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Constrained Attitude Control of Uncertain
Spacecraft with Appointed-Time Control
Performance

Xuhui Lu, Yingmin Jia, Member, IEEE, Yongling Fu, and Fumitoshi Matsuno, Senior Member, IEEE

Abstract—This paper studies the appointed-time attitude
tracking control of the spacecraft on Special Orthogonal Group,
with the attitude forbidden zone, the parameter uncertainties,
and the external disturbances. A novel projection function is
proposed, such that the normalized boresight vector of the
sensitive instrument is mapped to a reduced dimensional vector
in the Euclidean space. If the reduced dimensional vector is
uniformly bounded, the constraint on the attitude forbidden
zone will be satisfied at all the time. By virtue of the de-
signed reduced dimensional vector and the associated auxiliary
vectors, a set of vector-based error functions, the appointed-
time performance constraints and the according switching law
are carefully constructed. The proposed vector-based adaptive
control scheme ensures that the spacecraft attitude can satisfy
the attitude constraint and appointed-time control performance
simultaneously, in the presence of parameter uncertainties and
external disturbances. Simulation results show the effectiveness
of the designed control scheme.

Index Terms—Attitude tracking control, Prescribed perfor-
mance control, Attitude constraint, Uncertainties.

I. INTRODUCTION

The spacecraft attitude control has attracted much attention
in recent years, due to its significance in many space missions
[1]-[5]. However, it is still challenging to design the attitude
control scheme of spacecraft. This is because the state space
of the spacecraft attitude constitutes a nonlinear manifold
named Special Orthogonal Group SO(3) [6]-[9]. Besides, the
spacecraft is inevitably subject to the parameter uncertainties
and the external disturbances in the space environment [10]-
[16]. The closed-loop stability of the spacecraft attitude control
system will be deteriorated if the parameter uncertainties
and the external disturbances are overlooked in the controller
design. In face of the above problems, several breakthroughs
have been made in the field of spacecraft attitude control [17]-
[22]. In [23], a novel nonlinear terminal sliding mode attitude
control input and the model predictive control method are
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combined to achieve the spacecraft attitude tracking, in the
presence of the inertia uncertainties, the external disturbances
and the actuator constraints. Several fault-tolerant attitude
control schemes are also proposed in [24]-[28], to improve the
robustness of the closed-loop system to the actuator faults.

Unfortunately, the above methods [17]-[28] are derived
based upon the attitude parameterization of the rotation matrix
on SO(3), like the Euler angles, the quaternion and the
modified Rodriguez parameters (MRPs). Notice that the Euler
angles and the MRPs encounter singularity problem, and the
quaternion-based continuous attitude control scheme suffers
from the unwinding phenomenon. Hence, it is of great impor-
tance to design the attitude control scheme directly on SO(3),
to prevent the above problems. Sanyal et al. [29] design an
attitude control scheme on SO(3) to achieve almost global
attitude tracking. In [30]-[31], the hybrid control method is
successfully applied into the attitude control on SO(3). In
[32]-[33], the attitude synchronization control schemes are
developed on SO(3), for the general time-varying and directed
communication graph. In [34], An adaptive passivity-based
control scheme is also proposed to realize attitude tracking on
SO(3). In [35], a distributed observer is designed on SO(3)
to estimate the leader’s state information, and the obtained
SO(3)-based attitude consensus control scheme can avoid the
measurement of the angular velocity.

However, notice that the methods in [17]-[35] do not
consider the attitude constraints of the spacecraft. In fact,
the boresight vectors of some sensitive instruments of the
spacecraft should prevent direct exposure to the specific ce-
lestial objects. Therefore, to meet the according attitude con-
straints, several effective attitude trajectory planning schemes
have been proposed [36]-[39]. Note that compared with the
trajectory planning method [36]-[39], the potential-function-
based attitude control method can ensure the closed-loop
stability. In [40], the artificial potential function on the attitude
constraints and the according constrained attitude stabilization
control scheme are elaborately designed. In [41]-[42], the
potential-function-based attitude stabilization control schemes
are also developed and are robust to the external disturbances.
A hierarchical controller is designed for the spacecraft attitude
stabilization in [43], where the attitude constraints and the
input saturation are both considered. Note that the methods
in [40]-[43] are derived on the quaternion. Hence in [44], an
adaptive constrained attitude control scheme is proposed on
SO(3), so that the robustness of the closed-loop system toward
the external disturbances is enhanced. In [45], a velocity-free
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constrained attitude synchronization control scheme is also
developed on SO(3).

Besides, the results in [29]-[34] and [40]-[44] only ensure
the closed-loop stability and the convergence of the attitude
tracking/regulation error. However, the transient and steady
control performance of the spacecraft attitude is essential
to realize several space missions, and is challenging to be
determined a priori [46]-[47]. Recently, the prescribed per-
formance control method [48]-[50] has been proposed, where
the prescribed performance control problem of the original
control system is converted into the stabilization problem
of an unconstrained nonlinear control system. Then several
quaternion-based and MRPs-based prescribed performance
attitude control schemes are designed [51]-[58]. In [59], a
velocity-free prescribed-time attitude synchronization control
scheme is derived on SO(3). Zhou et al. [60] also put
forward an SO(3)-based attitude tracking control scheme with
the prescribed control performance, by virtue of a carefully-
selected configuration error function. Unfortunately, note that
the results in both [40]-[44] and [59]-[60] cannot satisfy the
attitude constraint and achieve prescribed control performance
simultaneously. The main difficulty to achieve the SO(3)-
based constrained prescribed performance attitude tracking
control is that SO(3) is not a Euclidean space but a compact
manifold without boundary. Additionally, it will become more
complex to design the constrained attitude control scheme with
prescribed control performance, if the spacecraft is subject to
the parameter uncertainties and the external disturbances.

Motivated by above discussion and analysis, this paper
aims to study the attitude tracking control of the spacecraft
on SO(3) with appointed-time control performance, in the
presence of the attitude constraint, the parameter uncertainties
and the external disturbances. To meet the attitude constraint
and the appointed-time control performance simultaneously, a
novel projection function is carefully constructed, such that
the boresight vector of the sensitive instrument is mapped to a
reduced dimensional vector in the Euclidean space R2. If the
obtained reduced dimensional vector is uniformly bounded, the
spacecraft attitude will keep away from the attitude forbidden
zone. Then, based upon the reduced dimensional vector, the
according auxiliary vectors are also constructed. Correspond-
ingly, a set of vector-based error functions, the appointed-
time performance constraints and the vector-based switched
controller are carefully designed. Compared with the control
schemes in [40]-[44] and [59]-[60], by means of the designed
attitude control scheme, the spacecraft attitude on SO(3) can
meet the attitude constraint and the appointed-time control per-
formance simultaneously. Moreover, to attenuate the effects of
the parameter uncertainties and the external disturbances, two
dynamic gaining variables are designed and introduced into
the control input. Compared with the control schemes in [44]
and [59], by virtue of the designed dynamic gaining variables,
the proposed adaptive control scheme can be robust toward the
parameter uncertainties and the external disturbances, without
the need to estimate the uncertain parameters.

The rest of this paper is organized as follows. Section II is
the preliminaries, including the notations, the attitude motion
modeling of the spacecraft, the description of the attitude

constraint, the introduction of the appointed-time performance
function and the error transformation, and the problem formu-
lation. Section III is the controller design. Section IV is the
simulation results. The conclusions are drawn in Section V.

II. PRELIMINARIES

A. Notations

First, R and R™*™ are the real n-dimensional vector space
and the real (m x n)-dimensional matrix space respectively.
0, € R™ is the zero vector, and E,, € R™*™ is the identity
matrix. ||z|| is the 2-norm of the vector z € R™. || BJ|, rank(B),
Tr(B) are the 2-norm, the rank and the trace of the matrix
B € R™" respectively. For any matrix B € R™*" with
m < n, B is the pseudo-inverse of the matrix B, and
BT = BT(BBT)~! if B is full row rank. For any vector
b = col(by,ba,b3) € R3, the function S(-) is defined as
S(b) = [0,—bs,ba;b3,0,—b1; —b2,b1,0], and the function
Pa(-) is defined as Pa(S(b)) = b. For any vector z = [z;],, €
R™, tanh(z) £ col(tanh(z;),...,tanh(z,)) is the hyperbolic
tangent function with tanh(z;) = %

Moreover, the Special Orthogonal Group SO(3) is used to
describe the spacecraft attitude and is defined as [29]-[32]

SO(3) £ {Q e R¥? | QTQ = E5,det(Q) = 1}. (D)

Based on the Rodrigues’ formula, the rotation matrix @ €
SO(3) can be represented as [60]

Locoslldal) g2 409, (2

Q=5 @)+ 502

¢l

where the vector ¢ € R3 satisfies ||¢g|| < 7.

