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Abstract

A common framework for surface and underwater (UW) map-aided navigation at sea is proposed, as a supplement to satellite
navigation based on the global positioning system (GPS). The proposed Bayesian navigation method is based on information from
a distance measuring equipment (DME) and information from databases. For the described system, the fundamental navigation
performance expressed as the Cramér-Rao lower bound (CRLB) is analyzed and an analytic solution as a function of the position
is derived. As a solution to the recursive Bayesian navigation problem, the particle filter is proposed. Two detailed examples of
different navigation applications are discussed: surface navigation using a radar sensor and a sea chart and UW navigation using a
sonar sensor and a depth database. In extensive Monte Carlo simulations the performance is shown to be close to the CRLB. The
estimation performance for the surface navigation is in comparison with GPS performance. Experimental data is also successfully

applied to the UW application.

Index Terms

Sea navigation, Recursive Bayesian estimation, Particle filter, Cramér-Rao lower bound.

I. INTRODUCTION

ODERN sea navigation systems are often based on satellite information from the global positioning system (GPS).
For critical navigation applications, this sensor cannot be the only positioning sensor. In military applications, an
independent backup sensor insensitive to GPS jamming is preferable. Even for civil applications the robustness against jamming
may constitute one of the main design issues in the future. In [1], [2] the problem of intentional or unintentional GPS jamming
is discussed and alternative backup systems are strongly recommended. This is discussed further in [3] where both bathymetric
and celestial methods are described as alternatives to GPS navigation. At sea, the satellite signal is often received without
problem, since there is a free line-of-sight to several satellites. However, under severe weather conditions, such as ice-building
on the antenna, or due to the landscape geometry, or a system failure, GPS signals may not be available. There are also
applications where the GPS signal is not available at all, for instance in underwater (UW) navigation. Hence, there are many
reasons to use an independent navigation system.
Many navigation systems rely on linear models or models that are nearly linear. If the system is approximately described

by a Gaussian probability density function (pdf) or at least a unimodal density, then the extended Kalman filter (EKF), [4],
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(a) Surface navigation with radar and a sea chart. (b) UW navigation using a sonar and a depth map.

Fig. 1. Two DME navigation systems: (a) The surface navigation with a radar sensor and a sea chart database and (b) the UW navigation with a sonar

sensor and a depth database.

[5], can often be applied successfully. For problems with highly non-linear or non-Gaussian distributions other methods must
be used. One method is to use a bank of several Kalman filters. Several methods are available, for instance IMM, [6]. Also
the Gaussian-sum filter, [4], which approximates the underlying pdf by several filters can be used. However, the most general
approach is to tackle the non-linear and non-Gaussian problem directly using the particle filter (PF), [7], [8].

As an alternative to satellite navigation it is possible to use terrain information together with sensor information from
a distance measuring equipment (DME). By comparing the terrain information from a database with the received DME
measurements it is in many cases possible to get an accurate position estimate. This map-aided navigation technique is not
a new topic, for instance in airborne navigation it has been applied frequently. In [9] a terrain-aided navigation is discussed
using EKF; different linearization techniques and multiple models are discussed. In [10] six different stochastic linearization
techniques are proposed. In [11], [12] a 3D matching technique using terrain maps is presented. In [13] the positioning is
achieved using parallel filters. In [14] a Bayesian terrain navigation problem is solved using a numerical integration directly
for the Bayesian recursions. In [15], [8] also a particle filter based method was proposed for aircraft terrain navigation. This
was further investigated in [16]. For UW navigation mainly map-matching techniques or Kalman filter based techniques are
previously used. See for instance [17], where a map-matching technique is described for positioning, and [18], where a Kalman
filter and data association method is applied to sea floor map-aided navigation.

In this paper, the main focus is on the particle filter as the proposed solution to the recursive Bayesian navigation problem
and on analysis of navigation performance, mainly using the Cramér-Rao Lower Bound (CRLB). A common framework for
both surface and UW navigation using map-aided navigation together with DME information is formulated. A novel map-aided
DME navigation system that does not require any external infrastructure and which is insensitive to jamming is proposed for
surface navigation at sea. Using a radar sensor the range to shore in several directions can be compared to sea chart information,
in order to calculate the probability for different locations. To the best of the authors knowledge, this is a completely new
technique. Also a UW terrain-aided navigation using a sonar sensor is described, based on a similar technique as the airborne
navigation system from [15] and using the preliminary results from [19], [20]. For the UW navigation a detailed depth map is

compared to depth information retrieved from a sonar sensor in a similar way. For both applications range information from



the DME and data from the movements, for instance speed and heading, are used to calculate the position. In a statistical
framework the pdf for the ship’s position is calculated. This can be achieved by considering several possible positions and for
each one calculate the probability, using the particle filter. In Fig. 1 two navigation applications are illustrated.

