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Gaussian Cramer-Rao bound for direction estimation of
non-circular signals in unknown noise fields

Habti Abeida, Jean-Pierre Delmas *

Abstract

This paper focuses on the stochastic Cramer-Rao bound (CRB) on direction of arrival (DOA)
estimation accuracy for non-circular Gaussian sources in the general case of an arbitrary unknown
Gaussian noise field parameterized by a vector of unknowns. Explicit closed-form expressions of the
stochastic CRB for DOA parameters alone are obtained directly from the Slepian-Bangs formula for
general non-circular complex Gaussian distributions. As a special case, the CRB under the nonuniform
white noise assumption is derived. Our expressions can be viewed as extensions of the well-known
results by Stoica and Nehorai, Ottersten et al, Weiss and Friedlander, Pesavento and Gershman, and
Gershman et al. Some properties of these CRBs are proved and finally, these bounds are numerically
compared with the conventional CRBs under the circular complex Gaussian distribution for different
unknown noise field models.
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1 Introduction

DOA estimation has been an intensive research field since the introduction of so-called high resolution
DOA estimation methods. The performance of such methods are often evaluated using the stochastic and
deterministic CRBs. Although the deterministic CRB is known not to be achievable in the general case
[1, 2], the stochastic CRB can be achieved asymptotically (in the number of measurements ) by several
high resolution methods, such as stochastic maximum likelihood (ML). The stochastic and deterministic
CRBs for the DOA parameters alone have been derived for circular complex Gaussian sources under
uniform white noise field in [2, 3, 4, 5] and [1] respectively. Then the stochastic CRB has been derived
under nonuniform white and arbitrary unknown parametrized noise fields in [6] and [7] respectively. The
general case of an arbitrary unknown noise covariance is particularly important in mobile communications
because the dominant noise is external in radio frequency systems [8] and consequently its presence
introduces correlation between the noise processes of the different sensors and because there is normally no
signal-free samples available that could be used for estimating the noise covariance. In these applications,
non-circular complex signal with discrete distributions are frequently encountered (e.g. binary phase shift
keying and offset quadrature phase shift keying are frequently encountered), but the associated stochastic
CRB appears to be prohibitive to compute. Because under rather general conditions, the non-circular
complex Gaussian CRB matrix is the largest of all CRB matrices among the class of arbitrary non-
circular complex distributions with given covariance matrices (see e.g., [9, p. 293]), we need an explicit
expression of the stochastic CRB under non-circular Gaussian distributions of the sources and arbitrary
unknown noise fields which can be used as an upper bound of the stochastic CRB under these discrete
distributions. Consequently this expression appears to be both an extension of results [6] and [7] to
general non-circular complex Gaussian distributions and result [10] to nonuniform white and arbitrary
unknown parametrized noise fields.

In this paper, we derive closed-form expressions of this stochastic CRB for DOA parameters alone.
Our derivation is inspired by the proof presented in [6, 7] applied to the extended Slepian-Bangs formula
[10]. But, due to the non-circularity of the sources, the key point of this proof, i.e., that the number
of terms of the extended source covariance matrix is equal to the number of real and imaginary parts
of both sources covariance matrices, is not valid. Consequently to retain the main features of the proof
given in [6, 7], we must first prove that the stochastic CRB for the DOA parameter is insensitive to the
constraints on this extended covariance matrix. This points will be derived from the study of the ML
DOA estimation.

This paper is organized as follows. The array signal model is formulated in Section 2. Based on this
model, explicit closed-form expressions of the stochastic CRBs are derived in Section 3. Then we consider
parameter identifiability and analyze some properties of the obtained bounds in Section 4. Finally, Section
5 presents some illustrative examples, and Section 6 concludes the paper.

The following notations are used throughout the paper. Matrices and vectors are represented by bold
upper case and bold lower case characters, respectively. Vectors are by default in column orientation,
while T', H and * stand for transpose, conjugate transpose and conjugate respectively. Symbols ® and
® stand for the Hadamard and the Kronecker product, respectively. vec(.) is the vectorization operator
that turns a matrix into a vector by stacking the columns of the matrix one below another, the vec-
permutation matrix K transforms vec(.) to vec(.”) for any square matrix and L is the ortho-complement
of a projector matrix. Tr(.), Det(.), In(.), R(.) and ¥(.) denote the trace, the determinant, the logarithm,
the real and the imaginary part operators, respectively.



