), we have 0 € Lo and
01(t) € (Op.min, Opmax) for all t > 0, k = 1,2,...,m. Thus
the first and second statements in the theorem are proved.

Then assume that adequate data is collected in Y} after ¢t >
t*, i.e. Yy is full-rank. To show the exponential convergence
of § under this condition, first we state that V7 satisfies the
following property:

Cminl|0() 1> < Vi(#) < comax[|0(8)]I? (38)
where
(14 e—fz)k(t)—wk)Q
Cmin — m =
20.k=1.2,...m” (O, oy — 9k7min)e*'¢’k(t)7wk
a (1+ e*i’k(t)*wkf
Cmax = sup H
t>0,k=1,2,....m (ek,rnax - ek,min)eiwk(t)iwk

Based on the result that z/? € L, one has ¢y and cpay are
bounded and positive constants. Then, defining an auxiliary
variable as K (¢;) £ cmax0? — (Ok max — Ok max ) [k +In(1 +

e~ (Wetv)) — oy sig(hy,) — In(1 + e~%*)], one has
6K n 2Cmax 9 max 9 min )€ 1/;—1/%
— = Gy (O, 8 ) —1 (39

Eq. (39) shows that when U <0, aK/awk < 0 and vice
versa. Thus ¢ = 0 is the global minimizer of K (1)), with the
minimal value K'(0) = 0. This result verifies the right-hand
side of (38) (through summing up K(v;) for all k), and the
left-hand side of (38) can also be proved by similar analysis.

Thus, when Yj is full-rank, Eqs. (31), (37) and (38) lead to

kaoky

Vi = =k [Wi0)d(0)]* — kaka|6(1)])* < —

Vi (40)

max

Therefore,
Vi < Vi(0)ekehaltmtT)/ emax (@1)
Recall (38), one has
Hé”Z S VI(O) ekakk(tft*)/cmax (42)

min

So 0 exponential converges to zero. The proof is complete.
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Remark 1: Without employing the past measurements
(which are introduced by the matrix Yp), one can only guar-
antee limy_, . W;(t)0(t) = 0, by analyzing V;. Then, to
show the convergence of 0, Wy is required to satisfy the PE
condition as in the definition 1. In contrast, in our design, we
ensures the exponential convergence of 6 once Yj is full-rank.
This only requires W; to satisfy the FE condition, which is a
significant relaxation when compared with PE conditions that
are usually required in the conventional estimator/identifier
design.

Remark 2: 1t should be emphasized that the idea to employ
both real-time data and past measurements in the estimator
(30) is inspired by the CL technique [38], [39], [40]. To ensure
Yy is full-rank if W7 satisfies the FE condition, a simplest way
is to add all incoming data of Wy into Yy until rank(Yy) = m.
A more sophisticated method is to design a selection algorithm
for Yy, some examples are shown in [38], [39], [40].

Remark 3: Compared with the CL technique, the estimator
proposed in the present paper has two main distinctions. First,
by introducing a special projection law, the estimates are
restricted to pre-determined bounds during the whole identi-
fication process. Second, by employing the filtered states and
a two-layer regression structure, the proposed estimator does
not require the information of any immeasurable derivatives.

Remark 4: As discussed in the introduction, the proposed
estimator, to some extent, ensures the prescribed performance
of 6. This is from two aspects, as illustrated in Fig. 2. First, the
estimator ensures ék(t) € (0% min, Ok max), k = 1,2, ..., m, for
all t > 0. Second, from Eq. (42), we have [|0(t)]| < kge "',
where £1 = koky/(2¢max) and kg = /V7(0)/cmime "1 /2,
One can see that the convergence rate x; can be increased by
ko and k, while a limitation is that ko cannot be pre-specified
since V7(0) is unknown.

A

6,(0)

~VY

Figure 2: Prescribed performance illustration of the estimator.

