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Abstract—This article studies the robust adaptive asymptotic
tracking control problem for uncertain nonlinear systems with
event-triggered inputs. Contrary to the existing results, a novel
nonaffine nonlinear control input separated design scheme is
developed based on the Taylor decoupling technique instead
of the previous approximation ways. Correspondingly, the aug-
mented dimension parameter updated laws and the unknown
bound estimation of the compounded disturbance with a posi-
tive continuous integrable function are skillfully introduced. Also,
by introducing a suitable decreasing function of tracking error
variables, an improved adaptive event-triggered mechanism is
constructed to achieve the asymptotic tracking and the communi-
cation load can be effectively alleviated. Moreover, it is shown that
all the signals in the closed-loop system are uniformly bounded
and the tracking errors converge to zero in a preset compact
set. Finally, the validity of the proposed method is illustrated by
simulation on an inverted pendulum model.

Index Terms—Adaptive control, asymptotic tracking, event-
triggered control (ETC), Taylor decoupling, uncertain nonlinear
system.

I. INTRODUCTION

AS IS well known, the vast majority of practical engineer-
ing systems can be modeled by the various forms of lin-

ear or nonlinear dynamic differential equations [1]–[5]. More
especially, an adaptive backstepping method, that is, a quite
effective control technique, has applied to several different
types of nonlinear plants [6]–[10]. In [11], the robust adaptive
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global tracking control of strict-feedback nonlinear systems
with parameter uncertainties, external disturbances, and input
saturations was developed by introducing a smooth approxi-
mation function and a Nussbaum function, respectively. Based
on the direct adaptive method and backstepping process, the
asymptotic tracking [12] was achieved for uncertain non-
linear systems subject to actuator dead-zone and hysteresis
nonlinearities. Recently, a fault-tolerant control (FTC) based
on performance technique [13] was presented for nonlinear
systems with actuator failures and unknown control direc-
tions. For stochastic nonlinear time-delayed systems subject to
actuator saturations, an output-feedback control scheme was
developed in [14] via constructing the corresponding auxil-
iary system. It is noted that substantial research results are all
devoted to the strict-feedback nonlinear systems rather than
the nonaffine nonlinear systems. The intelligent approximation
ways, such as fuzzy logic systems (FLSs) [15]–[19] or neural
networks (NNs) [20]–[23], have been widely used for con-
troller decoupling by implicit function theorem or mean-value
theorem.

Unfortunately, we know that the intelligent approximation
abilities are effective only in a proper compact set, which
cannot be preset and thus the obtained analysis results are rela-
tively conservative. Meanwhile, in order to reduce the amount
of sample-data and communication, the ETC methods have
been widely studied and gradually replaced the traditional
periodical sampled-data scheme. Therefore, many significant
event-triggered strategies [24]–[33] have been obtained. The
designed event-driven communication scheme [34] can effec-
tively use the network resources for the networked switched
systems. In [35], an adaptive event-triggering FTC is addressed
via the generalized fuzzy hyperbolic approximation technique.
The novel adaptive event-triggered tracking control method [36]
and the event-triggered FTC design scheme [37] were suc-
cessfully applied for uncertain nonlinear systems, respectively.
In [38], the adaptive event-triggered fault-tolerant controller was
designed for uncertain nonlinear nonstrict-feedback systems by
constructing fuzzy observer. Unfortunately, the above methods
are limited to the asymptotic tracking control and the design of
event-triggered mechanism for uncertain nonaffine nonlinear
systems with unknown parameter vectors. Thus, it is more chal-
lenging to develop a novel adaptive event-triggering strategy
to solve the addressed stability problem.

Motivated by the corresponding discussions, a novel adap-
tive asymptotic tracking-based event-trigger control design of
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uncertain nonaffine nonlinear systems is proposed in this arti-
cle. Concretely, the major contributions and novelties of the
work are marked as follows.