B. Attitude Motion Modeling of the Spacecraft

First, the inertia frame and the body-attached frame of the
spacecraft are denoted by JF; and F;, respectively. The attitude
kinematics and dynamics of the spacecraft are [29]-[32]

Q = QS(w),
Jw = -=S(w)Jw+ 7+ d,

(3a)
(3b)

where Q € SO(3) is the spacecraft attitude representing the
rotation from F; to F; expressed in Fp, w € R3 is the
angular velocity of the spacecraft in 73, 7 € R? is the control
input, d(t) € R? are the time-varying and bounded external
disturbances, J € R3*3 is the inertia matrix, and the matrix
S(w) € R3*3 is defined in Notations. Besides, the following
property holds for the spacecraft [24]-[27].

Property 1: J is positive definite and is bounded, that is,
there exist two positive constants A jqz and Ay i, such that
AiminEs < J < AjmazEs. Besides, the disturbances d(t)
are uniformly bounded, meaning that there exists a constant
Ay > 0 so that ||d(t)]| < Ag at all the time. [ |
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C. Attitude forbidden zone of the spacecraft

Here the spacecraft should satisfy the attitude constraint. To
be specific, v, 1 € R? denotes the normalized boresight vector
of the sensitive instrument in ¥, and v, £ Qup1 € R? is the
according normalized boresight vector in JF;. Here the vector
Vp,1 1s constant. Besides, vy € R? denotes a normalized vector
in F;, which stands for the orientation toward the undesired
space object. For the spacecraft, the angle between v, ; and
vy should be larger than 0y € [0,7) which is the minimum
allowable angle between these two vectors. Correspondingly,
the constraint on the attitude forbidden zone can be formulated
as [39]

v?vnl < cosfy. 4)
Then denote
n £ cos 0f — v?vnl. (®)]

Note that the constraint (4) holds if and only if n(t) > 0.

D. Appointed-time performance function and error transfor-
mation

Here consider a general non-negative error function y(¢) >
0. y(t) will possess the prescribed control performance, if it
satisfies the following constraint at all the time

y(t) < py(t), (6)
where p,(t) = p(po, poo, to, tf,t) is the according appointed-
time decaying function and is defined as

p(p07 Poos t07 tf? t)
N PO;?PW (to+tr — )%+ poo, to<t<to+ts; (7)
Pocs t>to+1ty,

with the parameters pg, poo, to and t; satisfying po > poe > 0
and ty >ty > 0. Besides, it is obtained from (6)-(7) that

p(pOaPOCat07tfat)
B fﬂmtigp”)(tothfft), to<t<to+tp; (8
0, t>to 4t

Remark 1: The meanings and the effects of the parameters in
the appointed-time decaying function p,(¢) are discussed here
[48]-[58]. First, the parameters t( is the activation time of the
constraint (6), meaning that from the time ¢, the variable y/(t)
should meet the constraint (6) (that is, y(to) < py(to)). The
parameter py is the initial value of the decaying function p,(t),
that is, p, (to) = po. The parameters po, and ¢; are the steady
value and the setting time interval of the decaying function
py(t) respectively, that is, p,(t) = po When t > to + t5.
Notice that if the constraint (6) holds for any t > ¢, the
function y(t) will fall into the interval [0, po) With the setting
time interval ¢y s, meaning that sup;>, ¢, ¥(t) < poo.

In addition, since p., < pg, it is obtained from (7)-(8) that
dp#(t) < 0 whenty <t < ty+ty. Therefore the function p, (t)
monotonically decreases from pg to poo in the time interval
[to,to + ty], and remains at po, when ¢ >t + t. It can be
also seen in (7) that p,(t) > pso > 0 for any t > t. |

According to the constraint (6), the following prescribed
performance error function is designed

We(y,) £ —In(1 —y,), 9)

where y,(t) £ %, and y,(t) > 0 since y(¢t) > 0 and

py(t) > 0. Note that W, = 0 if and only if y, = 0, meaning
that W, = 0 if and only if y = 0. Besides, W, will tend
to positive infinity if y, tends to 1, and W, will be finite if
Yo < 1. Moreover, it is obtained from (9) that

dWe, 1. p
=®(y,)(—v — =), (10)
P )
if 0 <y, <1, where
ow, 1
Oy, & € — . 11)
( P) ayp 1— yp (
Note that ®(y,) > 1 and
We(yp) < @(Yp)yp < % (Y)Y, (12)

if 0 <y, <1 (that is, the constraint (6) is satisfied).

E. Problem formulation

In this paper, the spacecraft is controlled to achieve atti-
tude tracking. The reference attitude, the reference angular
velocity, and the reference angular acceleration are denoted by
Qa(t) € SO(3), wa(t) € R3 and a,4(t) € R? respectively, and
Fb,q denotes the body-attached frame of the desired spacecraft
attitude (4. The reference attitude (Q4(¢) and the reference
angular velocity wg4(t) obey the following equation

Qa = QaS(wa).

Notice that the desired attitude Q4(¢) represents the rotation
from F; to Fp 4 expressed in Fp g, and wg(t) is the desired
angular velocity in F, 4. Here the desired attitude (Q4(t) meets
the constraint (4) at all the time, and wq(t) and a4(t) are both
uniformly bounded. This means that there exist two constants
A, > 0and A, > 0 such that |jwa(t)]| < Ay and |Jag(t)] <
A,. Besides, denote v, 41 = Qqup1, Qer = &
QeTrwd, and we, = w — wq. It is obtained from (3a)-(3b) and
(13) that

Qer = Qers(wer);
Jer = — S(0q)JBg — JQT ag + S(Jw)we,
- (S('U_}d)J + JS('U_}d))wer +7+d.

Then the problem to be studied is provided as follows.

Problem 1: For the spacecraft with the parameter uncertain-
ties and the external disturbances, a control scheme should be
designed, so that the spacecraft attitude Q(¢) can track the
trajectory (4 (t) with the appointed-time control performance,
and the attitude constraint (4) can be satisfied at all the time.

Besides, the following lemma will be used later.

Lemma 1: For a positive semidefinite matrix P € R3*3
with rank(P) > 2, its eigenvalues are Ap;, ¢ = 1,2,3, with
Ap1 > Ap2 > Aps > 0. Then it follows that Tr(P — PQ) >
%Tr(Eg — E5Q) for any rotation matrix @ € SO(3).

|

13)

QZ;Q’ Wy =

(14a)

(14b)

The proof of Lemma 1 can be seen in [61].
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III. CONSTRAINED APPOINTED-TIME ATTITUDE
CONTROLLER DESIGN

In this section, a control scheme will be designed to realize
constrained attitude tracking. First, vy 2 € R3 and v, 3 € R3
denote two unit vectors in F, so that v, ,, ¢ = 1,2,3, are
perpendicular to each other, and vy 3 = S(vp,1)vp,2. It means
that vbT’ivbJ = 0 for any + = 1,2,3 and 57 = 1,2,3 with
i # j. Denote v.5 £ Qupa, Vrg2 = Qavb2, V3 = Quyga,
Va3 = Qavpz, Up = [Up1, 02,053, Up = [Ur1,Vr.2, Vr 3]
and Ur,d £ [Ur,d,l7vr,d,2; Und,S]» Note that Up 3 = S(Unl)vr,%
Vrd3 = S(Vra1)vra2 vl = llvrail = 1 for any i =
1,2,3, UbTUb =U'U, = ZdUT,d = FE3, Q = UTUZ)T, and
Qa = U,qUT. Besides, if v.1 = v, 41 and v.2 = v, 42,
it is obtained that v,.3 = v, 43 and accordingly Q@ = Qgq.
This means that if the vectors v, 1 and v, 5 converge to v, 41
and v, g2 respectively, the attitude ) will converge to (4. In
addition, based upon (3a) and (13), the derivatives of v, ; and
Upd,; are

i’r,i = QS(w)Ub,i = *S(Ur,i)Qwa
Urdi = QaS(wa)vy; = —S(Ur,d:)Qawa.