The paper is organized as follows: In Section II the navigation system is described. In Section III its fundamental performance
is discussed using the CRLB. In Section IV the Bayesian estimation problem is formulated and the approximate solution using
the particle filter is described. In Section V the novel surface navigation method using a sea chart and a radar sensor is
presented. Also the UW navigation based on sonar measurements and a depth database, [19], [20] is presented. Both extensive

Monte Carlo simulations and experimental data are used. Finally, in Section VI conclusive remarks are given.

II. NAVIGATION MODELS

In this section the common model used in the surface navigation and UW navigation system is presented. Both the system

dynamics and the measurement relation are discussed.

A. Motion Model

Depending on the configuration, different sensors can be used, such as speedometers and accelerometers. Hence, the motion
can be modeled using as many position derivatives as desired. Here, only longitudinal and lateral motion is considered, where
the speed is measured. Consider the following state variables: Cartesian position (X, Y’), and crab angle, ¢, that is the angle

between the velocity vector and the stem of the ship,

T
Iy = <Xt Yrt (5t> ) (1)

as depicted in Fig. 2. The following discrete time model with sample time 7" is used for the navigation system

Xt + 'UtT Sin(@t — 5t)
i1 = f(xp,u,we) = | Y, + veT cos(pr — ) | T Wi, 2)
Oy

T
with input signal u; = (vt ©0r b ¢t) , consisting of speed, v, compass, ;, elevation angle, §; and azimuth angle, ¢,
relative to the ship’s stem. The sensor azimuth angle, ¢;, and elevation angle, 6;, are not present in the dynamical model,
but will be used in the measurement relation described in Section II-B. The process noise, w;, is considered independent and
describes the model uncertainty. Note that here, the known input signal is in practice values obtained from sensors. Hence,
if they are considered as noisy measurements, the process noise will also describe the uncertainty in the input. The symbols
used in the navigation model is listed in Table I. If § is negligible or known the model simplifies even further to only position
states. More advanced dynamical models can also be used, for instance a coordinated turn model, which was the case in [20].

For an overview of possible motion models, see the survey in [21].



TABLE 1

DESCRIPTION OF SYMBOLS FOR THE NAVIGATION SYSTEM.

Signal ‘ Symbol ‘ Description
States Xt Position (in east direction)
Y: Position (in north direction)
Ot Crab angle
Inputs Vvt Compass angle
vt Speed
bt Sensor azimuth angle relative to vessel
0 Sensor elevation relative to vessel
Measurements | 7¢ Radar range or sonar depth
Noise we Process noise
et Measurement noise

Fig. 2. The ship with compass angle ¢ defined from the north direction (N), together with the ship’s body coordinate frame (X g, Y3), crab angle 9, velocity

v and heading 1). The radar lobe is given with azimuth angle ¢ and the range r = (X, Y, ), where ¢V = ¢ + 6.

B. Measurement Model

For the surface navigation the range to land objects is measured by a radar sensor, and for the UW navigation the range to the
sea floor is measured by a sonar sensor. Both sensors measure distance in the direction of the sensor. Hence, the measurement

relation is given by
Y = h(@e, up) + ep = vz, 07, 01) + e, 3)

where 7 (x4, qﬁ,{v ,0;) is the measured range from position z;; and with the sensor azimuth angle, gb,{v = @ + ¢y, relative to north
and with elevation angle ;. For the surface navigation the radar angle is defined in Fig. 2.

The DME cases for sea navigation is presented in Table II. Four different sensor types are discussed. The radar uses only
azimuth information, hence 6; = 0. The sonar system uses a fixed elevation. Also the GPS sensor can be viewed as a DME
sensor, measuring range for a given position. Finally, the celestial sensor return a binary value. For all the cases different

databases are used, for instance a sea chart database, a depth database, a satellite motion database and a star position database.



TABLE I

SPECIAL CASES OF DISTANCE MEASURING EQUIPMENT (DME).

