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Abstract—

This paper examines asymptotic performance of MUSIC-
like algorithms for estimating directions of arrival (DOA)
of narrowband complex non-circular sources. Using closed-
form expressions of the covariance of the asymptotic distri-
bution of different projection matrices, it provides a unifying
framework for investigating the asymptotic performance of
arbitrary subspace-based algorithms valid for Gaussian or
non Gaussian and complex circular or non-circular sources.
We also derive different robustness properties from the
asymptotic covariance of the estimated DOA given by such
algorithms. These results are successively applied to four
algorithms: to two attractive MUSIC-like algorithms previ-
ously introduced in the literature, to an extension of these
algorithms, and to an optimally weighted MUSIC algorithm
proposed in this paper. Numerical examples illustrate the
performance of the studied algorithms compared to the
asymptotically minimum variance (AMV) algorithms intro-
duced as benchmarks.

Index terms: MUSIC algorithm, subspace-based algo-
rithms, DOA estimation, complex non-circular sources,
asymptotically minimum variance.

I. INTRODUCTION

HERE is considerable literature about second-order

statistics-based algorithms for estimating the DOA
of narrowband sources impinging on an array of sensors.
Among these algorithms, subspace-based algorithms, i.e.,
algorithms obtained by exploiting the orthogonality be-
tween a sample subspace and a DOA parameter-dependent
subspace, have been proved very interesting. However, up
to now these algorithms have been mainly designed under
the complex circular Gaussian assumption only (see e.g.,
[1),[2)).

In mobile communications, after frequency down-shifting
the sensor signals to baseband, the paired in-phase and
quadrature components may be complex non-circular (for
example, binary phase shift keying (BPSK) and offset
quadrature phase shift keying (OQPSK) modulated sig-
nals). Because the second-order statistical characteristics
are also contained in the unconjugated spatial covariance
matrix for non-circular signals, second-order AMV algo-
rithms [3] and Gaussian maximum likelihood algorithms
[4] must be based on the two covariance matrices. In
[3], the potential benefits due to the non-circular prop-
erty have been evaluated using a closed-form expression of
the lower bound on the asymptotic covariance of estima-
tors given by arbitrary second-order algorithms. However

the generalized covariance matching algorithm that attains
this bound requires a multidimensional nonlinear optimiza-
tion which is computationally demanding. Consequently,
we need suboptimal monodimensional optimization algo-
rithms that could benefit from the non-circular property.
Such algorithms have been introduced in the context of
uncorrelated sources of maximum non-circularity rate im-
pinging on a uniform linear array in [5], [6], [7], [8] where
their performance was observed by simulation only. The
aim of this paper is to extend these algorithms, to provide
generic asymptotic results for subspace-based estimates of
the DOA for non-circular sources based on closed-form ex-
pressions of the covariance of the asymptotic distribution
of extended projection matrices and to apply these results
to specific MUSIC-like algorithms.

The paper is organized as follows. The array signal
model and the statement of the problem are given in Sec-
tion 2. The potential benefit due to the non-circularity
property is underscored by the help of subspace-based algo-
rithms built from the unconjugated spatial covariance ma-
trix only in Section 3. The four subspace-based algorithms
that we shall study are described in Section 4. Their perfor-
mance is analyzed in Section 5 using a general functional
methodology. Finally, numerical illustrations and Monte
Carlo simulations of the performance of the algorithms are
given in Section 6.

The following notations are used throughout the paper.
Matrices and vectors are represented by bold upper case
and bold lower case characters, respectively. Vectors are by
default in column orientation, while T', H, * and # stand
for transpose, conjugate transpose, conjugate and Moore
Penrose inverse, respectively. E(.), Tr(.), Det(.) ||-|lrro, R(.)
and $(.) are the expectation, trace, determinant, Frobe-
nius norm, real and imaginary part operators respectively.
Ik is the identity matrix. vec(-) is the “vectorization” op-
erator that turns a matrix into a vector by stacking the
columns of the matrix one below another which is used
in conjunction with the Kronecker product A ® B as the
block matrix whose (7, ) block element is a; ;B and with
the vec-permutation matrix K, which transforms vec(C)
to vec(CT) for any M x M matrix C.

II. STATEMENT OF THE PROBLEM

Let an array of M sensors receive the signals emitted
by K narrowband sources. The observation vectors are



modeled as

yt:AXt-i-Ilt, t:17...,T7

where (y¢)i=1,..r are independent and identically dis-
tributed. A = [aj,...,ak] is the steering matrix, where
each vector a; = a(fy) is parameterized by the real scalar
parameter 0. x; = (1.1,...,7: k)7 and n; model signals
transmitted by sources and additive measurement noise re-
spectively. x; and n; are multivariate independent, zero-
mean, n; is assumed to be Gaussian complex circular, spa-
tially uncorrelated with E(n;nf’) = 621, while x; is com-
plex non-circular, not necessarily Gaussian and possibly
spatially correlated with nonsingular covariance matrices
R, ¥ E(xx!) and R, & E(x,x7). Consequently, this
leads to two covariance matrices of y; that contain infor-

0L 0,,...,0)7T

R, = AR, A" + 021,y and R], = AR, A" # 0. (IL1)

mation about :

These covariance matrices are traditionally estimated by
Ryr = 250, vyl and Ry = 250, yiy?, respec-
tively. The parameter vector © is assumed identifiable from
(Ry, R}).

For a performance analysis, we suppose that the signal
waveforms have finite fourth-order moments. The fourth-
order cumulants of the sources (+,i, &t 5, Tt k, Tt,0)i,j,k,1=1,.
are gathered into the K? x K? quadrivariance matrlx Qx

defined by (Qq)i+(j—1)K k+1-1)k = Cum ((Xt)u (xe)7, ()7 unc[\g

The non-circularity rate py of the kth source is defined by
E(27 ) = pre'® Elz} | = pre'® o}, where ¢y, is its noncir-
cularity phase and satisfies 0 < p;, < 1 (from the Cauchy
Schwartz inequality).

The problem addressed in this paper is to estimate the
DOA © from the two sample covariance matrices Ry 7 and

! 1 by using subspace-based algorithms. The number K
of sources is assumed to be known.

III. SUBSPACE-BASED ALGORITHMS BASED ON R| 1.
ONLY

We prove in this section the potential benefit due to the
non-circularity property by proposing a MUSIC-like algo-
rithm based on the unconjugated spatial covariance matrix
only. Because R; and R, have a common noise subspace
(see (I1.1)) with associated orthogonal projection matri-
ces II" = TII, the first idea for estimating © from Rj 1
alone, is to apply the following steps: Estimate the pro-
jection matrix IT7. associated with the noise subspace of
R' . using the singular value decomposition (SVD) of the
symmetrlc complex-valued matrix R 7 and then, use the
standard MUSIC algorithm based on IT}. where the DOA
(Ok,T)k=1,... K are estimated as the locations of the K small-
est minima of the function:

Oof" = argmin go,r(6) with go.r(0) ' A ()T a(6).
(IT1.1)
Compared to the standard MUSIC algorithm based on I1p
associated with the noise subspace of R, 7, whose perfor-

mance is given e.g., in [1, rel. (3.11a)], we prove in Ap-
pendix A the following

Theorem 1: The sequences VT (01 — ©), where O is
the DOA estimate given by these two MUSIC algorithms,
converge in distribution to the zero-mean Gaussian distri-
bution of covariance matrix given by

2 JH_
Co),, = —m( Hy IT ) IIL.2
( O)k,z R0y (al ak) (a ITay) ( )
7 /H 7
with a, def % and ay 2 9a i Ha,, where U def
02S#R,S* with S © AR, A" and U & 528" "R7s'#

with 8 2 AR/ AT for the MUSIC algorithms built on
R, 7 and R 1 respectively.