(15a)
(15b)

A. The projection function on the attitude constraint

In this paper, the spacecraft attitude should meet the con-
straint (4) at all the time, and besides the attitude tracking
error should possess the appointed-time control performance.
However, the state space of the spacecraft attitude, that is,
SO(3), is not an Euclidean space like R3, which complicates
the control scheme design to meet the constraint (4) and the
appointed-time control performance simultaneously. Hence, a
novel reduced dimensional vector x € R? is designed as

x 2 Pr(v,.1), (16)
where
0 1
Pr(v,,) 2 %N}wm 17)

is the according projection function, 7 is defined in (5), and the
matrix Ny £ [v] ;07,] € R**3 satisfies [[vp1]| = ||vpl =
L, vl vp2 =0 and S(vp1)vp2 = vy. It is obtained from the
definition of Ny that Ny N} = Ej and Nyvy = Os.

Similarly, we can also obtain the reduced dimensional vector
associated with v, 4 1, that is,

Tq = Pr(v.q1) € R (18)

In addition, for the vectors v, ; and v, 41, and the reduced
dimensional vectors x and x4, the following lemmas hold.

Lemma 2: For the vectors v, and z, if v, ; satisfies the
constraint (4), x will be bounded. [ |

The proof of Lemma 2 can be seen in [61].

Lemma 3: For v,.1(t) and z(t), if v, 1(0) satisfies the
constraint (4) and z(t) is uniformly bounded in [0, ), where
0 < f < +o0, then the constraint (4) always holds in [0,7). m

The proof of Lemma 3 can be seen in [61].

Lemma 4: If both v, 1 and v, 4,1 satisfy the constraint (4),
then ||v,1 — vr 1| < ||z — xq4|| will hold. Moreover, ||v,1 —
Ura1l] = || — z4| if and only if v, 1 = v, 41. [ |

The proof of Lemma 4 can be seen in [61].

Note that Q4(t) satisfies the constraint (4) at all the time,
and therefore it follows from Lemma 2 that x4(¢) is uniformly
bounded at all the time. Moreover, in view of (15a) and (16)-
(17), the derivative of x is

1
i =G, (19)
where
G % (cos 0 +1)Ns(nEs + vnlv?)S(vM)Q. (20)

Accordingly, the following lemma holds for G € R?*3,
Lemma 5: The matrix G is bounded. Besides, if the con-
straint (4) is satisfied, the matrix GGT will be positive definite.
This means that there exist two positive constants A, mn and
AG,maz such that Ag min B2 < GGT < A maz 2. |
The proof of Lemma 5 can be seen in [61].
Similarly, it is obtained from (15b) and (17)-(18) that

. 1
&g = ——Gawg,
M

2n

where 7y £ cosf; — vfvpa1 and Gy £ (cosy +
1)Ny¢(naEs + vnd,lv}:)S(vr,d,l)Qd. Based upon Lemma 5, it
follows that the matrix G4(¢) is uniformly bounded, and since
na(t) > 0 at all the time and w¢(¢) is uniformly bounded, it
is further obtained that %4 (¢) is also uniformly bounded.
Remark 2: It should be noted that based upon the projection
function (17), the unit vectors v, 1 (t) and v, 4 1(¢) are mapped
to the reduced dimensional vectors z(t) and z4(t) in the
Euclidean space R? respectively. Note that if x(¢) is uniformly
bounded and the initial attitude Q(0) meets the constraint (4),
it is ensured in Lemma 3 that the attitude constraint (4) is satis-
fied at all the time. Besides, since x4(t) is uniformly bounded,
it further follows that in order to satisfy the constraint (4) at
all the time, the control scheme is only required to ensure the
uniformly boundedness of ||z(t) —x4(t)]], if v, 1(0) meets the
constraint (4). |

B. Vector-based error functions and appointed-time perfor-
mance constraints

First, denote
(22)

ey
Ler =L — Td,

as the tracking error with respect to z4. Then the following
auxiliary vectors are introduced

Tygo 2 —nd2_ (23a)
07,2l
— A "77‘ d,3
Vrd3 = 757, (23b)
|0r,a,3|
where
67’,(1,2 = S(Ur,l)vr,d,% (243)
Ura3 = (B3 — vp10] 1 )Vpa.2. (24b)

Based upon (23a)-(23b) and (24a)-(24b), it is further obtained
T ~ T = T ~ T =

that v, 10ra2 = Up10rd2 = Up10Urd3 = UpiUrd3s =

~T  ~ T = : T - T -

Uy q.2Ur,d,3 = Uy g oUr,d,3 = 0. Since v, 10r.a,2 = 0, 10r,d,3 =
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0, S(vr2)vp1 = —vp3 and 30 (470, ;)% = 1 for any unit
vector £ € R3, it is obtained that
(@T,d,zs(”r,ﬂvr,l)Q = (17rT,d,2Ur,3)2 + (”rT,ﬂ_’r,dQ)Q
=1- (’DzdeUT,?)Q)
(T)Zd,:ss(vrﬂ)vnly = (173?61131)“3)2 + (U3~:157’,d,3)2
=1- (173:6173117«72)2.
In view of (15a)-(15b) and (23a)-(23b), the derivatives of ¥ 4.2
and ¥p g 3 are

(25a)

(25b)

. 1
Updgo = ———Wo(—=S(v,1)S(Vr.q.2)Qqw
a2 = 2(=5(vr,1)8(Vr,4,2) Qawa (262)
+ 5(vr,4,2) S (vr1)Q),
. 1
Uy g3 =—V3(—(E3 — v, U,T S (v, w
.3 Traal 3(—(E3 107.1)S(Vr,4,2)Qawa 26)
+ U4Qu).

A _ _T A _ _T
where \I/Q = E3 — vT,d,QUr,dQ’ \1/3 = E3 — ’Ur,d,BUr’dﬂ and

Uy £ (Uzjlvr,d,QES + Ur,lUZd,z)S(”r,l)-

Then, the following vector-based error functions are con-
structed
1

Y1 é §err||2a (273-)
P2 21 =050, (27b)
0321 =0 43052 (27¢)

On one hand, the appointed-time performance constraint on
1 is designed as

p1(t) < pi(t), (28)

where p1(t) = p(po,1,P00,1,0,tf1,t) With 0 < poy <
min{pg 1,1} and t7; > 0. Here the parameter p ; is designed
such that the constraint (28) holds at the initial instant.

On the other hand, two time instants ¢, and ¢ + are designed

as
tra @3(tr1) <2 — e
te®q 0 ’ 29a
‘ { tra+tre, waltyn) >2— e, (29a)
ty St +trs, (29b)

where 0 < €1 < 1, tr2 > 0 and ty3 > 0. It can be seen in
(29a)-(29b) that t, =ty and ty =ty 1+t 3 when p3(ts1) <
2—¢,and t. =ty +tyoand ty =ty1 +tyo+ty3 when
@3(75]‘1) > 2 — €1. In view of (29a), if (,03(tf’1) > 2 — €
and accordingly t. = ty1 + ty 2, the following appointed-
time performance constraint on ¢ is constructed in the time
interval ¢t € [ty1,t71 +tr2)

pa(t) < p2(t),
where p2(t) = p(po.2; Poo,2:tf1,t12,t) With 0 < poco <

1-— \/17(1761)2 and 1 + \/17(1761)2 < po2 < 2.
Then, when ¢t > t., the following appointed-time performance
constraint on (3 is constructed in the time interval [t., +00)

e3(t) < ps(t), €29

where p3(t) = p(po,3, Poc,3ste,tf3,t), With 0 < poo 3 < 1
and 2 —€; < po3 < 2.
In addition, the following lemma holds for ¢ (t) and @3(t).

(30)

Lemma 6: If o1 < poo,1 and @3 < poo3, the attitude
tracking error Q. will be in the set

(_)R S {Qer S 50(3) ‘ TI‘(Eg - QGT) < 4poo,1 + 2/)00,3}7
(32)

which is a small neighborhood of the equilibrium FEs. [ ]

The proof of Lemma 6 can be seen in Appendix A.

Remark 3: Here the choice of the parameter p., ;1 is
discussed as follows. On one hand, if ps.1 < po,1, it follows
from (8) that p(t) < 0 when ¢t € [0,t51), and p1(t) = 0
when ¢ > t; . This means that the parameter p..; should
be selected as poo1 < po1, sO that the function pq(t) is
strictly monotonically decreasing in the time interval [0,%71),
and remains its value when ¢ > t;q (that is, p1(t) = poo,1
when t > ¢ 1).

On the other hand, if () meets the constraint (28), it
follows from Lemma 4 that 1 — v[; (t)v,1(t) < pai(t).
Especially, if ¢1(t) < poo,1. it also follows from Lemma 4
that

1
1- vZ;d,l(t)Unl(t) = §||Ur,l(t) - Ur,d,l(t)HQ < Poo,1- (33)

Accordingly, if the parameter po 1 is set as po,1 < 1, it can
be obtained from (33) that

Uraa (Ovra(t) > 1= poci > 0. (34)
Besides, according to (24a)-(24b), it is obtained that
5,420 = 1,030 =1 = (v 1 (H)vra2(t)? (35)

Notice that 27U, 4UT 2 = S°2_ (vT,.%)> = 1 for any unit

vector # € R3. Accordingly, from (34)-(35), it follows that

[Bra,2 () 1> =||Tr,a,3(t)]”

=01 (#)or.a1 (1) + (71 (H)vra,3(t)?

