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Distributed continuous-time strategy-updating rules
for noncooperative games with discrete-time
communication
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Abstract—In this paper, continuous-time noncooperative games
in networks of double-integrator agents are explored. The existing
methods require that agents communicate with their neighbors
in real time. In this paper, we propose two discrete-time
communication schemes based on the designed continuous-time
strategy-updating rule for the efficient use of communication
resources. First, the property of the designed continuous-time
rule is analyzed to ensure that all agents’ strategies can converge
to the Nash equilibrium. Then, we propose periodic and event-
triggered communication schemes for the implementation of the
designed rule with discrete-time communication. The rule in the
periodic case is implemented synchronously and easily. The rule in
the event-triggered case is executed asynchronously without Zeno
behaviors. All agents in both cases can asymptotically reach to the
Nash equilibrium by interacting with neighbors at discrete times.
Simulations are performed in networks of Cournot competition to
illustrate the effectiveness of the proposed methods.

Index Terms—double-integrator dynamics, event-triggered
communication, Nash equilibrium, noncooperative games, periodic
communication.

I. INTRODUCTION

In recent years, there has been a growing interest in adopting
game theory to characterize the interactions among decision-
making agents in distributed control systems [I]. By this
method, the coordination objective of multi-agent systems can
be formulated as the Nash equilibrium (NE) which corresponds
to the natural emergent behavior resulting from the interactions
of selfish players [2].

Roughly speaking, the dynamics of noncooperative games
can be classified into two categories. One relies on the best-
response dynamics, which derive from the most natural “game
playing”, i.e., each player changes his strategy to minimize his
cost, given strategies of other players [2]-[5]. The other relies on
the gradient dynamics, which are usually suitable for continuous
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cost functions. From the perspective of optimization, the strategy
of each player is updated along the direction of maximal descent
of his cost function.

Based on the gradient dynamics, the studies of continuous-
time noncooperative games in the framework of multi-agent
systems have recently attracted an increasing attention. In
this framework, the distributed strategy-updating rules (or NE
seeking algorithms) based on consensus protocols designed
for games with incomplete information are totally different
from the methods proposed in Bayesian games [6]-[8]. In
such a setting, agents are forced to move to NE with the
estimation of other agents’ strategies by communicating with
neighbors. The corresponding results are more suitable for
networked control systems, such as sensor networks [9], [10],
communication networks [11], mechanical systems [12] and
smart grids [[13]]. In consideration of the cyber-physical scenarios
where the implementation of distributed algorithms among
agents is driven both by inherent dynamics and their own
interests, some studies have focused on the games among agents
with complex dynamics. A distributed NE seeking algorithm
was proposed for mobile robots with second-order dynamics in
the sensor coverage [14]. A network of Euler-Lagrange systems
was steered by distributed algorithms to NE of aggregative
games [12]. Besides, NE seeking algorithms were proposed for
agents with disturbed multi-integrator dynamics [15[]. Multi-
integrator agents were also studied in noncooperative games
with coupled constraints [16]. A network of passive nonlinear
second-order systems was steered by a distributed feedback
algorithm to the Cournot-Nash equilibrium [17]]. Zhang et al.
described players in aggregative games as nonlinear dynamic
systems perturbed by external disturbances and designed a
distributed algorithm for agents to arrive at the NE and to
reject disturbances simultaneously [18]. Moreover, the seeking
algorithm was proposed for quadratic games with nonlinear
dynamics [19].

However, a common feature of continuous-time seeking
algorithms in all aforementioned literature is that the
communications among agents are continuous. For example,
in mobile sensor networks, agents (e.g., robots or vehicles)
are forced by continuous-time seeking algorithms [15], [16],
which require to be implemented by continuous communications
among agents. Taken the communication costs into account,
the continuous-time mechanism is undoubtedly expensive.
Furthermore, due to the limited storage energy in mobile
sensors, it is impossible to apply these algorithms in practical
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situations where agents communicate with each other only at
discrete-time instants. To the best of our knowledge, only a
few work has been reported on discrete-time communication
for noncooperative games. Furthermore, few studies have been
reported on the discrete-time interactions in continuous-time NE
seeking algorithms. A self-triggered communication scheme was
designed in best-response dynamics [2]. Static event-triggering
schemes were designed for differential games [20], [21]]. These
observations motivate us to study the strategy-updating rules
with discrete-time communication for noncooperative games.
The interaction laws among agents are designed to accurately
estimate the strategies of others. During the time-interval
between any two successive discrete communication times, the
outdated information is used. The longer the communications
are disconnected, the further away the estimations could be
driven from the real values. It may happen that agents’ strategies
are far away from the NE of games. In such a case, how
to design discrete-time communication schemes to ensure the
convergence of all agents’ strategies to the NE is a critical
problem to be solve. Thanks to the extensively studied the
control and communication technology based on event-triggered
schemes [22[|-[26], they make it possible to solve this problem.
This paper is to investigate discrete-time communication
schemes of a distributed continuous-time strategy-updating rule
for agents who have double-integrator dynamics. Similar to
the existing work, all agents need to agree to implement
the designed algorithm by exchanging information with their
neighbors. Thus, agents can estimate the strategies of others
through local interactions in a distributed way. The main
contributions of this paper are summarized as follows.