B. Design of a Critic-Only ADP with Prescribed Performance

To approximate the optimal cost function V* and the
corresponding optimal control policy, a critic-only ADP con-
troller is designed in this subsection. Based on the Weierstrass
approximation theorem [43], [44], V* can be reconstructed by

VH(X) = w"o(X) + e(X) (43)

for X € X, where X is a compact set. Here o(X) =
[01(X),02(X),...,05(X)]T € RP, and o; denotes a set of

basis functions with ¢;(0) = 0 and ¢;(0) =0, i =1,2,...,p,

w € RP is a unknown weigh vector, and e(X) is the

reconstruction error. This kind of reconstruction method has

been commonly employed in relevant results [20], [29], [45].
Then the optimal policy follows

1
ur= —§R_1GT(V)(U-’LU+VX€) (44)

Since w is unknown, an auxiliary weight vector w is
employed to denote the estimate of w, and the corresponding
approximation of V* and p* are

V=uwlo (45)
1 ~
= —§R_1GTVX0 D (46)

where (G denotes the estimate of G (in which uncertain
parameters are replaced by their estimates). Then we consider

the following Bellman error:
6 2 VEVI[E +Gul +r+ uT Ry (47)

where F' is the estimate of F (uncertain parameters are
replaced by their estimates). Then recall (21), one has

& =VRVIE +Gu) + "Ry
— VXV*[F 4+ Gu*] — " R*

=l + €e1+eg

(48)

where W £ % — w is the weight estimation error, €; =
wV%oF —0.25wT Dw is the error induced by the parameter
estimation process, €y is a residual error defined same with
[31], [46], [47]. Besides, w = VEo(F — 0.5PVxo - ),
P 2 GR'GT and D £ VEUISV,]J are employed for
ease of notation, and FA2AF_Fand D 2 D— D with
e V;GR’lGTVnU. Since d, contains the information of
w, it has been commonly-used in the update law of . Before
proposing the specific design of @, the following assumptions
are made for X € X.

Assumption I: The reconstruction error, its gradient, and the
residual error are bounded, such that

||€H S bea HVXGH S bewa ||€H|| S beH (49)

Assumption 2: The basis functions and their gradient are
bounded and satisfy

o]l < g, [[Vxol < b, (50)

Assumption 3: Under the condition § € L., the error
induced by the parameter estimator satisfies

wer/(1+ @ @)?|| < b, (51)

Here b, b, bcyys bs, bs,, be, are all positive constants.
Although the Bellman error is usually employed to update
w, the precise estimation requires that w satisfies the PE con-
dition in conventional ADP methods [22], [24], [25], [26]. This
condition is quite strong and almost infeasible in real engineer-
ing applications, especially for online cases. Motivated by the
results given in [30], [31], [32], past measurements (which
are collected online) are introduced into the critic update law
in this paper to relax the excitation condition. For ease of
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notations, We denote ¢ = w'w + 1, ( = w/(wlw + 1),
01 = (¢ and 3 = ((r + pTRu)/s, and also consider two
time indexes t,,1 and t,o with 0 < t,,1 < t,o < t. Then we
design the following auxiliary variables:

él(tytwl) = 7”51(t7twl) + Wl(t)y gl(twl) = Op><p (52)
Eolt tur) = —kEa(t, tw1) + ©2(t), Ea(twr) = Opx1  (53)

where x > 0 is a user-defined constant. We also define
E(ta tw27 twl) é 61 (tw27 twl)w(t) + gQ(tha twl)- Then, fOI'
lowing (52) and (53), one has

tw2
E(t, tuo, tyr) = e w2 / e (p1(T)w(t) + o (7))dT
tw
1 (54)
By the definition of ¢; and 3, one has

twe KT
E(t,th,twl) :e—nt“,,z/ [§ C(T)

twr S(T) '
(@' (r)@(t) +r(r) + " (1) Ru(r)) dr

tw2
= (/ e_“(t“’2_T)CCTdT> w(t) + &

tw1

=&1(tw2, tw1)W(t) + €
(55)
where

s /th e~ o) [e(r) + en(r)] |
¢ (@t (r)@(r) +1]?

wl

is an integral residual error, and €; € RP.

Based on these designs, an approximate optimal control
strategy with prescribed performance is summarized in the
following theorem.