1) Without using any approximation technique as in [7],
[15]–[23], and [35], the adaptive asymptotic tracking
control is first extended to uncertain nonaffine nonlin-
ear systems subject to unknown parameter vectors and
event-triggered inputs.

2) Different from the existing results [8], [11], and [13]
whose tracking errors can only be uniformly ultimately
bounded (UUB), the augmented dimension parameter
updated laws and the unknown bound estimation of the
compounded disturbance with a positive continuous inte-
grable function are effectively constructed. Accordingly,
a novel nonaffine nonlinear decoupling strategy based
on the Taylor theorem is given to achieve the desired
asymptotic tracking control objective.

3) Not only the considered nonlinear systems of this arti-
cle can be reviewed as an extension of [36], where the
considered ones are strict-feedback form. But also com-
pared with [36], an improved adaptive ETC strategy with
a suitable decreasing function including tracking error
variables is proposed here. The computation load of the
communication process is thus substantially alleviated.

II. PROBLEM FORMULATION

Consider a class of nonaffine nonlinear systems as follows:

ẋk = gk(Xk)xk+1 + fk(Xk)+ ψT
k (Xk)ηk

k = 1, 2, . . . , n − 1

ẋn = fn(X, u)+ ψT
n (X)ηn + d(t)

y = x1 (1)

where X = [x1, x2, . . . , xn]T ∈ R
n,Xk = [x1, x2, . . . , xk]T ∈

R
k, k = 1, 2, . . . , n − 1, u ∈ R, y ∈ R and d ∈ R are

the system state vectors, the actual input, the control out-
put, and the additive disturbance, respectively; ηk ∈ R

p

denotes the unknown parameter vector; the nonlinear func-
tions fk(·), gk(·) : Rk → R, ψi(·) : Ri → R

p, i = 1, 2, . . . , n
and fn(·) : R

n+1 → R, respectively, represent the known
and unknown smooth functions with fk(0) = 0, ψi(0) =
0, gk(Xk) �= 0, k = 1, 2, . . . , n − 1, and fn(0, 0) = 0.

Our control objectives are that: 1) all signals in the closed-
loop signals are bounded within a given compact set; 2) the
system output tracking error e1 = y − yr asymptotically
converges to zero; and 3) the communication load is effec-
tively reduced. To achieve this goal, we make the following
necessary assumptions and useful lemmas.

Assumption 1: Both the reference signal yr, its kth order
derivatives y(k)r , k = 1, 2, . . . , n, and the additive distur-
bance d are continuous and bounded, which implies that
|yr| ≤ y∗

r , |y(k)r | ≤ y∗
rk and |d| ≤ d∗ with y∗

r , y∗
rk, and d∗ being

the unknown upper bounds, respectively.
Assumption 2: For a given compact set �X ∈ R

n, there
exist two positive constants f ∗

l and f ∗
u such that

0 < f ∗
l ≤ ∂fn(X, 0)

∂u
≤ f ∗

u (2)

for all X ∈ �X .
Remark 1: In practice, a large number of dynamical

plants including underwater robots, electrical and mechanical
systems, and chemical processes can be modeled as the non-
affine nonlinear structure. Meanwhile, it is readily seen that
the considered nonlinear system in [36] is a special case of (1).

Remark 2: Clearly, it follows from Assumption 1 that the
reference trajectory yr and its derivatives y(k)r , k = 1, 2, . . . , n
are continuous and bounded. It should be pointed out that (2)
of Assumption 2 is looser than the following condition
satisfying:

0 < f ∗
l ≤ ∂fn(X, u)

∂u
≤ f ∗

u ∀X ∈ R
n, u ∈ R (3)

as in [15] and [20]. For example, consider the nonaffine
nonlinear function fn(X, u) = u + 0.5 sin(uX) and then it
is easy to verify that (∂fn(X, u)/∂u) = 1 + 0.5X cos(uX)
does not satisfy (3). However, we can infer that 0.8 ≤
(∂fn(X, 0)/∂u) ≤ 1.2 on a given compact set [ − 0.4, 0.4] and
therefore that (2) holds. By (2), the actual input u of non-
linear coupling term fn(X, u) is effectively separated via the
following Taylor expansion technique.