’ Angles ‘ Distance ‘ Sensor ‘ Database
0t =0 | r(x, d),{v ) Radar Sea chart
0 <0 | r(z, d)i\f ,0t) | Sonar Depth map
0 >0 | r(z¢) GPS Satellite information
0: >0 | r(x¢) Celestial | Star information
SENSORS
GPS j‘;?l’s
Wayopon | P01 Conroler || Setvesse
- i
Wy "

L(-)

Fig. 3. The complete navigation system, used in the applications in Section V, consisting of a way-point unit, a controller, the sea chart database, the

estimator and various sensors. The reference is given by the desired heading, 1) rf and the estimated heading is given as 1/% = L(&¢,ut).

C. Navigation System

In Fig. 3 the complete surface or underwater navigation system, together with way-point calculation and auto pilot, is
depicted. Depending on the application, one or more of the presented sensors are available. For surface navigation, the GPS
signal can in many cases be the prime navigation sensor, where the estimate from the map-aided navigation method can be
used to monitor performance. The main objective in this paper is to analyze the map-aided navigation method, hence the GPS

part is not further discussed.

III. THE CRAMER-RAO LOWER BOUND (CRLB)

The main objective in this section is to find fundamental limits for the estimation performance expressed in terms of the
system properties, for instance as a function of the measurement noise or the information available in the sea chart. The
Cramér-Rao Lower Bound (CRLB) is such a characteristic for the second order moment [22]. This is done considering a
static and dynamic case respectively. In the first case, only the measurement model is considered. In the second, the complete
system dynamics is analyzed. The idea in this section is to perform a local analysis in each point in the sea chart and use that
to analyze the global behavior.

In the sequel, the CRLB analysis is heavily based on expressions involving gradients of scalar functions or vector valued



functions:

9g
6;81
Vegl) =1 : |, 9:R"—R, (4a)
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Oz,
991 9gm
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Veg'(z) =] t], g RY - R™ (4b)
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Also, the Laplacian for g(z,y) with x € Ry € R™ is defined as

Alg(z,y) = Vy(Vaog(z,y)", g : R* x R™ R, Q)

A. Static CRLB

For an unbiased estimator, E (Z) = x, the CRLB, [22], is given by
Cov(z—2)=E((z—2)(z—2)") > J '(2), (62)
J(z) = E(-AZlogp(y|z)) , (6b)

where J(z) is the Fisher information matrix and y the measurement. Also note that an equivalent representation of the

information, [22], is
J(z) = E (Vs logp(ylz) (Vs log p(ylz))T) - @)
Particularly, for y = h(z) + e, e € N(0, R) the information is
J(z) = H" (x)R™ H(z), ®
where
HT (z) = V,h' (z). &)

Above it is assumed that J(x) is invertible. If not, a local analysis can be done by averaging information around z, in order
to get a full rank information matrix. For the case with several independent measurements y(*),i = 1,..., M, this is usually

not a problem. The information is then given by
M
J(z)=>_ J(x), (10)
i=1

due to the additivity of information, assuming that .J() is the information in measurement 1.



B. Dynamic CRLB

The theoretical posterior CRLB for a general dynamic system was derived in [23], [24], [15], [8]. The general state space
model can be used to derive fundamental limits for navigation performance. In many applications, ¢; is small and can be

discarded from the analysis, or it is known. Hence, for the CRLB analysis the following simplified model is used

Tyr1 = Ty + up + wy, (11a)

Yo = W@, u) = r(z, ¢7) + e, (11b)
where the horizontal position state vector, x; € R2, and the input signal, u;, are defined as

X, vy sin(¢y)
Tt = y Ut = ) (]2)
Y; vy cos(pt)
assuming independent additive process noise w;. The observation relation consists of range measurements with measurement

noise e;. Using standard notations, consider independent noise sources, with variances Q; = Cov (w;) and R; = Cov (e;), the

posterior CRLB for filtering can be written as, [15]

-1
Ptjrll|t+1 = Q;l + Jt+1 - Sz <Pt\7t1 + ‘/t) Stv (13)
where

Vi = E (—AZ log p(ae41]24)) , (14a)
Sy =E (—=AZ+ log p(zig1|2e)) (14b)
Q' =E (-Antilogp(wiilny)) (140)
Jy = E (—AZ: log p(yila:)) , (14d)

where the bound is given by
Cov (.’L't — :'%t‘t) =K ((.Tt — i’t‘t)(wt — Sﬁt‘t)T) 2 Ptlt' (15)

If the model in (11) is considered with Gaussian process noise, it gives Sy = V; = @ ! Hence, given the true trajectory for
the state vector the posterior bound can be calculated.