1) To remove the requirement of the continuous
communication in the existing distributed NE seeking
algorithms, a periodic communication scheme is firstly

proposed to realize periodic and synchronous sampling. Then,
for the purpose of saving communication resources, we design
a asynchronously dynamic event-triggered communication
scheme which depends on an internal variable with its own
dynamics. The scheme is proofed to be Zeno-free. And it is
different from the self-triggered communication [2] and the
static event-triggering scheme [20f], [21]. The self-triggered
scheme schedules the next event time to sample new
information by the current triggering time and available
information. But the event-triggering scheme broadcasts new
information at event-triggering time only determined by local
information.

2) Agents with double-integrator dynamics are studied in
noncooperative games. Different from the updating rule for the
predicted strategy containing positions and velocities proposed
in [15], the strategy-updating rule given in this paper utilizes
the agent’s own real time strategy (i.e., positions) and the
estimation of strategies of other agents for forcing itself to
update its strategy along the direction of the subgradient of its
cost function.

3) Continuous cost functions are investigated in this paper,
and the assumption on continuous differentiable cost functions
in related previous works is relaxed [12f, [27]-[29], [41].
The proposed strategy-updating rules synthesize subgradient

dynamics and differential inclusions to deal with continuous
cost functions.

The rest of this paper is organized as follows. In Section II,
the problem formulation is given and some related preliminaries
are introduced. In Section III, a continuous-time strategy-
updating rule is proposed. The discrete-time communication
schemes are designed in Section IV. Simulation examples are
provided in Section V. Finally, some conclusions and future
topics are stated in Section VI.

Notations: R denotes the set of real numbers. R>( is the set
of non-negative real numbers. Zx( is the set of non-negative
integer numbers. R™ is the n-dimensional real vector space.
R™>"™ denotes the set of 7 xm real matrices. Given a vector x €
R", ||«|| is the Buclidean norm. AT and || A|| are the transpose
and the spectral norm of matrix A € R"™*", respectively. For
matrices A and B, A ® B denotes their Kronecker product.
A2(A) and A, (A) are the second smallest and the largest
eigenvalues of matrix A, respectively, and they are expressed
simply as Ay and A, . Let col(z1,...,2,) = [2T,..., 21]7T.
blk{A;,...,A,} is a block diagonal matrix with diagonal
elements Aq,...,A,. 1, and 0, are n-dimensional column
vectors where all elements are O and 1, respectively. I,, denotes
the n x n identity matrix. A zero matrix is denoted by 0 with
an appropriate dimension. A set-valued map F(x) : R" = R”
is the map from a vector z € R" to the collection of all subsets
of R™.

II. PROBLEM FORMULATION AND PRELIMINARIES
A. Problem Formulation

An N-person noncooperative game with N agents is
considered here. Let G = (Z,(2,.J) denote the game, where
agents are indexed in the set Z = {1,..., N}, Q = Q; x

x Qn C RN™ is the strategy space of the game
with the strategy set €, C R™ of agent i € Z. J
(Jl,...,JN), where Jl(xl,x,z) : Ql X Hj;éin — R is
agent ¢’s cost function depending on its own strategy z; €
Q; and the other agents’ strategies denoted by a vector x_;
COl(I’l, ey L1, L1y e - 717]\]). Let x = COl(l’l, ‘e ,IN) S Q,
which denotes the strategy profile composed of all agents’
strategies. For the game with incomplete information, agents
have to estimate strategies of the others by interactions with their
neighbors in a network G = (Z, &), which may be undirected
or directed. For the detailed concepts of graphs, please refer to
(30].

We consider that each agent in the network has the inherent
double-integrator dynamics,

{ T = vj,
i)i = Uy,
where z; € R", v; € R”, and u; € R" are the agent i’s
strategy, auxiliary state, and control input, respectively. Given
the other agents’ strategies x_,, agent ¢ aims to minimize its cost
in the game, i.e., ming,cq, J;(z;, _;). The double-integrator
dynamics (I) can represent several types of physical systems,
such as mobile robots in sensor networks [9], autonomous
vehicles in traffic scenarios [31] and Euler-Lagrange systems
[12].

ey
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Assumption 1. Let Q; = R™. The cost function J;(x;,x_;) is
continuous in all its arguments x and convex in x; for every
fixed x_; and for all i € 1.

Under Assumption 1, the /N-person noncooperative game
formulated in this paper admits a NE [43, Theorem 4.4]. The
cost function J; represents a goal or performance metric of agent
i, and it may be nonsmooth in many settings. For example, a
piecewise linear price function was studied in the Cournot model
[32]], the performance of compressing sensing is measured by
ly-norm in [33]], and the congestion costs of flow control are
assumed to be piecewise smooth in communication networks in
[34].