As a result of the similar structure of Cg, given by these
two MUSIC algorithms, the asymptotic performance of
their estimates can be very similar. In particular for only
one source, it is proved in Appendix A that these asymp-
totic variances are respectively given by:

Co = 1 O',% 1 ot

“Tailo? " a2 ot

and 1 o2 1 o*
Cyp = —— |2 n
bt [ fla[|? ai‘]

We note that for p; = 1 (e.g., for an unfiltered BPSK
modulated source), these two variances are equal. Natu-
when p; approaches zero, Cp, is unbounded and the
njugated spatial covariance matrix R/, conveys no in-
formation about #;. In consequence of Theorem 1, the
following query is raised: how does one combine the statis-
tics IIy and II/. to improve the estimate of ©? A possible
solution is proposed in the following section.

IV. SUBSPACE-BASED ALGORITHMS UNDER STUDY

To devise subspace-based algorithms built from both
Ry r and R 7, we consider the extended covariance ma-

trix Ry def E(y:y) where ¥, def ( ;7:* > for which:

Rg = ARiAH + 0'721121\/[ (IVl)

with

Ad:ef(

From the assumptions of Section 2, K < rank(Rjz) < 2K
and depending on this rank, many situations may be con-
sidered. We concentrate first on a particular case (case
(1)) for which the sources are uncorrelated and with non-
circularity rate pr equal to 1 because very attractive al-
gorithms have been devised for this case [5],[6]. This case
corresponds, for example, to unfiltered BPSK or OQPSK
uncorrelated modulated signals. In this case, R, = A,

and R, = A,A, with A, <

A, def Diag(ei®1, ...,

R - (

R. R,

A O def
d R" = ’
) o ( RS R;

o A ) . (Iv.2)

Diag(o?,...,0%) and

e!?x). Consequently

)-(x

A,
A,A

A,A,

A, )A,,(IK Ay )



and rank(Rz) = K. Then subsequently, we consider the
general case for which rank(Rz) = 2K (case (2)). This
case corresponds for example to filtered BPSK or OQPSK
modulated signals. In these two cases, using the structured
matrices A and R; (IV.2), we prove the following lemma

Lemma 1: In cases (1) and (2), the orthogonal projector
matrix IT onto the noise subspace is structured as

= I, I

- ()
where IT; and II; are Hermitian and complex symmetric,
respectively, and where II; and Il are not projection ma-
trices in case (1) and II; is the orthogonal projector onto
the column space of A and IT; = O in case (2). Further-
more, the orthogonal projector onto the noise subspace I,

associated with the sample estimate Ry 7 of Ry has the
same structure

= ILr Ilr )

I, = ( o - V.3
I, g ( )

where IT; 7 and Il 7 are Hermitian and complex symmet-

ric respectively.

Proof: Noting that Ry or Ry satisfy the relation Ry =

N . def [ Op Iy . U,

JMRgJM withJy = ( I, Oy ) if U, denotes

the partitioned eigenvectors matrix associated with the sig-

nal subspace of Ry or Ry r, the corresponding signal part

of the eigenvalue decomposition of Ry or Ry 7 is

U,
(v,
Thanks to the uniqueness of these normalized eigenvec-
tors up to a unit modulus complex constant, we have
U, = UjA where A is a diagonal matrix whose diago-
nal is composed of unit modulus complex terms. Conse-
quently, these orthogonal projector matrices onto the noise
subspace are structured as

- U

- (gl ) (v )
L U, uf  uAUT
- M uraAUl  uruT :

~ O N I
In case (2) specifically, IT = Lpy — A (AHA) AF =

H1 O . def -1
( o) HT ) with Hl == IM —A(AHA> AH. |

A. Case (1): uncorrelated sources with pr, = 1

Consider now three subspace-based algorithms for case
(1). An algorithm (denoted Alg;) devised in [5], has been
derived from the standard MUSIC algorithm because in
this case (IV.1) becomes

A H
R; = ( AA; >AU( AT AGAT )T 4 02T

(IV.4)

Specifically, the estimated DOA (0 1)k=1,... k are obtained
as the locations of the K smallest minima of the following
function:

9?1%1 = arg mein g1.7(0)

with
ar) < md)inaH(o,qs)ﬁTa(e,@:aH(e)nl,Ta(o)
— [ (O)IL; ra(d)], (IV.5)
a(f)
(@)e?

with the extended steering vector a(8, ¢) e (
M

Noting that a(6, ¢)" a0, ¢) = ( 1 € )

0 with M % azge) ag(Tg) >ﬁ< aﬁf) a*(()9) )

matrix My % ( afgge) ag(Te) )ﬁT( af) a*?@) ) N

positive definite and a consistent estimate of the rank defi-
cient 2 x 2 matrix M. Consequently we can propose a new
subspace-based algorithms (denoted Algs) defined by

9,/;17%2 = arg mein g2,7(0)
with
2
gor(0) X Det(Mg) = (a” ()11, ra(6))

— (@O pa(h)) (@ (0)Iz ra*(0)) .(IV.6)

In the particular case of a uniform linear array, replacing

Uy X )
) (U Uf )=y < U% ) ¥ ( U] U7 )Juthe generic steering vector a(d) = (1,e%, ... ¢i@M-10T

by a(z) def (1,2,...,2M=1)T in (IV.6), [6] proposed a root-
MUSIC-like algorithm (denoted Algs) defined by

0?1,1%3 — arg(zk.) With 2k K rOOtS|Z|<1 Of

g3,7(%) closest to the unit circle (IV.7)

where g3 7(z) is the following polynomial * of degree 4(M —
1) whose roots appear in reciprocal conjugate pairs zj and

()"

gsr(z) ¥ (a’(z"HI ra(z)”
(a” ()3 ra(2)) (a’ (= Oy ra(z)

B. Case (2): arbitrary full rank spatial extended covariance

matric
=~ ( II; Il A O _ .
Based on ITA = M I ) ( O A* ) = 0, dif-
ferent MUSIC-like algorithms can be proposed. Since

IT; = O, a natural idea consists in proposing the following
algorithm (denoted Algy) 2

91‘:‘,1%4 = arg mein aH(Q)HLTa(G), (IV.8)

1'We note that this procedure allows one to estimate up to 2(M — 1)
possible DOA, whereas the upper bound is 2M — 1 [9].