> (vp 1 (t)0r.a,1(1))? (36)
>(1— poo>1)2
>0,

if Poo,1 < 1. Since ‘|’L~)r,d72(t)|| = ||’Dr7d73(t)” > (1—[)0071) >0

when po 1 < 1, the vectors ¥y, q2(t) (23a) and ¥, 4 3(t) (23b)
can be obtained. This means that the parameter p.. 1 should
be selected as poo,1 < 1, in order to obtain the vectors ;. 4.2(t)
(23a) and ¥, 4,3(t) (23b) when ¢1(t) < poo,1. Based upon the
above analysis, it is obtained that the parameter p., ; should
be chosen as po 1 < min{pg1,1}. [ |
Remark 4: 1t should be noticed that if the constraint (28)
holds at all the time, it is obtained from Remark 2 that the
attitude constraint (4) is satisfied at all the time. Besides, if
the constraint (28) holds at all the time, it follows that that Eq.
(33) holds when ¢ > t7 1. From (33), it further follows that

[or1(8) = vra1 (B < v/2P001, 37)

when ¢ > t;;. It can be seen in (37) that the smaller the
parameter po 1 is, the smaller the error between the vectors
vr1(t) and vy 41 (t) becomes when ¢ >ty ;. [ |

Remark 5: Here, the choice of the range of the parameters
£0,2, Poc,2> P0,3 and ps 3 is discussed as below. First, when
w3(tr1) < 2 — €, it follows from (29a) and (31) that ¢, =
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ts1 and accordingly the error function ¢3(t) should obey the
constraint (31) for any ¢ > t; ;. Hence, the parameter pg 3 is
set as pg 3 > 2—eq, meaning that p3(ts1) < 2—e1 < po,3 and
the constraint (31) is satisfied when ¢ = ¢y ;. The parameter
Poo,3 1s then set as 0 < poo3 < 1 such that po3 < 1 <
2 —¢€1 < po,3, meaning that the requirement on the monotonic
decrease of the function p3(t) can be satisfied.

Besides, when ¢3(tp1) = 1 — 0L, 4(tra1)vra(tsr) >
2 — e, it follows from (29a) that t, = t;; + tfz S-
ince the parameter pgo is set as 1+ /11— 1— €1)? <
/)0 9 < 2, it follows from v, 1v,,d2 = 1de3 =
Uy a2Urd3 = V7 1Vr2 = 0 and ,d,S(tf«,l)UnQ(tf,l) <-1+

e that po(tra) < 1+ \/00,(tr)vnalt)? = 1+

ST o) < 1+ VI—(T=a) < o
meaning that the constraint (30) is satisfied when ¢ = % ;.
In addition, since the parameter po 2 1S set as poo 2 < 1 —

1—(1—e1)?if pa(te) = 1-0] 4 5 (te)vra(te) < poo2, itis

similarly obtained from v’ ¥, 42 = v 0y a3 = VL 4 4Urd3 =

vl vp2 = 0 that @3(t;) < 1+ \/(ﬁz:d,?)(tc)vng(tc)y =

14+,/1 — (1*1TT7d’2(tc)vng(tc))2 < 2—€1 < po,3. This means that
if the constraint (30) is satisfied when ¢ = ¢, the according
constraint (31) will also hold when ¢ = ¢..

In all, the range of the parameter pg » is set to ensure that
the constraint (30) holds when ¢ =t and @3(ts1) > 2—e€q,
the ranges of the parameters pg 3 and po 2 are set to guarantee
that the constraint (31) holds when ¢ = ¢., and the range of
the parameter p.. 3 is set to ensure that the function p3(t) is
monotonically decreasing. ]

Remark 6: If the constraint (28) holds at all the time, and
the constraint (31) always holds when ¢ > ., it follows that
©1(t) < poo,1 and @3(t) < pooc,3 When ¢ > ty. Hence, to
realize the desired control performance, the control scheme
should be designed so that the constraint (28) holds at all the
time, and the constraint (31) always holds when ¢ > ¢..

Besides, based on Remark 1, if the parameters pu i, © =

2,3, get larger (smaller), the steady values of the functions
pi(t), i = 1,2,3, will be larger (smaller), the size of the
residual set O (32) will be larger (smaller), and the steady-
state error of the tracking error R.,(t) will also be larger
(smaller). In addition, based on Remark 1, if the parameters
tyi, @ =1,2,3, get larger (smaller), the setting time intervals
of the functions p;(t), ¢ = 1,2, 3, will be larger (smaller), and
the setting time ¢ (29b) of the tracking error R, (t) will also
be larger (smaller). [ |

C. Virtual controller design

First, based upon the error functions (27a)-(27c), and the
appointed-time performance constraints (28) and (30)-(31), the
virtual attitude controller is designed as

(38)

We = We,1 + )\cvb,h

6
where
A kc,l t

We,1 = UTG Dyzer, (392)

07 0 S t < tf71;

Ae 20 —he2®20] 45,8 (vr2)vr1, tya St <t

—k¢,3<1>3v7?d,35( ,g)v,,l, t>t,.

(39b)

In (392)-(39b), ke > 0, kep > 0, ke > 0, &1 £ O(£2),
Dy 2 9(£2), @3 £ ®(£2), G' is the pseudo inverse of the
matrix G, and 7 is defined in (5).

Correspondingly, the sliding variable is denoted by

(40)

A
Wy = Wep — We

When ¢ > ¢ 1, it is obtained from (38), (40), we, = w — Wy
and v, = Qup, that

S(vﬁl)Qw = S(UT,l)Q(wT' + wgq + We,1 + Acvb,l)

41
= S(v1)Q(wy + Wq + we,1). “h

Then, for the error function ¢, the associated Lyapunov
function candidate is constructed as V7 ; L We(%), where
the function W, (-) is defined in (9). According to (10)-(11),
(19)-(20), (22), (27a), (38)-(39a), (40)-(41), Lemma 5 and
the Young’s inequality, if the constraint (28) is satisfied, the
derivative of V}, 1 is scaled as

. ke,1®3 9 ©1 7 D .
Vi1i=—— T — v, Guw, — —x. 14
1 1 [zerl "72/)1 er r or e
)1 P
= B warl? - 52T GQLw
n? P
5kcqlq)% 2 4)\G max 2
—— T ——||w
- 8774/)1 || er” kc,lpl || T”
4AGmam 2 27] . 2 P:{TI 2
+ ——||wgq||” + Tq T
e 24 £l e
42)

Besides, when <p3(tf 1) > 2 — ¢y, the Lyapunov function
candidate on @9 is setin [ty 1,151 +1f2) as Vi o = We(“"").
Based on (10)-(11), (15a), (25a), (26a), (27b), (38), (39a)
(39b), (40)-(41) and v, 1 = Qup 1, if the constraints (28) and
(30) hold in [tf1,ts1 + tf2), the derivative of Vj, 5 is

. o
Vie,2 :FEEZdQS(”r,Q)Q(wr + wgq)
kc.2q)2 _
=2 (1 — (0] g 90r2)%) — P25 (1 — 0] g 50r2)
P2 2
ko1 ®
25T LS (0r0) QG @1 2,
Pzﬂ
(0]
+ p2~72lvz?2\1125(vr,1)S('Ur,d,2)ded
@, _
- 2 = Q\IJQS('UT,d,Q)S(UT,l)Q(wT + wd)
ke, 1‘1’ @,

— Uy T U580, Uy GT:cer.
p277 ||U7d2|| 2%2 ( d2) ( 71)62

(43)
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Based on the Young’s inequality, (36) and Lemma 5, the
derivative of Vo (43) is scaled as
ke o2 ®3
4p2
ng)% 2
+ 1 Zerll” +
p2m
203(1 — E;F,d,z”rﬂ)

ke2p3(L+ 0] 50r2)

. _ C1
Via < — (1= (0] 40vr2)?) + ;IIwTII2
2

C
= lwal)? (44)

(28) and (30) hold, where c; e
(m Fl e 2 R (L g
s é ke (2 + ﬁ)

