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1 Abstract—One limiting issue in implementing high-speed
wireless systems is the impairment associated with analog pro-
cessing due to component imperfections. In uplink transmission
of multiuser systems, a major source of such impairment is IQI
introduced at multiple transmitters. In this paper, we deal with
OFDMA and SC-FDMA which have received attention in recent
years as physical layer protocol in WiMAX and 3GPP LTE,
and analyze the effect of the transmitter (Tx) IQ imbalances on
OFDMA and SC-FDMA receivers. To cope with the inter-user
interference problem due to Tx IQ imbalances, we propose a
widely linear receiver for OFDMA and SC-FDMA systems and
also propose a novel subcarrier allocation scheme, which has high
tolerance to such Tx IQ distortion.

Index Terms—IQI, OFDMA, SC-FDMA, IFDMA

I. I NTRODUCTION

A. Introduction

Recently, orthogonal frequency division multiplexing
(OFDM) [1] based multiple access schemes are attracting
much attention for uplink physical layer protocols in high-
speed wireless networks. The most prominent example of this
is orthogonal frequency division multiple access (OFDMA)
employed in IEEE802.16e (WiMAX) [2]. Other significant ex-
ample is single carrier frequency division multiple access (SC-
FDMA) [3], including interleaved frequency division multiple
access (IFDMA) [4], which results from the application of
discrete Fourier transform (DFT) preceding to the modulation
process in OFDMA. Due to the low peak-to-average-power-
ratio (PAPR) of the modulated signals, SC-FDMA can eases
the requirement on the power amplifiers of the transmitters.
Therefore SC-FDMA has been employed for uplink physical
layer protocol in 3GPP Long Term Evolution (LTE) [5], where
lower PAPR greatly benefits mobile handsets in terms of power
consumption.

A low-cost implementation of such physical layers is de-
sirable in view of mass deployment, but challenging due to
impairments associated with the analog components. A major
source of analog impairments in high-speed wireless commu-
nications systems is the In-phase/Quadrature-phase imbalance
(IQI) [6], [7]. The IQI is the mismatch between I and Q
balances due to the analog imperfection and introduced both in
the up- and down- conversion at the transceivers. In general, it
is difficult to efficiently and entirely eliminate such imbalances
in the analog domain due to power consumption, size and cost
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of the devices. Therefore, efficient compensation techniques in
the digital baseband domain are needed for the transceivers [8].

In this paper, we start with investigating the impact of IQIs
introduced at the multiple transmitters in OFDMA and SC-
FDMA uplinks. Firstly, we describe the base band received
signal models for the systems with general, interleaved and
localized subcarrier allocations in the presence of transmit-
ter (Tx) IQIs and also derive user-by-user received signal-
to-interference ratio (SIR) after user separation, where the
interference is due to the Tx IQIs. Through our formulations, it
will be revealed that the Tx IQIs sometimes cause severe inter-
user interference (IUI) at the receiver and the appearance of
the IUI uniquely determined by the employed subcarrier allo-
cation, e.g., in the OFDMA system with interleaved subcarrier
allocation, the IUIs occur between certain pairs of users, while
specific two users can avoid such IUI. Heretofore the analysis
on the impact of Tx and/or receiver (Rx) IQIs and some useful
compensation methods have been reported for the OFDM
receivers [8]–[14]. However, to the best of our knowledge, few
works has been done focusing on the such unfair IUI problem
due to the Tx IQIs in OFDMA and SC-FDMA systems. Based
on the analysis, we consider signal processing techniques to
compensate for such distortions in OFDMA and SC-FDMA
receivers. For the OFDM systems, the widely linear (WL)
filtering approach [16], [17], which jointly elaborate the
received signal and its conjugate, have been explicitly or
implicitly adopted to the equalization problem in the presence
of IQI. We also resort to the WL approach and propose WL
equalization and multi-user detection method for OFDMA and
SC-FDMA based on the zero-forcing (ZF) and minimum-
mean-square error (MMSE) criteria. Especially for the system
with interleaved subcarrier allocation, we propose an efficient
pairwise equalizer which resulting from our analysis on the
user dependent IUI. Finally, we propose a novel subcarrier
allocation method, which has high tolerance to the Tx IQ
distortions. Recalling, the subcarrier allocation dependent IUI
component is the main source of performance degradation
caused by the Tx IQIs. Therefore, by employing some specific
subcarrier allocations, we can avoid the IUI and efficiently
suppress the ill effect of the Tx IQIs at the OFDMA receiver.

This paper is organized as follows. Firstly, we introduce
some matrices and their characteristic which will be used in
the rest of the paper. Sec. II formulates the effect of Tx IQIs
on the received OFDMA and SC-FDMA symbols. In Sec.
III, the joint channel equalization and multi-user detection
methods in the presence of Tx IQIs are proposed. Then we
propose the novel subcarrier allocation method to avoid the
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IUI problem due to the Tx IQIs for OFDMA and SC-FDMA
transmitters in Sec. IV. In Sec. V, the validity of our analysis
and the effectiveness of the proposed methods are evaluated
via computer simulations. Conclusions are given in Sec. VI.

B. Notations and Groundwork

The notations used in this paper are as follows: the usual
bold capital letters are used to denote column vectors or
matrices and(·)∗, (·)T, and (·)H, are complex conjugate,
transpose, and Hermitian transpose of(·) respectively. An
M × M identity matrix is denoted byIM and 0M×N is an
all-zero matrix of sizeM × N . We also use diag{x} as a
diagonal matrix whose diagonal elements consist of the vector
x, ∥ · ∥ denotes the Euclidean norm of vector, andE[·] is the
expectation operation.