2 Array signal model

Let an array of M sensors receive K (K < M) narrowband signals impinging from the sources with
unknown DOAs. The M x 1 array snapshot complex vectors can be modeled as

yt:A(O)St—l—nt, t=1,...,T
where A(0) = [ay,...,ak] is the full column rank steering matrix where each vector ay, is parameterized
by the scalar DOA parameter 0, and 6 def (01,...,0K)T. st = (s01,-- .,st,K)T and n; model signals

transmitted by K sources and additive measurement noise respectively. s; and n; are multivariate
independent, complex zero-mean. n; is assumed circular complex Gaussian, spatially uncorrelated or
correlated with unknown covariance matrix E(nnf?) = Q,,, while s; is non-circular complex Gaussian,
and possibly spatially correlated or even coherent with Ry dof E(s¢sf’) and R/, def E(s¢s] ). This leads to
the covariance matrices of yy:

R,(a) = AR;AY +Q, and R, (a) = AR,A", (2.1)

where the vector a of unknown real parameters collects the DOAs and nuisance parameters. These covari-
ance matrices are classically estimated by R, r def % Zthl yiy and R;J’T def % Z?:l yiyi, respectively.

Let us consider the following general noise model introduced in [13] and used in [7]

Q= Qn(a)

def . . .
where ¢ = (o1...,0n)T is the vector of real unknown coefficients which are used to parame-

terize the noise covariance matrix. If no a priori information is available concerning the spatial

covariance of the sources, Ry and R/ are generically parameterized by the real parameters p =

((R(RJig) S(Reig), R(RL:5), S(RYi ) <j<isics (Relisis R(RLia), S(RLii))iz1,.. k)" Thus the

vector of L = K + K2 + K(K + 1) + N unknown real parameters can be written as def 0, p", ™.
This parameter is supposed identifiable from (Ry(a), R} (cx)), in the following sense:

Ry(a) = Ry(a) and Rj(a)=Ry(a') = a=d

The probability density function (PDF) of y; presented in the case of uniform white noise in [10] is

. ~ def
preserved, and expressed as a function of y; = yi ) as

Y
p(F0) = (1)V Det(Ry()] " 2expl— 57 R; (@) (22)
where ) i
Rj(e) “ EF:5{) = A(O)R:A™(0) + Qs
with
_ | Rs R < oodef [ A(O) def [ Qn O
Rg—{R,: RZ], A(G)—[ o A*(G)] andQﬁ—[ o Q;’;} (2.3)

3 Stochastic Cramer-Rao bounds

To derive the stochastic CRB of the parameter € alone, two approaches could be considered. One of them
consists in computing the asymptotic covariance matrix of the ML estimator, and the other is obtained
directly from the extended Slepian-Bangs formula derived in [10]. The first approach has been successfully
used in the case of uniform white noise fields in [2] and [10], where a closed-form expression of the log-
likelihood function concentrated with respect to the full set of the signal and noise nuisance parameters



was available [11]. In the case of nonuniform white and linearly parameterized noise fields, such property
has appeared to be impossible to obtain in [6] and [14] respectively. Consequently, we concentrate on
the second approach. To adapt the proofs given in the circular Gaussian case in [3], [6] and [7] in
the uniform white, nonuniform white and arbitrary unknown parameterized noise field respectively, to
the non-circular case, the key point vec(R;) = Jp where J is a constant nonsingular matrix must be
preserved. Because Rj; is structured (see eq. (2.3)), we must first prove that the stochastic CRB for the
DOA parameter is insensitive to the constraints on Rz. To prove such a property, we consider the ML
estimation of (0, p, o).