Additionally, in the time interval [t.,+oc), the Lypuanov
function candidate on (3 is constructed as Vi 3 = WE(%).
According to (10)-(11), (15a), (25b), (26b), (27¢), (38), (39a)
(39b), (40), (41) and v, = Qus,1, if the constraints (28) and

(31) hold in [t., +00), the derivative of Vj 3 is

if the constraints

)2) and

. & ;
Vk73 :7p31777'?d,35(vr>2)62(w7‘ + wd) — @3%(1 — @zjd,?)vn?)
3 3

ke 3 P2
- %(1 — (07,4,30r2)°)
ke 191 O
+ %77123 7Td 35(7/7" Q)QGT'rer
o _
- mvzjﬂ’s‘hQ(wr + Wq)
fip 1D P
31| Vr,d,3
O3
m rz‘I’S(E Ur,lvrTJ)S(”r,da)dew
(45)
Notice that
Uiy <4(v) vpa3)°Fs < 4F;. (46)

Based on the Young’s inequality, (36), (46) and Lemma 5, the
derivative of V}, 3 (45) is scaled as

y kc3(1)3 2 C4 2
Vk Sf ’ 1- r de + —||w,
8 <= - lan)?) + |
05‘1)1 2 4 Co 2
+ Ter d 47
P zerI” + p3|| | (47)

203(1 — 0] 4 30r.2)
ke3p3(1+0f; 50r,2)"

if the constraints (28) and (31) hold, where ¢4 = k‘:(l +
4 & 2K 4 a 2
(1—p9°°,1)2)’ ¢ = kc,akc,lmm (1 + (1—Poc,1)2)’ € = Fes (2 +
(1-poo,1)?/"
Moreover denote
Vi1, 0<t <tyn;
Vi 28 Vii+crVia, tr1 <t <tg (48)
Vien +csVes, t2>t.,
where ¢; £ % and cg £ kg”ﬂ On one hand, when
€200,1 C5P0,1
tyg1 <t <t it is obtained from (8) that p1(t) = 0 and,

together with (42) and (44), that the derivative of V, = Vj, 1 +
c7Vi,2 is scaled as

. k‘ 1(1)1 9 ]{?C)QC7(I)§ T — 2
Vi <— T 4 H erll” = 4ps (1- (vr,2v7’,d,2) )
4AG max C1Cr 2 2774 212
+ (22mer AT || + Eq
(pemes AT g 2
+ (C3C7 4/\G,maw)||w ||2 267[)%(1 - UZ:QET,d,Q)
- S d — ;
P2 ke,1p1 ke2p3(1 + "U;f,z"’ndﬂ)
(49)

if the constraints (28) and (30) hold. On the other hand, if
t > t., it can be also obtained from (8) that p;(¢) = 0. Hence,
based upon (42) and (47), if the constraints (28) and (31) hold,
the derivative of Vi, = Vi, 1 + cgV} 3 is bounded as

. ke,1®% o kezcs®3 5
Vi <— Ler ———(1- r
k= 201, [@er||” — 4ps ( (T’ZU d.3)7)
4)\GAma:1: C4C8 2 2774 . 2
+(——— + —)|w||" + —||z
(G4 S|P + gl
CeC8 4/\G,mar 9 208[')%(1 — ’EZ:d,SvTQ)
+(—+7k Mwall* + 3 — .
p3 e,1P1 ke3p3(1+0; 4 30r2)
(50)

D. Control Input Design

Based upon the designed virtual controller (38) and (39a)-
(39b), the actual control input will be put forward in this
subsection. First, in view of (14b) and (40), it is obtained
that

J, = (S(Jw) — S(wq)J — JS(wq))w, + 7+ =1, (51)
where
21 = — J, — S(wg)Jwg — JQL aq + S(Jw)w. 52)
— (S(wq)J + JS(wq))w. + d.
The Lyapunov function candidate on w, is Vi, = §wTT Jw,.,
and in view of (51), and its derivative is
Vir =wlT +wlE;. (53)

Notice that Z; (t) is the term on the uncertain inertia parame-
ters and the external disturbances, and in view of Property 1
and the Young’s inequality, it follows that

2 2

= Jmaz Jmaz || .
wy E1 <=2 [lwg|*|we | w12 + %2‘”‘IIwCHQIIwTII2
2
7‘1:;"” [l |wel* [y |* + 3ea
—wlS(wg)Jwg — wl JQL ag + wld.
(54)
Correspondingly, it follows from (53)-(54) that
Vi <wT (=S(q) Jog — JQTaq + d) + 3ez
2 2
J, J, .
+ T Jwal | [Jwel [ lw |* + =55 (e || lwy ||
262 462
2
Jmazx
+ e ol wel*llwe* + w;',
€2
(55)
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where €2 > 0. Owing to the uniform boundedness of wg(?)
and agq(t), it follows that there exist two constants Ay > 0
and Ay > 0 such that || — S(wg(t))Jwa(t) — JQL (t)aq(t) +

A < Agmazl[wa(O)* + Agmazlaa(t)]| +[ld®)]| < Ay and

22 A3

=gt lwa(t )2+ < A,. Correspondingly, based upon
the relation |lw,|| < w;. tanh( ~wy) + 3e3d1 with €3 > 0 and
01 = 0.2785 [62], it is further obtamed from (55) that

I max

Vw r <w tanh( wT)Al + 3e€301 A1 + w T+ 3eo

€3 (56)
+ Ag([[tie]|? + lwell® + [[wel ?lwlf®) we||>.

Then, the control input is designed as

1
T=—- kw,cwr = Tu,1 tanh(:wr)
3

(57)
= rua(le]* + fJwel® + [lwe | [[w]*)wy,

where ky, . > 0, r,1(t) and r,o(t) are dynamic gaining
variables satisfying the following equations

1
Tu1 = Ly 1w, tanh( wy) —
€3

Fuz =Lz (del® + lwel|* + [[wel* [ w]]*) w, |

- ku,Qru,Qa

ku,lru,la (5821)

(58b)

with the parameters I',; > 0, I'y2 > 0, k1 > 0 and
ky,2 > 0 and the function tanh(-) defined in Notations. Here
ry,1(0) > 0, r,2(0) > 0, and according to (58a)-(58b),
it is obtained that 7,1(t) > 0 and r,2(t) > 0. Denote
Vur = ﬁ(ru,l — A2 Vo & ﬁ(ru,z — Ay)? and
Va £ Vi + Vi1 + Va2, and based upon (56), (57), (58a)-
(58b), and the Young’s inequality, the derivative of Vj is
bounded as

3ky 3k,
Ly 2

Vd S_kwﬁ”wr‘P_ B , 9

(59)

Vu2 +Ac7

ulA ku,2A5 2A

where A £ 36301 A1 + 3eg + 2oL 4
denote V, £ V, + ¢V, where 09 = % M + Clc7 +
0408 } and it follows from (12), (42), (49)- (50) and (59) that

. In addition,

‘/c S _Hc + He + Aca (60)
where
cok
I 210, + 20V,
. Jmax ek (61a)
Ci Ci
—+ 9%u,1 Vu,1 + 97,2 Vu,Za
2 2
Hc,l
Ll@lel? 0<t<trq;
2 C1<I>1Vv 02C7¢)2(1+U7'2Urd2)v .2, th <t <t
ke 1®1 1<I>1 V 1 + ke 303@3(1+1}r 2Urd, 3)Vk:,37 t Z tc’
(61b)
8p
e l? 0<t<i:
2 1 2Ur,
I, & % tia <t<te 6lc)
2e8p5(1-0, 4,5vr2) t >t

ke.sp3 (1407, svr2)”

and A,(t) 2 coA o+ 2L (Peumas | crer | caca )|l )2
Notice that IT, ,(t) > 0, IL.(t) >0, H()>O andA()
uniformly bounded at all the time.

Then the following theorem is obtained.

Theorem 1: For the control scheme (38), (392a)-(39b), (40),
(57), and (58a)-(58b), if the initial spacecraft attitude meets
the constraints (4) and (28), 7,,1(0) > 0 and 7,2(0) > 0,
then the variables Q. (t), w(t), 7,1(t) and r, o(t) are all
uniformly bounded with 7, 1(¢) > 0 and 7, 2(¢) > 0. Besides,
the constraint (4) is satisfied at all the time, and Q.. (t) can
fall into the set © (32) with the setting time £ fs. |

Proof: The proof of this theorem includes four steps.

a). The uniform boundedness of V,(t) in [0,%f1).