In order to analyze the performance, without performing any simulations, a local analysis of the dynamical system is
conducted. The assumption is that the covariance should reach a stationary value, i.e., consider a point 2° and assume P(x) =
P, y1je41(x) = Pye(x), for all = such that |z — 2°| < e. Using this assumption in (13), it is possible to obtain an expression

for P(z). This is done by applying the matrix inversion lemma
(A+BCD) ' =A"' - A'BDA'B+C Y 'DA™, (16)
using A= Q,B =D =7 and C = P(x), where T is the identity matrix. This gives

P x) = (P(z) + Q)" + J(x), (17)



Solving for J(x) and applying the matrix inversion lemma again with A= B = D = P(z) and C = Q! yield

J(z) = P! (z) — (P(z) + Q)_l =
(P(z) + P(x)Q ' P(x)) " . (18)
Hence, if J is assumed invertible, then
P(z) + P(2)Q7'P(z) — J(z)"' =0. (19)
Completing squares gives
(P(x)Q1/2 n ;Quz) <Q1/2P(x) + ;Quz)
=J()" + iQ. (20)
Multiply with Q~'/2 from left and right in the expression
(@ 2P+ 57) (@ p@e 2 + 57
=Q V2 J(x) Q7Y + iz. 1)

Since all matrices are symmetric, a unique matrix square root can be defined. Hence, solving for the symmetric and positive

definite matrix, P(z) > 0, now yields

1/2
Q71/2P(5U)Q71/2 + %I — <Q1/2J(1')1Q1/2 4 j‘lz-> . (22)
Hence, the covariance P(x) is given as
B 1 1\ 12
Ple) =50+ Q¥ (@U@ Q1 4T) QU 23)

One problem with the CRLB using the information form is that the Fisher information, ./, may in general be singular. Often
because the measurement sub-space dimension is much smaller than the state-space dimension. This can be handled using one

of the following methods:

(1) Since a global analysis using local behavior is performed, it makes sense to average the information in a neighborhood
ie., J(z) = 4 EM J,(2™), where () are picked around z, so |z —z()| < e.
(ii) Introduce more measurements, so J(z) = HT (z)R~1H(z) becomes invertible.

(iii) A regularization term can be added, basically meaning that a fictitious measurement with a large variance is introduced.

In order to understand the analytic CRLB expression in (23) assume that J is invertible, and consider the special case
Q = qT and R = rZ. The covariance P(z) is rewritten in order to perform a Taylor expansion:

4T+ (T+4q7 ()™ )"?,
Pla) = 2 3 ( g ()7t 24)

—%I+q1/2J_1/2(Z+ %J)l/Q



Introduce the signal to noise ratio (SNR) as

q

SNR £ ¢J = ;HTH. (25)

Hence, for large or small SNR, a Taylor expansion yields

| JH (@ -SNRTY),
P (26)

g (~3T+SNR™Y2 4+ LSNRV/2 - L SNR¥/2)
IV. RECURSIVE BAYESIAN ESTIMATION

Navigation problems are often treated as Bayesian inference. The two map aided navigation methods described in Section II

are described by nonlinear problems. Consider the following general state-space model

Ti41 = f(xtauhwt)v (27a)

yr = h(we) + ey, (27b)

where z; € R™ denotes the state of the system, u; the input signal and y; the observation at time ¢. The process noise w;
and measurement noise e; are assumed independent with densities p,,, and pe, respectively. Let Y; = {y;}!_, be the set of
observations until present time.

The Bayesian estimation problem is given by, [25],

p($t+1|Yt)=/ p(zepr]ee)p(a|Ye) day, (28a)
R’!L
P(ye|ze)p(e|Yi—1)
Y,) = 28b
p($t| t) p(yt‘Yt—l) ( )

where p(x411|Y;) is the prediction density and p(x|Y;) the filtering density. The problem is in general not analytically
solvable. To solve the non-tractable Bayesian estimation problem in an on-line application without using linearization or
Gaussian assumptions, sequential Monte Carlo methods, or particle filters (PF), can be used.