3.1 Maximum likelihood estimation

We first note that the log-likelihood function associated with the PDF (2.2) can be classically written
(see e.g. [12],[2]) after dropping the constants as

L0, p, o) = _g (in[Det(Ry)] + Tr(R; 'Ry 1) (3.1)

with R et Zt  ¥:7H where the parameter (0, p, o) is embedded in the covariance matrix Rj.
Due to the Structures of Rz and Qg in Ry (see eq. (2.3)), the ML estimation of (6, p,o) becomes a
constrained optimization problem which is not standard. Despite this difficulty, we prove in Appendix A
the following lemma

Lemma 1 If the sample covariance matriz Ry is positive definite, the joint constrained and uncon-
strained ML estimates which mazimize the log-likelihood function (3.1) coincide.

3.2 Stochastic Cramer-Rao bound expressions

From the previous lemma, the stochastic CRB for the signal DOAs associated with the con-
strained and unconstrained array signal models coincide. Using the unconstrained model, let o =
(OT,pT,aT)T with here p contains the 4K? real parameters of the unconstrained matrices Rj, i.e.,
p def ((R([Rsis), S([Rslij))i<j<i<aks ([Rg]@i))i:lr“’gK)T. With this unconstrained model, we can fol-
low along the lines of the derivation given in [7] where R, = AR, Af 1+ Q, is replaced here by
R; = AR;A" + Qj because the key point of the derivation, i.e., the relation vec(Rz) = Jp where
J is a constant nonsingular complex matrix is preserved. By adapting the proof given in [7], the following
result is proved in Appendix B.

Result 1 The normalized (i.e., for T' = 1) DOA-related block of CRB for non-circular complex Gaussian
(NCG) sources in the presence of an arbitrary unknown (AU) noise field is given by the following explicit
expression:

-1

N T
1 y ) y e AR 1 T
NCG Hyrl H ' AT -1 s NCGmNCG— NCG
CRBN\¢ (0)_2{3%[@ HAD)(D([RSA ,R,ATIR- [ o D ]—MA TNCG ™ MNC }

(3.2)

using real matrices
MYCE = oR {QT [(]ﬁ’)Hni) ® (GARS)T} 73*} +oR {QT [(ﬁHni) ® (G’A*R’;)T} P*} (3.3)
TG = an{P [T eng| P} -2 (P7 (1)) o1k P) (3.4)

with
Q™ [vec(ere]), vec(ese]), .., vee(exel)] . P [vec(Q), vee(Q}), . vee(Q))



def dQu(o) Gk def
doyp no

— — def def def def 5 def -
Q.QQ. "% A QA DE 45 D (di. di] B B ] Ry QP RyQ

where the vector e; contains one in the ith position and zeros elsewhere and QF =

— — — — — — — =/ = =/ -1 i =/ =

R, Q."*R,Q:"" R, “ Q:'°RyQ:"% G = (R, ~ RyR;'R))  and G' = ~GR,R; .
When the noise is spatially uncorrelated with different sensor noise variances (nonuniform white

noise), i.e., Q, (o) = Diag(c?,...,0%,). Result 1 takes the following form that is proved in Appendix C.

Result 2 For non-circular complexr Gaussian sources, the normalized DOA-related block of CRB under

the nonuniform (NU) white noise assumption is given by the following explicit expression:

o T -1
1 e g
CRBY((6) = 5 {3% [(DHHXD) © <[R3AH,R’SAT]R~1 [ AR, D ] MYGOTREG™ 1MNCGT}

4 AR}
(3.5)
using real matrices
MYCG — op [(ﬁH II}) © (GAR,)” + (D¥II}) © (G'A*R’;)T] (3.6)
TNCG = o (GT ©G - (I;,G)" e (HAG)) . (3.7)

3.3 Single source case

In the particular case of one signal source, it is shown in Appendix D that the stochastic CRB given by
Result 2 can be simplified to

Result 3 The CRB of 01 for a non-circular complex Gaussian source corrupted by nonuniform white
noise field is given by the expression
Uo[2rrt + flan]| 72 + Jlaa® — flad|?p

CRBYSY(0;) = = ] 3.8
00 = G [T a4 14 (= JaaPr)? 38)

where the non-circularity rate py is defined by E(s?l) = p1€i¢1E|S%1| and satz’sﬁes 0<p <1 (gbl is the
czrculamty phase of st1). The SNR is defined as in [6, rel. (48)] by r & Sla Q,'a; = 7 Zz 1 02