Theorem 2: Consider the augmented model in (18), the
parameter estimator in (30) subject to the satisfaction of a FE
condition of W7, and the critic-only ADP control structure in
Eqgs. (45) and (46). Assume ( satisfies a FE condition, i.e.,
there exist t,,1, twa, Cw With 0 < t,1 < tyo <t and ¢, > 0
such that

tw2
(M)¢H(1)AT > cuwlpxyp (56)
tw1
Design the update law for the critic NN to be
2 w(t)dy(t _
w(t) = (£)8,(£) — E(t twa, tw1)  (57)

T @O + 1)2

where c; and co are positive constants. Then, if the initial state
is in the admissible domain ®,, the weight estimation error
w and the transformed tracking error e and zo are UUB, and
all prescribed specifications on z; are guaranteed.

Proof : Consider the following storage function

L2V +BaT (58)
where p; is a positive constant employed just for stability
analysis. The time derivative of L is analyzed in (59), in which
the arithmetic-geometric mean inequality is employed. Then
by setting the auxiliary parameters p; to satisfy:

2etw2~twi . maxyso{||D||}

C2Cy

p1> (60)

one has

L <-c"Qee - 25 Quzo = Z|al]* = prea|CT ] + ps

(61)
where ps = lecgcwe*(tw?*twl)lpxp — DJ|, and
ps = |(w'Vio + VYe)GH(w1, w0, f(x:))0] +

0.5V5eGRIGTV xe + prerlen + en||?/[2(wT @ + 1)%] +
pica|l€r]|?etw»2—tw1) /(2¢,). By the assumptions 1-3 and
the condition given in (60), one has pa(t) > 0 for ¢ > 0,
and p3 € Lo . This directly guarantees the UUB of e, 2o,
and w. Finally, the fact e € L., ensures that all prescribed
performance specifications are guaranteed. This completes
the proof.

Remark 5: By utilizing past measurements and introducing
the vector Z into w0, the stability of the closed-loop system
is guaranteed under the satisfaction of the FE condition of (,
which is much weaker than the conventional PE conditions.
It should be emphasized that, also for PE relaxation purpose,
CL-based ADP methods as in [30], [31], [32] employ discrete
historical data stack in the update laws of NN weights:
Zézl(((i)/g(i))gb(i), where 6, (i) denotes the Bellman error
at a past (discrete) time point ¢ while replacing w(i) with
its real-time counterpart @ (t). This kind of method, however,
requires complicated online selection algorithms to update the
data stack. A commonly-used example of such algorithms
maximizes the minimum singular value of Zi:l C(i)¢T(4), by
swapping the most recent incoming data with every recorded
data and then comparing the corresponding minimum eigen-
values (with a complexity of O(I - p®) at every discrete
time point, where [ is the length of the history stack, and
p denotes the dimension of 22:1 ¢(i)¢T(3)). In contrast, the
method proposed in this paper takes advantage of all incoming
data by designing a special integral-form information matrix
(E(t, tywa,tw1)), this new approach is arguably easier to im-
plement and is computationally cheaper.

Remark 6: Note that the time interval [t,, t,2] can be
changed during the control process. A straightforward and
easily implementable strategy is that: 1) First set ¢,,7 = 0,
and once ¢ is FE on [0,¢], fix ¢,z to this time point and
accordingly construct Z(t,t,2,0). 2) As time goes on, if
satisfies a FE condition on a new time interval [t,1, Twa2),
one can replace Z(, ty2,0) with (¢, 2, 1) to potentially
reduce the residual set caused by €.

Remark 7: It is noteworthy that an adaptive tracking con-
troller was proposed in [15] for Euler-Lagrange systems,
which also guarantees the prescribed performance of the co-
ordinate tracking error, and a NN is employed to approximate
the drift dynamics. A limitation of this elegant result is that
its controller requires the accurate information of the inertia
matrix M. In contrast, by fully employing the parameter affine
property of Euler-Lagrange systems, all system parameters can
be uncertain for the constrained estimator and the estimator-
based ADP controller proposed in the present paper. More
importantly, our control scheme has the ability to make a trade-
off between performance and control cost, reducing the control
cost while strictly guaranteeing the performance specifications.
These advantages are also illustrated by numerical simulations.
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: 1 1 - .
L=VYV*[F+Gu~— §G}z—lGT(vxa— ‘w4 Vxe) + 5GR—lGT(vXa ‘w4 Vxe) + GH (w1, T2, fr(2,))0] + prao T

1 1 . .
=VYV*(F + Gu*) + (wrVio + V}e)[—iGR‘lGTVXmD + 5GR—lGTVXe + GH(xp1, T2, fr(x,))0] + prioTw