In summary, the problems we need to handle include: 1) the
proposal of continuous-time strategy-updating rule for double-
integrator agents with continuous cost functions; 2) the design of
discrete-time communication schemes to reduce communication
loads; 3) the analysis of the proposed methods that can ensure
the asymptotical convergence of strategies to the unique NE of
noncooperative games.

Remark 1. Assumption |I| is more general than that in [41)].
Under Assumption |l| it is seen that the strategy-updating rule
designed in [41] is a special case corresponding to the rule
designed in this paper. Moreover, the analysis in [41] is only
based on ordinary differential equations and classical Lyapunov
stability theory. There is no further study on the periodic
communication scheme in the conference version of this paper
[41)]. Although a part of conclusions in this paper are similar
to those in [41)|], the conclusions in this paper are applicable to
the cases with more general cost functions.

B. Preliminaries

Here, we introduce some necessary notations and lemmas
in noncooperative games, convex analysis and differential
inclusions.

Definition 1 ( [43, Definition 3.7]). A pure NE of game
G = (Z,9,J) is a strategy profile ©* =col(z7,...,z%) € Q
satisfying the following inequality

Ji(wi, x;) < Jiwi, 75)
for any z; € ; and all i € 7.

The NE is the point where any agent has no willingness to
decrease its cost by changing its strategy unilaterally..

Lemma 1 ([43] Corollary 4.2]). Under Assumption|l| the game
G = (Z,9Q,J) admits a pure NE x* € ) satisfying

On S aacﬁ]z(x;k’xtz)v Vi € I, (2)

where O, J;(x;,x_;) € R™ is the subdifferential of cost function
J; at the strategy x; for fixed x_;.

The condition (2)) is a generalization of V,;J;(z},z*,) = 0,
which denotes the gradient of J;(z;,x_;), which is continuous

differential, with respect to z; and is widely used in [[11]], [12],
(151, [27], [28], [43]. Let F(x) Hfil Oz, Ji(Ti, ;).

Assumption 2. The map F(z) : Q = RN" is Lipschitz
continuous with Lipschitz constant 0 > 0 and is strongly

monotone; that is, (x — 2')T'(d — d') > w||z — 2'||%, w > 0,

Ve,o' € Q, d € F(x), d € F(x').
Definition 2 ([35, Theorem 6.1.2]). If a function f(-): C — R

is strongly convex on a convex set C C R", there exists a
constant ¢ > 0 such that

(y—y) " (d=d)=cly -y Vdedf(y).d € df(y),
where Of(y) is the subdifferential of f(-) at y.

Proposition 1 ([36, Proposition 9]). Let f(y) : R™ — R be a
locally Lipschitz and convex function. Then,

(1) Of(y) C R™ is nonempty, convex and compact, and all
d € 0f(y) satisfy that ||d|| <1 for some | > 0;

(2) Of (y) is upper semi-continuous at y € R™.

A differential inclusion [37] is considered as follows

2 € F(z2),2(0) = zo, 3)

where F : R" =2 R" is a set-valued map. A solution of (3)) is
an absolutely continuous curve z : [0,7] — R™ that satisfies
(@) for almost all ¢ € [0, T]. The set of equilibria of the system
@)is E = {z € R*0 € F(z)}. If F: R*" = R" is upper
semicontinuous with nonempty, compact, and convex values,
there exists a solution to (3) for any initial condition |11, Lemma
2.3].

Lemma 2 ([36, Theorem 4]). Let V : R — R be a smooth
function. Define S C R™ as a strongly positively invariant set
under (B). The set-valued Lie derivative of V with respect to F
at z is

LrV ={CeRIC= (VV(2) v,V € F(2)}.

If maxLrV < 0or LV =0, Vz € S, and the evolutions of
are bounded, the solutions of starting from S converge
to the largest weakly positively invariant set M contained in
SN{z e R0 € LFV}. When M is finite, the limit of every
solution exists and is an element of M.

III. DISTRIBUTED CONTINUOUS-TIME STRATEGY-UPDATING
RULE

For the games with incomplete information, every agent is
assumed to estimate the other agents’ strategies and to regulate
the estimation by communication with its neighbors.

Inspired by augmented pseudo-gradient dynamics designed
in [28)], we define x* =col(z},...,z%) as the estimation
vector of agent ¢ about all agents’ strategies, where x is the
player i’s estimation on the strategy of player j, and z} = x;.
Denote x'; =col(z},...,z;_y, 2} ,...,2y) and let a be a
positive constant to be designed. With the estimation vector x* ,,
Ox, Ji(x;, " ;) represents the subdifferential of J;(z;, x" ;) at
x;. We propose the following strategy-updating rule.

T = vj,

X . « . .