Further on, let us introduce some matrices and their prop-
erties which will be used in the paper. AKM ×KM matrix
W representsKM -point DFT matrix and its(m, n) element
is given by

W(m,n) =
1√

KM
e−j·2π

(m−1)(n−1)
KM , (1)

wherem,n = 1, 2, · · · ,KM . On the other hand,̄W denotes
M ×M DFT matrix. We also consider the square of the DFT
matrix:

W2(m,n) =

{
1 (m = n = 1 or m = KM − n + 2)
0 (otherwise)

,

(2)

wherem,n = 1, · · · ,KM . ThusW2 is a permutation matrix.
U is defined asKM ×M expander matrix, whoseKm-th

row is equal to them-th of IM and the other rows are zero
vectors. Left multiplication ofU to a matrix represents an
expand operation,i.e., insertingK − 1 all zero rows between
two neighboring rows of the matrix and increase the number
of rowsK times. On the other hand, left multiplication ofUH

corresponds to decimation, which is the operation of picking
up everyK-th row. It can be verified thatU can be expressed
by using DFT matrix as [20]:

U =
1√
K

WH

IM

...
IM

W̄ =
1√
K

W

IM

...
IM

W̄H (3)

We also introduce aKM × KM down-shifting matrixΠ
whose(m,n) elementsΠ(m,n), with m,n = 1, · · · , KM ,
is given by

Π(m,n) =

{
1 (m = n + 1 mod KM)
0 (otherwise)

. (4)

Left multiplication of Π denotes the column wise circular
down-shift operation. Since the shifting matrix is a circulant
matrix, we can diagonalize it using DFT matrix as

Π =
√

KMWHdiag{W(2)}W, (5)

=
√

KMWdiag{WH(2)}WH, (6)

whereW(2) denotes the second column ofW. SinceΠT is
column wise up-shifting matrix, we haveΠT = ΠH = Π−1.
What is more, it is clear thatΠn andΠ−n representn-times
down shifting matrix and up shifting matrix respectably (Here
we assumen < KM for convenience). From (5), we have

Πn =
√

KMWHdiag{W(n + 1)}W (7)

Π−n =
√

KMWHdiag{WH(n + 1)}W. (8)

Thus, from (2), (3), and (7), it is clear that

W2U = UW̄2, (9)

W2Πn = Π−nW2. (10)

II. SIGNAL MODEL WITH IQI

In this section, signal models for OFDMA and SC-FDMA
in the presence of Tx IQI will be derived. First, we describe the
IQ distorted received signal model for OFDMA with general
subcarrier allocation. Then the impact of the interference due
to the Tx IQIs at the conventional receiver is investigated.
Furthermore, we specify the models to the systems with two
major subcarrier allocations, namely interleaved and localized,
and show the unfair IUIs depend on employed subcarrier al-
locations. After that, a system model for SC-FDMA including
IFDMA will be shown. In the followings, we assume a system
with K users and the availableKM subcarriers are divided
into K subcarrier groups equally.

A. OFDMA with General Subcarrier Allocation

Fig. 1 depicts the block diagram of the OFDMA system of
our interest. Letsk = [sk(0), sk(1), · · · , sk(M − 1)]T desig-
nate a block ofM data symbols transmitted by a user with
indexk (k = 1, 2, · · · ,K). The data symbols may result from
application of a modulation scheme like PSK or QAM to either
forward error control coded or to uncoded data bits. In this
paper, we discard the time index for convenience, since we will
consider block by block transmissions and equalizations, and
never refer to previous or subsequent blocks. The assignment
of the data symbolssk to the user specific set ofM subcarriers
can be represented byKM × M mapping matrixMk and a
KM -point IDFT matrixWH. The mapping matrixMk has a
unique element of one in each column and has properties of

MT
l Mk =

{
0M×M (l ̸= k)
IM (l = k)

, (11)

and

MlMT
k =

{
0KM×KM (l ̸= k)
diag{mk} (k = l)

, (12)

where theKM × 1 vectormk denotes the placement of the
occupied subcarriers by thek th user, whose elements consist
of M 1s and(K − 1)M 0s. UsingMk, the transmitted signal
of the k th user is given by

xk = WHMksk. (13)

Before transmission, the baseband signalxk is up-converted
to the radio frequency signal by using a local oscillator
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Fig. 1. The OFDMA system with Tx IQIs and the notation used in the derivations. Note that the insertion and removal of the cyclic prefix are not shown
in this figure for ease of notations.

(LO) of the carrier frequency. Ideally, the LO outputs for
the I and Q branches (representing the real part Re{xk} and
imaginary parts Im{xk}) should have equal amplitudes and
phase difference ofπ/2. However, in practice, the matching
of I and Q signals is habitually imperfect and this leads to
the amplitude and phase imbalance between the I and Q
signals. Such impairments are known as Tx IQ imbalance
or mismatch and this severely limits the performance of the
receiver, especially if cheap components or architectures, e.g.,
direct conversion architecture [18], are employed. The IQ
distorted signal of thek th user can be modeled using the
original signalxk and its conjugate [6], [7] as

x̃k = αkxk + βkx∗
k, (14)

where two complex scalersαk andβk are given by

αk = cos θk + j · ϵk sin θk, (15)