1
:—T—ZwTDw—2

— W'V + VEOGH (21, T2, fr(2,))0 + priv ™

1 1 1
—wT D — §V§EGR*1GTvXaw + 1v§eG}r1GTvxe

1 1 ~ .
<—r+ §1DTD1D + §V§€GR71GTVXE + [(w'Vo + Vi0)GH (xp1, T, fr(2,:))0] + prao T

. .1 _ -
< — 71— 0" [preg€i(tuwr, twa) + pre1¢¢T — D] + §V§6GR 'GTVxe+ [(w'Vio + Vie)GH (2, zr2, fr(xr))d)]

prerwTw(er + exr)
(wTw +1)2

T

+ pre2w” €

1 ~
< —efQee — 2 Qa2 — *wT[Plc?cwe_(tw_twl)jpxp +prei¢Ct = 2D + |[(wTV o + Vi) GH (2,1, %o, fr(xr))0)|

2
piciller +eml]?

p1al|E[|Peltwe—tur)

1 T —1~T
“vIGRG
T3 Vxe Vet S e Tm 1102

2cy

(59)

IV. NUMERICAL SIMULATIONS

To verify the effectiveness of the proposed controller, the
model of a typical two-link robot manipulator as in [48] is
employed to carry out numerical simulation tests, which is
defined by

Mi+ (Vi + Fy)¢+ Fs=u (62)

2

where ¢ = [q1,q2]T € R? and ¢ = [§1,¢2]T € R? are

respectively the angular positions and velocities,

A — | Pt 2pscos(qa)  p2+pycos(ge)
p2 + p3 cos(qz) D2 ’
Vo= |

ps O pe tanh(qy)
F = Fs == . 3
¢ [ 0 ps } ’ [ p7 tanh(q)

and p; = 3.473kg-m?, p, = 0.196kg-m?, p3 = 0.242kg-m?,
ps = 53Nms, ps; = 1.1Nms, pg = 8.45Nm,
and p; = 2.35Nm are system parameters. Unlike
[15], [48], we assume that all these parameters are
unknown, thus & = [p1,p2,...,p7]T. The estimation
bounds of # are . = [4.5,0.25,0.3,7,1.5,10,2.8]T

—p3sin(g2)gz  —p3sin(g2) (41 + ¢2)
p3sin(ga)qg1 0 ’

and  Opin - 3,0,0,4.5,0.5,8,1.8]T.  The
reference  trajectory is  designed as @, (¢) =
[sin(0.5¢), —0.25 cos(t), 0.5 cos(0.5t), 0.25 sin(¢)] T with

z.(0) = [0,-0.25,0.5,—0.5]T. The parameters of the
proposed approximate optimal controller (denote as “AOC”)
are set to be Q. = 2Isx2, Q. = Iz3x2, R = Ioxo, a = 0.1,
ki =05, ko =10, kx =1, ¢1 =2, ¢c2 =1, k = 0.02,
tw1 = 0, tye = 2. Following [31], [32], [48], [44], [49],
polynomial basis functions are chosen to construct the critic
NN:

2 2
O'(X) = [612’21,62222,0.5221,0.5222,61222
2.2 2.2 2 2
201222, 0.5€7257,0.5e5255,0.5251 259

2 2 2 2 1T
0.5231 7791, 0.5295T790]

and the initial weight is set to be w(0) = [2,2,10, 10, 017]T.
This design renders

p(0) = =M ~1(0)e(0) — 5M " (0)22(0) (63)
where M is the estimate of M. Please refer to Appendix A
for the motivation of why such an initial controller is selected
in this case study. Other initial conditions are set to be ¢(0) =
[3,=3]T, 4(0) = [0.1,0.1]7T, é(O) = [4,0.1,0.1,6,0.8,9,2]T.
Performance specifications are designed as: p1,0 = p2,0 = 4,
Ploc = P20c = 0.1, and ¢, = 1.