0 € —kv; — O, Ji(xs, 2" ;) — ERi ;Iaij(:c‘ —x?),
J

“
(13‘1_7 = *OlSl' Z Qi (.’I)Z — .’I)j),

JjET
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where a;; is the weight on edge (¢, j) € € of graph G.
Ri = [0 (i—1)n> Ins Onx (N —i)n]
and

OG- 1)nx(N—i)n
In—iyn

O(ifl)nxn
O(Nfi)nxn

S; = I (i—1)n
O(N—)nx(i—1)n
are selection matrices to select the needed elements, that is,
r; = Rz and ' ; = S;x'. J;(z;,x",) is the agent i’s cost
determined by its own strategy and the estimation of strategies
of other agents. The extra correction term R; ), 7 a;; (x'—x’)
is instrumental in the agreement of agents’ estimation vectors.
The strategy x; is expected to evolve in the direction of any
subgradient of cost function J; to the NE. Thus, the dynamics of
auxiliary state v; can be represented as a differential inclusion.
Define = col(z!,...,z"). A set-valued map F(z): OV =
RN™ is defined by F(x) = [[2V, 8y, Ji(2:, 2" ;). The following
assumption is given for the map F(x).

Assumption 3. The set-valued map F(x) is Lipschitz
continuous with Lipschitz constant 0 > 0. It also satisfies that
(x —2)0(d - d) > w|x — 2|, w > OVx, ' € QY
d € F(z),d € F(z).

Assumption [2] ensures that the noncooperative game G has
a unique NE [38] Theorem 2]. The assumptions of Lipschitz
continuity and monotonicity of involved maps are also used in
[28], [39], [40]. Assumption E] is an extension of Assumption
from the strategy space €} to its augmented space Q.
The assumption on the strong monotonicity of F'(z) can hold
under that each J;(x;,2_;) is a convex function. For the
double-integrator dynamics, the assumption on set-valued map
F(x) is stronger than that in [28]], [40] and it can guarantee
the convergence of the proposed strategy-updating rule. The
following analysis mainly focuses on undirected graphs, which
is assumed to be connected in the following assumption.

Assumption 4. The undirected communication graph is
connected.

Let  =col(zy,...,zn), v =col(vy,...,vN), T = col(x?
., &N), R = blk{Ry,..., Ry}, S = blk{S1,..., Sy}, Sz
= col(zt,,...,2¥y), and L = L ® Iy,. A compact form of
the designed rule (@) for all agents is given as follows,

T =,
o€ —kv— F(z) — %RLaz, )
St = —aSLx.

Lemma 3. Suppose that Assumption [I| holds. x* is the NE of
game G = (Z,Q,J) if and only if (*,0n,,1n @ a*) is the
equilibrium of dynamic system ().

The proof is straightforward. We omit it for limited space.

Theorem 1. Suppose that Assumptions hold and the
parameters k and « satisfy that k > max{%,@ +
VO o [RLEEL and a(r, — IBEL) > g 4 k6
respectively. Agents with dynamics (1) follow the strategy-
updating rule @). Then, all agents’ strategies can asymptotically
converge to the unique NE of game G = (Z,9Q, J).

Proof: Define z =z —a*, v =v—v*,andz =z — 1y Rz*.
The system (B) can be transformed into

[@,0,82]" € F(#,9,2), ©)
v
where F(Z,0,&) = —kv —F(x) + F(z*) — ¥RLx|.
—aSLx

Recall the definition of F(x). It follows from Lemma [l| that
Onn € F(.’B*)

Consider a Lyapunov candidate function V = 1 (||3]|?+ | kz+

0||?+27STS). The set-valued Lie derivative of V with respect
to F is given by
2
LrV ={CER: (= —k|o|]? — 207 (d—d) - k”TRLw

—kiT(d - d*)—az’ L&, d € F(x),d" € F(z*)}.

Let 2° = +1y15 ® Innd, and &° = (In2p — +1n1% ®
Ing)T. Then & € RM™ can be decomposed into two
components. One is in the consensus subspace and the other is
in the orthogonal complement of the consensus subspace, that
is, & = &°+ &°. Since #° = 1y ® z for some z € RN" it
follows that L& = Oy, and (2°)TLx® > \o||x°||%, where
Ao is the second least eigenvalue of L. From the definition
of &% and &°, (2°)"2° = 0. Thus, [|]* = [|&°||* + ||&°|]*.
Define d’ —1N®xf0rsomem€Q Ifax =21 €l
O, Ji(xs, @' ;) = Oy, Ji(x;, ;). It follows from the definitions
of F(z) and F () that F(1y ®x) = F(z). Under Assumptions
2] and [3] it follows that

—207(d —d*) = 20" (d - d') — 207 (d' — d*)
< 20|[o]||=°[| + 20]|2 ||z | @)
< 20||9)1* + 0| 2°||* + 0|z,
2a T ~0
— U RLE < *HRLIIHUIIHHc | .