βk = ϵk cos θk − j · sin θk, (16)

whereθk and ϵk denote the phase and amplitude imbalances
between the I and Q branches of the transmitted signal of the
k th user, respectively. When the matching of I and Q balances
is ideal, i. e.,θk = 0 and ϵk = 0, thenαk = 1 and βk = 0.
The degree of the imbalance is evaluated by using the image
rejection ratio (IRR) , for thek th user’s transmitted signal,
which is defined by

IRRk =
E[∥αkxk∥2]
E[∥βkx∗

k∥2]
=

|αk|2

|βk|2
. (17)

Let hk(t) (t = 0, 1, · · · , L − 1) denote a channel im-
pulse response of thek th user whereL − 1 is the order
of the channel, and theKM × 1 vector hk is defined as
hk := [hk(0), hk(1), · · · , hk(L − 1),01×KM−L]T. Before
the transmission over the channelhk, cyclic prefix (CP) is
appended toxk, which is removed at the receiver before the
demodulation. When the time duration of CP is longer than
that of the channel, it is well known that insertion of the
CP, transmission over the channel, and removal of the CP at
the receiver can be described by an equivalentKM × KM
circulant channel matrixHk, whose first column is given by
hk. Since the circulant matrix can be diagonalized by DFT
matrix, the received signal block after CP removal is described

as,

r =
K∑

k=1

Hkx̃k + n

= WH

(
K∑

k=1

αkΛkMksk + βkΛkW2Mks∗k

)
+ n, (18)

where Λk := diag{Whk}, and the KM × 1 vector n
denotes additive noise. In addition, even if the length of CP is
insufficient, we can reduce the ill effect of insufficient CP
by using some advanced signal processing at the receiver,
e.g., [15]. It should be mentioned that the IQ distortion is
also introduced at frequency down-conversion at the receiver.
In this paper, since we consider the uplink transmission, we
assume that the IQI at the receiver, e.g., a base station, is
negligibly small compared with that of the transmitters, e.g.,
mobile terminals, or has a priori compensated with some
advanced digital signal processing techniques such as [8],
[11], and we only deal with the Tx IQIs.

In addition, though we only resort to the frequency-flat
IQI as in (14), the frequency-selective IQI [22] together
with carrier frequency offset (CFO) is also notable analog
impairments in wideband systems. We can find some joint
compensation methods for IQI and CFO in [23] and [24]. In
this paper, we mainly study the IUI problem due to Tx IQIs
in OFDM based multiple access schemes and only resort to
the frequency-flat case for simplicity.

Next, we describe the per-user received signal after multi-
user detection. Here, we assume that the user separation is
performed in the conventional manner, i.e., the received signal
component on the set of subcarriers assigned to a user is
extracted out by using the corresponding allocation matrix in
discrete frequency domain. The received signal of thel th user
(l = 1, 2, · · · , K) after user separation is given by

rl = MT
l Wr

= αlΛllsl +

(
K∑

k=1

βkΛlkMT
l W2Mks∗k

)
+ nl, (19)

where Λlk = diag{MT
l Whk}, and nl = MT

l Wn. The
second term in the right-hand side of (19) represents the
interference due to the Tx IQIs. Recalling (2) andMk is the
mapping matrix,MlW2Mk consist of 0 or 1 elements and
hence the appearance of the interference largely depend on the
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employed subcarrier mappings. In order to clarify the effect
of the interference on the performance of OFDMA receivers,
we derive the per-subcarrier SIRs for each user. By assuming,

E[sksH
l ] =

{
σ2

sIM (k = l)
0M×M (otherwise)

, (20)

we have

R(s)
l = E[r(s)

l (r(s)
l )H ] = |αl|2σ2

sΛllΛ∗
ll (21)

R(i)
l = E[r(i)

l (r(i)
l )H ] =

K∑
k=1

|βk|2σ2
sΛlkΛ∗

lkdiag{MT
l W2mk}.

(22)

wherer(s)
l = αlΛllsl and r(i)

l =
∑K

k=1 βkΛlkMT
l W2Mks∗k.

Therefore, the SIR of them th subcarrier (m = 1, · · · ,M ) in
the l th user’s received signal is given by

SIRl(m) =
R(s)

l (m,m)

R(i)
l (m,m)

=
|αl|2

|βl|2m′
ll(m) +

∑K
k=1 (k ̸=l) |βk|2 · |Λlk(m)|2

|Λll(m)|2 · m′
lk(m)

,

(23)

where we setm′
lk = diag{MT

l W2mk} andΛlk(m) denotes
the m th diagonal element ofΛlk. In the denominator of
(23), the first term corresponds to the interference due to the
l th user’s own Tx IQI. Meanwhile, the second term comes
from the interference caused by other users’ IQIs, namely the
IUI. For comparison, we also consider the OFDM system in
the presence of the Tx IQI, or equivalentlyK = 1 and the
mapping matrixM1 = IM in our formulations. In this case,
the received signal is given by

r1 = α1Λ11s1 + β1Λ11W2s∗1 + n1. (24)

Thus, the per-subcarrier received SIR results in

SIR1(m) =
|α1|2

|β1|2
. (25)

Obviously, there is no IUI problem in OFDM system and
the SIR1(m) is the same as theIRRl. Therefore high IRR
level at the transmitter’s analog front-end directly means low
interference power due to the Tx IQI at the receiver. Mean-
while, in the OFDMA system, the per-user received signal
suffer from the IUI depending on the employed subcarrier
allocation and the resulting SIRl(m) is far from the IRRl.
Furthermore, since the impact of such IUI is proportional to
the corresponding channel gains|Λlk(m)|2

|Λll(m)|2 as in (23), SIRl(m)
possibly comes down to the serious level due to the IUI in
selective fading environments. This suggests essential need of
Tx IQI compensation in OFDMA systems. Heretofore, the Tx
IQI compensation is considered at the transmitter to simply
improve the quality of IQ modulation, or at the receiver to
avoid the additional complexity at the transmitter [9]. Here,
in OFDMA systems, we can newly say that the Tx IQI
compensation at the receiver is much more effective than
at the transmitters, because achieving the high IRR level at
the transmitter is not necessary meaning the low SIR at the