In this section a brief description of the particle filter theory is given. For more details see [15], [8], [7], [26]. The particle
filter method provides an approximative Bayesian solution to (28) by approximating the probability density p(z:|Y;) by a large
set of IV particles {x%l)}f\il where each particle has an assigned relative weight, 'yt(i), such that all weights sum to unity. The

location and weight of each particle reflect the value of the density in that region of the state space. The likelihood p(y:|z:)

is calculated from (27) yielding

Yt = p(yt‘xt) = De, (Z/t - h(l’t))- (29)

By introducing a resampling step, as proposed in [7], problems with divergence can be handled. This is referred to as sampling

importance resampling (SIR), and is summarized in Alg 1.



Alg 1 Sampling Importance Resampling (SIR)

1: Let t = 0. Generate N samples {x(()i)}ﬁil from p(zg).
2: Compute ’yt(i) = pe(y: — h(xgl))) and normalize, i.e., ’_yt(i) = vt(i)/ Zjvzl 'yfj), i1=1,...,N.

3: Generate a new set {tfzcgi*)}i:1 by resampling with replacement N times from {mgi)}ij\il, with probability ﬁlt(i) =

Prob (mii*) = xﬁ’))
4: I§21 = f(xgi*), Ut, wt(i)), i=1,..., N using different noise realizations, wt(i).

5: Increase t and iterate to step 2.

V. APPLICATIONS

In this section, two specific applications of our general framework are presented:
e Surface navigation based on range information from the ship’s radar and a sea chart.
e UW navigation based on sonar depth measurements and a detailed depth database.
For both applications Gaussian process noise and measurement noise are assumed. With more detailed motion models or sensor

models other assumptions are possible.

A. Surface Navigation

In this section the novel navigation algorithm is described. The navigation system is presented in Fig. 3, where the ship is
equipped with a radar, measuring relative distance to any land object. The sensor is assumed stabilized or that the deviation angle
is small relative to the uncertainty in the radar sensor. To simplify the analysis, the speed relative to ground and the compass
angle are considered as input signals, i.e., noiseless measurements, as described in Section II-A. However, this assumption is
not necessary, and by introducing them as states-variables in the model, these can be estimated. Crucial for the positioning
algorithm is a comparison of relative range measurements from the radar with expected land areas from a sea chart database.

This is done in a statistically optimal way, using the particle filter as described in Section IV. The map presented in Fig. 4 is

Sample=5
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Fig. 4. The true position (0) and radar measurements (x), together with the particle cloud. The marginalized pdf for the X and Y directions are also shown.



computed from a vectorized sea chart.

Since the speed is rather small compared to the radar revolution, a complete radar picture can be processed for each time the
filter is updated, Fig. 5. In order to reduce the amount of possible range data, only a fixed number, (M), of radar strobes are
considered each revolution. The radar produces many range measurements in any given direction. In the algorithm, only the
measurement closest to the ship is considered. The database consists of a sea chart, in the sequel a portion of the Baltic Sea
is studied. In Fig. 4 the scenario is presented, where the ship’s true position and some radar measurements are depicted. Also,
the probability density function for each coordinate is given. As seen, after only 5 revolutions of the radar an accurate position
is given. The initial distribution for the example given in Fig. 4 was uniformly distributed around the true position, £800 m
in each direction. The radar measurements from Fig. 4 presented in a polar plot with the ship in the origin is presented in

Fig. 5.

Fig. 5. The radar measurements from one revolution of the radar using a polar representation with the ship’s position at the origin. The nearest distance to

any object is visualized for all direction with the resolution given by the radar sensor.

In a Monte Carlo simulation study the scenario given previously is used. A straight trajectory is used in all simulations with
different measurement noise realizations. In Fig. 6 the RMSE as a function of time is given for 50 Monte Carlo simulations.
The parameters used in the Monte Carlo evaluation are presented in Table III. As seen in Fig. 6 the RMSE from the Monte
Carlo simulations are close the fundamental limit. The performance using the map-aided navigation method equals that or is
slightly better than of an ordinary GPS based navigation system, when there are sufficient returns from land objects. Also
note that the peak is due to a region when very few of the radar strobes (from the downsampled radar picture) actually reflect
any land area. Now M different strobes are used each radar revolution, so even if land areas are present in the radar picture,
sometimes no value is available in the downsampled set. Another possibility is that always M different values are used. The
theoretical CRLB calculation from Section III can be applied to the surface navigation problem. In Fig. 7 each point in the

map is allocated the standard deviation tr (P(z)) using (23).