71
where a = E|st 1|, and ay is the noise dependant factor 2M ( %) d1 H d1 with a1 = Qp 1/2

and dy = %

Expression (3.8) is similar to those given in the uniform white noise case [10, rel. (3.14)], except that
here, the term «; given in Result 3 is not a purely geometric factor. Consequently, similarly as in the
uniform white noise case [10, Result 5], the stochastic CRB decreases monotonically as the SNR increases

and as the non—circularity rate p; increases from CRB%%(Gl) = am (1 + Ha1||2r1> (p1 = 0, circular case)

to CRBRGY(61) = a1r1 (1 + 2”a1”2r1) (p1 = 1). We note that an expression of CRBSG (1) has already

been given [6, rel. (46)], but with a more intricate expression.
We note, that Result 1 cannot be simplified in the case of one signal source because here the expression
of the product MNCGTNCG 11\/INCG is very intricate.

4 Discussion

In this section, we consider parameter identifiability and comparisons of our derived expressions to well
known results on the stochastic and deterministic CRBs.



4.1 Parameter identifiability

An issue of great importance is the parameter identifiability. That is, how many parameters, can be
uniquely estimated from R, and Rj. Naturally, the necessary condition (see e.g., [7, rel. (45)]) derived
from the non singularity of the Fisher information matrix associated with the unconstrained model, i.e.,
K + (2K)? + N < (2M)? is not sufficient. For example, a more severe necessary condition is that the
number of unknown real-valued parameters is no more than the number of independent equations. It
follows from (2.1), that this is equivalent to

K+K*+K(K+1)+N<M?+ MM +1).

Consequently in the case of non-circular signals, the number N of real-valued unknown coefficients which
are used to parameterize the noise covariance Q,, can be larger than in the standard circular case.

4.2 Comparisons between CRBs

Consider the situation when the source signals are circular complex Gaussian (CG) while yet, not using
R, O —

this, therefore R, = O and consequently Ry def Oy R: | G' =0 and G = R, L. Then our general

stochastic CRB formulae given by Results 1 and 2 simplify to the well known bounds in the circular

complex case

9 v = _1% T -1 ) !
CRBSE(9) = {S‘E[(DHﬂiD)@(RSAHRylARS) }—M%ng MSS }

N

where

MSSG = 2§R{QT [(ﬁHni)@@(RglARs)T} P*}
)T

TS = 4R {PH (R;T ® H{X) P} —9 (PH ((Hji ® HX) 79) (4.1)

in the case of arbitrary unknown noise field and
1 < 9 < e 1% T - -1
CRB{E(0) = ; {5)% [(DH H§D> ® (RSAH R;lARS> } ~ MSGTSG IMg%T}
where
MSE = 2% [(f)HH@ ® (R;lARS)T}
Y

= = = _ 1.1 _
TS = 2<RyT®Ry1—(HARy1) © (4R 1)) (4.2)

in the case of nonuniform white noise field, both derived from the circular complex Slepian-Bangs formula
in [7] and [6] respectively. Consequently

CRB};%(0)|cc = CRBG(0) and CRBRG“(8)|cc = CRB{G(6).

Next, let us consider the situation when the noise is uniform and spatially white (U) while yet,
not using this, the noise is modeled using N > 1 parameters. Comparing (3.2) and (3.5) under these
conditions with

CRBNCC(6) = ”27% {% [(DHHjD) o <[RSAH RLATIR { ;?{f* DT] }_1 (4.3)



obtained in [10], we have because Ml(\IXC)GTl(\IXC)G_IMI(\ISGT is nonnegative definite

CRBKSG(ONQFU%IM > CRBYY(9) and CRB%G(ONQFU%IM > CRBYY(9).

For uniform white noise field and now if this a priori knowledge is taken into account Q, = o2I,;.
Hence MYSC becomes an K x 1 vector (my,...,mk)T and QL = Ip,. From (B.5) we obtain

my, = 2R {Tr (DkHHiR;ACk)} —0

because the column space of RyT 1A is generated by the column space of A. Therefore, as expected, our
general stochastic CRB formulae (3.2) and (3.5) simplifies to rel. (4.3) in the uniform noise case.