2We note that unlike IT;, the positive semidefinite matrix II; 7 is
not a projection matrix.



But it is shown in Section V, that this algorithm is always
outperformed by the standard MUSIC algorithm based on
R, r only. Using the ideas of the weighted MUSIC al-
gorithm introduced for DOA estimation [2], then applied
for frequency estimation [10],[11], we propose the following
column weighting® MUSIC (denoted Algs):

9,1:717%5 = arg ngn g5.7(0),
with
gs,r(60) < Tr (WA (0)I17A(6))

where W is a 2 X 2 non-negative definite weighting matrix
whose optimal value will be specified in Theorem 7, and

A(0) is the steering matrix ( aE)G) a*(zﬁ) ) To derive
the optimal weighting matrix W = wi’l Y12 ) i the
Wy g W22

next section, the weighted MUSIC cost function can be
written as

g5.7(0) = (w1,1+wa,2) (aH(G)HLTa(G) + %(zaT(H)Hg}Ta(H)))

(IV.9)

def _2wi, (o onsequently the performance of this

1,1twa,2
algorithm depends only on z. By choosing W diagonal, we
have z = 0 and this algorithm reduces to Algy.

V. PERFORMANCE ANALYSIS
A. Second-order algorithms based on Ry 1 only

Considering first the influence of the non-circularity on
the performance of an arbitrary second-order algorithm
based on R, 7 only, we prove the following theorem.

Theorem 2: All DOA consistent estimates given by an
arbitrary second-order algorithms based on R, 7 only, that
do not explicitly suppose the sources to be spatially un-
correlated, are robust to the distribution and to the non-
circularity of the sources; i.e., the asymptotic performances
are those of the standard complex circular Gaussian case.
Proof: Based on these assumptions, the Jacobian matrix
Dglg of the mapping (R, — Or = Alg(R, 1)) that
associates the estimate ©r to R, 1 satisfies the constraint
(see [12])

D3 (A*® A) =0,
and because the covariance matrix C,. of the asymptotic
distribution of vec(R, 1) is given by [3]

C,, = (A*®A)C, (AT @A")+ o 1yp
+ 021y @ AR AP + A*RIAT @ 021y
with C,, = R: ® R, + Kx (R, ® R, ) + Q, where Q, is

the quadrivariance matrix defined in Section II, the first
term of C,, (which contains R} and Q) disappears in

H
. : Al Al Al
the expression of the covariance Cg*® = Dg *C,, (D@ g)
of the asymptotic distribution of the estimated DOA Or
given by the algorithm Alg(.). ]

3Because l:[T is an orthogonal projector, the cost function gs 7(6)
reduces to ||II7A(O)W1/2|2 .

B. Subspace-based algorithms built from Ry

To consider the asymptotic performance of an arbitrary
subspace-based algorithms built from Rg 7, we adopt a
functional analysis which consists of recognizing that the
whole process of constructing an estimate ©1 of © is equiv-
alent to defining a functional relation linking this estimate
O to the statistics Iy from which it is infgrred. This
functional dependence is denoted ©7 = Alg(Ilr). By as-
sumption, © = Alg(l:I), so arbitrary sufficiently “regular”
subspace-based algorithms built from Ry 7 constitute dis-
tinct extensions of the mapping II — ©. For the differ-
ent algorithms Alg(.) defined in Section IV, we note that
this mapping is differentiable with respect to (I1;, ITy, IT3).
With this approach, the asymptotic distributions of the es-
timates given by these algorithms are directly related to
the asymptotic distributions of IIp or (IIy 7, II 7, H;)T)
for which we prove the following theorem in Appendix B

Theorem 3: The sequence of statistics

B B VeC(HLT — 1_.[1)
VTvec (HT — H) and VT | vec(Ily 7 — )
’ VGC(H;T —1I3)

converge in distribution to the zero-mean Gaussian distri-
butions of first covariance matrices

Cq = (L2 + Ko (Jar @ Iar)) ((1:1* ®U)+ (U*® f[))

(v.1)
and
Cl‘h ng,nl Cg*,nl
Co i = | Cmm, Cn, Cppp (V.2)
Croym Cmpn,  Cmg
with
Cn, = (IITeUy)+ (U ®IL)
+ Ky (I, @Uj) + (U @1I13)) (V.3)
Cn, = (Ine+Ky) (I oUp)+(U;@1I1)),
Cr,m, = (I +Kuy) (I ®Uyp)+ (U, @1I14)),
Cru;m, = (Inez + K (I @ U3) + (U © 113))
Cuym, = (I +Ku) (I @ U3) + (U3 @ I13))
~_ def = = U U . & def
where U = ¢2S#R;S# = ( ! 2 ) with S =
" Y U; Uj

AR;AY.
We note that Theorem 2 does not extend to arbitrary
second-order algorithms based on Rgyr because here

Dglg (A* ® A) # O due to the constraints on Rz (see the

proof in [12]). However, since expression (V.1) of Cp does
not depend on the fourth-order moments of the sources, we
have proved the following

Theorem 4: The asymptotic performance given by an ar-
bitrary subspace-based algorithm built from Ry 7 depends
on the distribution of the sources through their second-
order moments only.
More specifically, regarding the algorithms described in
Section IV, we prove the following



Theorem 5: The sequences VT (07 — ©), where O are
the DOA estimates given by the first three subspace-based
algorithms [resp., algorithms 1 and 2] described in Sec-
tion IV for a uniform linear array [resp., arbitrary array],
converge in distribution to the same zero-mean Gaussian
distribution 4 with covariance matrix

1 K k
(Codey =5 (Lo ol
(V.4)

def T s~ H e~ .o
< ((af O7ap) (@4 114)). i) = 0,0

ag ~r def da, 3 def ga,
aje i > A = e Ak = dg, and

)

~ def
where a; = <

and -y, are the purely geometric factors:

1,j=0,
k) def ~H = def (k) (k k
®) R @) and v 2 aff)alf) — (o) I
particular
22 ~

(Colyr = ,yzytﬁ(ékHUék), k=1,....K (V.5)
which gives in the case of a single source:
1 [o2 1 ot

Co, =~ | = 2, V.6

0= % ] Vo

/H ’
where 7 is the purely geometric factor 2a; Ila; with
/ def da;

a; = &
Remacll'k If the case of a single non-circular complex
Gaussian distributed source of maximum noncircularity
rate (p; = 1), asymptotic variance (V.6) attains the non-
circular Gaussian Cramer-Rao bound given in [4]. Con-
sequently, the first three subspace-based algorithms de-
scribed in Section IV are efficient for a single source.

