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Abstract—We consider the problem of approximating a regular
function f{¢) from its samples, f{nT), taken in a uniform grid.
Quasi-interpolation schemes approximale { (i) with a dilaled ver-
sion of a linear combination of shifted versions of a kernel .2(%),
specifically fZ .. (t) = S as[n]pit/T — u), in a way that the
polynomials of degree at most L — 1 are recovered exactly. These
approximation schemes give order L, Le., the error is (T ) where
T is the sampling period. Recently, quasi-interpolation schemes
using a discrete prefiltering of the samples f(+1') to obtain the co-
efficienls « ¢[»], have been proposed. They provide tight approxi-
mation with a low computational cost. In this work, we generalize
considering rational filter banks to prefilter the samples, instead
of a simple filter. This generalization provides a greater flexibility
in the design of the approximation scheme. The upsampling and
downsampling ratio r of the rational filter bank plays a significant
role. When r = 1, the scheme has similar characteristics to those
related to a simple filter. Approximation schemes corresponding to
smaller ratios give less approximation quality, bul, in return, they
have less computational cost and involve less storage load in the
system.

Index Terms—Approximation order, filter bank, quasi-interpo-
lation, shift-invariant spaces, Strang—Fix conditions.

I. INTRODUCTION

HIS work deals with the problem of approximating a reg-
T ular function f{t) from its samples taken in a uniform
grid {f(nT)} nez. In many approximation schemes, the func-
tion f{t} is approximated by

fa].;)prox(t) = Z (l.[?l](p(% - '3’?.) (])

nel

where ¢ is a suitable kernel and the coefficients a[n] are ob-
tained by a discrete filtering of the sequence of samples s f[n] =

fuT)
alrn] = (g5 * g} [n] (2

wilh an advisable filter g. Equivalently

3;=pr1:>x(t) = Z f(nT)S (% - n’) (3)

ne?f

where S(¢) = 3, -7 g[n]w(t — n) is the reconstruction func-
tion,
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For interpolation schemes (see [1]-[5]), the interpolation con-
dition

FE oox(nTy = f(rT), nel @)

is required, and then the prefilter is necessarily given by G{z) =
(3" @(n)z™") "L, where G{z) denotes the z-transform of g[n],
Gz} = 3 ,cz gln]z~™. The classical example is the Shannon
sampling formula, where ¢(#) = S(¢) = sinc(¢), which ex-
actly recovers a bandlimited function f{¥) taking a small enough
sampling period. This formula gives a tight approximation for
functions (hat are approximately bandlimited. The slow decay
of sinc(t) is its main inconvenience. A classical interpolating
alternative is to consider a kernel ¢ of compact support, satis-
fying the Strang-Fix conditions of order L. i.e.,

2(0) #£0
Gy =0,1=0,1,...,L -1, neZ\ {0} (5

where ¢(w) = [ p(t}e™ 2" dt denotes the Fourier transform.
These conditions imply, under appropriate hypotheses, (hat the
interpolation formula (3) e¢xactly recovers any polynomial in
II;_,. the space of polynomials of degree less (han or equal
to L — 1. A suitable choice for the kernel i, €.2., a B-spline (see
(6]}, allows us to efticiently compute the approximation by using
(2) and (1) since g[n] decays exponentially fast and ¢ has com-
pact support. Besides, the ability of reproducing polynomials
in IIz_y puarantees that the interpolation scheme has approx-
imation order L; specifically, for any f in (he Sobolev space
WERY = {F 1P| < 001 < L} (see [2], [7]. and [8])

"f - f:;prox”i’ = O(TL) (6)

and for any f in WE(R) := {f : [|f¥|cc < 0.1 < L} isee
(8] and [9]).

”f - f;‘;pmx”oo = O(TL)

Quasi-interpolation schemes (see [7], [8]. [10]. and [11]) of
order L require only that the formula (3) reproduces polyno-
mials in IIz _; (quasi-interpolation condition}, which allows us
to maintain the approximation order (6). This 1s a weaker condi-
tion than the interpolation condition {4), giving more fexibility
for (he choice of the filter g. For instance, if we look for a fi-
nite-impulse response (FIR) filter G{z). the only condition that
has to be satisfied is (hat the non-mull coefficients of the filter
({z) satisfy a certain linear system of L equations (see [7] and
[11]). Thus, in general, we can design FIR filters g with a sup-
port of size L satisfying the aforementioned condition. It is im-
portant to note the possibility of designing quasi-interpolation
schemes, with an approximation quality close to that given by
the orthogonal projector onto Vr{@) = { ¥ a[n]e(t/T — n} :
o € €2} (see [7] and [12]-[14]).
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Fig. 1. Block diagram of the proposed prefillering of the samples.

afr]

Fig. 2. Prefiltering when p and g are coprime.

f(Tn)

The inlerpolation and quasi-interpolation schemes have rele-
vant applications in image processing, such as rescaling, volume
rendering, evaluating gradients, (ranslations, rotations, and in
general, geomelric transformations of the signal (scc [4] and rel-
crences therein),