B. Underwater Navigation

In this section the UW navigation method from [19], [27] is described in detail, using the model from Section II. In [27]

an UW terrain map was collected using sonar depth measurements and differential GPS. In Fig. 9 the original data is shown.
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Fig. 6. Surface navigation position RMSE(t) for the particle from 50 Monte Carlo simulations together with the CRLB limit as the solution of the EKF

around the true trajectory.

TABLE III

SURFACE NAVIGATION PARAMETERS.

Monte Carlo simulations 50

Process noise covariance Q = diag(102, 102, 0?)
Measurement noise covariance R=10?

Max radar meas./revolution M =16

Sample time T=1

Number of particles (initially) N = 50000

Radar interval Ruin = 300, Rmax = 6000

0 1000 2000 3000 4000 5000
X [m]

Fig. 7. The analytic CRLB for surface navigation for each position in the sea chart according to the analytic CRLB expression (23).



This data is then interpolated and resampled to get a uniform depth map. This is depicted in Fig. 8, together with the platform

at depth d; and with sonar range measurements ;. In the experiment and in the simulations d; = 0. After the data for map
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Fig. 8. UW navigation using sonar depth measurements and a true UW terrain database. The depth is d¢, and the sonar indicated the relative range to the

sea floor, ;. The database gives h(x¢).

generation was collected, an independent test run in the map region was done, in order to collect measurements to test the
map-aided navigation system. The experimental test run is presented in Fig. 10 together with the level curves. If the level
curves are studied, one can see that the terrain is sufficiently varied for successful positioning even in the somewhat flat

regions. In order to test the system performance, a Monte Carlo study on simulated data, but using the depth map from the

1000(1 Map generation

= Experimental test run
900} ]

800 1

700 1

6001 1

Y [m]

5001 1

400 1

300 1

200 1

1001 1

0

-200 0 200 400 600 800
X [m]

Fig. 9. The trajectory used to record depth data in order to produce the depth map, together with an independent test run on which the particle filter algorithm

is tested.

experiment is made. The parameters used in the Monte Carlo evaluation and the experiment are presented in Table IV. The
result is presented in Fig. 11. Note that in the upper plot, one experimental test run was used in the RMSE calculation. In the
lower plot the RMSE is compared to the CRLB using 50 Monte Carlo simulations. The RMSE is close the the lower bound,

and the error is mainly due to deficiencies in the map.
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Fig. 10. Part of the experimental test run used for evaluation in the particle filter. The depth map is presented with level curves for each 0.5 m level. Also

the trajectory used in the Monte Carlo simulation study is visualized.

TABLE IV

UW NAVIGATION PARAMETERS.

Monte Carlo simulations 50

Process noise covariance Q = diag(1?, 12, 0?)
Measurement noise covariance R=0.12

Sample time T=5

Number of particles (initially) N = 50000

0 100 200 300 400 500
Time [s]

Fig. 11. Estimation error using the trajectories in Fig. 10. Upper: The position RMSE for the experimental test run and the CRLB as the EKF solution

around the true trajectory. Note that only one test run was used in the RMSE calculation. Lower: The position RMSE from 50 Monte Carlo simulations.



Fig. 12.  The analytic CRLB according to (23), for each position in the map in Fig. 10.

In order to analyze the performance, without doing Monte Carlo simulations, the CRLB technique from Section III is used.
The problem with the UW navigation is that only one depth measurement is given each time the filter is updated. Hence,
the Fisher information, J, is singular, and the theoretical result cannot be applied directly. Since the idea behind the analytic
CRLB was to use a local analysis of the dynamic system to get a global behavior, it is reasonable to average the information
in a neighborhood of each point. Hence, the information matrix becomes invertible. The result from the CRLB calculations

using (23) is presented in Fig. 12.

VI. CONCLUSIONS

In this paper a framework for sea navigation using sea chart information and a distance measuring equipment is developed. The
navigation performance is analyzed both theoretically and using Monte Carlo simulations. An analytic Cramér-Rao lower bound
for the proposed navigation model has been derived. Two specific applications are studied in detail: surface and underwater
navigation. The novel surface navigation method uses a radar sensor and a sea chart. In an extensive Monte Carlo simulation the
system reaches GPS performance using only a radar sensor and the map-aided navigation method. The underwater navigation
uses sonar and a depth map. Both Monte Carlo simulation and experimental data are successfully employed.
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