Proof: First, we note that the cost functions g; ()

and g2 r(a) given in (IV.5) and (IV.6) respectively, sat-

isfy the relation gor(a) = g1r(a)rr(a) with rp(a) def

(@ (o) ra(e))+|a” (a)IIf pa(a)|, where in exact statis-
tics 7(6),) # 0 (because if r(f),) were to vanish, we would
have a’? (0;)IT1a(0)) = 0 and |a’ (0;)II2a*(0))| = 0, and

consequently would belong to the signal space

ag
a’,;elﬂ
of Ry for all values of 3, which leads to a contradiction with
(IV.4). Then, applying the proof [1, Theorem 3.2], the esti-
mates minimizing g; 7 and g3 v have the same asymptotic
distribution and consequently algorithms 1 and 2 have the
same asymptotic performances.

Then, to prove that algorithms 2 and 3 have the same
asymptotic performances, we consider the first order per-

turbation expansions of §6 1 def Ok, — 01 as a function of

51—[1 T dif H1 T — H1 and 51__[2 T dﬁf Hg T — ]._.[2 glven by

these two algorlthms Followmg the lines of the derivation
given in [13] where the standard MUSIC and root-MUSIC
algorithms are replaced by algorithms 1 and 3 respectively,

4These three algorithms have different behavior outside the asymp-
totic regime, as will be stressed in Section VI.

we prove in Appendix C that these algorithms satisfy the
same perturbation expansion:

O = Ok + Ay vec(6II; 1) + Ag pvec(6IIz 1)
+ A3 pvec(dII5 1) + o(6I1y 1) + o(Ila,r). (V.7)

The proof is completed in Appendix C where the DOA es-
timate given by algorithm 1 is proved to converge in distri-
bution to a Gaussian distribution whose covariance matrice
is given with (V.4),(V.5) and (V.6). [ |

In case (2), it is straightforward to prove the following
Theorem

Theorem 6: The sequence v/T (07 —©), where O is the
DOA estimate given by the MUSIC-like algorithm (IV.8)
described in Section IV, converges in distribution to the
zero-mean Gaussian distribution with covariance matrix

(C@)kJ _ (Dglg4CH1Dglg4)kl
/H ’
= akal?}? ((afIUlak) (a Hal)) (V.8)
where Dglg“ Dglgo is given in (A.3). Because
(0} 17 ) - o257 RyS* with § — AR;AY, we note
2 Ui

that the performance of this algorithm is critical when Rz
which interacts in S approaches singularity. This is partic-
ularly the case when the sources are uncorrelated with at
least a non-circularity rate that tends to one (because in
this case, det(Rz) = [[1—, (0p(1 — p3))).

For a single source, (V.8) gives

OAlg4 — 1 i 1 (1 + p%) J?v:| (V 9)
el =ph) [of a2 (1 p7) of
and consequently
1 [o? 1 ol
cAlss 5 oMusic L [n + n]
o Th ar [0 Jay? of
plllgl Cﬁllg‘l = (V.10)

Thus this algorithm is always outperformed by the stan-
dard MUSIC algorithm. This critical property will be stud-
ied for two sources, through numerical examples in Section
VI.

Then considering the second algorithm proposed in case
(2), we prove in Appendix D the following

Theorem 7: The sequence VT (07 — ©) where O is the
DOA estimate given by the weighted MUSIC algorithm
introduced in Section IV converges in distribution to the
zero-mean Gaussian distribution with covariance matrix

* A T A % o H = o
(Coliy = 5o (12" = 1) ((A[T"A]) @ (A TIA)
HALITA ) ® (Affml)) (122 1)H, (V.11)
def 2wy A def ’ def
Wlth = m Ak; = A(ek) al’ld A é‘gk FuI'_

opt

thermore, the value z”" that minimizes (Ce) ki 1S given



by

Ty1*
opt _ _ 8 Yolk V.12
Zk akHUlak’ ( . )
for which the minimum value of (Ce),, . is
Det(AFUA
min (Ce),, , = ot(Aj k) (V.13)

2(aflUja;)(a’y IL1a))
For a single source, we prove in Appendix E
Corollary 1: The asymptotic variance of the DOA es-
timate given by the optimal weighting MUSIC algorithm
attains the non-circular Gaussian Cramer Rao bound for
all values of the non-circularity rate in the single source
case.
Remark 1: The optimal value of the weight previously
derived depends on the specific DOA whose variance is to
be minimized, which means that the optimal weight is not
the same for all DOAs. This, however, might have been
expected as MUSIC estimates the DOAs one by one. In
addition, it should be noted that z;** is sample depen-
dent. Consequently, this value ought to be replaced by a
consistent estimate in the implementation of the optimal
weighting MUSIC algorithm. This point will be described
in the next section. We note that this replacement of zzpt
by a consistent estimate has no effect on the asymptotic
variance of the weighting MUSIC algorithm as it is proved
in Appendix E.
Remark 2: For circular sources, Ry is block diagonal.
This successively implies that g, S# and U are block di-
agonal. Consequently, Uy = O, z** = 0, W, is diago-
nal and the optimal weighting MUSIC algorithm reduces
to the standard MUSIC algorithm. Then (V.13) becomes

%, which is the asymptotic vari-
ance given by (II1.2).

To implement this optimal weighted MUSIC algorithm,
we propose to use the following multistep procedure de-
scribed in [11, Section 7].

1. Determine standard MUSIC estimates of (0k)k=1,... K
from Ry 7.

2. For k=1, ..., K, perform the following: Let 927T denote
the estimates obtained in step 1. Use (91(3,7“)16:1,---,1( and
the estimate Uy 7 and Uy 7 of U; and Uy derived from
f{y’T to obtain consistent estimates zg 7 of zzpt. Then
determine improved estimates Gi’T by locally minimizing
the weighted MUSIC cost function (IV.9) associated with
2,7 around 02’T.

min, (C@)hk =

VI. ILLUSTRATIVE EXAMPLES

In this section, we provide numerical illustrations and
Monte Carlo simulations of the performance of the dif-
ferent algorithms presented in Section IV and numerical
comparisons of the variances of these DOA estimates to
the asymptotic variance of AMV estimators based on Ry
(i.e,, Ry and R 1) and on R, 7 alone [3].

We consider throughout this section two uncorrelated

5 equipowered (SNR & j—i) filtered or unfiltered BPSK

5We concentrate on uncorrelated sources because it was shown in

modulated signals with identical non-circularity rate (p def
p1 = p2) with phases of noncircularity ¢; and ¢s. These
signals impinge on a uniform linear array with M = 6
sensors separated by a half-wavelength for which a; =
(1, ... e M=10)T where 0, = mwsin(ay), with ay the
DOAs relative to the normal of array broadside. 1000 in-
dependent simulation runs have been performed to obtain
the estimated variances and the number of snapshots is
T =500 [resp. T = 1000] in case (1) [resp. in case (2)].
The first experiment illustrates Theorem 5 for which
p = 1. Figs.l, 2 and 3 exhibit the dependence of
var(f; r) given by algorithms 1, 2 and 3, and by the
AMV algorithm based on Ry 1 (i.e., on R, 7 and R;/VT),
with the SNR, the DOA separation A = 6, — 6; and

the noncircularity phase separation A¢ = ¢g — ¢ 6.
107 T T T T T T
O Alg1
+  Alg2
% Alg3
C.6 «  AMV(RR)
(e}
+ o
o
k- +
107 * B

asymptotic variance of 91

10 12 14 16 18 2‘0 22 24 26 28 30
SNR (dB)
Fig.1 Theoretical and empirical asymptotic variances given by al-
’
gorithms 1, 2, 3 and AMV algorithm based on (Ry,T,Ry ) as a
function of the SNR for Af = 0.05 radians, A¢ = 7/6 radians.