The next result compares the CRBs CRBYSY(0) [resp. CRBYYY(6)] and CRBSE(0) [resp.
CRB{Y ()] associated with Gaussian sources with the same first covariance matrix Ri.

Result 4 The DOA-related block of CRB for non-circular complex Gaussian sources is upper bounded
by the associated CRB for circular complex Gaussian sources corresponding to the same first covariance
matriz Rs and the same arbitrary noise covariance matriz Q.

CRB“(0) < CRBg%(6). (4.4)

Proof: For Q, = 021, this result is proved in [10] and for a single source corrupted by nonuniform
white noise, this result is a consequence of Result 3. For an arbitrary number of sources and an arbitrary
noise covariance matrix Q,,, we have to elaborate a little bit because the structure of the matrices M
and T (see egs. (3.3) (3.4), (3.6) (3.7) and (4.1) (4.2)) are very intricate.

Consider the ML estimate of @ derived under the circular Gaussian distribution for an arbitrary
noise covariance matrix Q,. By the asymptotic efficiency of the ML estimator, its asymptotic covariance

matrix Covl\Q/%'CG(O) satisfies:

Cov 96 (8) = CRBGZ (0).

This ML.CG estimator is given by a second-order algorithm built from R, 7. To proceed, we need the
following lemma that is proved in Appendix E.

Lemma 2 All DOAs consistent estimates given by second-order algorithms based on Ry only, that do
not suppose explicitly the sources to be spatially uncorrelated, are robust to the non-circularity of the
Gaussian sources; i.e., the asymptotic performances are those of the standard complex circular Gaussian
case.

Consequently, if the ML.CG estimator is used under non-circular Gaussian sources with the same
noise covariance Q,, the asymptotic covariance matrix Covl\QAf'NCG(O) of its DOAs estimate which is
based on R, r only, is preserved.

COVI\QAf'NCG(O) = Covgf'CG(G).
This observation, along with the general CRB inequality, implies that:
CovgyN%(9) > CRBC(6),

and the proof is complete. [ |

Let us now compare the stochastic and asymptotic deterministic CRBs in the case of colored or
nonuniform white noise field for non-circular complex source signals. First, we note that the following
expression of the asymptotic deterministic CRB proved in [6] in the circular case remains valid in the

non-circular case as well 1 _1
CRBBET(Q) =5 {?R [(DHHiD) ® RST” . (4.5)

We prove in Appendix F, the following result



Result 5 If R; is nonsingular
CRBYE"(6) < CRB{UC(9).

We note that Rz may be singular when R and RIS are nonsingular, for example when the sources are
uncorrelated with non-circularity rate equals to 1. We prove in Appendix E that this result extends to
this particular case.

5 Illustrative examples

The purpose of this section is to illustrate Results 1-4 and to compare these stochastic CRBs to the
stochastic CRBs under circular complex Gaussian distributed source signals as well with the deterministic
CRB. We consider throughout this section one or two independent and equipowered sources with identical
non-circularity rate (p; = p2). These sources impinge on a uniform linear array of M = 10 sensors
separated by a half-wavelength for which a, = (1, ... ¢/ M=D%)T where 6, = msin(ay) with ay,
the DOAs relative to the normal of the array. We assume that the noise field is modeled by the three
following covariance matrices Qg),i = 1,2,3. The first two models and the third model come from [7]
and [6] respectively.