~0||2

and
—kiT(d—d*) < —k(z—2*)T (d—d)—k(z—2*)T (d —d*)
< k6| [||&°| — kw||Z|

~ 112 20 o2 ~ 112
<ol + a2 — kulja)?.
)
Thus,
. o RL
¢ < —(hw —20)3)% — (k — 20 — “IRELy 50
a|RL| K26, _,
~(arg -0 - AREL_ K0y 5 ||2
Since ( is arbitrary, it follows that
max £V < —(kw — 20) 7] — (k — 20 — Ty
o|RL| k0.
(arg — 6~ AREL B0y o2

If k= max{2,0 + /67 + of[RL], ZEL}, and a(X; —

IRELY > ¢ 4 22 max L7V < 0 with & # Onp, © # O,
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or & #* Opn2,. max LV =0 only if £ = Ony,, U = Onp, and
& = Op2,, which indicates that all agents’ strategies arrive at
the NE. Recall that V' is a continuously differentiable, radially
unbounded and positive definite function. It follows from system
(6) that the origin is the equilibrium point. According to
Corollary 4.2 and Theorem 4.4 in [42], the largest invariant
set is given by

~ ~ ~ 2 ~
M={z cR"" 5 e RN" & ¢ RV "|Z = Opp,

s (10
U= ONn7£B = ONzn}-

By Lemma [2] any trajectory of (6) starting from an initial
condition (Zo, g, &g) converges to the invariant set M. Thus,
(z,v,x) converges to the equilibrium (z*,0x,,1y ® x*) as
t — oo. It indicates that all agents’ strategies can reach to the
NE of noncooperative game G = (Z, £, J). ]

Remark 2. To ensure that each agent estimates the strategies
of others accurately, it is necessary to assume the connectivity
of communication graphs, which is a global property of
communication graphs. In the case that the communication
topology is the prior knowledge to agents, parameters o and
k can be selected to satisfy the conditions in Theorems [I}3]
In addition, ||RL|| only depends on the maximal degree of
nodes in the graph, due to the special structure of R. If the
overall structure of communication graph is unknown, the total
number of agents is necessary to be known to estimate the
algebraic connectivity Ay and ||RL||. The conditions involving
the Laplacian matrix of the graph can be relaxed by eigenvalue
estimations or adaptive gains, such as the adaptive algorithm
proposed in [44].

The above result can be extended to the weight-balanced
and strongly connected directed graphs (digraphs). To avoid
any confusion, we denote the second smallest eigenvalue of
LWL+ LT) by Ao

Corollary 1. Let G be a weight-balanced and strongly
connected digraph. Under Assumptions [I] and 3| If k >

max{2,0 + /07 + oRL[, I5EL} and a(A; — 15EL) >

9+% , all agents’ strategies, who have dynamics (TJ) and follow
the strategy-updating rule (@), can asymptotically converge to
the unique NE of game G = (Z,, J).

Proof: The proof is similar to that for Theorem [T} The
difference is the treatment on 1 27STS& in the Lyapunov
function V. For a Weighted—balanced and strongly connected
digraph, the set-valued Lie derivative of V' with respect to F is

%a o' RLE

LrV ={(eR:(=—k|p|]* - 20" (d - d*) -
—kiT(d—d*) — —&"
d € F(x),d" € F(z")}.

The rest analysis is similar to that in the proof of Theorem [I]
and omitted for saving the space. |

(L+ L")z

IV. DISTRIBUTED STRATEGY-UPDATING RULE WITH
DISCRETE-TIME COMMUNICATION

In this section, discrete-time communication schemes for
strategy-updating rule (@) are explored. The implementation

of strategy-updating rule (@) requires agents to communicate
each other in continuous time, which facilitates the theoretical
analysis. Considering the cost and execution mechanism of
communication in practical scenarios, we study the strategy-
updating rule in discrete-time communication schemes. In this
section, communication topologies described by undirected
graphs are considered.

Let {t}}32, € Rxo, such that t < t},,, denote the time
sequence at which agent ¢ broadcasts its estimation state ' (t},)
to its neighbors, for all i € 7. Before the next time ¢ , ,, &'(t) =

x'(ty) for t € [t} t; ). Sometimes ¢ is omitted for simplicity.
For agent i, the strategy-updating rule (@) with discrete-time
communication is given by

ii = Uy,
0; € —kv; — Oy, Ji(x5, " R Zau
jET (11)
= —aSiZaij(fBl
JET

Next, two discrete-time communication schemes are proposed
for agents to interact with each other at discrete-time instants.
Under these schemes, it is analyzed that all agents’ strategies
can converge asymptotically to the NE of game G = (Z, 9, J).
One is a periodic communication scheme and the other is an
event-triggered communication scheme.

A. Periodic Communications

In the periodic communication scheme, all agents
communicate with each other synchronously at time interval
A, i.e., sampling period A =t} , — ¢}, for all i € Z. Theorem
presents an upper bound on the size of execution cycle of
communications among agents over an undirected graph.