In this work, we study a generalization of the aforementioned
guasi-interpolation schemes. We consider the possibility of
obtaining quasi-inierpolation schemes of order L by using a
rational filter bank instead of a simple filter. Specifically, we
select two natural numbers, ¢ and p, and ¢ discrete filters,
G0, 91; - - - , §q—1. The samples are filtered wiih a filter bank as
shown in Fig, 1, yiclding to a cocfficicnt scquence o[n], and
then the approximation is obtained by using

=Y afnle (q%z, = n) : (7)

ned

fe?;)prox(":)

When p and ¢ are coprime, the prefiltering can be easier repre-
sented by using the filter H(2) = E‘J‘:é 27PG(2%) as shown
in Fig. 2. Reciprocally, any prefiliering of the Lype givenin Fig, 2
can be represented by using the filters g;(n] = hlng + jp|, j =
0,...,¢— 1, as shown in Fig. 1 (see Section II). The represen-
tation of the prehltering with H(z) s simpler than the represen-
tation with the filters ;{z). However, the reconstruction func-
tions, the quasi-interpolation condition, and the error for this ap-
proximation scheme, except in the case p = 1, admit a simpler
expression in terms of the hilters G;(z).

The proposed prefiltering implies a rational rate change,
where the upsampling and downsampling ratio is + = p/q.
Thus, we have the possibility of choosing the ratio v according
to the desirable characteristics of the approximation scheme.
If » = 1 the scheme has similar characteristics to those related
to a simple filter, in lact when p = ¢ = 1, it is one of them.
If r < 1, the approximation scheme, as a conscquence of the
compression, loses in quality approximation (see Section IV),
but it gains in numerical efficiency since the computational
cost of the algorithm is approximately proporticnal to r (see
Scetions IT and TIT). Neltc that the compression associated with
aratio r < 1 is also suitable in order to transmit or store the
signal. From Lhe practical point of view, the case of > 1,
although theoretically possible, is not interesting.

In [15], ene can find conditions on the filters G; (with a slight
change of notation) that guarantee the perfect reconstruction of
the functions belonging to Vir{(4). This perfect reconstruction is
not required here; it is only required for polynomials in Iy _;
{a weaker condition}. Thus, we gain in flexibility, allowing us to

design approximation schemes involving fillers with a smaller
support.

In [16], a variational method that applies to this setting is
given. It allows to approximate a function from nonuniform
samples. For r < 1 and without variational penalty, the methed
gives the function in Vip(4p) thal is the closest 1o the samples in
the #? sense,

For the sake of simplicity, in this work, we confine ourselves
1o FIR Nilters. However, most of the results are valid 1o IIR filiers
{with suitable decay conditions). For the case of 7 = 1, in [7],
[12], and [14] are given IIR filter satistying the quasi-interpo-
lating condition, which can be implemented by a fast algorithm.
Sece [13] for the casc of 7 = 1/4q,

The paper is organized as follows. In Section II, we intro-
duce the proposed approximation scheme. In Section III, we
deduce a necessary and sufficient condition [see infra (16)] on
this scheme to reproduce pelynomials of degree at most L — 1
{quasi-interpolation condition), and we show that by solving a
linear system of equations, it is possible to obtain FIR filters G
salisfying this condition. In Scction IV, we give cxamples of
such FIR filters. In Section V, we prove that whenever the afore-
mentioned condition holds, the scheme has approximation order
L in both the L?(R) and L°°{R)-norm sense. In this section, by
applying the crror formula given in [10], we gel an expression
for the approximation error, which gives us a suitable criterion in
order to choose among the filters G that satisfy the quasi-inter-
polation condition. In Scetion VI, we give simulations showing
the behavior of the approximation technique for dilferent valucs
of the ratio . We conclude in Section VII. An Appendix in-
cludes the proofs of the results given in Sections I, II, and V.

II. THE APPROXIMATION SCHEME

Throughout this paper, we assume that ¢ is a continuous real
function, compactly supported, that satisfies the Strang—Fix
conditions of order L {5). We also assume that the sequence
{g{t — n)}ucz is a Riesz basis for the space Vi(p) =
{ ¥ a[n]p(t —n) : a € £2}; cquivalently, there exist constants
A, Bsuchthat0 < 4 €3 7 [plw+ n)|? < B < oo. The
dual function ¢4 is defined by

plw)

) = e T
nef

(3)

Discrete filters are either described by their impulse response
gln] or by their z-transform G(z) = 3 .z g[r]2™" for which
we use uppercase symbols.

Associated with the kernel ¢, two natural numbers p and g,
and g FIR filters gg, g1, - - -, §3—1, we consider the approxima-
tion scheme

= S T = Tygsln— ksl ©

j=0 ke

a?;)prox(t) = QTf(t) = Z a[n] @ (% t— n) . (1)

nEd

where + denotes the ratio r := p/q.
Thus, to approximate a function f{¢) from its samples f(nT7,
we first prefilter the samples with the filter bank shownin Fig. 1,



which yields to a coefticient sequence e[n], and then we apply
I8 () = T alne(vrt/T — n).