Besides, it should be emphasized that the control method
proposed in this paper is an online ADP method, which does
not require any offline or other pre-gathered data sets. While
most online data is employed to calculate the control signal
directly, a small part of it is fed into the information matrices
in both the parameter estimator and the ADP controller, i.e. Yp
and =. The simulation runs under the fixed-step solver mode
with sample time as 0.01s, and the solver is ode4 (Runge-
Kutta). Under these settings, on the one hand, the data in the
first 2s is employed to build = (¢,,; = Os and £, = 2s), and
it is released (set = to be a zero matrix) after 10s to reduce
the residual error; on the other hand, the data in the first 5s is
employed by Yy and kept until the end of simulation.

Moreover, to show the advantages of the approximate op-
timal controller (denote as “AOC”) proposed in the present
paper, two other controllers are also employed in simulations.

1) The immersion and invariance-based controller in [3]
(denoted as 1&I). As a typical non-CE adaptive control
method, I&I-based controllers have shown superior closed-
loop performance than conventional adaptive controllers. The
1&I-based controller proposed in [3] can also achieve tracking
control objectives for Euler-Lagrange systems under system
uncertainties. The specific design of this controller can be
found in [3], and the control gains are chosen to be v = 2,
kp =0.5, k, =2 and o = 0.5.
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2) The adaptive neural control with prescribed performance
in [15] (denoted as PPC). As mentioned in the Remark 7, the
controller in [15] is also capable of guaranteeing prescribed
performance of the coordinate tracking error. The control
parameters of PPC are set to be I' = 2 and k£ = 10.

Note that the control gains for all the three controllers
have been carefully adjusted to achieve satisfactory transient
performance under similar control input levels.

The time responses of A(t) under AOC is shown in Fig.
3. The switch law in (31) is triggered after ¢ = 5s to reduce
truncation errors. Fig. 3 shows that the estimation error ||6)|
rapidly converge to zero under the proposed estimator. To show
the constraint handling ability of the estimator, the simulation
results of 65 and ég with and without employing the projection
law are illustrated in Fig. 4. One can see that, the estimator
with projection renders a superior estimation performance and
can restrict all estimates to the required bounds. Otherwise,
the estimates go out the feasible region.

Then, the time responses of e; and es under different
controllers are demonstrated in Figs. 5 and 6, respectively. And
the simulation results of z5 are given in Fig. 7. Although all the
three control approaches achieve the tracking control objective,
the I&I controller cannot meet the performance specifications.
Compared with the other two controllers, the PPC method in
[15] leads to a rapid convergence of all tracking errors (this
may benefit from its inner sliding-mode structure), while the
AOC proposed in the present paper has smoother trajectories
and renders fewer fluctuations. Under AOC, there is almost
no overshoot and the transient trajectories are strictly within
the admissible region specified by PPFs. Then the control
cost (T Ryu) of these controllers is given in Fig. 8. One
can see that, PPC has a higher control cost than the other
two methods. In contrast, AOC can make a trade-off and
significantly reduces the control cost.

‘—él ég é'} _é4 55 éﬁ _é7
0.5 .= 1
- 0 f
-0.5 ! ! !
0 5 10 15 20
1 |- 4
=05t ]
0 L
0 5 10 15 20

Time (s)

Figure 3: Time responses of 6 under AOC.

Under the AOC, the weight vector of the critic NN con-
verges to

Wy = [4.4314,2.6588, 9.9185,9.8388, 0.3171, 0.5705,
—0.3684, —1.1564, —0.2285, —0.0282, —0.0005] ™

Since the HJB equation in the simulation case cannot be
precisely solved, we cannot compare w with its unknown

04 .. - = =6, without projection
o —— 0, with projection
L ! \
0.2 U 1 = 92,max n
L L 02,miu
0
0 5 10 15 20
-- -é3 without projection
0.6 R —— 03 with projection
7 \} 937max
04r !l \ om0 i 1
02, v A
0
0 5 10 15 20
Time (s)

Figure 4: Time responses of 05 and 03 with and without

projection.

_4 [ 1 1 1
0 5 10 15 20
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Figure 5: Time responses of e; under different controllers.
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Time (s)

Figure 6: Time responses of ez under different controllers.
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Figure 9: Simulation results under the fixed NN weights.
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Figure 10: Simulation results of the cost index .J.

true values. Instead, we carry out the simulation again while
fixing the NN weights to be the estimated value ws. The
corresponding results of e, zo and w are given in Fig. 9, and its
overall cost (J) compared to the original online-tuning AOC
and the PPC are shown in Fig. 10. One can see that, the
finalized AOC controller with fixed weights estimated by the
proposed method clearly has a superior performance than the
PPC and the original online-tuning AOC, and renders a much
less cost. These facts prove the approximate optimal property
of the proposed control scheme in the present paper.