Lemma 1: Let �X be a given compact set of R
n, then the

nonlinear coupling function fn(X, u) of (1) can be decoupled
as the following affine form:

ẋk = gk(Xk)xk+1 + fk(Xk)+ ψT
k (Xk)ηk

k = 1, 2, . . . , n − 1

ẋn = gn(X, 0)u + C(X)+ ψT
n (X)ηn + d(t)

y = x1 (4)

where C(X) = fn(X, 0) + hn(X, u) with hn(X, u) =
[(∂gn(X, 0))/∂u]u2 + (1/2!)[(∂2gn(X, 0))/∂u2]u3 + · · · +
(1/n!)[(∂ngn(X, 0))/∂un]un+1 + Rn+1(X, u)u and gn(X, u) =
(∂f (X, u)/∂u) |u=uλ with uλ = λu, λ ∈ (0, 1).

Proof: Using Assumption 2 and the mean value theorem, the
nonaffine nonlinear function fn(X, u) of (1) can be separated
into

fn(X, u) = fn(X, 0)+ gn(X, u)u (5)

where gn(X, u)= (∂f (X, u)/∂u) |u=uλ with uλ= λu, λ ∈ (0, 1).
Clearly, it can be seen that gn(·) is a smooth function of

X and u. To separate u from gn(·) and then design adap-
tive controller, the Taylor’s theorem in [41] can be applied
to decoupling analysis

gn(X, u) = gn(X, 0)+ ∂gn(X, 0)

∂u
u + 1

2!

∂2gn(X, 0)

∂u2
u2

+ · · · + 1

n!

∂ngn(X, 0)

∂un
un + Rn+1(X, u) (6)

where Rn+1(X, u) = [1/(n + 1)!][(∂n+1gn(X, ξ))/∂un+1]un+1

with ξ being a constant between 0 and u. Consequently,
substituting (6) into (5), it is seen that

fn(X, u) = fn(X, 0)+ gn(X, 0)u + hn(X, u) (7)
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where hn(X, u) = [(∂gn(X, 0))/∂u]u2 + (1/2!)[(∂2gn(X, 0))/
∂u2]u3 + · · · + (1/n!)[(∂ngn(X, 0))/∂un]un+1 + Rn+1(X, u)u.
Now let C(X) = fn(X, 0) + hn(X, u), this shows that
(4) holds.

Lemma 2 [40]: For any δ > 0 and z ∈ R, the following
fact holds:

0 ≤ |z| − z tanh
( z

δ

)
≤ κδ (8)

with κ = 0.2785.
Lemma 3 [42]: Assume q(t) is a continuous function

defined on [0,+∞). If q ∈ L2[0,+∞) and q̇ ∈ L∞, then

lim
t→∞ q(t) = 0. (9)

Remark 3: On the basis of backstepping design,
Lemmas 1–3 play the important roles in the latter sta-
bility analysis for unknown parameter estimation and
event-trigger input scheme. To effectively separate the control
input u from fn(X, u), the mean-value theorem and the Taylor
expansion method are applied to the decoupling transforma-
tion from (1) to (4) in Lemma 1. By Lemmas 2 and 3, the
asymptotic tracking control objective can be achieved instead
of traditional UUB results.

III. ADAPTIVE EVENT-TRIGGER CONTROLLER DESIGN

To construct the control input, an efficient adaptive event-
triggered controller will be provided based on the backstepping
procedure. The design scheme begins with the following error
transformations:

e1 = y − yr

ek = xk − uk−1, k = 2, 3, . . . , n − 1 (10)

where uk−1 is the virtual controller designed in step k − 1. By
this way, the final event-triggered control signal u is generated
in the last step.