Another possibility, vielding to the same approximation
i proses 18 10 evaluate

q=1
a];)prox(t) = Z Z f(an - JT)SJ (%f - ﬁ.-}})
i=0unel

where the reconstruction functions are defined by

5;{t) = zg;.-[n](p(t —-n)y, §=01...g-1
nel

(11)

When p and ¢ are coprime, the prefiltering (9) can be also
represented as (see Fig. 2)

a[n] = Z FETYh{qn — pk) (12)
ked
where H(z) is defined by
g=1
H(z):= ZZ_jI}Gj(Zq)- (13}

J=0
The proofis given in the Appendix . There, it i$ also proved that
{13) is equivalent to
nelZ, j=0,...,4-1.

giln] = hlng + jp]. (14)
Hence, for any FIR filter i[n], the prefiltering (12) can be rep-
resented as (9), where the filters g;[n] are defined by (14).

See references [17] and [1&] for efficient structures for frac-
tional decimation and for filter banks,

The (type 2) polyphase components It ;. of the filters & ; are
defined by

=1
Giz) =Y 2 @71PR, (), j=0.1,....9-1 (5
k=0

Note that, under the assumed hypotheses, fI .., () is well
defined for any function f. Besides, the reconstruction functions
S5; have compact support.

The ratio » plays and important role in the munerical effi-
ciency of the reconstruction algorithm (9) and (10). Indeed, the
computational cost of the second step of the algorithm (to eval-
uate 3" a[n]w(rt/T —n})is proportional to the number of coef-
ficients a[r] considered, which is approximately equal to r x N,
where N is (he number of available samples (assuming that N
is much bigger than the size of the support of the filters g;).
In the next section, we show that if we choose the filters with
the smallest support, the computational cost of the first step (the
prefiltering) of the algorithm is also proportional to r. The cost
of this first step is almost negligible compared to the second one
{see [1] and [5]), which requires evaluations of the kernel.

Note (hat except in the case of ¢ = 1, the system does not
satisfy (he shift invariant property Q[ f{-—Tn)|(t) = Qrf(t—
Ty, but it satisfies Qr[f(- — Tqn}](t) = Qrf{t — Tqn).

III. THE QUASI-INTERPOLATION CONDITION

We denote G{z) = [Go(2),Gi(z).....Gym1(2)]T. As
usual, £(w) = O(w’) means that |&{w)/w”| is bounded as
w — 0 (when £ € C™(R), it is equivalent to (0} = 0

forl = 0,1,...,L — 1), &, denotes the delta sequence; and &
denotes the conjugate of ¢ € C, Finally, let e;(z}, for I = p, ¢,
denote

e(zy=[1.27%,... 2~ T,

Recall that we have assumed that the kernel {t) satisfies the
Strang—Fix conditions of order L (5,

The nextlemma gives a necessary and sufficient condition on
the approximation scheme (9} and (10) in order to reproduce
polynomials of degree at most L — 1.

Lemma I: The approximation operator {7 detined in (9} and
{10) satisfies Qrp = p for all p € Iz_q if and only if the
condition

e;’(e?ri-rw)G(ei‘rr-j(-w+ﬂ/P) ).,6 (w + %) -p by, = O(wL) (16}

is satisfied for all v € Z.

The proofs of this and the next lemma are given in the
Appendix, Next, we pive a more manageable sufficient con-
dition. Notice hat since  has compact support, the function
A {w) = 3 |p(w + n)|? is a wrigonomeuwic polynomial (see
[19]), and then the function @, defined in (8) is infinitely
differentiable.

Lemma 2! Any of the equivalent conditions

e;l'(e2rris‘u~)G(GZw-i(tu+k/p)) _ Pé’d(w)ék — O('UJ'L) (17
fork=0,1....,p—1, 01
4 3 W
2w —2ri(jrdp—1—Fk 3
it 2 B (TGt = )
(18}
for'k = 0,1,...,p—1,and forl = 0,1,...,L — 1, where

Ry ;{z) are the polyphase components defined in (15), implies
that condition ¢16) holds or equivalently that Qpp = p for all
p€Ilg_;.

For the case of r = p = g = 1, condition {17) reduces to

G(e¥™) = 4(w) + O(wh)

and it can be found in [7]. [11]. and [12]. Thus, in order to find
a FIR filter ¢ = gp so that the approximation scheme (3) repro-
duces the polynomials in 15— 1, we have to solve a linear system
with L equations whose unknowns are the non-null g[n]. Thus,
in general. it is possible to find a FIR filter g with support of size
L satisfying the reproducing condition. If we consider N sam-
ples, this filter implies approximately L x N sums and products
in the prefiltering step (assuming that N is much bigger that L).