Theorem 2. Suppose that Assumptions hold and the
parameters k and « satisfies that k > max{%,tﬁ) +

V72 30 RE] B2+ ) and oy, — 12 T >
6+ E2 respecnvely. Each agent communicates synchronously
with lts neighbors over the graph G every /\ seconds, starting at
zero, where I\ € (0,7), T is the upper bound of communication

intervals given by

1 a&
=—-In(1+ ————). 12
T= g0+ ) (12)
Xy —0)k—a||RL k:3a4aL2 0
n (@ ¢ = i e, o a
and b = o|STSL|. Agents with dynamics @ follow the

strategy-updating rule (I1). Then, all agents’ strategies can
asymptotically reach to the unique NE of game G = (Z,9, J).

Proof: First, similar to the analysis of Theorem 1, we transfer
the equilibrium to the origin, which is similar in Theorem [1]

Let e; = & (tl) z'(t),¥i € T and e =col(ey,...,ey) for
e=1% —x. can be written in a compact form
z,0, 82T € F(z,0,%), (13)
- v
where F(z,0,2) = |-kt — F(x) + F(z*) — $RL(e + )
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Recall the definition of Lyapunov function V' in Theorem
The set-valued Lie derivative of V' with respect to F is given
by

2c

L7V ={CeR:¢=—k|p|*> -20T(d—d*) - ; —3T"RLz

2c

— kil (d - d*)—az" L& — —0"RLe — a&” Le,
d e F(x),d" € F(z*)}.
(14)
Similar to the analysis in Theorem [1] it follows that
- 04H72L||
¢ < —(kw —20)||2|* - (k — 20 — ——) 9
L k26
~(arg o - AIREL >|\*0||2 1s)
2« - s
+—IIRL{l[7] el +04HLH||<B el
By Young Inequality, we have that
2 o alRL|, ., . olRE]
—IRL|[I7]]le] < ———]* + ———lel*,  (16)
k k k
e ali| i
- _ a
af | Li[[|2°[|[lef < 221> + lell. (A7)
Substituting and (T7) into (T3)) yields that
. 2a||RL||
¢ < —(kw —20)||2|* - (k — 20 — ———)||o||”
oIRE] olE] R0 . o
(ar 0 — “REL Al K002 a1m)
o RL| OékHLH
+ (X el
Since ( is arbitrary, we have that
2 L
max £V < —(kw — 20) ] — (k — 20 — 2 TRED) g2
afRL||  af L] k29 =012
(02—~ AL Il 0y 50|
o RL akllLll
+ (X el
where k = max{22 ¢ + \/92+2a||RL HRL” + ”L‘}
and a(r2 — IRL) |LH) > 0 + %. Let £ =

k
Ao—0)k—a||RL||—k%0/4—«l|L]|| /2 -
(o Ok el B b0 albI2 it e < |zt

R
E||x(t H‘£ t € [th,tg+1), max LV < 0 for all ¢ > 0. It
is clear that at each communication time ¢, ||e|| = 0. Then,
e(t) grows until next communication time ¢;41 and becomes
zero again. The following analysis shows the upper bound of
the communication intervals by examining the time period it
takes for ¢ = ||e||/||Z(t)]| to evolve from zero to &.

T

e Jlela"i _ el lellél

L = R ™
xr

=gy

The second inequality follows from the definition of ¢ and the
fact that ||e]| < ||z||.

In addition,

&  2T% i"0 - az’STSLe — a#” STSL#
lzl &2 2|2
R STSL
| sgll!vll ISTSL]lfle] + alSTSL|
[z [E]
[|9]]

IA

+ || STSL||(1 + q).

It follows from the evolution of @ that 12l <

[E]
fg p(r—t) IF (@)= F(@ )+ RL(e+2(D)| 7. with 2(0) = 0. By the
integration mean value theorem, H;H <

al[SL{e+a(r)]
(—e
5 a[SL(e+&(s))]
Olz(s)||+|RL(e+Z(s))||) for some fixed s € (0,t). It yields
that 121 < 81 by the fact that ||&(s)|| < ||SL(e+(s))|| and

IRL(+ #(3)| < |SL(e + &(s))]. Thus,

0+1
i< (1+q)(E= +allSTSL|(1+4q).  Q0)

Using the Comparison Lemma in [42[], we have that
q(t,q0) < @(t, o), where ©(t,¢g) is the solution of ¢ =
8L (1+p)+al|STSLI|(1+¢)? with initial state (0, o) = @o.
Then,

(a+b)(e® —1)
a+b(1 —eat)’

where a = 1 and b = of|STSL|.
The time 7 when ¢(7,0) = £ is given by
1
T=—In(l+ at

a a+b+b£)’

Then, for {tx11 —tr} <7, |le|| < &||&(t)|. Thus, max LV =
0if £ = O0pnp, D = 0Ny, and & = Opnz,; and max L2V # 0,
otherwise. The largest invariant set is the same as (10). It follows
from Lemma 2] that the system (I3)) asymptotically converges to
the origin, which indicates that all agents’ strategies can reach
to the NE of noncooperative game G. |

Q(tao) < Lp(t,O) =

Remark 3. The communication period determined by T in
Theorem [2] relies on the communication graph, cost functions
of players, and the designed parameter o.. When cost functions
are given, and the graph and parameter o are fixed, T can be
determined by (12).