Step 1: From (10), it is clear that

ė1 = g1x2 + f1 + ψT
1 η1 − ẏr

= g1e2 + g1u1 + f1 + ψT
1 η1 − ẏr. (11)

To stabilize (11), we choose the following Lyapunov function:

V1 = 1

2
e2

1 + 1

2
ϒ̃T

1 �
−1
1 ϒ̃1 (12)

where ϒ1 = η1, ϒ̂1 is the estimation of ϒ1, �1 = �T
1 > 0,

and ϒ̃1 = ϒ1 − ϒ̂1 represents the parameter estimation error.
From (11), denote �1 = ψ1, and the time derivative of (12) is

V̇1 = e1
(
g1e2 + g1u1 + f1 +�T

1ϒ1 − ẏr
) − ϒ̃T

1 �
−1
1

˙̂
ϒ1. (13)

Noting Assumption 2, the virtual control u1 with adaptive law
ϒ̂1 is now designed as

u1 = g−1
1

(
−a1e1 − f1 −�T

1 ϒ̂1 + ẏr

)

˙̂
ϒ1 = −ε(t)�1ϒ̂1 + �1�1e1 (14)

where a > 0 is a design parameter, ε(t) is such that ε(t) > 0
and

∫ t
0 ε(s)ds ≤ ε̄∗ < ∞ ∀t ≥ 0. By substituting (14) into (13),

it leads to

V̇1 ≤ −a1e2
1 + g1e1e2 + ε(t)ϒ̃T

1 ϒ̂1. (15)

Step k(2≤ k≤ n-1): By recursively utilizing ek = xk −uk−1,
it can be deduced that

ėk = gkxk+1 + fk + ψT
k ηk −

k−1∑
i=1

∂uk−1

∂xi

(
xi+1 + fi + ψT

i ηi
)

−
k−1∑
i=0

∂uk−1

∂y(i)r

y(i+1)
r −

k−1∑
i=1

∂uk−1

∂ϒ̂i

˙̂
ϒi

= gkzk+1 + gkuk + fk +�T
k ϒk −

k−1∑
i=1

∂uk−1

∂xi
(xi+1 + fi)

−
k−1∑
i=0

∂uk−1

∂y(i)r

y(i+1)
r −

k−1∑
i=1

∂uk−1

∂ϒ̂i

˙̂
ϒi (16)

where �k = [ − (∂uk−1/∂x1)ψ
T
1 , . . . , −(∂uk−1/ ∂xk−1)

ψT
k−1, ψ

T
k ]T and ϒk = [ηT

1 , η
T
2 , . . . , η

T
k ]T . Construct the

Lyapunov function candidate as follows:

Vk = Vk−1 + 1

2
e2

k + 1

2
ϒ̃T

k �
−1
k ϒ̃k (17)

where �k = �T
k > 0, ϒ̂k is the estimation of ϒk, and

ϒ̃k = ϒk − ϒ̂k is the parameter estimation error. Next, the
time derivative of (17) is

V̇k = V̇k−1 + ek

(
gkzk+1 + gkuk + fk +�T

k ϒk

−
k−1∑
i=1

∂uk−1

∂xi
(xi+1 + fi)−

k−1∑
i=0

∂uk−1

∂y(i)r

y(i+1)
r

−
k−1∑
i=1

∂uk−1

∂ϒ̂i

˙̂
ϒi

)
− ϒ̃T

k �
−1
k

˙̂
ϒk

≤ −
k−1∑
i=1

aie
2
i

+ ek

(
gkzk+1 + gkuk +�T

k ϒk

+ fk −
k−1∑
i=1

∂uk−1

∂xi
(xi+1 + fi)+ gk−1ek−1

−
k−1∑
i=0

∂uk−1

∂y(i)r

y(i+1)
r −

k−1∑
i=1

∂uk−1

∂ϒ̂i

˙̂
ϒi

)

+ ε(t)
k−1∑
i=1

ϒ̃T
i ϒ̂i − ϒ̃T

k �
−1
k

˙̂
ϒk. (18)