In the general case, in order to find ¢ FIR filters
Go-g1.. -, 9g—1, Such that the approximation scheme (%)
and (10} reproduces the polynomials of I _, we have to solve
a linear system with p % L [see (17) or (18)] whose unknowns
are the non-null g,[n]. Thus, it is possible, in general, to find
FIR filters g; being (he sum of the size of their supports equal
to p x L and satisfying the reproducing condition. For these
filters, the computation of the prefiltering step (9) involves ap-
proximately  x L x ¥ products and sums; hence, the resulting
computational cost of (he prefiltering step is approximately
proportional to 7.



If the kernel  is even (recall that we have supposed that it is
real), a suitable property (see [41), then (;”Jg) (t) is real and even,
and thus (,bff) {0} is real and is equal to O when { is odd. As a
consequence, condition (18} has real solutions, which implies
real filters.

In the case of + = 1/¢, condition (17) reads as

dt

[—H(ez"’*‘“‘/ﬂ] =30y, 1=0.... L-1 (19

T
dur w0

where H{z) is given by (13), Note that if the kernel  is even,
then any even filter h(n) satisfies the above equations for { odd.
Thus, we can achieve symmelric approximation schemes, wilh
a filter of support L when L is odd, and of support L — 1 when
L is even,

As the reader can observe, in the proof of Lemma 2, condi-
tions (L7) and (18) are almost always necessary for the repro-
duction property: Qrp = ptoral p e IIp .

IV. EXAMPLES WITH THE QUADRATIC B-SPLINE

In order to illustrate the theoretical results, we consider as an
example the generator
'-—tz,

2
(It -3)°,
: [t > 2

plty = F(t) =

L P [T R

the centered quadratic B-spline, which satisfies the Strang—Fix
conditions of order L = 3. We have (see [7])

sin®(wu)
rhw3 (1 - sin?(7w) + (&) sin{mw)]

Pafw) =

In the case of » = 1, the unique filter of the type H{z) =
a + b(z + #~1) that satisfies (19) is

Hy(z) =2 = Y4 57Y) (20)
ey TR '
The approximation algorithm, (12} and {10), reads

a[n] = gf('nT) - %[f(nT + T+ f(nT - T)]

. t
T _ g2
ST ren() = ; alnlg*( 5 - n}. @1
In the case of » = 1/2, the filter
1 -
Hip(z) =2 5z +27) (22)

is a solution of (19). The approximation algorithm now reads

a[n] = 2f(2nT) - %[ f@aT = T) + f(2nT + T)]

af T
T — 92
() = 3 ol (37— n)- (23)
In the case of r = 2/3, the vector of filter
i ﬁ(lz +271)
Gyys(z) = 517~ 33 (24)

satisfies condition (17). The algorithm (9)—(10) reads
25 9 .
al2n] = Ef(3-n§t”) -3 [f(3rT +T) + f(3nT - T)]

al2zn+1] = (f(3nT)+ f(3Tn+ 3T}

E
64
45

+ 1 [f(3nT + T) + f(3nT + 2T)]

fg;jprox(t) = Z la[zn]’62(% - 273,)

nel

2t
+ a[2n +1)8° (ﬁ —2n — 1)] .

In order to fix the support of the entries of (a3, we have taken
into account that a[2n+ 1] is the coefficient of 32((2/(37))[t -
3nT — 37'/2]), which is centered at 3nT + 3T'/2, and a[2n] is
the coefficient of #2((2/(3T7))[t — 3nT7]), which is centered at
3nT.

In the case of » = 3/4, (he vector of filters

(25)

satisties (17), Its corresponding prefiltering step is
a[3n] = %f(éli’"n) - %(f(élTn -7+ fAnT + 1Y)
al3n+1] = - gf('—'li"n) - gf(élTn + 37)
+ %f(alTn +2T) + %f(élTn +7)
af3n+2]= - ;—If(élTn +4T) + %f@i"n +37)
+ ;—g F(4Tn +2T) - g FATn +T).

Let us recall that the interpolating filter (such that (4) is sat-
isfied) for the generator ¢ = /3 is

1

O e L —
TS

(26)

Finally, let us give an interesting example from [13] of an
IIR tilter satistying (he quasi-interpolating condition that can be
implemented with a fast algorithm. This example is for the case
of p = A% andr = 1/2. It is

2l 42

HIIR(Z) = -
S 4324272

(27)

Examples for other B-splines 3™ and other values of v = 1/g
can be found in [13].

V. THE APPROXIMATION ERROR

We split this section into three subsections. In the first one, we
obtain a pointwise estimation for the approximation error and
study the L™-norm of this error. In the second one, we apply
the results in [10] to study the L?-norm of the error. The third



one is cencerned with designing the filiers G5 in order 10 get a
smaller L?-approximation error.

A, A Pointwise Estimation and the L™ -Approximation Error

Theorem 1 proves that whenever the quasi-interpolation con-
dition (16) holds, the approximation scheme has approximation
order L in the L°°-norm sense. Besides, it gives a pointwise es-
timation for the error, which shows that the error depends on the
compression factor ». We denote

Qft) :=(- I)LZZ t —pn + jr)t 8;(t — pn)

j=0nef

ﬁ(t) = Z Z [(t—pn + it 85 - pn}|-

j=0ncZ

Note that since the reconstruction [unctions S; are continuous
and compactly supported, £ and € are bounded functions.