The computational cost of the proposed controller has
also been analyzed. Theoretically, this mainly comes from
two aspects. The first aspect is related to the reconstruction
of the cost function V*. Recall (43), one can see that a
linear combination of basis/activation functions is employed
to reconstruct the cost function. This indicates that the most
intensive algebraic operation involved in the design is calculat-
ing the gradient of o(X) with respect to X (as shown in (44)).
The second aspect is related to the information matrices in the
parameter estimator and the controller, which requires integral
operations but just for fixed time intervals. All the other
operations involved in the proposed controller are basic ad-
dition/subtraction and multiplication/division operations, and
different specifications of the prescribed performance function
(which decides the transient and steady-state performance of
the coordinate tracking error) have negligible influence on the
computational complexity. For the simulation case considered
in the paper, the proposed controller needs 5.104499 seconds
to complete a simulation of 100 seconds (under a computer
with Intel Core i7-9700K CPU @ 3.60GHz, 32GB RAM),
while the I&I can finish the simulation in 3.603280 seconds.
These analyses and results show that though the computational
complexity of the proposed controller is higher than the non-
linear adaptive controller, the additional computational cost is
limited and acceptable. Especially considering the fact that the
proposed controller can achieve approximate optimal control
(significantly reduced the control cost than advanced adaptive
controllers, such as I&I) with prescribed performance. For
cases when the computational resources are extremely limited,
one can reduce the computational complexity of the proposed
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controller by reducing the number of basis functions and the
data collecting time in information matrices. At the same time,
a trade-off is required since these approaches may result in
potential performance depredation.

To sum up, simulation results verify the effectiveness of
the approximate optimal tracking controller proposed in the
present paper, and the prescribed performance specifications
are strictly guaranteed during the whole control process.

V. CONCLUSION

A novel RL-based approximate optimal tracking control
scheme for uncertain Euler-Lagrange systems was proposed in
this paper. Specifically, an estimator-based critic-only approx-
imate optimal tracking controller was designed to precisely
estimate unknown parameters and approximate the solution
of the HIB equation. Moreover, the proposed control scheme
is capable of guaranteeing prescribe performance. Uniformly
ultimately bounded stability was rigorously guaranteed via
Lyapunov-based analysis under relaxed excitation conditions
(FE conditions). Future work would consider more general
constraints on system states.

APPENDIX
A. An Example of the Initial Control Design

This appendix provides details regarding the selection of the
initial controller in the simulation.

We aim to ensure that this initial controller can guarantee
the UUB of z1, 25 and e. The following Lemma shows that a
PD-like controller could satisfy this requirement.

Lemma 1: Consider the tracking error model of the Euler-
Lagrange system in (10) and (16), design the following PD-
like controller:

u=—k,M Ye—k,M Y2y 4+ H(xp1, %02, fr(2,))0  (64)

and here  and M are updated by the parameter estimator
proposed in Theorem 1. Then for all z;(0) € D, and 25(0) €
R™, one has e, 21,29 € Lo and 21(t) € D, for all ¢ > 0,
subject to the satisfaction of the conditions as given in the
proof.

Proof: To show the boundedness of the closed-loop system,
consider the following storage function:

Vipd = ele + cngzg +eTz (65)
where c is a positive constant. Then one has
[ ,T T €
Vya= [ e ZQ}A[ZQ] (66)
where
A= Lnxn  0.5Ihxn
0.5Ihxn cMIpxn

Thus by setting ¢ > 0.25/m,,, one has A > 0 and V,q is
a valid storage function. Then the time derivative of V)4 is
analyzed in (67). Rearranging the last inequality in (67), one
has:

Voa < —[ €7 ZQT}Bl[;]-i-BQ[ZZ] (68)

where
B; =
kp by ||0]|+ko cky,
o T e T
byamm |0l thke | ckp _ 9 kv _
s T ome T rm —20(5 = b2 |0]]) — T
and