QY (k1) = olexp(—(k—1)%)
QP (k1) = olexp(—|k—1|¢)

Q¥ = Diag(c?,...,0%).
In the first two colored mnoise field models, o = (02,() where ¢ is the ‘color’ parameter and the
2
SNR is defined by %1 and in the nonuniform white noise field model o = (0%,02,...,0%,) =

(10.0,2.0,1.5,0.5,8.0,0.7,1.1,3.0,6.0,3.0) and the SNR is defined by ”1301 Sl L

In Figs. 1 and 2, we consider two sources and compare the stochastic CRBs under circular and
non-circular (with p; = p2 = 1) complex Gaussian distributed source signals to the deterministic CRB.
The first two and the third noise field models are used in Figs. 1 and 2 respectively. Fig. 1 shows the
bounds CRBYGY (1), CRBSE(6;) and CRBRET (1) ! plotted against ¢ for Af = 6y — 6; = 0.1rd and
SNR = 0dB. Compared to [7, Fig. 1], we note a similarity of behavior of these CRBs. We note that
when ( decreases all the CRBs approach zero because Q,, becomes singular. When ¢ > 1, the two first
noise model transform to the uniform white noise model and each of the three CRBs associated with
the two models merges. Fig. 2 that displays these bounds versus the SNR for two DOA separations
shows that the difference between CRBNGY(8;), CRBSG (1) increases as the DOA separation and the
SNR decrease. In these two figures, we see that the stochastic CRB under non-circular complex Gaussian
distributed sources is visibly larger that the deterministic CRB. From Fig. 2, this difference between
these bounds is more prominent for low DOA separations and SNRs and these bounds coincide for high
SNRs.

In Figs. 3, 4 and 5, we compare the non-circular Gaussian CRB with the circular Gaussian CRB

. def CRBNSY(61) . . . .
by means of the ratio r = W‘% for the third noise model. Fig. 3 illustrates Result 3 where a
NU

NCG

single source is considered. It shows that CRByp (1) decreases monotonically as the non-circularity
rate increases but is relatively insensitive to this increase except for very low SNR (r1 < [lai||72).

LAll the CRBs are computed for 7' = 1. Note that you find by simulation that the different CRBs depend on 61, 62, ¢1,
¢2 by only Af = 0y — 01 and A¢p = ¢p2 — ¢1 for two equipowered sources with identical non-circularity rates.
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def CRBNEC(61)

Fig.5 Ratio r = CRBCG(g,) 88 @ function of the DOA separation for different values of SNR with po = p1 = 1 and
NU

Ap =0.52rd .

Figs. 4 and 5 consider two sources and examine the dependence of the ratio r with the non-circularity
rate pa = p1, the DOA separation Af = 65 — 6 and the SNR. Fig. 4 shows that CRBESG(&) decreases as
the non-circularity rate increases (this extends to two equipowered and independent sources a property
proved in the one source case). Furthermore this decrease is more prominent for low DOA separation.
Fig. 5 shows that r decreases as the DOA separation and the SNR decreases and the difference of order
of magnitude between CRBYGY(0;) and CRBSG(0;) is quite significant for low DOA separations and
SNRs.

6 Conclusion

In this paper, the stochastic CRBs of the DOA parameter estimates for non-circular complex Gaussian
sources in the general case of an arbitrary unknown Gaussian noise field is considered. New closed-
form expressions of these bounds have been presented. Compared with the deterministic CRB and the
circular complex Gaussian CRB, some properties have been proved and some numerical examples with
particular noise fields have been exhibited. They show that the difference between the non-circular and
circular complex Gaussian CRB may be quite significant, particularly for low DOA separations and
SNRs. Consequently our derived non-circular complex Gaussian CRB provides a tighter upper bound
on the CRB under non-circular complex discrete distribution compared to the standard circular complex
Gaussian CRB.

11



A Appendix: Proof of Lemma 1

Maximizing the log-likelihood (3.1) without any constraint on the Hermitian matrix Rz reduces to a
standard maximization problem, whose derivation follows the steps in [12] . A necessary condition for an
extremum of (3.1) with respect to Rj; is that the partial derivatives of (3.1) with respect to the entries
of Rs be equated to zero. Jaffer [12] shows that this condition is equivalent to [12, rel. (4)], which is
preserved here, where R, is replaced by Rj. It yields here

A"(O)R,;" (Ryr —Ry)R;'A(6) = O. (A1)

In order to obtain an expression of ﬁg,ML, we need an expression for the inverse of R;. We omit the
dependence of A (@) on 0 to simplify the notation and define