10° T

x*¥+ 040D
>
a
=y

Alg3
AMV(R.R)

asymptotic variance of 91

10°

I I I
0 0.05 01 0.15 0.2 0.25 0.3
DOA separation (rd)

Fig.2 Theoretical and empirical asymptotic variances given by algo-
rithms 1, 2, 3, standard MUSIC and AMV algorithms based on R, 7
only and on (Ry,T,R/%T) as a function of the DOA separation for
SNR=20dB, A¢ = 7 /6 radians.

Figs.1 and 2 show that the domain of validity of
our asymptotic analysis depends on the algorithm. Be-
low a SNR threshold that is algorithm-dependent, al-

[3] that expected benefits due to the non-circular property happens
mainly for uncorrelated sources.

6By virtue of numerical examples, the different theoretical variances
depend on 01, 02, ¢1, ¢2 by only Af = 0y — 61 and A¢ = ¢ — ¢1 in
case (1) [only Af = 62 — 01 in case (2)] for two equipowered sources
with identical non-circularity rates.



gorithm 3 (root-MUSIC-like algorithm) outperforms al-
gorithm 2 which outperforms algorithm 1, and natu-
rally all three algorithms clearly outperform the standard
MUSIC and the AMV algorithm based on R, 7 alone.

10™

asymptotic variance of 61

107 L L L L

o] 0.1 0.2 0.3 0.4 0.5

circularity phase separation (rd)

Fig.3 Theoretical asymptotic variances given by algorithms 1, 2, 3
(1) and by the AMV algorithm based on (R, 7, R;’T) (2) as a func-
tion of the noncircularity phase separation for two DOA separations
and SNR=20dB.

In Fig.2, we note that the asymptotic variances given
by algorithms 1, 2 and 3 and the AMYV algorithm
tend to a finite limit when the DOA separation de-
creases to zero. For algorithms 1, 2 and 3, this strange
behavior is explained by the two non-zero eigenvalues
(Ag)k=1,2 of S which interact in U % ng#RgS#
that appears in (V.5) of Theorem 5. With Mg
2Mo? (1 + (1) cos((M — 1)L A¢)%I(M))) k
1,2, we see that one of these eigenvalues approaches zero
and consequently the asymptotic variances increases with-
out limit only if both AO and A¢ tend to zero. For the
AMYV algorithm, Cg = [(SHC;IS)*l](lzKJ:K) (see the
notations of [3]) and S is column rank deficient only if
both AO and A¢ tend to zero as well. Fig.3 illustrates
the sensitivity of the performances to the noncircularity
phase separation A¢, which is particularly prominent for
low DOA separations. Figs.1 and 2 show the good efficiency
of these three algorithms compared to the AMV estima-
tor based on Ry r, particularly for large DOA separations.
1%

06=0.3rd

0.95 £0=0.2rd -

09

£06=0.1rd
0.8 B

£8=0.05rd
o7t B
0.651 £A0=0.017 4
| i | | | | | | i

0 2 4 6 8 10 12 14 16 18 20
SNR (dB)

. . £ ! Al .
Fig.4 Ratio r1 def Vargle(R’R >/Varglglg’3 as a function of the

SNR for different DOA separations, A¢ = /6 radians.

To bpecify this point, Fig.4 exhibits the ratio ry def
Var, AMV(R R /V Algl #% as a function of the SNR for dif-
ferent DOA separatlons. It shows that algorithms 1, 2 and
3 are very efficient, except for low DOA separations and
low SNRs.

The

circularity rates p (case (2)). Fig.5 exhibits the ratio 7o e
MUSIC(R) Algy
Var)! /Var?

second experiment considers arbitrary non-

as a function of the non-circularity
rate for different DOA separations. It shows that algorithm
4 is worse than the standard MUSIC algorithm based on
R, 7 alone, for all scenarios. This extends that a property
proved by (V.10) in the single source case.

In the following, we concentrate on the optimal weighted
MUSIC algorithm (algh) introduced in Subsection IV-
B. Compared to the standard MUSIC algorithm based
on R, 7, Figs.6 and 7 show that algorithm 5 outper-
forms the standard MUSIC algorithm, particularly for
low SNRs and DOA separations when the noncircularity
rate p increases. The efficiency of this optimal weighted
MUSIC algorithm is exhibited in Fig.8 through the ra-

tio ry VarAMVERR) /VaraAlg”. We show that, despite
the fact that algorithm 5 improves the performance of
the standard MUSIC algorithm based on R, r for low
SNRs and DOA separations when the noncircularity rate

p increases, its efficiency decreases in these circumstances.

1

0.9F B B B 4

08k R B . . 4

0.7 b

0.6l : h £6=0.5rd . 4

K 05kF B . R . 4

0al £6=0.3) |
=0.1rd

0.3F 4

0.2 b
N76=0.05rd
0.1 b

0 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

non circularity rate

Fig.5 Ratio 7’2 = V MUSIC(R)/VarA1g4 as a function of the non-
circularity rate for different DOA separations for SNR=5dB, A¢ =

/6 radians.
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Fig.6 Ratio 7"3 = VarAlg5 /Var, MUSICR) 45 a function of the non-

circularity rate for dlﬁerent DOA separations for SNR=5dB.
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Fig.7 Ratio 1"4 = VarAlg)/V MUSIC(R) as a function of the non-

circularity rate for dlfferent SNRs for A6f = 0.1 radians.
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circularity rate for dlfferent SNRs for Af = 0.1 radians, A¢ = /6

radians.

Tables 1 and 2 compare our theoretical asymptotic vari-
ance expressions with empirical mean square errors (MSEs)
obtained from Monte Carlo simulations for the standard
MUSIC and the optimal weighted MUSIC algorithms for
p=0.9, A0 = 0.2rd. We see that there is an agreement be-
tween the theoretical and empirical results beyond a SNR
threshold. Below this threshold, the optimal weighted MU-
SIC algorithm largely outperforms the standard MUSIC
algorithm.

