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Time—Frequency-Based Detection Using
Discrete-Time Discrete-Frequency
Wigner Distributions

Cédric RichardMember, IEEE

Abstract—During the last decade, a comprehensive theory may be found in [3]. In [4], Richmaet al. have used a group

for optimum time—frequency (TF)-based detection has been theoretic approach to derive the definition
developed. This was originally proposed in the continuous-time

continuous-frequency case. This paper deals with detectors op- ] Nzl Nl N-L

erating on discrete-time discrete-frequency Wigner distributions Wg"') £, fl= = Z Z Z on[v, 7]

(V\_/Ds)_. 'I_'he_purp(_)se_ is to discuss some existing defl_nltlons of =0 »=0 1=0

this distribution within the context of TF-based detection and .e—j(27r/]\7)(tu+f-r)ej(Qw/A’)ulx[(l + Ny @)

selecting those that do not affect the performance of the decision

device with which they are associated. This question is of interest _ ; Vs PPN
since there exist several approches for discretizing the WD The above-mentioned functigsy[v, 7], whose expression is

sometimes resulting in a loss of fundamental properties. First, giv_en i_n [4]’ d_epend; on the pa_ritybzf, and(a)y = a mod N.
the discrete-time discrete-frequency formulations of optimum This distribution, which, here, is called R-WD, satisfies mathe-

detection are investigated. Next, the problem of the design of matical properties analogous to those satisfied by the continuous

TF-based detectors from traiping .dat.a, keeping in mind severe \WD. Note that (2) has also been proposed by O’Nailal. for

effects of the curse of dimensionality, is considered. odd-length signals [5]. The authors have used an axiomatic ap-

proach, which was extended in [6] to derive a discrete Cohen
. INTRODUCTION class. In [7] and [8], Stankovibas derived a discrete distribu-

IME-FREQUENCY (TF) representations have been efion from the analysis of the WD defined in the frequency do-
tensive|y used for nonstationary signa| processing singaain. This fullband distribution, which is called S-WD, uses the

they extend the usual spectral analysis by making it time dep&hort-time Fourier transform (STFT) as a basic step

dent. Among the myriad of solutions that have been proposed, B,

the Wigner distribution (WD) is considered fundamental in ayy (S ] = 1z Z STFT[t, f + V|STFT[t, f — ] (3)

number of ways. Its usefulness derives from the fact that it sat- Y N Y

isfies many desired mathematical properties such as the correct ) )

marginal conditions and the weak correct-support conditiof¥here the summation for ea¢h f] lasts until any of the con-

This distribution is also a suitable candidate for TF-based d@fions (f +» < N —1) or (f —r > 0) is violated [8], i.e.,

tection since it is covariant to time shifts and frequency shift¥r = min(f; N — f - 1), and

and it satisfies Moyal’s condition [1], [2]. STFLL[t, f] = Z S W — 1] o i@n/N) 7 4)

v=—DB;

T

ote that Definition (4) differs from that in [8]. The first one is
ore often used in the literature, whereas the second one fully
rresponds to the STFT numerical calculation by using the FFT

routines. However, both lead to equivalent results. Since they do

A. Discrete WDs

For a practical implementation, the WD must be formulat
in a discrete-time discrete-frequency setting. The discrete V\é
is commonly presented in the form

N—1 ' not require either analytic signal calculation or oversampling,
WOt f1= Y alt+ ]y [t —7] e 9@MI7 (1) the R-WD and the S-WD provide substantial advantages over
=0 the traditional way (1) of WD computing.

Note that it is a halfband TF representation, meaning th§t
frequency components are computed in the normalized range o )
[—(1/4), 1/4]. Recently, significant efforts have been made to BY Virtue of their rich structure, TF representations have been

define fullband representations. An overview of these resufi§tensively used for detection in applications ranging from
radar to machine fault diagnostics due to the need to deal with
. . _ ___nonstationary signals. During the last decade, a comprehensive
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Jones have proposed TF-based receivers that are optimumrémiaced by the expansion efandm in a Karhunen—Loeve
detecting second-order nonstationary stochastic signals in ais ofR,. Let W, implicitly refer to W.5”, Wi and/or
presence of Gaussian noise, with time and frequency shiftsw§;f)_ As in [2], the expressions involving discrete WDs
unknown or random nuisance parameters. Except in [9], where