Theorem !: Whenever the condition (16) holds, for all f €
WZL(R), we have

€0l S oo T
” approx f”OC < T A (28)
and, for all f € WLTL(R), we have
QE @) Tk
S () — f(t) = — @ .t oIty (29

The proof, based on the Taylor polynomial of f, is given in
the Appendix. For the casec ol 7 = p = ¢ = 1, the cstimations
(28) and (29) are given in [8].

B. The L?-Approximation Error

In [10], Blu and Unser gave a formula for the L?-norm of
the approximation error valid 1o an ample set of approximation
operators Lp,: For any f € WE(R)

- 1/2
1 = £aflle = U F)PBo)dw|  +O(RF) (0)

—o0

where the integral kemel FE(w)} depends on the approx-
imation scheme but docs not depend on f. Morcover,
[ [1f(w)]2E( hw)dw] gives exactly the average approxi-
mation error {see [ 10, Theorem 2]), This error formula (30) can
also be applied to the operator (J+ by changing the sampling
step; specifically, it can be applied to £}, := Qp,. In this case,
the formula (30) can be expressed as

+ O(B®)

2
1 ™ |fw W
(31)

where the integral kernel is (assuming thal the filiers g, are real)

1/2

|f = Qrfllz=

Bw)=1- 2% [e;(z'*’)c(z)@(w)]
R

2 )Gz /7Y 24, (w + E) (32)
P

35

Hiz

0

L Il 1 1 1
0 g0s 01 015 02 026 03 035 04 045 05

Fig. 3. /F{w/r)for H,. G4, Gupy. Hypz. HM, and for the orthogonal
projecior 7 (r = 1 in (his casg).

where z = €™, R denotes the real part, and A, {w) :=
> nez |S(w + n)[? (see the details in the Appendix). Fig. 3
shows the square root of the integral kernel \/ F(w/r), corre-
sponding to the orthogonal projector P [see infra (35)] and to
the filters H1, G4, G2;3. Hy 2, and H'™ defined in (20), (22),
(24), (25), and (27), respectively. Fig. 4 shows / E{w /r) for P,
H\, and lor the interpolating filter H™ defined in (26).

In [10], somc results about the approximation crror of the op-
erator Ly, are deduced from the formnula (30). In Theorem 2, we
collect the applications of these results to the operator Qr =
L sp. In particular, we deduce that the quasi-interpolation con-
dition (16} in Lemma | is necessary and sufficient to the approx-
imation scheme (9) and (10) to have order L in the L%-norm
sensc.

Note thal since we have assumed that ¢ has compact sup-
port (thus A.,(t) is a trigonometric polynomial) and G;(2} are
FIR filters, the integral kernel E(w) given in (32), has infinite
bounded derivatives.

Theorem 2 Assume that g; are real FIR filters. The quasi-
interpolating condition (16) helds if and only if

” approx f”z = O(TL)? for all f < W;‘(R)
Moreover, in this case, for all f € Wi (R)
TE N0 (L)
I (0)]2 + O(TEH
|| APProx f”2 TL p(zﬂ_ LL; Zl )| + ( )

(33
where I',,(w} = e;r(62’":””)G(ezm(w‘*‘“/p))ga(w + n/p), and
for all f € WE(R), withk > L

/i T
FE e = fll2 S C—F P2 + K= 11f Pl (39
T T
where
1/2
| ECL| o 2k
r= Y1 % and Z B Y n .
2Lxl ., /(2L}! ;
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Fig. 4. /E{w/v) for the orthogonal projector I, for the interpolating filter
Hint and for H.

To prove these resulis, we only have 10 apply the theorems in
[10] (see the Appendix). When r = 1/q, the above expression
for T, reduces to T, (w) = H(e*™**/%)¢(w + n). In the case
of r = p = g = 1, it reduces to T, (w) = S{w + n). For this
case, the estimation (33) is piven in [8].

C. Optimal Filters

The orthogonal projector onto V7, () defined by

P ft) = % Z /Z f(‘r)cpd(% - n)dr tp(% - n) (35)

ncF YT

gives the best approximation, in the L?-norm sense, by a func-
tion in V3, (i). This approximation cannot be computed from the
samples of the function. However, we can take advantage of the
flexibility provided by the gquasi-interpolation schemes to get an
approximation whose error is close to that given by the orthog-
onal projector. To do this, we will base, as it is done in [7] and
[12]-[14], on the error formula (30). The orthogonal projector
Py, salisfies the estimation (30) and the inlegral kemel, which
we denote by Eo,i, (see [7]), is

_ le@y?
Ap(w)

Emin(w) =1

The integral kernel (32) can be expressed as
E(w) = Enin{w) + Ees{w) (36)

where

2
() = Ay (1) | Bl — %el (:")G(z)