MUSIC Weighted MUSIC |
est MSE(0) |th Var(0) [lest MSE(6) |th Var(0)
6; [1.600.1073 [2.604.10~% [[2.344.10~% [2.449.10~*
6, [[1.800.10~3 [2.604.10~% [|2.457.10~% [2.449.10~%
TABLE II

A6 = 0.2rd AND SNR = 8dB

plex non-circular sources by giving closed-form expressions
of the covariance of the asymptotic distribution of extended
projection matrices. Different robustness properties of the
asymptotic covariance of the estimated DOA given by such
algorithms are proved. These results are applied to differ-
ent MUSIC-like algorithms. We have proved that such spe-
cific algorithms largely outperform the standard MUSIC
algorithm in the case of uncorrelated sources with maxi-
mum non-circularity rate. In the general case of nonsingu-
lar extended spatial covariance of the sources, the optimal
weighted MUSIC that we have introduced outperforms the
standard MUSIC algorithm as well, but the offered perfor-
mance gain is noticeable for low SNRs and DOA separa-
tions only. Furthermore this optimal weighted MUSIC is
computationally more demanding than the standard MU-
SIC algorithm. Consequently from an application view-
point this gain in performance may not motivate the extra
computational complexity. In this general case of nonsin-
gular extended spatial covariance of the sources, only mul-
tidimensional non-linear optimization algorithms such as
the subspace-based AMV estimator seems to be able to to-
tally benefit of the non-circular property. A study to deal
with this issue is underway.

APPENDIX
I. APPENDIX: PROOF OF THEOREM 1

Because IT/. is the orthogonal projector onto the noise
subspace of the Hermitian matrix R, R o7 the standard
perturbation result (B.1) for orthogonal projectors associ-
ated with invariant subspaces of Hermitian matrices can be
applied:

(dB) MUSIC Weighted MUSIC \
SNR |[lest MSE(6;) [th Var(6,) || est MSE(6;) | th Var(6,) S(IT) = —H’é(R;R'yH)(R;R'yH)#
6 4.452.10~3 [4.589.10~% || 3.154.10~%* [4.151.107 % / /H‘# N o
3 1.600.10~3 [2.604.10~% || 2.344.10~% [2.449.10 % (R,R))73(R, R IT" + o(6(R, R, )).
10 2.899.10~% [1.527.10~% || 1.561.10~% [1.474.10~4
20 || 1.338.10° [1.348.10° | 1.337.10° [1.347.10° Using 6(R,R’Y) = 6(R,)R'Y + RIG(R'Y) + o(6(R))),
ABLE II'R, = O and R’} (R,R/})# = R'¥, we obtain:
AO = 0.2rd "
J(IT) = ~I'§(R,)R'T — R/} 6(RIT +0 (5(R)).

VII. CONCLUSION

This paper has provided a unifying framework to inves-
tigate the asymptotic performance of arbitrary subspace-
based algorithms for estimating DOAs of narrowband com-

Then using the standard theorem of continuity (see e.g.,
[18, p. 122]) on regular functions of asymptotically Gaus-
sian statistics, the asymptotic behaviors of IT7. and R; 1
are directly related and the first covariance matrix of the
asymptotically Gaussian distribution of II/. can be written



as

C,/r/
Cnp = ( R/Z#®H/ H/*®R/Z# ) ( . v, C*y )

( R/;# ®H/ )

" oRY
where the expressions of C,, =E ((ye @ yr — vec(R}))
(Yi @y — VeC(R;))H) and C/r/y =E ((Yt Yyt — vec(R;))
(yt ® y: — vec(R}))") are given in [3, Lemma 2]. In-
serting these expressions in (A.1) and using I'A = O,

R/ f R, II' = O, we obtain after tedious but simple algebra
manipulations:
Ch=II"oU+UIl, (A.2)
where U is given here by U%S/*#RZS/#. Using again the
standard theorem of continuity, the DOAs estimated by the
MUSIC algorithm based on IT/. are asymptotically Gaus-
H

sian distributed with covariance Cg = Dglg” Cr (Dglgo)

where the Jacobian matrix Dglgo of the mapping that as-
sociates Op to II’. is given by

d

- B

D= | :

dj

(A.3)

straightforwardly obtained from a first-order expansion of
9g0,7(0)

085 |9:9k+69k,T

expression (II1.2) of Cg is straightforwardly deduced.

on(ofla]®+oy) o H
In aja
otpillars 1

= 0. Using expression (A.2) of Cyy,

In the case of a single source, U =
and the expression of Cp, follows.

II. APPENDIX: PROOF OF THEOREM 3

The proof relies on the standard central limit the-
orem applied to the independent equidistributed com-
plex non-circular random variables y; ® y; with y; =
A%, + ;. Thanks to simple algebraic manipulations of
C,, = E((5 ®5 — vee(Ry))(5; ® 51 — vec(Ry))"), we
straightforwardly obtain

C,, = R;®R;+Kan (R;7 ® R;*)JF(A*@A)Q@(AT@AH )

. s def ~ ~
with R; = E(y:y!) and where (Qz)it(j—1)2K k+(1—1)2K =
Cum ((X¢), (%¢), (%)%, (X¢)1). Then using the standard
perturbation result for orthogonal projectors [17] (see also
[13]) applied to IT associated with the noise subspace of Ry

§(M) = —T§(Ry)S* — S#S(Ry)TT + 0 (3(Ry)), (B.1)
the asymptotic behaviors of Iy and Ry 7 are directly re-
lated. The standard theorem (see e.g., [18, p. 122]) on
regular functions of asymptotically Gaussian statistics ap-
plies and the first covariance matrix of the asymptotically

- /T ’
with dT:?k(ak ®akH+a£®ak )

Gaussian distribution of I can be written as

Q
=
Il

((ﬁ* ®S*)+ (8% ® fI)) C,, ((1:1* ® §%)

+(S* ® ﬁ)) (B.2)

(0 ©8%) + (8* o 1)) (R; @ Ry
+ Ken(R;®R;)) (I @ 8%)+ (8% o 1D))

= (L + Koy (I @ Ir)) ((1:[* @ U)+ (U"® fI))

where TIA = 0O, and R~ =JuRy and S#R II = O are
used in the second and thlrd equalities respectlvely

Proving the convergence in distribution of the second
statistic follows the same lines where the terms of

1 GC(H1 T — Hl)
CH1,H2,H; = lim —E VeC(H2 T — ].__[2)
T—00
vec(IT IT)
H
VQC(HLT — Hl) CH1 CIEIIQ,Hl Cg; I
VeC(H27T — Hg) = CHQ,Hl an CH* I,
vec(II; 7 — II3) Cro; o, Cogom, CH*
can be deduced from the expression of
.1 I 7 —1II; 17 —1IIy
C5 - 1 —E * * * *
I 750 T |:V€C < I p — 115 10} p — 1L
I, r—1II; I, —1II
H 1,T 1 2,T 2
vec ¥ * x * B.3
( 15, — II; 10}, —II} )] (B:3)
VeC(Hl,T — Hl)
_ G O .1 vec(IT} . — II%)
- ( O G )TIE};O i vec(Ily 1 — ITy)
VeC(HT,T —1I17)
VG‘C(HLT — Hl) H
vec(IT; 7 — I13) GT O (B.4)
VeC(H27T — 1—.[2) O GT ’
VeC(HT,T I17)
G O
_ ( ¢ o ) (B.5)
Cn, Cfin Cfl,m, Cm.m;
Cruzmy,  Cmy; Cmyme Ci,m, G" O
CH27H1 ng,HQ CHz CE;,Hl O G”
ﬁll i1ky CEQ I, CE; CHT

where G is the block permutation matrix defined by

A _ vec(A) . .
vee ( B ) =G ( vec(B) ) With expressions (B.5) and



(V.1) of II, we obtain M, + M, 660k 7 + (60 7):