Index of subcarrier

k M+k 2M+k (K-1)M+k

Fig. 2. Subcarrier allocation ofk th user in the interleaved OFDMA

receiver. From this perspective, we will propose the simple
Tx IQI compensation methods for OFDMA receivers in Sec.
III. Before that, for further analysis of the impact of the
IUI, we specify the signal models for OFDMA systems with
two major subcarrier allocations, i.e., interleaved and localized
allocations and also derive the received SIR for each subcarrier
allocation.

B. Interleaved OFDMA

Interleaved OFDMA, also known as distributed OFDMA
has the user dependent comb shape subcarrier allocation
depicted in Fig. 2. Such mapping matrixMk for the k th
user is given by

Mk = Πk−1U. (26)

Thus from (19), we have thel th user received signal for the
interleaved OFDMA as

rl = αlΛllsl +

(
K∑

k=1

βkΛlkUTΠ−l+1W2Πk−1Us∗k

)
+ nl

= αlΛllsl +

(
K∑

k=1

βkΛlkUTΠ−l−k+2UW̄2s∗k

)
+ nl (27)

From (3) and (7),

UTΠ−nU =

√
M

K
W̄Hdiag{p}W̄, (n = 0, · · · , 2K − 2)

where them th element of the vectorp is given by

p(m) =
1√

KM

K∑
k=1

ej·2π
(m−1+kM)n

KM

=


√

KW̄H(m, 1) (n = 0)√
KW̄H(m, 2) (n = K)

0M×1 (otherwise)
. (28)

Therefore

UTΠ−nU =


IM (n = 0)
Π̄−1 (n = K)
0M×M (otherwise)

, (29)

whereΠ̄−i :=
√

MW̄Hdiag{W̄H(i + 1)}W̄ denotes thei-
times up shifting matrix ofM×M . As a result, we can further
simplify the per-user received signal as

rl =αlΛllsl + βf(l)Λlf(l)Π̄−g(l)W̄2s∗f(l) + nl, (30)
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Index of subcarrier

kM+1 (k+1)M

Fig. 3. Subcarrier allocation ofk th user in the localized OFDMA

wheref(l) andg(l) are given by

f(l) =

{
1 (l = 1)
K − l + 2 (otherwise)

, (31)

g(l) =

{
0 (l = 1)
1 (otherwise)

. (32)

For example, whenK = 4, the relation ship betweenl and
f(l) is given as follows,

l 1 2 3 4
f(l) 1 4 3 2

. (33)

Under the same assumption in (20), the per-subcarrier received
SIR of thel th user is given by

SIRl(m) =
E[|αlΛll(m)sl(m)|2]

E[|βf(l)Λlf(l)(m)(Π̄−g(l)W̄2s∗f(l))(m)|2]

=
|αlΛll(m)|2

|βf(l)Λlf(l)(m)|2
, (34)

where m = 1, · · · ,M . Interestingly, in the interleaved
OFDMA system, thel th user’s received signal interfered only
by the f(l) th user’s image component. In particular, when
l ̸= f(l), the interference can be considered as an IUI and,
with respect to user fairness, such IUI is quite undesirable
since the impairment in IQ modulation of a user terminal make
trouble not on its own performance but on the other’s. What
is more, from (34), the power of such IUI is proportional
to the ratio of the channel gains and the resulting SIRl(m)
(m = 1, 2, · · · ,M ) is far from IRRl. On the other hand, the1
st and the(K/2 + 1) th users successfully avoid the IUI and
the resulting SIR is equivalent to the IRR. We evaluate this
unique phenomenon later in our computer simulations.

C. Localized OFDMA

The localized OFDMA has block-wise subcarrier allocation
as in Fig. 3, and the mapping matrix for thek th user is given
by

Mk = Π(k−1)MV, (35)

whereKM × M matrix V is defined as

V =
[

IM

0(K−1)M×M

]
. (36)

Therefore, the per-user received signal is represented by

rl =

αlΛllsl +

(
K∑

k=1

βkΛlkVTΠ−(l−1)MW2Π(k−1)MVs∗k

)
+ nl

= αlΛllsl +

(
K∑

k=1

βkΛlkVTΠ−(k+l−2)MW2Vs∗k

)
+ nl.

(37)

Here

VTΠ−nM =


[
IM 0M×(K−1)M

]
(n′ = 0)[

0M×n′M IM 0M×(K−n′−1)M

]
(otherwise)

,

(38)

wheren′ := n mod K, andW2V denotesKM ×M matrix
consist of the firstM columns ofW2, i.e.,

W2V =

 J
0(K−2)M×M

W̄2 − J

 , (39)

where the (m, n) element ofM × M matrix J is defined as

J(m,n) =

{
1 (m = n = 1)
0 (otherwise)

. (40)

Therefore, we can simplify (37) as

rl = αlΛllsl + βf(l)Λlf(l)Js∗f(l) + βe(l)Λle(l)(W̄2 − J)s∗e(l) + nl, ,

(41)

where

e(l) = K − l + 1. (42)

For example, whenK = 4,

l 1 2 3 4
e(l) 4 3 2 1

. (43)

The resulting per-subcarrier SIR of thel th user is given by

SIRl(m) =


|αlΛll(m)|2

|βf(l)Λlf(l)(m)|2 (m = 1)
|αlΛll(m)|2

|βe(l)Λle(l)(m)|2 (m > 1)
, (44)

where m = 1, · · · ,M . In the localized OFDMA, the inter-
ference on thel th user received signal consist of the IUIs
from f(l) ande(l) th user’s image components. Actually, from
(44), the IUI from thee(l) th user is the main source of the
performance degradation whenM is sufficiently large.