R; ¥ Q;""R;Q; " = ARAT 11y with A Q'7A [ o i }

—-1/2

where A % Q. /“A. From the matrix inversion lemma (see e.g., [2, lemma A.3]), we obtain

R.' =Ly — A (Iox + R:ATA) " R:AT and R;' = Q;' —Q;'’A (L + R:AYA) ' R;AMQ; '
and after some straightforward calculations
R;'A =Q;"?A (Lx + R;A"A) ™
Using this relation, the condition (A.1) becomes
APQY? (Ryr — Ry) Q. ?A = 0. (A.2)
Inserting the expression of Ry in (A.2) we get
ATQ "R, Q. *A = ATAR;ATA + AYA.
Consequently the ML estimates of Rjs is given by
Rove = [ATA] AR 7A — AT A]J[ATA]! (A.3)

with
= def

Rg . le/QRg,Tle/Q-

Because Ry r and [ATA]~! are partitioned as

_ R,r R, — [AHA]! o
R; (& ATA = iy
s |:R/yT RZ,T ] : ] [ o [ATAA

with Ry r = def Q. 2R R, Q. /2 and R’ def Q. 2Ry . Qn 1/2 , the unconstrained ML estimates of Rj
(A.3) is partitioned as well. Consequently the JOIIlt constralned and unconstrained ML estimate of
(0, p, o) coincide.
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B Appendix: Proof of Result 1

Based on the Fisher information matrix given here by the extended Slepian-Bangs formula derived in
[10],
1 OR; OR;
Lp)g = 5Tr IR IR
( F) 8ak v 8al

all the steps of the derivation of [7] apply where the [7, rel. (19)] is replaced by

H 1T

€1 €1

. / / /
Rs=ci,...,cx] = : and R, =[c},....ck] = :

H ;) T

CK CK

Then [7, rels. (20),(22)] become respectively

dRj

€ € d /
T — DCIAY + AC, DY with Dkd_f<dk 0 ) dp 2 and ¢ ((‘:’,’“ Ck)

0 d; by ©oc

and .
Z. =R;'’AC,DIR. .

Consequently [7, rels. (17), (31), (39), (40)] become

CRBNCG(O)_Q(F MYCGTNCG™ 1MNCGT) ' (B.4)
with
(Fuy = 2§R{Tr [(D ;D) (C/A"R; 1AC,€)”
(MYSC),, = 28%{Tr (Dani 'R Ac)} (B.5)
(TXEO)r = 20 {mr (QIMEQLR;") | — T (QbT; QLI ) (B.6)

1 o i o
with QF = def 1/2Q"3Q 1z _ [QO” on*],f)k def (dk 9 > and A & Q;1/2A = [A 9 ]

where Q]f def Cfi?:, d, & Q_l/ Qdk Exploiting the similar structure of R_1 def [ (f; . g* ] and H{i, we
obtain
B d? o Iy O d o
Eps = 28 ﬂ(( 0 &{)( o Iy, 0 d;

cf! o] Al o R A O cp ¢
it ocr 0O AT v \L O A* cp < '

This gives, after some straightforward calculations

AR, 1\
F = 4% [(DHl'IiD) ® <[RSAH,R;AT]Rg1 [ A*RZ,* D ] : (B.7)
Finally, adapting the same calculations used to derive the closed-form expression of F, to matrices Mﬁgc’
(B.5) and TNGC (B.6). [7, rels. (43), (44)] are replaced by rels. (3.3) and (3.4) respectively.
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C Appendix: Proof of Result 2

All the steps of the derivation of [7, Sec. 5.1] apply where here:

T ¥
Lk ~—1/2 [ €erep O —1/2 . [ € O - (D O e, O
Q, =Q; ( o) ew{)Qﬁ ,Ck—Rs< 0 ek> and Dk_<0 b 0 o

with D = [dy,...,dk]. Inserting this into (B.5) and (B.6), [7, rels. (54), (56)] and [7, rel. (55)] are
replaced respectively by

w((2 oy (m o (@ o
hi egDT o HA* o QET/QG elQ T/2

G G A O R, R, er O
G* G* O Ar R R 0 ey

= 4R [Tr (ef]v)HﬂiQ;I/QelelTle/QGARsek + egf)HHXQ;I/QelelTQ;I/QGlA*R:ek>]