1221 Y k
+ 55 Y e GGG P, (w ¥ ;) 67
k=1

and z = e2™_ The quasi-interpolation condition (17) gives

eg (2")G (26 /P)—p (w)br = O(w™), k=0,...,p-1

(38)
holds for K = L, and then E;o.(w) = O{|w|?L). Thus, when-
ever most of the energy of f(w/T) is concentraled close Lo zero,
the approximaticen error is small. In order to do it smaller, we can
try to find a vector of filters satisfying (38) for a bigger K. Be-
sides, having in mind that a part of the energy of f(w/T) could
not be so close to zere, we can also use the Hexibility given for
a bigger support of the filters in order to minimize [see (31) and

(36)]
[m 1}(111)Er%(%)dw

7 —20

(39)

where v{w) > 0 is a suitable weight. Namely, we (ix a weight
v(1), an order K > L, and the support of the filters. Then,
we search the G that minimize (39) among those that satisfy
{38). This is a linear problem easy (o solve, For example, when
@ = %, r = 1, the symmetrical filters JI{z) of the type

b
H(z)=a+ 5(3 +2z7 1+ g(zz +z7%)

satisfying (38) for K = L 4+ 1 = 4 are those given by

5

1
6—4 b——i—4c.

+ Jc,

Thus, minimizing (39) is equivalent to finding ¢ such that

O

[ s (:,ad(un -2 % cos(znu)
—-c {3 — 4cos(2rw) + cos(4ww)] ) dw

is minimum. For instance, when #({w) is the characteristic
funetion of the interval (—1/4,1/4), then ¢ =~ 0.054 and the
searched filter is

H{(z) := 1.412—0.233(2 + 2~ 1)+0.027(:* + 272).
For the rate + = 1/2, the same criterium provides
HY)p(7) 1= 2.87 = 1.08(z + 271)+0.145(2% + 272).

Fig. 5 shows the square root of E...(i/7) for these filters as
well as for those with minimum support. Note that the bigger
support increases the computations in the prefiltering step but
has no influence on the number of cvaluations of the kernel.

VI, SIMULATIONS

In this section, we give numerical simulations showing the
behavior of the approximation scheme given in Sections IV and
V. Specifically, we apply the algenithms to recover the functions
shown in Fig. 6 from 31 samples taken in the interval [—3, 3]



0.1
0.08| .
0.06 H, .

0.04 - b
0.02r -

0 0.05 0.1 0.15% 02 0.25

0.25
02+

01 r
0.05 -

0 0.05 8.1 0.15 0.2 025

Fig. 5. E(mwfr)for Hy, H?, Hy o, and H;’f,g.

with period T = 0.2. The L2[—3, 3]-norm of the error for the
different algorithms and examples are given in Table I.

For instance, for the first example f{(t) = (1 — t)e=*", the
algorithm (21) that does not entail compression H; (corre-
sponding to 7 = 1) gives an error of 7 x 107, It needs 30
cvaluations of the kernel. The algorithm corresponding 10 Hy /o
needs only 15 evaluations of the kernel, but its error increases
to 6.4 x 1073, Between these cases are those corresponding to
the rates 7 = 3/4 and r = 2/3.

For the second example, the errors are bigger (it bas wide
variations). The behavior with respect to the different rates are
the same.

For the third example, the L%[—3, 3]-norm of the error, due
fundamentally to the discontinuity, is approximately equal for
all the rates. However, the reproduction of the discontinuity is
better using a bigger r, as it is shown in Fig. 7.

Table 1 also gives the errors for the interpolating filter J7'™
and for the IIR filter H™'™*, which are close to those given by H;
and HY 12 respectively.

The pointwise error for the second example and for some of
the algorithms can be seen in Fig. 8.

As can be observed in Table I, using the optimized filters HY
and H7 ., improves the results with respect to the minimum sup-
port filters Hy and Hl)jg. The rceonsiruction of the sccond ex-
ample using ff; and II{ and sampling peried T' = 0.5 can be
seen in Fig. 9.

The gradicnt, used in some applications (¢.g., contour delee-
tion, shading), can be computed by means of the coefficients
a[n| obtained in the prefiltering step (9). Indeed, using (10) and

that d/dt52(t) = 8 (z + 1/2) — B*{(x — 1/2), where 31 is the
B-spline of degree 1, we obtain that
d T _ T 1 ri 1
afapprox("ﬂ) - n;z T(a'[n] a[n 1]):‘6 (T n+ 2) .

For the first example, T = 0.2, and using Hy, G354, Gay3, and

Hy 49, this formula gives £?[—3,3]-norm error equal to 1.1 X

1072, 2.1 x 1072, 2,7 x 1072, and 5.1 x 1072, respectively.
VII. CONCLUSION

In this work, we have studied the approximation ol functions
from their samples by using quasi-interpolation formulas. These

schemes give a good quality since they have a cerlain order of
approximation, and they arc numerically efficient sinee the nee-
essary prefiltering of the samples can be done with little support.
In particular, they give a quality close to that given by the clas-
sical interpolating formula.