. . . . N-1 N—1
implementation considerations are addressed through the uge _ N102 Z ng')[t,f] lz )\k)r er;,) [t,f]] (10)
0 k=0

of (1), the TF detection problems mentioned previously were o3
originally solved in the continuous-time continuous-frequency N1 N_1
case. The resulting receivers then need to be discretized befqrg _ 2 Z Re{W”[t f]} [Z 1 W”[t f]] (11)
they can be implemented as a computer program. N w Aptod o

This paper deals with detectors operating on the discrete WD.
The purpose is to evaluate the relevance of some definitionsasé equivalent to (7) and (8) ngy) satisfies the inner product
this distribution within the context of TF-based detection, s€onservation law
lecting those that do not affect the performance of the decision-1 N
device with which they are associated. This question is of iy W), [t, f] (WJE'Z)yZ [t, f])
terest since there exist several approches for discretizing the-o
WD, sometimes resulting in a loss of fundamental properties. N-1 N—1 *
This paper is organized as follows. First, the discrete-time dis- =N lz x1[t] x;[t]] [Z n[tlva [t]] . (12)
crete-frequency formulations of optimum detection are inves- t=0 t=0
tigated. Next, the problem of blind TF-based detectors desighis relationship holds only for the R-WD defined by (2). Then,
from training data is considered [10] and predictions made @fe classic definition (1) and the S-WD given by (3) must be
the effects of the curse of dimensionality as a function of the digiscarded for exact formulations (10) and (11), and the R-WD
crete WD definition that has been selected. Finally, some catan be retained as a basic TF tool for optimum detection of
cluding remarks are presented. second-order signals in the presence of Gaussian noise. Because

the R-WD satisfies the property of covariance, it can also be
[l. DISCRETETF FORMULATIONS OF OPTIMUM DETECTION  ysed for composite hypothesis testing when the signal to be de-

In this section, it is shown that the definition of the discretiécted has time and frequency shifts as a couple of nuisance
WD has an influence on the performance of the decision deviggrameters [1]. _ _
with which it is associated. The detection problem consideredReémark: As shown later, one can implement the optimum
has been solved in the continuous-time continuous—frequerﬂ,@ecmr.(6) usmg_the class_|c definition (1) since it satisfies the
domain in [2]. Here, it is considered in the discrete case as COTect time marginal density
Ho: z[t] = w[t] 1 =,
Hy: z[t] = wlt] + s[t] Noj araiy At + 03
wheres is the Gaussian signal to be detected, characterized by o N1 1
the meanm and the covarianc®&,. The additive noisev is lp=— Z 5 Re{Wég) [, f]}.
zero-mean, Gaussian, and white with variange N F=0 At 0p

t, f=0

t, f=0 k=0

}, te{0,...N-1} (5 In WO, 1]

Even if this solution is optimum, it must be discarded since it

A. Bayes-Optimum Detector . . . .
y P does not provide any meaningful interpretation.

Let B be an orthonormal basis of eigenvectordfQf Let ¢,
be thekth vector of3, and let);, be the corresponding eigen-B. Example

value. The solution of the classic problem (5) is For detecting Gaussian signals in white Gaussian noise, the
Hy TF structure of (10) and (11) is optimum in the Bayes sense if
I +1p z 5 (6) W,(,y) satisfigs the_inner produgt conservation law (12). Not'sur—
Ho prisingly, using this receiver with (1) or (3) can result in serious
where+ is a given threshold, and performance degradation, as shown in Fig. 1.
N—-1
Ip = 1 M |55'[k]|2 (7) [ll. DATA-DRIVEN DESIGN OFDISCRETETF DETECTORS

2 2
00 )\k + 00 . . . . . .
k=0 Optimal detection of signals embedded in noise requires the

e 1 i knowledge of certain underlying statistics. In most practical

Ip=2 Z m Re{z[k] " [k]} (8) applications of current interest, these statistics are not avail-
k=0 able since phenomena are complex and poorly understood.

with However, one can often collect labeled signals resulting from
N1 N1 experimental observation as for electrophysiological data

Pkl =" alfliltl,  mlkl=>_ mtl ¢i[fl. (9 [11] or mechanical systems data [12]-[14]. If the database
=0 =0 is somehow representative of the unknown distribution, the

This result involves inner products in the discrete-time domaifallowing strategy based on deriving the detector directly from
It is very similar to the continuous-time case, except that (9) frining data offers hope for optimal detection: 1) selecting a
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Fig. 1.
signals embedded in white Gaussian noise, the optimum receiver in the B

sense €) can be rewritten in time and frequency terms using the R-WD:

However, making use of the classic definition or the S-WD can result
performance degradation.

classC of detectors 2) and tempting to pick the detectoCof
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Let w() be the map such that’) £ w(z, y) forall z, y
in CN. LetW®) be the image ofv(") that is given by

wO 2 IwQ:wl) = wO(e, ) with 2, y € V). (19)

Note that the spada/(") is not a linear space: Linear combina-
tions of WD are not valid WD. The spa¢#(” can now be as-
sociated with the linear spat# () over the fieldC of all linear
combinations ofV$y with =, y € CV. In [15], W) is called
“induced W,ﬂfy)—domain space.” Here, the inner product is ex-
pressed as

<

and dim(W®)) can be defined as the cardinality §F/("},
where{W )1 is a basis fodh ().

N-1

)=

t, f=0

Wﬂgl)yl |Wa(;2)y2 Wagl)yl [tv f] (Wagz)yz [tv f])

Comparison of operating characteristics. For detecting Gaussian

SWES) Versusw i
in Following this brief presentation of induced spaces, the paper
will now compare the classes of linear detectors operating on

Wi and Wi, which are denoted bg‘©) andc® . To fur-
ther establish tha€(©? ¢ ¢, one first has to determine

that minimizes, for example, an estimate of the error probaim(W (%) anddim(W()).

bility. This viewpoint will now be adapted within the context

Let A,, be the pulse defined i, [¢] = 1if t = to and O

of TF-based detection. For practical reasons, the discussistherwise. By construction, any R-WD can be represented as

will be restricted to linear detectors operating on discrete WD,

which are of the form

N-1 m

O, f] <
> Al AWOR ] <

t, f=0

(13)

where thed[t, f]s andy are parameters to be determined from
available training data. Note that (13) has been widely used

N-1
Wi =3 e+ Ny W A (15)
t, =0

This implies thai{ng)+ ) At}0<t7T<N_1 generates the space
- TIINTET T =
W Furthermore, a simple calculus shows that our family is

an orthonormal basis fon’(®) since

< (B

A(*'+T'>NAf’> = 6tt’6‘r‘r’ (16)

7 At

in the literature since it provides a flexible and meaningfy{heres is the Kronecker delta symbol. It directly follows that

quadratic decision function. Lef() be the class of linear
detectors operating OW,@'). To further compare th€(’s,

(W) = (®) N
dim (W) = car WA(’JrT)NAt}Ogt,‘rngl N? (@7)

one first has to study the redundancy of information carried _ ©
by every representatioW{”. This result can then be used tdrom which one can conclude that thé? samples o#Vz,;* are
evaluate the relevance of (1)—(3) and to predict their behaviitearly independent. Note that this result is applicable to the

when confronted with the curse of dimensionality.

A. Linear Signal Spaces and Induced Spaces

As abasis for subsequent development, this section provides a
brief review of linear spaces, and the concept of induced spaces

is introduced. A linear signal spaceover the fieldC is a col-

lection of signals that satisfies the following linearity propert)}'_|

If x € Sandy € S, then(ax + By) € S for arbitrary
complex coefficientsy, 3. Let {s,} be a nonempty set of el-
ements ofS. One can say that it is a basis f6rif it is lin-
early independent and if it generatgs The basis{s, } is or-
thonormal if(s,|s,) = Yo' 54 [t] s5[t] = 6,7, Wheres,,
is the Kronecker delta symbol. Then, evarye S can be rep-
resented ag = }_ oy s, Wherea, = (z[s,) is the inner
product ofz ands,. In this paper, it is considered thétis the
linear space ofV-sample complex-valued signals over

auto distributior¥{”” since takinge = y does not modify the
above proof. This implies thak® = Q, whereQ is the class
of quadratic detectors, which is defined as

N-1 H

S ] QI ]2l <
t, =0 Ho
ere,@ denotes &V x N Hermitian matrix to ensure realness
of the detection statistic.