B. Dynamic Event-triggered Communications

Although the periodic communications can be realized easily,
it may degrade the system performance and use communication
resources with low efficiency. In the following, an event-
triggered communication scheme is designed to overcome these
weaknesses.

A dynamic event-triggered mechanism, which was proposed
in [22], is utilized here. Intoduce an internal dynamic variable
1; € R for each agent ¢ € Z, and 7; is governed by the following
dynamics.

N
1 a7 ] A4 1
—bm+§zaz‘j||w — & |* = (2d; + p1 + Ba) | 2" — 2|7,

j=1
21
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_ olRL| 3 (a—DK| L]

where b>0, £

2 2
NI A ”RL]T‘ML”}and(a 1)(>\

k%0 _ |IRL|
0+ “ et

Theorem 3. Suppose that Assumptions hold. Agent i
asynchronously communicates with its neighbors over graph g
at times {t }xez-,, starting at tj) =0, for all i € I, according
to the following dynamic event-triggering rule

= inf {t e (

00)|(B1 + B2 + 2d;) ||z
1 o
*Z aiilla — &2+ pmi},

where 1, B2, k and « are defined in (1), and p > 0. Agents
with dynamics (1)) follow the strategy-updating rule (11)). Then,
all agents’ strategies can asymptotically evolve to the unique
NE of noncooperative game G = (Z,, J).

.k =max{2% 0+
IRLI _ LI
R ) >

bt —a'|?

(22)

\}

Proof: Consider the Lyapunov function V' defined in Theorem
whose set-valued Lie derivative with respect to F is given
by (I4). According to the analysis in Theorem [2] we have that

2

¢ =—k||o]]? — 20T (d — d¥) — ?ﬁTRLﬁz — kil (d—d")

200

—(a—1)&"L& — ?NTRLE —(a—2)&"Le + s,
vd € F(x),d" € F(z"),
where s = —#" Lz — 22" Le = —&" L& + " Le.

Similar to the proof of Theorem [2] the analysis is given as
follows. From & = ¢ + &° and ||Z||?> = ||z°)|? + ||2°]?, it
yields that

- 204HRL||

¢ <= (kw=20)|2|* - (k- 20 — — )9

a|RL|| K0 ( —DILI\ ) ~oyp2
—(@dg =0 - ——— — == — —— )|

+(B1+ B2)llell + s,

where (31 and (35 are defined in (21).

From L = D — A and D + A > 0 with the degree matrix D
and the adjacent matrix A of graph G, it follows that e’ Le <
2eT(D ® INn)e = 221 1d [|ei]|?. Therefore, we have that

= ZZz 1 (4d e — Z az]Hﬂ? — 2|2 ) Then,

- 2a||RL||
¢ < —(kw —20)[|Z[]* — (k — 20 — ——)]|9]]?
o[ RL| k%0 ( DIL -0
*(0A2*9*T*T*T)”m [
1 N N ) . N
=30 ayll’ — @+ Y (2, + B+ o) el
i=1 j=1 i=1
Let
o ki—F(2)4+F(2")— 2 RL(e+)
-7‘-1(557“7337771'): —aSL(e-i—:ik)
bty S0 aisll@ a7 |P~(2ditBr+B2) | &' ||

be a set-valued map. Consider the Lyapunov candidate function
Vi =V + 3N ni(t). Then, (TT) and () are written as

[%75785"777'1’]T 6]-_—1(5%;@;5’7772')7 (23)

An upper bound of set-valued Lie derivative of V7 with
respect to F is estimated as follows

2 L
max £5,Vi < —(kw — 20) |77 — (k — 20 — Z2IRE Ly
o|RL| k26
(ade =0 - == = =

(a = DL, - ol
X
=1

(24)

For t € [t},t} ), substituting the triggering condition (22)
into the dynamics (21)) yields that 1; > —(b+ p)n;. Thus, 7;(t)
> 1;(0)e~(*+P)t for 1;(0) > 0. Therefore, max Lz Vi = 0 if
T = Onp, 0 = Onp, and ° = Opnz2,; and max Lz V) # 0
otherwise. Similar to the analysis in Theorem [2} system
can converge asymptotically to the origin.