A rational filter bank with a rate < 1 can be used for the
prefiltering of the samples, maintaining the approximation order
and the little support. When the rate » decreases, we lose in
quality ol approximation, but we gain in numerical efliciency.
Thus, in applications where the speed is more relevant than the
quality, it is advisable to use arate » < 1.

APPENDIX

In this Appendix, we include the proofs of the results in
Sections II, ITI, and Section V.
Proofthat (9) can be Represented by (12) and that (13} and
(14} are Equivalent: Firsl, we prove that [or any & € Z, there
exist unique numbers n and j satisfying

k=ng+jp, n€Z, jFe{01,....g—1}.  (40)
Indeed, since ¢ and p are coprime, there exist a,b € £ such
that 1 = ap + bg. Then, k = kap + kbg. Using that ke can be
wrillen as ka = lg+ j, withj € {0,...,¢q — 1} and { € Z,
we obtain (40) with n = Ip + kb. The numbers » and ¢ are
unique since ng + jp = ﬁq + jp implies (n — R)g = {j — i)p.
i—je{-(g-1). — 1}, and g, p are coprime.

From the represematlon (40), we obtain that H{z) =
P2 02 PG (2= 00 Znez gj[n]z~ (4177} if and only
lfg‘,[n] = h[nq+_j'p] fora]l n€Zandj e {D,...,q—1}.
Hence, (13) and(14) are equivalent.

Using that g;[n] = k[ng + jp|, we obtain

Y3 H(ahT - iT)ajln - k)
=0 kecZ
=3 #llok — 1) tlan — plak - )
i=0ke?Z
=" f(kT)h{qn — pk).

ke

O
Proof of Lemma I: Notice first that Q¢ reproduces the
polynemials in IIy_q if and only if @, does it since Qr =
o7+ Qv 1, Where o, denotes the operator o f = f(:/a).
Notice that 3~, .7 (pn— jr}'S; (t—pn) converges in the sense
of tempered distributions (see [21 Theorem 4.3-17). Applying
the Fourier transform, we obtain thal

= [@.2')( Z Z(pn §r)LS;(t — pn)
J=0nez
if and only if
5(IJ w —2miprte
s S S e )

1=0neZ
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L2[—3, 3] NorM OF THE ERROR
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SO +u(E—1) 0.26 0.26 0.25 0.2 0.25 0.21 0.47 0.26
12 12 14
1 ]
1 12
08 1 1)+ uft-1)
0.8 08t 1 o g ot s "]
0.6 04r 108
D2t l) cos{3t
0.4 0 0.6
-0.2 ]
0.2 . 0.4
m=t-ge’ | o,
° ' -0.6 0.2
-0.2 s . -0.8 . - " - .
R R 1 2 3 -3 2 -1 0 1 2 R S S R 1 2 3

12

-02 : . .

o 1 2

Fig. 7. Function f{t)+w(t— 1) and the reconstruced functions from samples

ken with period T = 0.2 using K,/ and (73,4, respectively.

0.05 T T T

05

-1 -0.5 0

F=0ne?

or ¢quivalently if
g—=1

-2 -1 ]

Fig. B Pointwise error in the mconstruclion of lhe second example

f(f) (3(35(31‘} usirlg G3J.f.»1, G21;3 and Hlfﬂ .

1

8 L
-1 -0.5

0 0.5 1

Fig. 9. Function f(#)cos(3¢t) and the reconstructed functions from samples
taken with period t+ = 0.5 using the filters 5, and H} respectively.

where § denotes the Dirac delia. The Fourier transform of (z —
47)! has cempact support. Thus, applying the Poisson formula
{see [22]), we obtain that the above equality holds if and only if

-1
p6Q{w) = ’i‘z E e 2miilrw—n/a) ) (fw - %) 8 (w)

3 6-np5(0 (w) — E e—27rij(rm—u;’q) 6(1) (w _ g)gj(w)
3=0
g—1
= Ee—zmtrw—nmﬁ(z) (w _ E)
—0 r
J_
3 x G3{e*™)(w)

for all n € Z. Taking inlo account that for any function £ €

C>(R) we have £ (w)6H (w—n/p) = 0,forl = 0,1,...,L—1,



if and only if £&(w + n/p) = O{w’), we dednce that the above

equality holds forevery { = 0,1,....L — 1, orequivalently Q..
reproduces polynomials of l'l_r_ 1, it and only if condition (16)
is satistied for all n € Z. O

Proof of Lemma 2: Let 2z denote z = 27 A sufficient
condition {also necessary in most of the times) for (16} is

e;.r (2" VG (5e¥™P) = Owh),
G{(2)p(w) — p = Ofwh).

Since we have assumned that ¢ satisties the Strang-Fix condi-
tions of order L and has compact support, we have

(41)

|p(w)?

2. |o(w +n)|?

ned

1= pglw)p(w) =1~ = O{w?%)

{see [&, inequality (53)]). Hence, condition {41} is equivalent
to(17).