Correspondingly, the virtual control uk with adaptive law ϒ̂k

can be taken as
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uk = g−1
k

(
− akek − fk −�T

k ϒ̂k − gk−1ek−1

+
k−1∑
i=1

∂uk−1

∂xi
(xi+1 + fi)+

k−1∑
i=0

∂uk−1

∂y(i)r

y(i+1)
r

+
k−1∑
i=1

∂uk−1

∂ϒ̂i

˙̂
ϒi

)

˙̂
ϒk = −ε(t)�kϒ̂k + �k�kek (19)

where ak > 0 is a design parameter.
Using (18), (19) becomes

V̇k ≤ −
k∑

i=1

aie
2
i + gkekek+1 + ε(t)

k∑
i=1

ϒ̃T
i ϒ̂i. (20)

Step n: Using the transformation en = xn − un−1 and
Lemma 1, we infer that

ėn = gn(X, 0)u + C(X)+ ψT
n ηn + d

−
n−1∑
i=1

∂un−1

∂xi

(
xi+1 + fi + ψT

i ηi
)

−
n−1∑
i=0

∂un−1

∂y(i)r

y(i+1)
r −

n−1∑
i=1

∂un−1

∂ϒ̂i

˙̂
ϒi

= gn(X, 0)u + C(X)+�T
nϒn + d

−
n−1∑
i=1

∂un−1

∂xi
(xi+1 + fi)

−
n−1∑
i=0

∂un−1

∂y(i)r

y(i+1)
r −

n−1∑
i=1

∂un−1

∂ϒ̂i

˙̂
ϒi (21)

where �n = [ − (∂un−1/∂x1)ψ
T
1 , . . . , −(∂un−1/ ∂xn−1)

ψT
n−1, ψ

T
n ]T and ϒn = [ηT

1 , η
T
2 , . . . , η

T
n ]T . Since the contin-

uous function defined in a given compact set �X is always
bounded, then we introduce an unknown positive constant B∗
such that |C(X) + d| ≤ |C(X)| + |d| ≤ B∗ for all X ∈ �X . It
is naturally to let B̂ be the estimation of B∗, and B̃ = B∗ − B̂
be the corresponding estimation error, respectively.

We now employ the following Lyapunov function:

Vn = Vn−1 + 1

2
e2

n + 1

2
ϒ̃T

n �
−1
n ϒ̃n + 1

2
γ−1B̃2 (22)

where γ > 0, �n = �T
n > 0 are the design parameters, ϒ̂n

is the estimation of ϒn, and ϒ̃n = ϒn − ϒ̂n is the parameter
estimation error.

By taking the time derivative of (22), it is easy to see that

V̇n = V̇n−1 + en

(
gn(X, 0)u + C(X)+�T

nϒn + d

−
n−1∑
i=1

∂un−1

∂xi
(xi+1 + fi)−

n−1∑
i=0

∂un−1

∂y(i)r

y(i+1)
r

−
n−1∑
i=1

∂un−1

∂ϒ̂i

˙̂
ϒi

)
− ϒ̃T

n �
−1
n

˙̂
ϒn − γ−1B̃ ˙̂B

≤ −
n−1∑
i=1

aie
2
i + |en|B∗

+ en

(
gn(X, 0)u +�T

nϒn

−
n−1∑
i=1

∂un−1

∂xi
(xi+1 + fi)+ gn−1en−1

−
n−1∑
i=0

∂un−1

∂y(i)r

y(i+1)
r −

n−1∑
i=1

∂un−1

∂ϒ̂i

˙̂
ϒi

)

+ ε(t)
n−1∑
i=1

ϒ̃T
i ϒ̂i − ϒ̃T

n �
−1
n

˙̂
ϒn − γ−1B̃ ˙̂B. (23)