Attention is now focused ongf ) A recently proposed al-
gebraic study has shown that this distribution encodes informa-
tion in a redundant fashion since linear relations connect the
W,,(f) [t, f]s [16]. One key point of this work was that the cross
WD of any complex-valued signatsandy can be expanded in
the form

Wi = > alt+r)ytft -]
(t, )T

(18)

()
Waiimaan

(19)
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where7 is the collection of pairét, 7) such that botti+r and

t — 7 are elements of0, ..., N — 1}. Simple calculus shows
that
(S (S _ ;
<WA(HT>A(H> WA(t’+,—’>A(tu,—’>> — S (20) optimum

which means thal{Wéi)%_)A(ti’_) :(t, 7) € J}is an or- l
thonormal basis forV(“). It follows thatdim(W(?) is equal '
to the cardinality of7. Combiningd < ¢t + 7 < N — 1 and
0<t—7<N-—-1lgives—t<7<tif0<t<|(N-1)/2],
—(N—-t—-1) < 7 < (N —n — 1), otherwise, where
(N —1)/2] denotes integer part ¢V — 1)/2. Then, one has

probability of error

detector complexity

Fig. 2. lllustration of the behavior of generalization erfér and empirical

) P LN =1)/2] error P.,,, during a typical training stage as a function of the detector
dim (W( )) = Z [2t + 1] complexity. Note thaf. ..., which is an estimate o, based on training data,
t=0 is also called training error.
N-1
+ > RIW—t-1)+1] (21) where
t=[(N-1)/2]+1 Awm M-sample training set,

. . e P.(d) probability of error ofd;
from which it is finally obtained thatlim(V(“)) equals (d, Ay)  estimate of this probability based ot
2 L W(C 2 : emp(, :
LV= +1)/2]. Be2caus&1un(1/\(/é))) < N7, linear relations o cardinalitys of the training set is generally fixed so that
then connect thé&V™ samplesiva, "[¢, ] of any representation one needs to carefully contrbl. in order to reach a low, (d).

Wiy € W, Asa conclusion, the R-WD potentially leads to For Jinear detectors, it can be shown thais equal toL + 1,

a larger class of detection structures than the classic definitigReres, is the dimension of the space spanned by learning sam-
. R . .

(1) since thev; [t. f]s are linearly independent, wheieas thgles [19], or by their TF representations within the context of

W lt, f]s are not. In particular, one haé®) c C(®) 2 Q, TF-based detection. With (17) and (21), this directly implies

which suggests that(® can provide detectors that (at least)hatV, = N2 + 1 for linear detectors operating af<™, and

perform better than those of the clag§”. V. = [(N? 4 1)/2] +1if one considers the case of linear detec-
] . ] tors associated with.“”. In the following, these VC-dimen-
C. Influence of the Curse of Dimensionality sions are denoted W(R) anch(C), respectively. Sincéfc(R) >

As introduced previously, there are several strategies fm(c), detectors of(“) are less sensitive to the curse of dimen-
solving a detection problem, dependingapriori knowledge sionality than those of "), Thus, they can sometimes lead to
on competing hypotheses. In this section, it is supposed that auproved performance for a given data set, even though infor-
knowledge is restricted to a training set, which is used to adjusttion is being discarded. Let us now concentrate on computer
the free parameters of a given detection structure. To achiamnulations to illustrate this phenomenon. The problem chosen
good performance, it is well known in pattern recognitioio be addressed deals with detecting the presence or absence of
that one needs to match the complexity of the detector to tiee 16-length signad[t] exp(j¢o) embedded in additive noise
amount of training data [17]-[19]. As illustrated in Fig. 2, ifw[t] (SNR= —6 dB). Here,s[¢] is a deterministic signal, and
the detector is too complex, it is likely to learn the training, denotes a random phase uniformly distributed dwer, =|[.
data, but it will probably not generalize properly. In contrasThe noisew[t] is white non-Gaussian with probability density
if it is not complex enough, it might not be able to extracfunction given byf,, EY (1—e) N(0, 02)+ e N(0, K252) with
all the discriminant information available in the training set. — ¢.5 andK = 5, whereN (0, o2) is the normal probability
This experimental evidence, which is known as the curse @nsity function with mean 0 and variang®. First, detectors
dimensionality, has been studied theoretically by Vapnik ang the form (13) operating of:® andWw{"’ were designed
Chervonenkis [17]. In particular, these authors have formalls i [11] using 6000 realizations of the signal plus noise and
defined the complexity of a detector, which is called dimensiqipise only. The comparison of their performance, which is de-
of Vapnik-Chervonenkis (or VC-dimension). This parameteicted in Fig. 3, conforms with the theoretical result presented
hereafter denoted., can be used to compute a confidencg section I11-B:C® provides detectors that (at least) perform
interval for the error probability of any detectdr designed petter than those af‘©) if the effect of the curse of dimen-
from training data. The following inequality holds with asjonality is negligible, i.e., enough training samples are avail-
probability of (1 — ¢): able. Second, the same experiment was conducted with only