D. SC-FDMA

A system model for SC-FDMA is easily derived in the
context of DFT-precoded OFDMA [3], i.e., to replacesk by
W̄sk. Thus from (19), thek th user’s transmitted signal is
given by

xk = WHMkW̄sk. (45)
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From (18), the received signal is represented by

r =WH

(
K∑

k=1

αkΛkMkW̄sk + βkΛkW2MkW̄Hs∗k

)
+ n.

(46)

Correspondingly, the received signal component of thel th
user is represented as

rl =W̄HMT
l Wr = αlW̄HΛllW̄sl

+

(
K∑

k=1

βkW̄HΛlkMT
l W2MkW̄s∗k

)
+ nl, (47)

where the noise vectornl = W̄HMT
l Wn.

Two major choices ofMk are localized and interleaved
allocation. It should be mentioned that, when the interleaved
subcarrier allocation is employed, the subcarrier assignment
for each user can be further simplified, i.e.,

xk = WHΠk−1UW̄sk

=

√
M

K
diag{WH(k)}

IM

...
IM

 sk. (48)

This shows that the transmitted signal is easily designed based
on repetition and subsequent user dependent frequency shift of
a modulated signal. In such case, the interleaved SC-FDMA
is known as IFDMA [4]. IFDMA is one promising alternative
to OFDMA due to the low complexity of user separation as
well as the low PAPR of the transmitted signal, especially for
the mobile uplink.

In regard to the per-subcarrier received SIR, since
the DFT matrix W is a unitary, thus we have
E[(Wsk)(m)(Wsk)H(m)] = E[sk(m)sH

k (m)] under the
same assumption in (20) and hence the per-subcarrier SIRs
for the SC-FDMA results in the same as those of OFDMA.

III. W IDELY L INEAR EQUALIZATION AND USER

DETECTION METHOD IN THE PRESENCE OFTX IQI

Here, we consider the equalization and the multiple user
detection problem at the OFDMA receiver in the presence of
Tx IQIs.

From (18), the received signalr is not the linear function of
sk (k = 1, · · · ,K) due to the Tx IQI, however, the regression
is linear both insk and s∗k. Such system is known as widely
linear (WL) or conjugate linear system. The WL filtering
approach [17], which jointly elaborate the received signal and
its conjugate, can be efficiently applied to the equalization
and the user detection problems in such WL systems. In
this section, first, the WL equalization and user detection
method for the OFDMA receiver with general subcarrier
allocation will be proposed. One attractive feature of the
conventional OFDMA receiver is the efficient user separation
and channel equalization in discrete frequency domain [2],
[19]. The proposed receiver is also implemented in discrete
frequency domain, and can jointly compensate the Tx IQI
and the channel. Moreover, we propose a simple pairwise
equalizer for the OFDMA receiver with interleaved subcarrier

allocation. In the previous section, we have shown the IUI
due to the Tx IQIs appears only between certain pairs of
users in the OFDMA. Making use of the fact, we consider
a pairwise equalization scheme for user-separated signals in
the interleaved OFDMA receiver, which can further reduce
the complexity. Both for the general and interleaved OFDMA
systems, the WL receiver based on ZF and MMSE criteria will
be derived where we assume all the channel state information
and the Tx IQI parameters are a priori known to the receiver by
using some sophisticated signal processing techniques such as
[9] or [11]. It should be mentioned that, in this section, we
mainly deal with OFDMA. However, the proposed methods
can be easily applied to the SC-FDMA in the context of the
DFT-precoded OFDMA as in Sec 2. D.

A. The WL receiver for OFDMA with general subcarrier
allocation

Here, we propose the WL receiver for the OFDMA system
with general subcarrier allocation. From (18),

r = WHdiag{γ}s + WHdiag{δ}W2s∗ + n, (49)

where

s =
K∑

k=1

Mksk, γ =
K∑

k=1

αkΛkmk, δ =
K∑

k=1

βkΛkW2mk

(50)

Furthermore, by stackingr andr∗, we have[
r
r∗

]
=

[
WHdiag{γ} WHdiag{δ}W2

Wdiag{δ∗}W2 Wdiag{γ∗}

] [
s
s∗

]
+

[
n
n∗

]
.

(51)

Clearly, we can separate each user’s transmitted signal froms
by using (11), e.g.,sk = MT

k s. Therefore, in the followings,
we discuss the estimation ofs based on the ZF and MMSE
criterion in the system (51).