First, it will be proved by contradiction that the func-
tion Vi 1(t) is uniformly bounded in [0,¢;1). Suppose that
the above claim is invalid. Hence there is a time instant
th1 € (0,t51) so that limtﬁt Vk 1(t) = +oo and Vi (1)
is finite for any t € [0,¢1 ) It follows from (9) that the
constraint (28) is satisfied in [0, 5, 1), and x., () is uniformly
bounded in [0, ¢, 1). Then according to (59), it is obtained that
Wy (t), Tu,1(t), Tu,2(t) and Vg(t) are all uniformly bounded in
[0,%5,,1). Based on the uniform boundedness of x.,(t), wy(t),
#q(t) and wq(t) in [0,¢51), it follows from (42) that Vj 1(¢)
is uniformly bounded in [0,%}1), which contradicts with the
above assumption. Hence, the above assumption is invalid,
meaning that in the time interval [0, ¢ 1), Vi 1(t) is uniformly
bounded, the constraints (4) and (28) hold, and ., (t), ®1(t),
G1(t) and w.(t) = w. 1(t) (39a) are all uniformly bounded.

Then, it will be verified that V,.(¢) is uniformly bounded
in [0,%51). First, since the constraint (28) holds in [0,%y 1),
Eq. (60) holds in [0,tf1). From (7)-(8), it follows that
p1(t) > poo1, p1(t) is uniformly bounded and, together with
the uniform boundedness of z.,(t) in [0,%;1), that II.(¢)
is uniformly bounded in [0,%71). Since A.(t) is uniformly
bounded, it follows from (60) that V.(¢) is also uniformly
bounded in [0, %y 1), meaning that Q. (t), wy(t), 74,1(t) and
Tu,2(t) are all uniformly bounded in [0, %y ). Besides, due to
the uniform boundedness of w,(t), w(t) and wg(t) in [0,%7.1),
it follows that w(t) is also uniformly bounded in [0, 1).

b). The uniform boundedness of V.(t) in [tf1,t.) when
(pg(tﬂl) > 2 — €.

First, if (p3(tf}1) =1- ’ljzd73(tf71>7}r’2(tf)1) > 2 — €, itis
obtained from (29a)-(29b) and Remark 5 that ¢, =ty 1 4150,
ff = ty1 +ty2 + ty3, and the constraint (30) holds when
t =ty 1. Accordingly, it is obtained that Vi o(ts1) < 4o00.

Besides, similar to the proof procedure of part a), it follows
that in the time interval [ty 1,tf1 415 2), Vi,1(t) is uniformly
bounded, the constraints (4) and (28) always hold, and z.,(t),
®4(t), GT(t) and w,1(t) are also uniformly bounded.

Then it will be proved by contradiction that Vj 5(t) is
uniformly bounded in [tf1,ts1 4 tf2). Suppose the above
claim is invalid. Notice that Vi 2(f71) < +oo, and hence
there exists a time instant ¢, 2 € (tf1,t51 + ty2) so that
lim, - Vi, 2(t) = 400 and Vi a(t) < 400 when t €
[th,th 2) From (59), it is obtained that w,.(t), r,1(¢) and
ru,2(t) are all uniformly bounded in [tf1,t2), and it is
also obtained from the uniform boundedness of Vj 1(t) in
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[tf1,t51 + ty2) that the term °§;I)’n(t) |zer(t)])? in (44) is

also uniformly bounded in [t1,tf1 + ¢ f/g) Moreover, since
Vi2(t) < 400 in [t1,tp,2), it is obtained that the constraint
(30) holds in [tﬁl, th,Q), 1 +’Uz:2(t)’l_)r7d,2(t) >2— 0,2 > 0 in
[tf’l, th,2)’ and

ke 2 ®3 w v o Ke2(2—po2)
TesT20q ” > 6e\m PUe)
40y ( (Ur,dz” ,2) ) > 1

2p3(1 = 0} 4 yvr2)

ke2p3(1 4 0] 4 50r2)

V2,  (62a)

433

< - . (62b)
ke203(2 — po,2)

Based upon the uniformly boundedness of c?f; ey lzer ()],

wy(t), wq(t), and Egs. (44) and (62a)-(62b), it is obtained that
Vi,2(t) is uniformly bounded in [t¢ 1,5 2), which contradicts
with the above assumption. Hence, the above assumption is
invalid, and V4 2(¢) is uniformly bounded in [tf1,t51+tf2).
This means that in the time interval [ty 1,t71 + tf2), p2(t)
meets the constraint (30) and is uniformly bounded with
wa(ts1 +1tf2) < poc,2, and both ®o(t) and A.(t) (39b) are
also uniformly bounded. Due to the unform boundedness of
we,1(t) and A(t) in [tp1,t51 + tr2], it follows that w,(¢)
(38) is also uniformly bounded in [tf1,tf1 + t52].

Additionally, similar to the proof procedure of part a), it
is obtained that in V.(¢) is uniformly bounded in [ty 1,t51 +
tf2). Correspondingly, Qer(t), wy(t), 7u,1(t), Tu,2(t), we(t)
and w(t) are all uniformly bounded in [tf1,tf1 + tf2).

¢). The uniform boundedness of V,(t) in [t., +00).

First, it will be proved that V}, 3(¢.) < +00. On one hand, if
3(tr1) < 2—e, it is obtained from (29a)-(29b) and Remark
5thatt, = ty1,t5 = ty1+ts3 and p3(t.) meets the constraint
(31), meaning that Vj 3(t.) < -+oo. On the other hand, if
@3(ty1) > 2—e1, it can be also obtained from (29a)-(29b) and
the proof procedure of part b) that t, =t 1+t 2, ff =tr1+
tro+tys, and po(tr1+tr2) < poo,2. Accordingly, it follows
from Remark 5 that ¢5(¢.) also meets the constraint (31) and
Vies(te) < +oo. In all, it is obtained that V, 5(t.) < +oo.

Besides, based upon the similar proof procedure of part a),
it is obtained that V1 (¢) is uniformly bounded in [t., +c0).
This means that in the time interval [t., +00), ¢1(t) < pPoo,1,
Zer(t) and ®q(t) are both uniformly bounded, the attitude
constraint (4) always holds, Gt (t) is uniformly bounded, and
we,1(t) (39a) is also uniformly bounded.

Then it will be verified by contradiction that the function
Vi,3(t) is uniformly bounded in [t., +00). Suppose that this
claim is invalid, which implies that there exists a time instant
ty,3 with 1. <t} 3 < 400, such that limt_Hr Vies(t) = +o0
and Vi 3(t) < +o0o0 when t € [t.,th3). Slmllar to the proof
procedure of part a), it is obtained that w,(t), 7, 1(¢) and
ry,2(t) are all uniformly bounded in [t, 5 3). Besides, since
in the time interval [t., +00), Z¢.(t) and ®1(t) are both uni-
formly bounded, p3(t) > poo 3, and the attitude constraint (4)
always holds, it is obtained that the term °‘E’;I;n(t) lzer ()]
in (47) is uniformly bounded in [tc,—i—oo). Moreover since
Vie3(t) < +oo in [te,tp,3), it is obtained that in [t., ¢y 3), the
constraint (31) is satisfied and 1+, (t)v,,a,3(t) > 2—po,3 >

9
0. Correspondingly, in view of (12), it follows that
ke, kes(2 —
4 293(1 = (0] 50ras)?) > ka,sa (63a)
P3 4
202(1 — oL v, 452
pB( r,d,3 72) 03 (63b)

kesp3(1+ 07, 50r2) ~ kespd(2—pos)’

Based on the uniform boundedness of w,(t), wq(t) and
W(IDZ( J|@er(¢)]|?, and Egs. (47) and (63a)-(63b), it
follows that V}, 5(¢) is uniformly bounded in [t., t5,3), which
contradicts with the previous assumption. Hence, the previous
assumption is invalid, and Vj 3(¢) is uniformly bounded in
[te, +00), which means that in the time interval [¢.,+00),
the constraint (31) holds, ¢3(¢) and ®3(¢) are both uniformly
bounded, and A.(t) (39b) is also uniformly bounded. Due to
the uniform boundedness of w, 1(t) and A.(¢) in [t, +00), it
follows that w.(t) (38) is also uniformly bounded in [t., +00).

In addition, it will be verified that V,(¢) is uniformly
bounded in [t., +00). First, since V}, 1(¢) and Vj, 3(¢) are both
uniformly bounded in [t., +00), it follows that Eq. (60) holds
n [te,+00). It can be seen in (61c) and (63b) that II.(t)
is uniformly bounded in [t.,+00). Besides, it follows from
@4 (t) > 1, (61a)-(61b) and (63a) that in [t.,+00),

Hc 261 Vca
where ¢ £ max(kf(;, k”@;””), 2 k1, ku2) > 0.
Hence, based on (60), (64), and the unlform boundedness of

II.(t) and A.(t) in [tc, +00), it follows that V() is uniformly
bounded in [t.,+00). This means that in [t., +00), Qer(t),
Wy (t), Tu,1(t), r4,2(t) and w(t) are all uniformly bounded.

d). The prescribed performance of the tracking error Q.,.(¢).