100 realizations each of signal present and signal absent. Fig. 4
|Peld) = Pemp(d, Al < B(M, Ve, €) (22) shows that the detector associated With™ yields higher per-
where formance than the detector operating B, even though
() c ¢, As explained previously, the influence of the curse

Ve 2M 1 ¢ of dimensionality due to the small number of available training
EM,V.,e)=4/—|1+1log — — log - 23 e - ~ -
( ) \/M < tog V. ) M ®3 (23) samples justifies this surprising result.
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100 this subsection is to show that the S-WD provides a substantial
advantage over the R-WD and the traditional definition (1) for
designing detectors with improved generalization performance.
For practical reasons, the discussion, as before, will be limited
to linear detectors of the form (13).
(©) Thus far, the case of detectors operatingBf” and WL’
has been considered, and it has been showifat = [(N?2+
1)/2] +1andV® = N24 1, whereN is the length of signals
on stage. In practice, itis then necessary to apply postprocessing
transformations to the input TF representations in order to match
the complexity of such detection structures to the amount of
training data. In the case of detectors operating on the S-WD,
it is clear that one can take advantage of the windyin (4)
to control the dimension of the inducéﬁ'éf)—domain space,

0 false alarm rate which is denotedV(S). The dimension of/(5) will not be
Fig. 3. Comparison of operating characteristics, which shows that tﬁé’aluated further as it is a tedious calculus exercise involving
detector ofC(®) performs better than the detector provided®§’. Here, the the transcription Ongi) in the discrete ambiguity domain by
influence of the curse of dimensionality is negligible since the training procefgeans of the two-dimensional Fourier transform. However. it is
was conducted with 6000 16-length signals. ) ~ i L L. ’

noted thatlim(W()) satisfies the following inequalities:

1) dim(W®) = Nif L = 1;

2) dim(W®)) < N?;
whereL is the length of the smoothing windowt]. Making use
of W£§> [, f] x z[t] y*[¢{] whenL = 1 leads to 1). To show 2),
it suffices to note that the linear spadé&®) containsV2-sample
elements. This finally implies tha(>) € ¢(® 2 Q, whereC(S)
is the class of linear detectors operating on the S-WD.

In [7] and [8], Stankovichas shown that crossterms in the
S-WD can be avoided while improving concentration of au-
toterms by setting the paramet8; in (3) to a value lower
thanmin(f; N — f — 1). Given any fixed smoothing window
h[t], the influence ofB; on detection performance will now
be investigated. One has STHT, f + »] = STFT, [t f]
with a:+,,[tg = z[t] exp(—j(27/N)tv). By construction, every
0 false alarm rate 100 sampleWy [t, f]with (¢, ) € {0, ..., N — 1}2 can then be

expressed as
Fig. 4. lllustration of the curse of the dimensionality and its effects. The
detector ofC*> has lower performance than the detector provided{§y’, WS = v f1S. . It 24
even though?(©> ¢ €™, Both detection structures were designed from 200 *y [+, 1] Z £ A5y [ ] (24)
16-length signals. v

(R)
T

true detection rate

0 100

100

true detection rate

wheresS,_ ., [t, f] denotes the spectrogram sample, which is
defined ag1/N) STFT,  [t, fISTFT, [t, f], and{[v, f] =

. ) o . _ . 1if |»| £ By, and 0 otherwise. Note that = 0 produces
For a fixed size of training set, it has been shown that it is ingre spectrogram. In the case of the traditional way (1) of WD

portant to control the level of complexity of a detection Structfomputing, it has been shown in [16] that sets of TF generators

ture in order to optimize its generalization performance. The ég)[t 7 &, F) € £}, which are denote@f) exist
are, in fact, many different ways in which to achieve an appro. '~ . everyWyy [t f] with (£, f) € {0, ..., N — 1} can
priate complexity. For example, regularization techniques if- d i binati f the el n@co?f
volve adding to the error function an extra penalty term, whi ¢ expressed as a finear comoination ot tne eleme