1) ZF equalizer: In the absence of the noise, the WL ZF
condition is given by

s = GZF

[
r
r∗

]
, (52)

whereKM ×2KM matrix GZF represents the WL equalizer.
From (51), we can deriveGZF as

GZF =[
IKM 0KM×KM

] [
WHdiag{γ} WHdiag{δ}W2

Wdiag{δ∗}W2 Wdiag{γ∗}

]−1

=
[
diag{ξ}W −diag{ξ ◦ δ ◦ (W2γ∗)−1}W

]
, (53)

where

ξ = W2γ∗ ◦ (γ ◦ W2γ∗ − δ ◦ W2δ∗)−1. (54)

In the above equations,◦ denotes the element wise multipli-
cation of vectors, i.e.,x ◦ y = diag{x}y, and each element
of vectorx−1 is given by the reciprocal of the corresponding
element ofx, i.e., x−1(m) = 1/x(m). Eq. (53) shows that,
whenKM is power of 2, the proposed WL ZF equalizer can
be efficiently implemented by using FFT. In fact, it needs
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twice the computational effort as the one-tap FDE used in
conventional OFDMA systems [1], [19].

It should be mentioned that when we employ noncircular
modulation schemes including real modulation format such as
BPSK,m-ASK or OQAM, we can find a certain relationship
betweens and s∗ and this enables us to gain the additional
degrees of freedom in choosing WL equalizer [21]. The
exploitation of such noncircular property of the transmitted
signal is one notable advantage of WL approach over conven-
tional linear approach. However, in practical OFDMA and SC-
FDMA systems, circular modulation schemes such as QPSK
and QAM scheme wheres ands∗ have the orthogonality, i.e.,
s∗ cannot be obtained froms by a simple linear relation, are
mainly employed. Therefore, in this paper, we only deal with
the circular modulation schemes and don’t resort to exploiting
non-circularity of the signal modulation.

In addition, the proposed WL ZF receiver is closely related
to the two per-tone equalizer in [23]. In [23], the compensa-
tion method for the Tx IQ distortion together with the Rx IQI
and the carrier frequency offset at the OFDM and OFDMA
receivers has been proposed. The structure of the proposed ZF
WL receiver results in the same as that of their two per-tone
equalizer. In this paper, we explicitly derive the tap weights
of the receiver. Furthermore, we will analytically show the
optimal WL receiver in terms of the MMSE criterion is also
realized by the same structure as the ZF receiver.

2) MMSE equalizer:As in [17], the best WL equalizer in
terms of minimum error covariance, i. e.,

GMMSE = arg min
G

E

[∣∣∣∣∣∣∣∣[ s
s∗

]
− G

[
r
r∗

]∣∣∣∣∣∣∣∣2
]

, (55)

is obtained as

GMMSE =[
(Rsr − CsrR∗−1

rr C∗
rr)D

−1
rr (Csr − RsrR−1

rr Crr)D∗−1
rr

]
,

(56)

where the correlation matrixRxy = E[xyH] and the com-
plementary correlation matrixCxy = E[xyT] and Drr =
Rrr − CrrR∗−1

rr C∗
rr. Here we consider the system with

circular modulation schemes and eventually assumeRss =
σ2

sIKM and Css = 0KM×KM . Also by assumingn is
a zero-mean white circular complex Gaussian noise,n ∼
Nc(0KM×1, σ

2
nIKM ), we have

Rsr = σ2
sdiag{γ∗}W, (57)

Csr = σ2
sdiag{W2δ}W, (58)

Rrr = σ2
sW

Hdiag{⟨γ⟩ + ⟨δ⟩ +
σ2

n

σ2
s

1}W, (59)

Crr = σ2
sW

Hdiag{γ ◦ W2δ + δ ◦ W2γ}W, (60)

where⟨x⟩ = x ◦ x∗ and1 denotes aKM × 1 all one vector.
Consequently, the WL MMSE equalizer is given by

GMMSE =
[
diag{a}W diag{b}W

]
, (61)

where

a = {W2γ∗ ◦ (γ∗ ◦ W2γ − δ∗ ◦ W2δ) +
σ2

n

σ2
s

γ∗} ◦ ν−1,

(62)

b = {−δ ◦ (γ∗ ◦ W2γ − δ∗ ◦ W2δ) +
σ2

n

σ2
s

W2δ} ◦ ν−1,

(63)

ν =
σ2

n

σ2
s

(⟨γ⟩ + ⟨δ⟩ + W2⟨γ⟩ + W2⟨δ⟩)

+ ⟨γ ◦ W2γ∗ − δ ◦ W2δ∗⟩ +
σ4

n

σ4
s

. (64)

As the proposed WL ZF equalizer, the proposed MMSE
equalizer is also efficiently implemented in discrete frequency
domain.

B. The proposed pairwise equalizer for the interleaved
OFDMA system

Next, we consider the channel equalization in the inter-
leaved OFDMA receiver with the conventional user separation.
As in Sec. 2.2, when we employ the interleaved subcarrier
allocation, thel th user’s received signal after the user separa-
tion only interfered with thef(l) th user’s image component.
Taking the fact into consideration, we propose the pairwise
equalizer for the interleaved OFDMA based on ZF and MMSE
criteria. From (30), we have the pairwise received signal:[

rl

r∗f(l)

]
=

[
diag{γl} diag{δl}Φl

diag{δ∗
f(l)}Φl diag{γ∗

f(l)}

] [
sl

s∗f(l)

]
+

[
nl

n∗
f(l),

]
(65)

where

diag{γl} = αlΛll, (66)

diag{δl} = βf(l)Λlf(l), (67)

Φl = Φg(l) = Π̄−g(l)W̄2, (68)

1) ZF equalizer: In the absence of the noise, the ZF
criterion is given by

ZZF

[
rl

r∗f(l)

]
=

[
sl

s∗f(l)