Tr (H M, I, M ) - §R<Tr (H*M"H M))
Cn, Cfim Cf,n Cm.m [ B S

Cozn, Cny Cmm Ciin, +Tr (H1M}€H1M}c) —® (Tr (H;M}CHQM;C*))} 3057
CHz,Hl CH;,HQ CH2 CH;,Hl , ,
Ci,n; Ciiu, Chyn,  Cum :?R(Tr (an;TMknzM;;))ij(Tr (H;Mkél'lz,TM,’;»
_(G" O oy ;] U U —Tr(éHLTM;CHle)—Tr(HlM;ccSHLTMk) (C.1)
O GT o, II, U; U o 0
Ui U; I, IL o(0r) + ol r)
+ U, U © II; IIj (B.6) def r def / n o def
2 Y 2 with M, % M), M, © M (6) and M, =
m, II, U; Ul d>M() F
K . _, . Furthermore, we note that the sum of the
+Konm ({ I II ] &® [ U, U, da?  |a=0

first two terms of the left hand side of (C.1) vanishes
1Ko ({ U, U, } ® { IT; IIj ])) < G O ) ~ thanks to the identity ITa; = 0, which is equivalent to
Ui U3 I, I O G I1,a; + e "%* II,a; = 0, and which implies

) ] ] - I, M IT; = I, M IT5. (C.2)
Then, using the following two identities deduced from the

definition of the permutation matrices G and Ky for any  Consequently
M x M matrices A, B, C and D . .
Tr (Hlel'Ile) R (Tr (H;MkHQM;))

GT O A B C D G O _ A
( P ) ({ A B } ® { s Db D ( ¢ o ) = % (T (ML, - MM ) = 0.
AxpC A®D BgC B D Thus (C.1) becomes
| Aep* A®c* BeD* BacC D
| B*®C B*®D A*®C A*®D |’ SO = . . — —
B*®D* B*®C* A*®D* A*®C* Tr (T MIT M ) — R (Tr (TIEM T M) )
( GT O G O + o(0Ily,r) + o(6112 1) (C.3)
K
o GT ) 2M< O G ) e / /
< o o o with D ' (T (3113 - M, TI M, + TIM 0T M ) ) -
M ’ ’
O O Ky O Tr (STL M TL My + T MGSTL My, ). For algorithm
o O Ky O O ’ 3, we note that

(0] (0] O Ky
g3r(z) = Tr(II pM(2)I1 7M(2))

* —1
the expressions of Cry,, Cr,, Cr,.m, CH;7H1 and Cn;H2 Ir (HQ*TM(Z)HQ’TM(Z )) (C4)

f Th follow directly fi B.6). e
of Theorem 3 follow directly from (B.6) with M(2) def a(z)a”(z71). By definition of algorithm 3

(see (IV.7)), zk,w = O + 60y 1 is solution of

IIT. APPENDIX: PROOF OF THEOREM 5 g3 (zer) = 0 with 2z 7 = 7'];;7T€i9k’T ST P ew"‘+6zk7T.

(C.5)
To relate 60,1 to 011 7, 0TI, v and 5H§,T, a second-order
expansion of a(z), II; v and I 7 is required since the first-
order terms in 80y 1 and ory r vanish, as noted in [13] for
the standard root-MUSIC algorithm.

We first prove that algorithms 2 and 3 satisfy the same
first-order perturbation expansion (V.7). For algorithm 2,
we note that

dg2,7(0) !
77:2Tr<1'[ M’ (0)IT Ma) / - 1
00 LT ( ) LT ( ) a(zkyT) = ag + akéﬁk,T — zakérk’T -+ iak (50k,T)2
~ 9w [Tr (n; TM/(H)Hg,TM*(Q)ﬂ , , 1.
' — iak69k,T5rk,T — iak ((57’]@’7“)2 + 02((59]@771, 57’k¢T)
’ 0k ’ ok 1 =
, e —1 _ * s - 2
with M(6) ' a(0)a’ () and M'(6) & DO Becanse  A(%7) aj, +ay 00k —iay Orer + gag (00k7)
: 0g2,7(0) _ : 1% 1%
Ok, 1 satisfies ==5; 061 700 +600 1 — 0, we straightfor- — iy 00prorer — ~a, (6rh1)? + 03(80k T, 6T 1)
wardly obtain the following first-order perturbation expan- 2
sion thanks to II; p = II; + 0II; 7, a p = Iy + 0115 1, M, 7 = I, + 6, 7+ 6°TL 1 + o(6°T, 1)
M(Hk:,T) = Mk + M;C(Sek,T + 0(60k,T) and Ml (ek,T) = H2,T = ].__[2 + 6H2,T + (521__[2,'11 + 0(621_[27'1“)
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r def day 1 def (2a,
= %= and a; = @ where (0IL; 7);=1,2 and

(6°TL; 7)i=1.2 denote the first and second-order terms of
the expansion of (II; 7);=1,2 w.r.t. J0Ryr, and where
02(80k. 1, 07k, 1) is a third-order term in (86, 1, ér ). Con-
sequently

with a,

derivation of 60y 1 (they would be used in the derivation
of o7y, which is not studied in this paper) for the two
root-MUSIC algorithms.

Considering algorithm 1, the estimates 8 r and ¢ 7 are
solutions of the global minimization

’ . ’ 1 17
Mzkr) = My Midfir = iMybrir + 5M, (00,7)° (Onir, bnx) = argpin 120, 6)
. " " 9 . B
—’LMk59k7T67"k7T — *Mk ((STk,T) + 02(6914;,7“, 67"k7T)) with gl T(a ¢) é (9 QZ))HTé(a, ¢) _ TI'(HTM97¢) where
1k ok def -~ .
M(zk 1T) = M +M, 60k —iM,, Srpr My 4 = a(0,¢)a(0, ). Because (0,7, ¢r 1) satisfies
I (66, )2 — M 80 0 991,1(9,) -0
. o 09 |(0.0)=(0k. 7.0k 7)=(0k+60k 7, bi+0k 1)
— §M;€, (676.7)2 + 02(60k 1, 678.7)), and
g1.7(0
Inserting these second-order expansions of Il 7, Il 7, 39%(,@5) =0,
M(zx 1) and M(z,:%) in the expression (C.4) of g2 7(zk,1) ¢ [(0,6)=(0k, 7,0k, 7)=(0k+60k 7,x+¢k, )

and using identity (C.2) and identity
afl 0TI, ray, + R(af 6TIy raje "%%) = 0

we straightforwardly obtain the following first-order per-
turbation expansion

deduced from identity a;; HoT1ra, = 0 (issued from Ia, =0 Tr(}_IM(’ﬁ)Mva + Tr({IMf)@)é(bva + Tr(él:ITMG) =0
and 0TIray, + I1da, r = 0), one can check that the first- Tr(IIMy ;)60 7 + Tr(TIM,, 4)d¢k 1 + Tr(6IIrMy) =0
order terms in 06y 7 and dry r vanish and the following (C.7)
expression of gs r(zr ) of (C.4) is obtained after simple, ) ) B
but tedious algebra manipulations: with M, def %, M, def 81\37;‘4), M, , def 3251)\/9[2"*‘@,
gsr(zeT) = M;q5 e 881;%2 and M¢ & e 82;;?% associated with
1 4 ’ ’ 1k o " - H T
5 {(TT(Hleﬂle) — R(Tr(T;M, I, M, ))) the source k. Noting that Tr(HM ;) = 2R(a; 18], ),
, i,j = 0, ¢ which is denoted by ozZ J , (C 7) gives
(00072 — (Ori7)?) +2 (Tr(5H1 M, I1, M) B
50 (ol Te(atTr™M