In terms of the polyphase components ( 15), the condition( 17}
reads as, forn = 0.1,....p—1

p=1

>t

where Cp(w) = Zj;é Ry j(2P)z 3= pm1=k) 5 = o2méw ypg

n(P 1=4) = f’(Pd(w)‘Sn + O( )

a = e¢~2"/P orequivalently, forn = 0,1,...,p—1
p—1
3 P a0 = g3 (060, 1=0,...,L-1
k=0

Denoting € =[O (0)imo,. L-140,.p—1 and A =

[(;“(P-l-k)]ho_.____p_]:n=0______p_1, the above equalities read as

CA = p[3 (0)6,],_

Using that AR* = pl, where A* denotes the transpose con-
jugate of 8 and | the identity matrix, we deduce that the
above equality holds if and only if C,E_”(O) = ES)(O) for
k=0....,p—11=0,...,L -1, which proves (L§). O

Proof of Theorem 1. Let PF{x) denotes the Taylor polyno-
mial of degree k for f at £, Any function f in the Sobolev space
WLH(R) satisfies (see [20, Ch. 2])

0,..,L=1, n=0,...,p—1"

fix) = PH(x) + TH(2)
L
= I2O v P20+ REW)

where the remainder R¥ can be expressed as

(¢ — )L+

RE@) = CTH [ e -
- 0]

Since Q¢ reproduces polynomials in IIp_;, we have
@& = P = QrPEL(t). Hence, using the nota-
tion [QTE(.'L‘)] (£) for QpL{E), we obtain

Qrfit) — ft) =Qr(f — PL"1)(%)
(L)
=[e {f O, (z = + RE)}] )
L
IS0 0r e - 0110+ @rREO).
(42)
We have

[Qrix —t)E](t) = Z Z(gnT T —tts; (— - np)

i=0nc?

- o (7)

Besides, taking into account (hat

(43)

TL+1 ||f([+1)“
= I+l (L4 1)

L+1
L _ _
|Re{qnT — jT)| < (Tt P+ ,r'.')

and that 920 37 5 [t —pntjr|F+1|8;(t = pn)| is abounded
function, we obtain

g—1 .
QrRH(t) = Y 3 RHanT = JT)8; (7 = pm)
F=0neL
= (T,

From this estimation, (42), and (43), the estimation (29) follows.
Similarly, we can prove (hat for f € WZX(R), the remainder
RNy = f(&) = PE~M(a) satisfies

IIQIIm

jQr By o) < 159

which, as Qr f{£) = f(t) = Qr(f - Pf-l)(t) = QrR7H(t),
proves (28), O

Proof that (31} Holds With E(W) Given by (32); It can
be easily verified that the approximation operator Q7 can be
expressed by

{r
i = Y [ 1087 (5 -p)a( - ) | @
nel v
where b = T/r, ® = [$o,- .., dp-1]T, = [fﬁo, - 'r,?b'j,_l]"-,
and
ds{t) = plt — 9),
4=1
$s(t) =33 g;lkp + s1(t + pk + jr)
F=0kcE



fors =0,1,....p— 1. By applying [10, Theorem 1], it follows

that £, := Q. satisfies (30), where the kernel is given by

gl

1 T . . 1 |2
B(w) = —lp~ B(w)d(w)|? + - 3|8 w)<1>( ; %) ‘
ns=0

=1—§%[§(w) (w)] + Zﬁ w)@( ”)‘2‘

neiL p

(45)

Denoting z = e?™% for n € Z, we have

p—1lqg-1

g(w)fi) (w + %) = Z Z gmIr z g;lkp + s]z7*

‘i=0 j=0 kéz
% e—21ri3(u-‘+ﬂ/}’}95(w + E)
P

-1

DO WITAS

i= s=0heZ
% (zeZF"”/P)_pk_s:;o(m e j_)
n

g—1

= Z 27IGy(2 2“”‘“’)\,0(104— p)

=0

=eq_'(.Z"")G(.z'e%m/p)@('w -+ %) (46)

Then

5 [fwa o+ 1)

n€l
_ Zz leg ()G (27 (w + E) 2
S5 fereemp(ens 3

3_0 ned

= ;} lea (") G(ze**/P)[2 A, (w + ;)

Using this equality and (45), the expression for the integral
kernel (32) follows. From (30), with A = T'/r, (31) follows.
Notice that by applying [10, Lemma 2] using the expres-
sion(46), we obtain a new proof of the lemma O

Proof of Theorem 2: We use the notation of the above

proof. As znezz Tolr = s — nplPlgyxz — np) i
bounded (since ¢ is continuous and has compact support)

and [ |do(t)|dt and [ |t — n|?E|d(t)|dt are bounded (since
g; are FIR filters), the hypothesis of [10, Theorem 3] holds for
Ly = Q. By applying this theorem and Lemma 1, the first
assertion of Theorem 2 follows. As the integral kernel E(w)
has, in this case, infinite bounded derivatives, the estimation
(33) follows from [10, Theorem 4], taking into account (46).
Finally, the inequality (34) follows from [10, Theorem 5]. O
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