]
, (69)

where the 2M × 2M matrix ZZF denotes the linear ZF
equalizer. Thus we have

ZZF =
[

diag{γl} diag{δl}Φl

diag{δ∗
f(l)}Φl diag{γ∗

f(l)}

]−1

=
[

diag{cl} diag{dl}Φl

diag{d∗
f(l)}Φl diag{c∗f(l)}

]
, (70)

whereM size vectorcl anddl denotes equalizer weights and
they are given by

cl = Φlγ
∗
f(l) ◦ (γl ◦ Φlγ

∗
f(l) − δl ◦ Φlδ

∗
f(l))

−1, (71)

dl = −δl ◦ (γl ◦ Φlγ
∗
f(l) − δl ◦ Φlδ

∗
f(l))

−1. (72)
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Index of subcarrier

2 8 10 16

Fig. 4. Subcarrier allocation of the 2nd user in the proposed IUI free OFDMA
whereK = 4 andM = 4

2) MMSE equalizer:Under the same assumption in Sec.
3.1.B, we have

Rslrl
= σ2

sdiag{γ∗
l }, (73)

Cslrf(l) = σ2
sdiag{Φlδf(l)}Φl, (74)

Rrlrl
= σ2

sdiag{⟨γl⟩ + ⟨δl⟩ +
σ2

n

σ2
s

1}, (75)

Crlrf(l) = σ2
sdiag{γl ◦ Φlδf(l) + δl ◦ Φlγf(l)}Φl. (76)

The optimum linear equalizerZMMSE based on MMSE crite-
rion, i.e.,

ZMMSE = arg min
R

E

[∣∣∣∣∣∣∣∣[ sl

s∗f(l)

]
− R

[
rl

r∗f(l)

]∣∣∣∣∣∣∣∣2
]

, (77)

can be derived as

ZMMSE =
[

Rslrl
Cslrf(l)

C∗
sf(l)rl

R∗
sf(l)rf(l)

] [
Rrlrl

Crlrf(l)

C∗
rf(l)rl

R∗
rf(l)rf(l)

]−1

=
[

diag{el} diag{fl}Φl

diag{f∗f(l)}Φl diag{e∗f(l)}

]
, (78)

where

el = {Φlγ
∗
f(l) ◦ (γ∗

l ◦ Φlγf(l) − δ∗
l ◦ Φlδf(l))

+
σ2

n

σ2
s

γ∗
l } ◦ ν−1

l , (79)

fl = {−δl ◦ (γ∗
l ◦ Φlγf(l) − Φlδf(l) ◦ δ∗

l )

+
σ2

n

σ2
s

Φlδf(l)} ◦ ν−1
l , (80)

and

νl =
σ2

n

σ2
s

(⟨γl⟩ + ⟨δl⟩ + Φl⟨γf(l)⟩ + Φl⟨δf(l)⟩)

+ ⟨γl ◦ Φlγ
∗
f(l) − δl ◦ Φlδ

∗
f(l)⟩ +

σ4
n

σ4
s

. (81)

From (70) and (78), it is clear that proposed ZF and MMSE
pairwise equalizers are also efficiently implemented by using
FFT.

IV. IUI FREE SUBCARRIER ALLOCATION

Here, we propose a novel subcarrier mapping method which
can significantly suppress the performance degradation due to
the Tx IQI for OFDMA and SC-FDMA. In Sec. 2, we show
the IUI component in the received signal is the significant
source of the performance degradation due to the Tx IQI and

also the appearance of the IUI is uniquely determined by the
employed subcarrier allocationMk. Therefore, it is possible
to choose a certain set of subcarrier assignments in which all
the users can avoid the IUI due to their Tx IQIs. Clearly, from
(19), if

βkΛlkMT
l W2Mks∗k = 0M×1(k ̸= l) (82)

holds, there is no IUI due to the Tx IQI. The sufficient
condition for this is

MT
l W2Mk = 0M×M (k ̸= l). (83)

Actually, there are many choices for a set ofMk (k =
1, · · · ,K) which holds (83) and (11). One simple solution is to
assign certain two interleaved allocations for one user based on
(30): First we temporarily consider the system withK ′ = 2K
users where each user occupiesM/2 subcarriers and design
2K interleaved mapping matricesM′

k′ (k′ = 1, · · · , 2K)
(Here we assumeK and M are power of2 for simplicity).
The resulting IUI only appears between certain usersk′ and
K ′−k′ +2 as in (31). Therefore, in the system withK users,
we can derive a set of IUI freeKM ×M subcarrier mapping
matrices as

Mk =


[
M′

1 M′
K+1

]
(k = 1)[

M′
k M′

2K−k+2

]
(k ̸= 1)

, (84)

wherek = 1, · · · ,K. An example of subcarrier allocation in
the proposed IUI free OFDMA is illustrated in Fig. 4 where
K = 4 andM = 4.

By the use of such IUI free subcarrier allocations, we
can efficiently avoid the performance deterioration due to Tx
IQIs without knowing the imbalance parameters and channel
coefficients a priori. This feature is quite attractive in practical
systems because the IQ distortion parameter estimation is
challenging task when the transceiver suffer from several
analog imperfections such as carrier frequency offset or phase
noise simultaneously [12], [23].

V. SIMULATION RESULTS

Here, we evaluate the BER performances of OFDMA and
SC-FDMA systems with the proposed receivers via computer
simulations. In our simulations, we have employed 16QAM
with coherent detection for the modulation/demodulation
scheme, and set the number of usersK = 4, where all
the users are assigned the same transmit power. The number
of subcarriers per-userM = 128, therefore the FFT size is
KM = 512 and the length of CP is set to be32.