—R(Tr(5TL; MM, ) 4 Tr(T1, M6TL, 7 M) T oFal, (o) g o Tr(STIrMy)
~R(Tr (M 0TI My, ) ) 8047 + 2 (Tr(T Md*Th 1 My,) —af)THOTIM) ) + o{6TTy)
o * 2 _ - , - - -

R(Tr(T3M6°TL, 7 M) } — 2i {Tr (011, TMknle) where Tr(6TI;M)) = (a/ik ®al +al ® a’fk)vec((SHT),

—l—Tr(l_Ile(SHLTMk) - ?R(Tr((SHS’TMkHQM};) i = 0,¢. Consequently the Jacobian matrix Dglgl of the
/ / / ing that associates ©p to Ily is given by DAl —
~R(Tr(TM T r M) + (Tr(IL ML M mapping S
(Tr(TI3M,, 6112 7 M) (IT, M, IT, M ) (dy....dy)" with
~R(T(TGMILMY ) ) 00,1} 6k + 020000, 0rk7). -1 © i
k= OR (a¢¢( aly, @aj +ak®aak)
(C.6) Ga0 — (af))?
Since the different matrices M are composed of sums é;( ok @all +al ®a¢k))

of rank-one matrices and that matrices ITy, 6II;  and
8211y 7, [resp. Iy, 611 7 and §°II5 7] are Hermitian [resp.
complex symmetric| structured, one can check that the first
four lines within the braces in (C.6) are real, while the last
two lines in the second brace are purely imaginary. By
setting the imaginary part of this expansion equal to zero
(2, is a root of g3 r(z)), (C.3) is found.

Remark: With different cost functions, we note the simi-
larity of behavior of our algorithms 1 and 2, with the stan-
dard MUSIC and root-MUSIC algorithms analyzed in [13]:
In the two cases, the asymptotic distributions of the DOA
estimates given by the MUSIC and the associated root-
MUSIC algorithm are identical. Furthermore the second-
order terms in 52H17T and 52H27T are not used for the

Because IIy is asymptotically Gaussian distributed with
first covariance Cp, Or is also asymptotically Gaus-
sian distributed thanks to the standard theorem of con-
tinuity (see e.g., [18, p. 122]) with covariance Cg
D(A_)lglcﬁ(Dglgl)H Using, the expression (V.1) of Cg,
the expressions (V.4) and (V.5) of Cg are straightfor-
wardly deduced after simple but tedious algebra ma-
nipulations thanks to the identities (a ® b)Kan

(b ® a) for all 2M x 1 vectors a, b, ITa = 0
and afJII* = 07. In the case of a single source,
T 1 o2 o a a \7

U= o (a% * ofar ai*) (ﬂuan) (ﬁnau) and (V.6)

is straightforwardly deduced as well.
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9g5,7(9)

90 |60=04,0=0x+60k 1
straightforwardly obtain the following first- order perturba-
tion expansion thanks to I =11+ (5HT, where we have
used the identity Tr(ABCD) = vec” (AT)(DT @ B)vec(C)
[19, th. 7.17]

Because 0, satisfies = 0, we

vec (W)(AT @ Ay + Ay, @ All)vec(5T1y)
9Tr(WA', TIA} )

pr =

+  o6Ty). (D.1)

And because I is asymptotically Gaussian distributed,
Or is also asymptotically Gaussian distributed thanks to

the standard theorem of continuity (see e.g., [18, p. 122])
with covariance:
1
(Co)y, = vecH (W)M;, Cy M/ vec(W),
Y BB
with B < 2Tr (WA, A ) oand M, AT @ A} +

A'Z ® Al. Using the alternative expression §L M(H* ®

U + U* @ )Ly, of Cg given by (V.1) where Ly, def

(Lgprz + Kons (Jar ® Jpr)), we obtain thanks to straight-
forward algebra manipulations

1 — ~ = -, H ~ -

M CM{" = SLs (AT U*A}) (A TIA))

7/T ~* — !’ — ~
+HALIT A" ® (AkHUAl)) Ly,

w1,1 + W22
2w7 o
and because Lgvec(W) = ’ and S
211}1,2
w1,1 + W22
2(wy 1 + wo, g)a’Hl_Ila;C, expression (V.11) is proved.
Expressmg the matrix C (ATU*A}) ® (A'kHl:_[AZ) +

(A’ kH*Al) ® (AFUA;) of (V.11) as a function of
ai, I} and IIy, we obtain after simple but tedious al-
20 B p* O
g* 2a 0 p*
s 0 2a p

O 8 B* 2«
o (allUa)(a’} Hlak) and B (akHUQa,’Z)(a’kHﬂla%).
Consequently (V.11) becomes

gebra manipulations C = with

(Co)pp = 2; A1+ [22) + 2R(B2)],

*

Ty1*
ich is mini =B _ _aUsar
which is minimum for z,,; = —=- = al"U,a,

The associated minimum value of (Cg),,  is

(akHUlak) ‘ak U2ak|2

- |B]*) =

in(Colyp = 5o (
ek 203 a “ 2(a’kHH13k)(ak U, ay)
(D.2)
and the proof is completed.
We note that replacement of W by an arbitrary consis-
tent estimate that satisfies Wy = W + O(R; — Ry ) has
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no effect on the asymptotic variance of the weighted MU-
SIC estimates because the first order perturbation (D.1) is
preserved.

V. APPENDIX: PROOF OF COROLLARY 1

For the single source case, we obtain from the expressions
of U given at the end of Appendix D

2 2 2
o o 1+p
U, = 5 4" 5 <1 n 5 1) ala{{,
offlaif*(1 = p1) ofllar]* 1 — pi
2 2
P10, On 2 0] T
U, = <1—|— )el tajaj .
otllar][*(1 — pi) ofllas|* 1 — pi '
Then, using these values in expression (D.2) of

min; (Cg), , we obtain after tedious but simple algebra
manipulations

min091 = l (ajqulal) ‘al U231|2
: al (af’Uay)
L [l o e — P
a1 llai||?r1 + 1+ (1 — |lai||?r1)p?

def o
where 1 = 2 , which is the expression of the non-circular

Gaussian Cramer Rao bound proved in [4].
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