. ) .
is designed to influence the form of the solution [20]. AnothdP” &ll #. ¥ € C™. Each set is completely determined by a

way of dealing with the curse of dimensionality is to prepro@mily of TF locations£(“), depending only on the definition

cess the data to change the dimension of the input space. In¢h1e TF distribution under consideration and the linear signal
context of TF-based detection, this involves how smoothing TiPace fixed beforehand, which@" here. I)he cardinality of
representations can lead to significant improvement in genér(—c) equals the dimension of the mducﬁdﬁy' -domain space.
alization performance of receivers, as has been shown in [£fpviously, this framework can be used to study any other dis-
with spectrograms of variable windows lengths. Recently, ti§gete TF distribution such as the S-WD and the spectrogram.
signal-dependent kernel proposed in [22] and the adaptive di¥ith (24), it follows that any set of generators for thg, [¢, f]s
fusion process presented in [23] have also been used for ibelso a set of generators for th@’éf) [¢, f]s for all B in
purpose of detector complexity control [24], [25]. The goal of0, ..., min(f; N— f—1)} and for allz,  in C". This implies

D. Versatile AIternativengi)
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28 100
24t
@
E
Q L
£ 20 E
: 8
g 16f S
optimum g
12f /
8 n L L I L L
1 3 5 7 9 11 13 15 0
length of hlt] 0 false alarm rate 100
@ Fig. 6. Comparison of operating characteristics, which shows that the detector
of C5) with optimized complexity L = 3) performs better than detectors
140 provided byC(¢) andC(# . The training process was conducted with the same
learning set as in Fig. 4.
1201
IV. CONCLUSION
1001 . L. .
In this paper, the problems that can arise in attempts to design
% 8ol detectors operating in the discrete-time discrete-frequency do-
?g main have been discussed, as well as the potential improvement
g 60y in detection performance, which can be achieved by using the
© R-WD, the S-WD, or the traditional way of WD computing. The
401 discussion was restricted to the theory of optimum TF-based de-
tection developed in the continuous-time continuous-frequency
20p case during the last decade. Discrete formulations have been
0 , , , { , ‘ investigated, and it has been shown that the R-WD can be re-
1 3 5 7 9 11 13 15 tained as a basic tool for optimum detection of second-order
length of hlt] signals in the presence of Gaussian noise. However, designing
() such detection structures requires the knowledge of conditional

Fig. 5. Complexity control of the linear detector operating on the S_WDorobabiIity density functions. Because this statistical informa-
These plots show the evolution of (a) an estimate of the generalization erf?N iS Not available in most applications of current interest,
and (b) the dimension of the induced S-WD domain space as a function of ti¢echnique for deriving linear detectors directly from labeled
mﬁtg]ﬁ ;’;;h:Igmfﬁg'ggt";'snidnog‘g] ;LThe training process was conductedyqining data was considered. Calculating the dimension of the

linear space induced by the R-WD, it was shown that this dis-

crete WD leads to the largest class of linear detection structures

operating in the TF domain. Nevertheless, these detectors have a
that given anyB;, the two classes of linear detectors operatingevere disadvantage in that they tend to have significantly lower
on the S-WD and the spectrogram coincide, from which omrformance than detectors operating on the traditional discrete
can conclude thaBy is not an influencing factor in detectionwD, particularly when the number of training samples is rel-
performance. This parameter can thus be used to improve ¢higely small. This phenomenon, which is termed the curse of
readability of TF representations during the detection procesdimensionality, has been extensively addressed in the literature.

As anillustration of the use W,ﬂf) to control the complexity It arises in attempts to perform pattern recognition in high-di-

of the detector (13), the example presented in Section IlI-Crisensional space, and its worst effects can be alleviated by a
used. Fig. 5(a) and (b) shows the behavior of an estimate of fheprocessing stage, leading to a reduction in the dimension-
generalization error and the dimension}éf*), as a function ality of input data. An advantage of the S-WD over the other
of the lengthL of the rectangular window[t]. It is noted that discrete WD is that it involves a smoothing procedure. As has
the optimization of the error rate with respect to the complexityeen shown, this can be used as a technique for dimensionality
of the detector results in a minimum fér= 3. As indicated in control, leading to a decision device with better generalization
Fig. 6, this detection structure yields higher performance thanoperties. Thus far, attention has been restricted to three par-
detectors operating oW,gC) and W,@R). This confirms that ticular forms of the discrete WD. Obviously, the framework de-
making use o> allows the control of the VC-dimension of scribed throughout this paper can be used to study other discrete
the receiver (13) in order to reach a low error rate. distributions from a detection viewpoint.
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