First, based upon the above proof procedure, it is obtained
that Vi 1(t), Ve(t), Qer(t), w(t), 7y1(t) and ry o(t) are all
uniformly bounded, and the constraints (4) and (28) hold at
all the time, which means that ¢1(t) < poo,1 When t > ty .
Since Vi, 3(¢) is also uniformly bounded in [t., +oc) and the
constraint (31) always holds in the time interval [t., +00), it
follows that ¢3(t) < pso,3 When t > ¢;. Hence, according to
Lemma 6, it follows that Q.,.(t) will always be within the set
©r (32) when t > t;. Moreover, in view of (58a)-(58b), it
follows that 7, 1(t) > 0 and 7, 2(¢) > 0 at all the time. The
proof of Theorem 1 is complete. [ ]

Remark 7: The distinctions between the proposed control
scheme and those in [40]-[44] and [59]-[60] are discussed
as follows. First, in this paper, a novel projection function
Pr(-) (17) is designed to map the boresight vector v, 1(t)
to a reduced dimensional vector x(¢). On one hand, notice
that the reduced dimensional vectors z(t), and the according
auxiliary vectors ¥, 4 2(t) and ¥, 4 3(t) are located in either R?
or R3, and therefore the attitude control scheme constructed
based upon the above vectors can circumvent the topological
obstruction of the nonlinear manifold SO(3). On the other
hand, by means of the designed vectors, the requirement of
the satisfaction of the attitude constraint (4) is transformed as
the requirement of the uniform boundedness of the reduced
dimensional vector z(t), which is shown in Lemma 3. The
appointed-time performance requirement of the attitude track-
ing is transformed as the appointed-time tracking performance

(64)

kw,c
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TABLE I: The values of system parameters of the spacecraft

Parameter Value
J (kg -m?) diag(973.4, 424.85, 771.06)
vy col(0, 0, 1)
Vp,1 col(1, 0, 0)
0 (rad) %

requirement of the according vectors (that is, the vectors
x(t) and v, 2(t) should track the vectors z4(t) and ¥y 4 3(¢)
respectively, with the appointed-time control performance),
which is shown in Lemma 6.

Besides, based upon the above properties, the according
vector-based error functions (27a)-(27c), the appointed-time
performance constraints (28) and (30)-(31), and the vector-
based switching virtual controller (38)-(39b) are carefully
constructed. By means of the above design, it is ensured
that the vector z(t) is uniformly bounded, the constraint (28)
always holds at all the time, and the vector v, 2(¢) can always
satisfy the constraint (31) when ¢ > t.. This means that
the attitude constraint (4) is satisfied at all the time, and the
attitude tracking error @Q.,.(t) can always remain in the residual
set O (32) when ¢ > ¢;.

In all, based on the designed projection function (17), the
appointed-time performance constraints (28) and (30)-(31),
and the vector-based switching virtual controller (38)-(39b),
the proposed attitude control scheme on SO(3) can meet the
attitude constraint and the appointed-time control performance
simultaneously, and hence differs from those in [40]-[44]
and [59]-[60]. On one hand, the artificial-potential-function-
based constrained attitude stabilization schemes in [40]-[44]
can ensure the satisfaction of the attitude constraint. However,
compared with the proposed control scheme, the control
schemes in [40]-[44] cannot achieve appointed-time attitude
tracking of the spacecraft. On the other hand, by virtue of the
designed SO(3)-based prescribed performance constraints, the
control schemes in [59]-[60] can ensure the appointed transient
and steady control performance. However, compared with the
proposed control scheme, the control schemes in [59]-[60]
cannot satisfy the attitude constraint (4). ]

Remark 8: In this paper, two dynamic gaining factors 7, 1 (t)
and 7, 2(t) are employed into the control input (57). Note
that in the dynamic equation (51), there is a term Z4(¢) (52)
which is related to the uncertain parameters and the external
disturbances and will affect the closed-loop stability of the
spacecraft attitude. Therefore, in order to deal with the term
=1(t), two dynamic gaining variables 7, 1 (t) (58a) and r,, 2(¢)
(58b) are constructed to adjust the gaining parameters of the
control input. It can be seen in (59)-(60) and Theorem 1 that by
means of the designed variables r,, 1 (¢) and 7, (%), the closed-
loop stability of the spacecraft attitude can be guaranteed, and
the influence of the parameter uncertainties and the external
disturbances (that is, the term = (¢)) is attenuated. This means
that, compared with [44] and [59], the spacecraft attitude
can possess the appointed-time control performance and meet
the attitude constraint, even in the presence of the parameter
uncertainties and the external disturbances, without the need
to estimate the uncertain parameters. It should be noted that
due to the presence of the external disturbances, it is only

TABLE II: The values of the control parameters of the proposed control scheme

Parameter  po,1 Poo,1 tr1 €1 00,2 Poo,2 tro
Value 30 0.3 25 0.4 1.8 0.2 10
Parameter 00,3 Poo,3 tf73 €3 kc,l kcﬁz k:c,g
Value 1.8 0.2 15 0.2 0.14 0.14 0.14
Parameter 'y 1 ko1 Tu2 ku2 Fkuwc
Value 0.01 0.06 0.01 0.06 11

guaranteed that the attitude tracking error of the spacecraft
converges into the according residual set O (32) with the
setting time ¢ s. [ |

Remark 9: Notice that the selection of the vectors vy o
and v 3 can change the values of the error functions o(¢)
and ¢s3(t), and can also change the value of the control
input u(t). However, it is worth mentioning that by means
of the designed switching laws (29a)-(29b) and the switching
virtual controller (38)-(39b), the design of the functions yo(t),
3(t), p2(t) and ps(t) is unaffected by these vectors, and the
obtained control scheme can still achieve the appointed-time
control performance of the spacecraft and satisfy the attitude
constraint, as long as the unit vectors v, o and vy 3 satisfy
vl vpa = 0 and v, 3 = S(vp1)vs2. Besides, since the value
of the control input u(t) is influenced by the vectors vy, o and
vy 3, it deserves further investigation on the optimal selection
of the vectors v, 2 and vy, 3 in the future. |

IV. SIMULATION RESULTS

In the section, the simulation results will be provided to
show the effectiveness of the proposed scheme. First, the
values of the system parameters refer to [15] and can be seen
in Table I. Besides, in this paper, the external disturbances
of the spacecraft d(t) include the gravity-gradient torque
dg(t), the aerodynamic torque d,(t) and the Earth magnetic
torque d(t). According to [15] and [63]-[65], the form of
the above disturbance torques are d, = ﬁ (Bg)JI Bg.
do = —2cps5p0aS(Ly)||ValVa, and d. = S(M.)B., where
1= 3.9787%10' m3s 2 is the Earth’s gravitational constant,
By, € R3 is the relative position from the center of the
Earth to the spacecraft centroid in F3, g, is the atmospheric
density, sp is the area of the spacecraft cross-section, cp is
the drag coefficient, L, € R3 is the relative position from
the spacecraft centroid to the center of the pressure in Fy,
V. € R3? is the spacecraft velocity in Fp,, B, € R? is
geocentric magnetic flux density in Fy, and M, € R3 is the
sum of the magnetic moments due to permanent, spacecraft-
generated current loops and induced magnetism in F3. The
values of the above parameters and vectors can be seen in
[15].

In addition, here the spacecraft is subject to the measure-
ment noises. Correspondingly, denote Q. (t) £ Q(t)Qais(t) €
SO(3) and w,,(t) = w(t) + wais(t) € R? as the measured
attitude and the measured angular velomt% of the spacecraft,

respectively, where Qg;s(t) = E3 + Slrﬁ‘(m?t(t”)“)sw () +
1—cos(lor (D)l

22UonD 62(6 () € SO(3) and wais(t) = 0.002 *
rand(t)13 € R? are the measurement noises of the spacecraft
attitude and the spacecraft angular velocity respectively, with
#r(t) = 0.005 * rand(¢)13 € R3. Notice that the spacecraft
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Fig. 1: Simulation results of three control schemes. Case 1: The proposed scheme. Case 2: The first compared scheme. Case 3: The second compared scheme.
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Fig. 2: Variable n(t) of three control schemes. Case 1: The proposed scheme. Case 2:
The first compared scheme. Case 3: The second compared scheme.

cannot obtain the exact information of its attitude and angular
velocity, and therefore the above measured attitude @, (%)
and the measured angular velocity w,,(t) are employed in
the attitude controller.