Then, we analyze the Zeno behavior by computing a positive
lower bound on the event-interval times in the event-triggered
process. The lower bound is denoted by 7; € R>0, which is the
elapse of the time that (8 + B2 + 2d;)||&" — '(t)? evolves
from O to pn; for all ¢ € Z. Let

f—x ()|
D1l ’

where m = /51 + B2 + 2d;. The derivative of ¢ with respect
to t is give by

m(@' — (1) Ta' (1)

m||&

ml|&" —a'(t)]] .

$=- 3 " i
[&" —a(t)]l\/pmi 2(pm;)?/?
mo . b+ p
< T + -
6 (1) + T

< oo and ||&'(t)| is
< D for some positive

141 m
For t € [t},}4,), we have that —Z

bound. Thus, it ?/ields that \/%Hw’(tﬂ
constant D. It yields that

3

b
p<D+—— Rl

We have o(t) < iiD (e 2 (1) 1), t > ti by using the
Comparison Lemma [42, Lemma 3.4] and by the fact that ||" —
@' (t}.)]] = 0.

Then,
2 b
20 bt

2P
b+p 2D+)

which indicates that the Zeno-behavior is excluded in the
designed event-triggered scheme ([22)).

Ty — 77—

V. SIMULATIONS

Here, an example on networks of Cournot competition is
given to illustrate the effectiveness of the designed continuous-
time strategy-updating rule (@) and the rule with discrete-time
communication (TT), respectively.

The competition among distributed energy resources is
considered here, where turbine-generator systems can be
described by double integrator agents who communicate with
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= = =continuous-time communication
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Fig. 1. The evolution of the strategies of all agents following (@) with
continuous-time communications and following (II) with event-triggered
communications 22))

each other on a circle graph [12]], [39]]. The cost function of
agent i (1 € {1,...,5}), is

N
Ji(wi, 1) = 6; + Bila; — ci| +via} — (p—a Y a)w;,
=1

where § = [5,8,6,9,7|T, 3 = [12,15,8,11,13]7, v =
[0.4,0.5,0.5,0.3,0.3]7, ¢ = [25,48,15,30,45]T, x(0) =
[25, 30, 20, 30, 35]7, p = 10, and a = 0.001. The cost functions
satisfy the Assumptions [T] and [3]

Based on the given cost functions and the communication
graph, we obtained that w = 0.601, # = 1.001, and A\ =
1.382. The parameters «, k, b, and p are selected to satisfy
the conditions given in Theorems [I}j3] In Fig. [T} the dash
lines depict the evolution of all agents’ strategies, who follow
the continuous-time strategy-updating rule @) with parameters
k = 4 and o« = 5, and the solid lines draw the evolution of
all agents’ strategies, who follow ([I)) with the communication
scheme based on the event-triggering rule with £ = 4, a = 5,
b = 0.01, and p = 3. It is seen that all agents’ strategies
asymptotically converge to the NE of game G. Moreover, the
strategy-updating rule based on the event-triggered scheme (22)
has a similar convergence performance to the continuous-time
one. Fig. 3] gives the triggering time sequences of all agents.

In Fig. 2] all agents’ strategies, who follow the strategy-
updating rule (TI) in the periodic communication scheme with
parameter £ = 4, « = 5, and A = 0.1s, can evolute to the
NE of game G. From the comparison between Figs. [T and [2] it
is concluded that the event-triggered scheme results in a higher
convergence rate. In addition, Table |I| shows the event times
and event intervals of the five agents in the event-triggered
scheme. It is seen that the the average event interval is greater
than the sampling period and the communication frequency
in the event-triggered system is less than that in the periodic
one. According to the above simulation, the event-triggered
communication scheme outperforms the periodic one in terms
of convergence rates and communication frequencies.
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Fig. 2. The evolution of the strategies of all agents following (TT) with periodic
communications
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Fig. 3. The triggering time sequences of the five agents
TABLE I
EVENT-TRIGGERED COMMUNICATION FOR THE FIVE AGENTS

Agent 1 2 3 4 5
Event times 78 81 88 92 84
Min interval 0.05 0.05 0.04 0.05 0.05
Mean interval ~ 0.1906  0.1848  0.1686  0.1628  0.1783
Max interval 0.62 0.49 0.52 0.34 0.53

VI. CONCLUSIONS

We have designed a distributed continuous-time strategy-
updating rule for double-integrator agents, whose cost functions
are continuous and not necessarily continuously differentiable.
Our designed rule has been analyzed to ensure the evolution
of agents’ strategies to the NE of noncooperative games,
if the communication graph is connected and undirected.
This property is preserved in strongly connected and
weight-balanced communication graphs. Then, discrete-time
communication schemes for the implementation of the proposed
rule are explored, such as periodic and event-triggered
communication schemes. Furthermore, we have established the
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asymptotical convergence results in periodic and event-triggered
communication schemes, and have taken care of the Zeno-
behavior of the designed schemes. In future work, the influence
of disturbances and time delays, and more complex agents’
dynamics [45], [46] can be considered in the model. And
it may be an interesting issue to study the use of triggered
communication schemes in the games with shared constraints.
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