(M), = 2R

)

M = 4R[(DIT5Q;?) o (Q;2GAR,)” + (DTI{Q; %) o (Q; /G AR,)"|

(T)p, = 4R [Tr (e;‘gle/Ql—ILe el Q12GQ; 1/2ek>} -2 (e;‘gle/zHXQ;l/QelelTQ;1/2H§Q;1/2ek)
T = 4R[(Q;'"15Q;%) 6 (Q,126Q; )T — 2 (@, Q) @ (@ IEQ; )T

Following the last steps of [7, Sec. 5.1] and rewriting [7, rel. (59)] as MRSE = MQ,;! and TRXGC =
Q,!TQ, !, Result 2 is proved.

D Appendix: Proof of Result 3

In the single source case, the two covariance matrices must be rewritten as
2 H ! 2 T
R, =ocja1ai’ +Q, and R, =o0] pie P1ajal.

Consequently thanks to the matrix inversion lemma, we get

2 ig1
Uslple v T
= — = v a1 (D.8)
(1402 (1= pD)lacl?)(1 + o2, (1 + pi)las]l?)

def of (1+a (1-pDlanl?) .
1+U2 llas]l

is a real constant. In the case of nonuniform

with a; = Q;l a; and where § =

white noise field, the proof follows along the lines of [6, Appendix D]. Using d; = iAa; with A is a
real-valued diagonal matrix, the matrix MNGY (3.6) becomes

MNCE = oR [(031 Gay + 02 pre @ G'an)T © (d n;)]
;2 SHA S
0 a;r Aa;
= —2%[ = aj o (af' (A - RIM))} =0"
1402 (14 p7)llay]? [EH1
because A — jlaA'; I)/ is a real-valued diagonal matrix and consequently ai ® (alf(A — a”aA”a; In)) is

a real row vector. Using the structure of Rg and (D.8), (3.8) follows thanks to straightforward but
tedious calculations.
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E Appendix: Proof of Lemma 2
Based on the assumptions of the lemma, the Jacobian matrix Dg‘lg of the mapping that associates the
estimate @7 to R, 1 satisfies the constraint (see [15])

D, (A*® A) = O,

and because the covariance matrix Cov,, of the asymptotic distribution of vec(R, 1) is given by simple
algebraic manipulations of Cov,, = E ((y; ® y: — vec(Ry()))(y; ® y¢ — vec(Ry(ax)))) which is a sim-
ple extension of the expression of Cov,, given in [16] for Q, = 021, and for an arbitrary second-order
distribution:

Cov,, = (A*® A)Cov, (AT © AT) + Q} ® Q, + Q: ® ARAY + A*RIAT ® Q,

with Cov,, = R} ® Ry + K(R, ® R ), the first term of Cov,, which contains R/ disappears in the

H
expression of the covariance Covglg = DglgCovry (DgAlg> of the asymptotic distribution of 0.

F Appendix: Proof of Result 5
Applying [2, rel.(4.3)] to the relation R; = AR;AH + Iy, we have
R; - R;A"R;'AR; = (R;' + ATA)™" s positive definite (F.9)

and the left upper K x K block of (F.9)

is positive definite as well.

Rs _ [RSAH,R;AT]R?;I I: ARS :|

AR}
Consequently CRBRET(9) < 2F~! thanks to (4.5) and (B.7). Because T~! is positive definite (see [7,
rel. (18)]), Result 4 follows from F~! < (F — MT~'M7”)~! applied to (B.4).

In the particular case where the sources are uncorrelated with non-circularity rate equals to 1, R; =
R,® where R, and ® are diagonal with ® = Diag(e’1, ..., e'*x) and

9 «reo1| AR K 5 iT] @ A
H p! AT1R -1 s | _ H T] g-1
[RsA" R.A }Rg [ <. /8* } =R, {A ,PA }Rg [ o ]Rs.
Result 4 extends by applying now [2, rel. (4.3)] to the relation

v

A

R; = [ s ]RS (AT ®AT] + L.
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