Hence, we choose the continuous controller as follows:

un = −anen −�T
n ϒ̂n − gn−1en−1

+
n−1∑
i=1

∂un−1

∂xi
(xi+1 + fi)+

n−1∑
i=0

∂un−1

∂y(i)r

y(i+1)
r

+
n−1∑
i=1

∂un−1

∂ϒ̂i

˙̂
ϒi − enB̂2

en tanh
(
enε−1

)
B̂ + ε

˙̂
ϒn = −ε(t)�nϒ̂n + �n�nen

˙̂B = −γ ε(t)B̂ + γ |en| (24)

where an > 0 is a design parameter.
Furthermore, the actual event-triggered control input strat-

egy is given as follows:

v(t) = −ρ−1
0 (1 + σ0)

(
un tanh

(unen

ε

)
+ σ1 tanh

(enσ1

ε

)

+ e0 tanh
(e0en

ε

))
(25)

u(t) = v(ts) ∀t ∈ [
ts, ts+1)

ts+1 = inf
{
t ∈ R

+||eu(t)| ≥ σ0|u(t)| + μ0e0 + ν0
}

(26)

where the input sampling error eu(t) is denoted as eu(t) =
v(t) − u(t), e0 = [1/(

∑n
k=1 |ek(t)| + κ0), and κ0 > 0, ρ0 >

0, 0 < σ0 < 1, σ1 > 0, μ0 > 0, ν0 > 0 are positive design
parameters such that

ρ0 ≤ f ∗
l , μ0f ∗

u < 1 − σ0, ν0f ∗
u < σ1(1 − σ0). (27)

Besides, ts, s ∈ N
+ represents the input update time. It means

that when the trigger condition (26) is activated, the time will
be set as ts+1 and then u(ts+1) is implemented the controller.
Especially, the final input u keeps in a constant value u(t) =
v(ts) ∀t ∈ [ts, ts+1).

Remark 4: It should be pointed out that there is no
involving any approximation schemes [7], [15]–[23], [35].
More especially, the tracking errors of the existing results
[8], [11], [13] are only UUB rather than asymptotically con-
verge to zero, In this article, the augmented dimension adaptive
control laws and the online updated estimation of the com-
pounded disturbance bound with a positive continuous inte-
grable function are effectively constructed. Moreover, by using
the Taylor theorem, a novel nonaffine nonlinear decoupling
strategy is proposed to guarantee the tracking errors to be zero
asymptotically.
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Remark 5: Different form the event-triggering schemes
in [36], an improved adaptive event-triggered design strategy
by introducing a decreasing function on the basis of the relative
threshold method is proposed here. Note that the introduced
decreasing function e0(t) provides a larger triggering threshold
when the tracking error ek becomes small for k = 1, 2, . . . , n.
By adding the function e0 with the variables of tracking errors,
we can obtain the desired asymptotic tracking performance if
the fixed threshold ν0, and the adjustable parameters κ0, μ0,
and σ0 of |e0| and |u|, respectively, are properly chosen.

By means of (25) and (26), it is easy to see that |v(t) −
u(t)| ≤ σ0|u(t)| + μ0e0 + ν0 ∀t ∈ [ts, ts+1). Meanwhile, we
can also obtain that there exists a continuous function χ0(t)
satisfying v(t) − u(t) = χ0(t)(σ0|u(t)| + μ0e0(t) + ν0) with
χ0(ts) = 0, χ0(ts+1) = ±1, |χ0(t)| ≤ 1 for all t ∈ [ts, ts+1) as
in [36]. Then, we have

u(t) = v(t)− χ0(t)μ0e0 − χ0(t)ν0

1 + χ1(t)σ0
(28)

where χ1(t) = ±χ0(t) and |χ1(t)| ≤ 1. Recalling that
−x tanh(x/κ) ≤ 0 ∀x ∈ R, κ > 0, we find that env(t) ≤ 0.
Thus, it can be further established

env(t)

(1 + χ1(t)σ0)
≤ env(t)

(1 + σ0)
(29)