20,01 + (by1parl|0)] + bysl|0l + barbg) /i r
bpoar + 2¢(bgupar 0] + bys 0] + birbg) |

and here b, = max;>o{||P(?)|[}, ppr = maxi=12.._n{pio}
by = maxgsol{H[wn(t), ve2(t), fr(z: ()]}, ™ =
max¢>o{Y(t)}, and b; = max;>o{||0(t)|/}. Besides, m,, and
m s respectively denote the minimum and maximum eigenval-
ues of M. Moreover, the regressor matrix Q(z1, 22, Tr1, Tr2)
is employed for ease of notation. The definition of it is
very similar to Y (21, 22, %1, %p2), in which only the term
C(z1,x2)xo is replaced by C(z1,x2)x,2. We assume that
both Y and () are local Lipschitz (the example system in
the simulation satisfies this assumption). This indicates that
there exists positive constants by1, bya, bys, bg1, bg2, and by3,
such that ||Y(2’1,2’2,1‘7-1,JJ7-2)|| < by1||21|| + byQHZQH + by3
and [|Q(z1, 22, 71, Tr2) | < baallzall + bgallzall + bgs. It
is noteworthy that the results given in (67) and (68) rely
on the following facts: 1) All the properties of the Euler-
Lagrange system considered in the paper, as discussed in
Sec.ILB, particularly the fact that (M — 2C) is an anti-
symmetric matrix. 2) H (1,2, fr(z,)) is bounded, since
Zp1, Tr2y fr(Tr) € Loo. 3) The parameter estimation error 0 is
bounded, as shown in Theorem 1. 4) It can be readily proved
that p,p,P € Loo. 5) Y(t) is always positive-definite and
bounded if z;(¢t) € © and X € X. 6) When z; € ©,, one
has ||21()|| < par. 7) We assume M is positive-definite since
6 exponentially converges to zero.

Eq. (68) shows that, by setting c, k,, and &, to ensure By >
0, one has e, z; and zo are UUB. Based on the definition of
e, one has z1(t) € ©, for all ¢t > 0. The proof is complete.

We emphasize that the requirement By > 0 is a sufficient
condition which is deduced by considering extreme situations.
In practice, the margins of the initial control parameters are
actually much larger and can be set empirically.

A remaining issue is representing the initial controller by
a set of basis functions. Since the term introduced by the
parameter estimation error (H (z,1, 22, fr(mr))é) has been
considered in Theorem 2, one can see that designing an initial
controller following (64) is equivalent to design y as:

|

w= —kp]\}[*le — kvale (69)

For the specific simulation scenario in this paper, the basis
functions are set to be
o(X) = [e1201, €2229,0.522,,0.522,, €1 220
291292, 0.5€3 22, 0.5e522,,0.522, 23,
0.5251 %791, 0.525507 5]
with initial guess of w to be w(0) = [2,2, 10, 10, 017]T. This

leads to

11(0) = =M1 (0)e(0) — 53 ~1(0)22(0) (70)
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=2¢Te + QngMég + CZQTMZQ + 6Tz +eTM 1Mz

=2eT (Y2 — P2z1) + 2¢23 [Q(21, 20, X1, 2)0 + H (21, Ty0, fr(xr))e~ — kpM_le — k'vM_lzz]
+ (Yzg — Pz1) T 2g + €T MY (21, 20, 1, T02)0 4+ H(21, Tpa, fr(2,))0 — kpM_le — kM1 2,)]
<2rullellllz2ll + 2bpparllell + 2cllz2 | (bgroar 0] + bazllz2 101 + bes||61] + brbs + kypllell/mm — kullz2||/mar)
+ 7 |lz2l” + bppar |22l + llell (byrpar |6l + byallz2 161 + bysllO]] + brbg + kollz2ll/em) /10m — kp||€||2/(mMm(%47))

which is consistent with the one in Eq. (69) (under the
condition k, =1 and k, = 5).

Finally, it should be emphasized that any controllers that can
ensure the UUB of e z;, and 25 is eligible to be employed as
the initial control policy for the proposed method, as long as

they
here
spec

[6]

[7]

[8]

[9]
[10]

(11]

[12]

[13]

[14]

[15]

can be reconstructed by proper basis functions. The one
can be regarded as a simple but effective example for the
ific simulation scenario considered in this paper.
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