The values of the control parameters can be seen in Table
II. The initial values of the control and system variables
are Q(0) = [0,1,0;0.943,0,0.333;0.333,0, —0.943], w(0) =
col(—0.045,—0.075,0.15) rad/s, r,,1(0) = 1 and 7, 2(0) =
1.5. The reference angular velocity and reference angular
acceleration are wgy(t) = (0.08 + 0.01sin(0.2¢))n, rad/s

and aq(t) = 0.002cos(0.2t)n, rad/s® with n, =
€01(0.9923,0,0.1240), and the initial value of the reference
attitude is Q4(0) =[0,1,0;—1,0,0;0,0, 1].

To show the performance of the proposed scheme, two
control schemes are introduced as the compared schemes.
The control scheme similar to [44] is employed as the first
compared scheme, and the according virtual controller is

we = —ke,1(Breg,c + Creq,B), (65)
where BR = 1- k072 hl(ﬁ), CR = %TI‘(AC(E:J, —
Qer))’ €R,B = _%S(QTUf)Ub,l’ E€rR,C = %Pa(Achr)7

the operator Pa(-) is defined in Notations, and A, =
diag(ac,1,acz2,ac3) with a.; > 0 for ¢ = 1,2,3 and
ac; 7 acj; for any ¢ # j. The control input (57) and the
according adaptive laws (58a)-(58b) are still employed in the
above compared control scheme. Note that the repulsive term
Br(Qcr(t)) on the attitude constraint (4) and the associated
vector ep p(Qer(t)) are contained in the virtual controller
(65). The function of the term Bpg(Q..(t)) and the vector
er,B(Qer(t)) is to make the spacecraft attitude keep away
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from the attitude forbidden zone [44]. The design procedure
on the above virtual controller w. (65) and the rigorous proof
of satisfying the attitude constraint can be seen in [44].
Besides, the prescribed performance attitude control scheme
similar to [60] is also introduced as the second compared
control scheme, and the associated virtual controller is

we = wq + By (Beec — B '¢), (66)
where e, = colgeg,l,eg&eg,g) = \/TW a(Qer) €
R?, Bg = \/TT(Tr(QeT)Eg QL. +26<6 ) € R3%3,
¢ = (Tea Pm/ﬂg Te2(eca/pe2) Teslecs/pes)) € R?,

¢,2

Be = diag(3 d(ec, 1/P< 1)P< 17 d(ec.2/pc2)pe,2” dleg, 3/P<c33)9c,3)

= diag(Ze2, 252, 255 with Teq() and (),
i =1,2, 3 being the ‘prescribed performance transformation
functions and the decaying functions respectively [60]. The
control input (57) and the according adaptive laws (58a)-(58b)
are still used in the above compared control scheme. It is worth
mentioning that the above control schemes similar to [60] can
possess the prescribed control performance.

The simulation results of three control schemes can be seen
in Figs. 1-2, where the green dotted lines in Figs. 1(b)-(d) are
the decaying functions p (¢), p2(t) and p3(t), respectively. The
regions surrounded by the green dotted line and the x-y axes
are the according appointed-time performance constraints. The
functions 1 (t), ¢2(t) and p3(t) can meet the appointed-time
control performance, if they are located in the above regions.

First, it can be seen in Figs. 1(e)-(h) that within 80 s,
w(t), ry,1(t), 7y 2(t) and 7(¢) of three control schemes are
all bounded, 7,1(t) > 0 and ry2(t) > 0. However, it can
be seen in Figs. 1(a)-(d) and Fig. 2 that the attitude tracking
performance of the proposed scheme differs from that of these
two compared schemes.

For the proposed scheme, on one hand, the attitude tracking
error QQ..(t) in Fig. 1(a) converges into the small neighbor-
hood of the equilibrium F5 within 50 s and remains in this
neighborhood after 50 s. This is because the appointed-time
performance requirements (28), (30) and (31) are considered
in the proposed scheme. In fact, in Fig. 1(b), different from the
first compared control scheme (65), the error function ¢4 (t)
of the proposed control scheme always satisfies the constraint
(28) within 50 s, meaning that the error function ¢1(t) of
the proposed control scheme can converge into the interval
[0,0.3) within 25 s and can remain in this interval after 25 s.
Besides, in Figs. 1(c)-(d), different from the first compared
control scheme (65) and the second compared control scheme
(66), the error function w2 (t) of the proposed control scheme
satisfies the constraint (30) when 25 s < ¢t < 35 s, and the error
function 3(¢) of the proposed control scheme also satisfies
the constraint (31) when ¢ > 35 s. Based upon Theorem 1,
this means that the attitude tracking error Q. (¢) can remain
in the set ©g (32) after 50 s. On the other hand, in Fig. 2,
the proposed control scheme can meet the attitude constraint
(4) within 80 s. The reason is that by virtue of the projection
function (16)-(17), the designed control scheme can meet the
attitude constraint (4) at all the time.

However, it can be seen in Figs. 1(a)-(d) and Fig. 2 that the
compared control schemes cannot meet the attitude constraint

and the appointed-time control performance simultaneously.
On one hand, for the first compared control scheme (65), it is
shown in Fig. 2 that the associated spacecraft attitude can meet
the attitude constraint (4) within 80 s. However, compared with
the proposed scheme, the corresponding attitude tracking error
Q.- (t) in Fig. 1(a) does not possess the small convergence
time and the small steady-state error. This is because the
appointed-time performance constraints (28), (30) and (31) are
not considered in the first compared scheme, and therefore in
Figs. 1(b)-(d), the according error functions ¢ (t), p2(t) and
3(t) violate the constraints (28), (30) and (31). On the other
hand, for the second compared control scheme (66), it is shown
in Fig. 1(a) that the according spacecraft attitude can fast track
the reference attitude. However in Fig. 2, the corresponding
spacecraft attitude cannot meet the attitude constraint (4). This
reason is that the second compared control scheme does not
consider the attitude constraint (4). In all, it is concluded
from Figs. 1-2 that, distinct with the above compared control
schemes, the proposed control scheme can meet the attitude
constraint and the appointed-time control performance simul-
taneously, even in the presence of the parameter uncertainties,
the external disturbances and the measurement noises.

V. CONCLUSIONS

This paper studies the constrained attitude tracking control
of the spacecraft with the appointed-time control performance.
A novel projection function is developed to map the boresight
vector to the according reduced dimensional vector, and the
attitude constraint will be satisfied if the reduced dimensional
vector is uniformly bounded. Then a set of vector-based error
functions, the appointed-time performance constraints, and the
corresponding adaptive controller are carefully constructed.
Based on the derived SO(3)-based attitude control scheme,
the spacecraft attitude can possess the appointed-time control
performance and avoid the attitude forbidden zone simultane-
ously, and is robust to the parameter uncertainties and the
external disturbances. In the future, inspired by [40]-[45],
the authors intend to investigate the prescribed performance
attitude synchronization control of multiple spacecraft with
the attitude constraints.

APPENDIX A
PROOF OF LEMMA 6

First, it is obtained from ¢; < poo,1 and Remark 3 that
the Egs. (33)-(34) and (36) hold. Besides, it is obtained from
(23b), (24b) and vTT, oUr1 = 0 that

T T T
Up2Vr,d,2 = vr,2(E3 - Urylvr,l)vﬁdv? (67)

= ||0r,a3llvro0ra,3-

Therefore, based upon p3 =1 — vZ?QT)ryd’g < Poo,3 < 1, (36)
and (67), it is further obtained that

1- 'UZ:Q'UT,d,Z =1- ||1~}T,d,3||1}3:21_)r,d,3

(68)
<1l- (1 - POO,l)(l - poo.,3)-
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Then denote Ar £ vp10]; + p,2} - Based upon (33), (68)
and the relations v, ; = Qup; and v, q; = Qqvp, if Y1 <
Poo,1 and @3 < poo 3, then Tr(Ap — ArQ.,) is scaled as

Tr(Ar — ARQer) = 2 — UrT,d,Wr,l - UTT,d,2Ur,2
<1l- (1 - pw,l)(l - Poo,B) + Poo,1

< 2/000,1 + Po,3-
(69)

Moreover, since the eigenvalues of Ag are 1, 1 and 0, it is
further obtained from Lemma 1 and (69) that

TI‘(Eg - ESQET) < 2’I‘I‘(AR - ARQST)

(70)
< 4/)00,1 + 2poo.,37

if 1 < pPoo,1 and Y3 < Pog 3.
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