Using (23), (24), and (27)–(29), it is seen from Assumption 2
and Lemma 2 that

V̇n ≤ −
n∑

i=1

aie
2
i − |e0||en| − σ1|en| + f ∗

u μ0|e0||en|
1 − σ0

+ f ∗
u ν0|en|
1 − σ0

+ ε(t)
n∑

i=1

ϒ̃T
i ϒ̂i + ε(t)B̃B̂ + 1.8355ε(t)

≤ −
n∑

i=1

aie
2
i + ε(t)

n∑
i=1

ϒ̃T
i ϒ̂i + ε(t)B̃B̂ + 1.8355ε(t).

(30)

Now, we will give the main result of the asymptotic
stabilization-based event-triggered of the closed-loop systems.
Also, the existence of the lower bound of inter-event intervals
{ts+1 − ts} will be studied by the following theorem.

Theorem 1: Consider the nonaffine nonlinear systems (1)
subject to event-triggered inputs, and Assumptions 1 and 2
hold. Suppose that X(0) ∈ �X = {X||x1(0)| ≤
C∗

1, . . . , |xn(0)| ≤ C∗
n} with C∗

i > 0 being a bound of xi for
i = 1, 2, . . . , n. Then, the presented control scheme (14), (19),
and (24)–(26) can ensure that all the tracking errors ek, k =
1, 2, . . . , n asymptotically converge to zero over �X , and the
inter-execution intervals {ts+1 − ts} are lower bounded by a
positive constant.

Proof: Notice that the fact ϒ̃T
i ϒ̂i = ϒ̃T

i (ϒi − ϒ̃i) ≤
(1/4)‖ϒi‖2, i = 1, 2, . . . , n, B̃B̂ = B̃(B∗ − B̃) ≤ (1/4)B∗2,
we then have

V̇n ≤ −a0‖e‖2 + 1

4
ε(t)

(
n∑

i=1

‖ϒi‖2 + B∗2 + 7.342

)
(31)

where a0 = min{ai, i = 1, 2, . . . , n}, e = [e1, e2, . . . , en]T . For
the further analysis, we can rephrase an augmented dimension

error vector satisfying ẽ = [eT , ϒ̃T
1 , . . . , ϒ̃

T
n , B̃]T , and then

integrating (31) from 0 to t yields

Vn(ẽ) ≤ −a0

∫ t

0
‖e(τ )‖2dτ + Vn(ẽ(0))+ b0 (32)

for the positive constant b0 satisfying b0 =
(1/4)ε̄∗(

∑n
i=1 ‖ϒi‖2 + B∗2 + 7.342).

By recursively inferring, (32) shows that Vn(ẽ) and hence
e, ϒ̃i, i = 1, 2, . . . , n, B̃, u are all bounded in the preset
compact set �X . This implies ė is also bounded. From
Lemma 3 and (32), It is not hard to deduce that e ∈ L2 and
limt→∞ ‖e‖ = 0.

Next, the existence of the lower bound T̄∗ > 0 of inter-
event intervals {ts+1 − ts} is to be proved. By computing the
time derivative of eu(t) = v(t) − u(t) ∀t ∈ [ts, ts+1), we then
infer that

d

dt
|eu| = d

dt
(eu ∗ eu)

1
2 = sign(eu)ėu ≤ |v̇|. (33)

It follows from (25) that v̇ is also continuous in �X .
Therefore, we can conclude |v̇| < V̄∗ with V̄∗ > 0 being
a local upper bound. From eu(ts) = 0 and limt→ts+1 eu(t) =
σ0|u(ts+1)| + μ0e0(ts+1) + ν0, the lower bound T̄∗ of
inter-event intervals can be found and it satisfies that
T̄∗ ≥ [(σ0|u(ts+1)| + μ0e0(ts+1)+ ν0)/V̄∗] ≥ (ν0/V̄∗), which
implies the Zeno behavior cannot occur [39]. Theorem 1 holds
true.