The channels and Tx IQIs are randomly generated for
each iteration. We considered channels of lengthL = 10
with i.i.d circular complex Gaussian coefficients, i.e.,hk ∼
Nc(0L×1,

1
LIL) (k = 1, · · ·K). On the other hand, Tx

IQI parameters are drawn from uniform distributions, e.g.,
ϵk ∼ U(0, 0.1). For the receiver, we test the proposed WL
receiver as in Sec. III and the conventional one where user
separation is performed as in (19) and the one-tap FDE [1],
[3] is employed. All the channel response and IQI parameters
are assumed to be known to the receiver and the equalizer
weights based on ZF criterion are used both the proposed
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and conventional receiver in OFDMA, while we employ the
MMSE weights in SC-FDMA. In all the figures, horizontal
axes denotes the received SNR in dB and vertical axes is the
average of per-user BER over 3000 iterations.

First, we test the validity of our analysis. For this purpose,
we consider the situation where only the 1st and 2nd users’
transmitter suffer from IQI with{ϵ1, ϵ2} ∼ U(0, 0.04) and
{θ1, θ2} ∼ U(−0.04π, 0.04π) and the other’s have ideal
analog front-ends, i.e.,ϵ3 = ϵ4 = θ3 = θ4 = 0. Resulting
IRR1 and IRR2 are about 35 dB. Fig. 5 shows the user-by-
user BER performance of the interleaved OFDMA system
with the conventional receiver. From the figure, we can see
the significant performance deterioration only on the 4th user.
As we have shown in (33), the 4th user’s received signal
suffer from the IUI due to the 2nd user’s image component,
meanwhile the image component of the 1st user appears
among its own subcarriers. Therefore, the resulting SIR4(m)
(m = 1, · · · ,M) possibly become fatal according to the chan-
nel conditions, while SIR1(m) = IRR1 and the interference
of 35 dB slightly degrade the performance of the 1st user.
Fig. 6 represents the performance of the localized OFDMA
with the conventional receiver in the same scenario as Fig.
5. In this case, as in (43), the most of IUI due to the Tx
IQIs of the 1st and 2nd transmitter appears on the 4th and 3rd
user’s received signal respectably. Therefore we can see the
significant performance degradation on the 3rd and 4th users.

Next, we show the impact of Tx IQI in the OFDMA with
general subcarrier allocation where the IQ distortion occurs at
all the transmitters. Here the set ofK mapping matrices is ran-
domly generated for each iteration and we set{ϵ1, ϵ2, ϵ3, ϵ4} ∼
U(0, 0.04) and {θ1, θ2, θ3, θ4} ∼ U(−0.04π, 0.04π). Fig. 7
show the BER performance of the OFDMA with the conven-
tional receiver. In the figure, we also include the performance
of OFDM scheme with the conventional ZF equalizer in the
same simulation setting for comparison. Recalling that the IRR
of 35 dB is sufficiently small and such Tx IQIs cause a slight
performance degradation unless the IUI, the performance of
the OFDM receiver deteriorates inconsiderably. On the other
hand, in the OFDMA, the IUI possibly occurs between all the
users and the BER performances are seriously degraded. Fig.
8 represents the effectiveness the proposed WL ZF receiver
in the OFDMA system. From the figure, we can see the
significant performance improvement.

On the other hand, the performance of the interleaved SC-
FDMA or equivalently IFDMA in the presence of the Tx
IQI can be seen in Fig. 9 and 10. Fig. 9 shows the BER
performance of IFDMA with the conventional receiver with
MMSE equalizer weights [19] where we set the Tx IQI
parameters as in Fig. 7. From the figure, though we employ
the MMSE equalizer, the 2nd and 4th users’ BER performance
still suffer from error floor, while the 1st and 3rd user can
achieve the significant performance improvement due to the
diversity gain. Fig. 10 is the performances of the IFDMA
system using the proposed pairwise MMSE equalizer. As in
Fig. 10, the proposed pairwise equalizer efficiently compensate
the interference due to IQI and the channel distortion, and
significantly improve the BER performances.

Finally, we test the advantage of the proposed IUI free
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Fig. 5. The BER performance versus SNR of the interleaved OFDMA with
the conventional receiver
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Fig. 6. The BER performance versus SNR of the localized OFDMA with
the conventional receiver

subcarrier allocation. In particular, we employ the allocation
(84) and the Tx IQI parameters are set the same as in Fig. 7.
Fig. 11 shows the performance of OFDMA with the proposed
subcarrier allocation and the conventional ZF equalizer. From
Fig. 11, by employing the proposed allocation, the received
signal efficiently avoid the IUI due to Tx IQIs and achieve
the comparable performance to the OFDMA receiver with the
proposed WL equalizer. In this case, there is no need to know
the Tx IQIs parameters a priori.

VI. CONCLUSION

In this paper, the effect of the Tx IQIs at the OFDMA and
SC-FDMA receiver is investigated. We reveal the IUI due to
the IQI is the major source of performance degradation and
such IUI emerges depend on the subcarrier mapping used in
the system. We proposed the low complexity WL receivers
for the OFDMA and SC-FDMA receivers and show the
performance improvements with the proposed equalizers via
computer simulations. In addition, a novel subcarrier allocation
method is proposed to cope with the severe IUI due to the Tx
IQ distortion. Under Tx IQIs, we can significantly improve the
BER performance of the OFDMA receivers by just employing
the proposed mapping.
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Fig. 7. The BER performance versus SNR of the OFDMA with the randomly
generated subcarrier allocation and the conventional receiver
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generated subcarrier allocation and the proposed WL ZF receiver
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