Remark 6: Based on the above analysis, a new adaptive
event-trigger asymptotic tracking control strategy of uncer-
tain nonlinear systems with unknown parameter vectors can
be obtained. Correspondingly, the designed adaptive con-
trollers (14), (19), (24), and (25) with triggering mecha-
nism (26) not only guarantees that all the signals in the
closed-loop systems are locally bounded, and the system out-
put tracking error can asymptotically converge to zero, but
also the communication load can be effectively reduced.

IV. SIMULATION RESULTS

To verify the proposed approach, an event-triggered adap-
tive controller design problem of inverted pendulum system is
studied in this section. The corresponding nonaffine nonlinear
dynamics model [43] is described by

ẋ1 = x2 + ψ1η1

ẋ2 = l1 sin(x1)+ l2x2 + l3(0.5u + tanh(u))

+ ψ2η2 + d

y = x1 (34)

where x1 and x2 are the system states, l1 = 24.527, l2 =
−0.107, l3 = 12.5, ψ1 = x2

1, ψ2 = x2
2, η1 and η2 denote

the unknown parameter uncertainties, d = 0.8 cos(t), and the
reference trajectory is yr = 0.5 sin(t). By using the event-
triggered adaptive control (14), (19), and (24)–(26), we choose
the simulation parameters as a1 = a2 = 20, �1 = 15, �2 =[

15 0
0 15

]
, γ = 18, ε(t) = e−0.02t, ρ0 = f ∗

l = f ∗
u = 1.5l3 =

18.75, σ0 = 0.6, σ1 = 5, μ0 = 0.02, and ν0 = 0.1. Let the
initial values be X(0) = [ − 0.1, 0.1]T , ϒ̂1(0) = 0.5, ϒ̂2(0) =
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Fig. 1. Trajectories of y and yr .

Fig. 2. Adaptive law ϒ̂1.

Fig. 3. Adaptive laws ϒ̂21 and ϒ̂22.

[0.5, 0.5]T , and B̂(0) = 0.5. Concomitantly, we get the sim-
ulation results in Figs. 1–6. In Fig. 1, the trajectories of the
system output y and the reference signal yr are provided. The
adaptive estimation curves ϒ̂1, ϒ̂21, ϒ̂22 and the input signals
u(t) and v(t) are shown in Figs. 2–4, respectively. It is clearly
seen that they are all bounded. The trajectory of triggering
threshold value is provided in Fig. 5, and the numbers of trig-
gering events are 110 in Fig. 6. In view of Figs. 1–6, we
can see that both the asymptotic tracking performance and
the desired event-triggering utility of the closed-loop nonlinear
system are guaranteed in the presence of unknown parameter
vectors, external disturbances, and event-triggering inputs. In

Fig. 4. Trajectories of v and u.

Fig. 5. Triggering threshold value.

Fig. 6. Inter-event times of u.

particular, the numbers of triggering events of the three thresh-
old strategies in [36] are 622, 396, and 347, respectively. This
shows the effectiveness of the proposed scheme in this article
to reduce the number of triggering transmissions control in
comparison with the existing methods.

V. CONCLUSION

In this article, the adaptive event-triggered asymptotic track-
ing control of nonaffine nonlinear systems with unknown
parameter vectors is studied. By utilizing the Taylor expansion
technique, a new nonaffine nonlinear control input decou-
pling strategy is proposed, and then the augmented dimension
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parameter updated laws and the unknown bound estimation
of the compounded disturbance are constructed. Moreover, an
improved event-trigger mechanism by introducing a decreasing
function of tracking error variables is designed. The commu-
nication load can be substantially reduced. It is proved that all
the closed-loop signals are locally uniformly bounded, and the
system output tracking error can converge to zero. The validity
of the proposed method is confirmed by a numerical example.
In our next work, the adaptive event-triggered tracking control
problem with prescribed performance for uncertain nonlinear
systems will be further considered.
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