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DF Relays Aided OFDMA Downlink Transmission
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Abstract—This paper considers the weighted sum rate (WSR)
maximized resource allocation (RA) constrained by a system
sum power in an orthogonal frequency division multiple access
(OFDMA) downlink transmission system assisted by multiple
decode-and-forward (DF) relays. In particular, multiple r elays
may cooperate with the source for every relay-aided transmission.
A two-step algorithm is proposed to find the globally optimum
RA. In the first step, the optimum source/relay power and assist-
ing relays that maximize the rate is found for every combination
of subcarrier and destination, assuming a sum power is allocated
to the transmission at that subcarrier to that destination in the
relay-aided transmission mode and the direct mode, respectively.
In the second step, a convex-optimization based algorithm is
designed to find the globally optimum assignment of destination,
transmission mode, and sum power for each subcarrier to
maximize the WSR. Combining the RAs found in the two steps,
the globally optimum RA can be found. In addition, we show
that the optimum RA in the second step can readily be derived
when the system sum power is very high. The effectiveness of
the proposed algorithm is illustrated by numerical experiments.

Index Terms—Orthogonal frequency division multiple access,
resource allocation, cooperative wireless transmission,relaying,
decode and forward, convex optimization.

I. I NTRODUCTION

Relay-aided cooperative wireless transmission has been
attracting intensive research interest lately, motivatedby the
consideration that by cooperative relaying, distributed multiple
input and multiple output (MIMO) links can be created for
performance improvement, which is suitable especially for
applications incapable of installing multiple antennas atthe
same radio device [1]. Two protocols, namely amplify and
forward (AF) as well as decode and forward (DF), have been
proposed and become the focus of recent research works [2].
In this paper, we consider half-duplex radio devices adopting
the DF protocol, which carries out a relay-aided transmission
in two time slots, referred to as the broadcasting slot and the
relaying slot, respectively. In the broadcasting slot, thesource
emits a symbol, which is received by both the destination
and the relays. In the relaying slot, some relays first recover
the source symbol from received signals, then transmit that
recovered symbol to the destination. Finally, the destination
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combines the signals received in the two slots, then decode for
the source symbol. In particular, it has been show in [2] that
selection relaying DF, which uses either the direct transmission
mode without any relay assisting, or the relay-aided mode
depending on channel state information (CSI), achieves full
diversity.

This paper addresses the resource allocation (RA) for
an orthogonal frequency division multiple access (OFDMA)
downlink transmission system aided by multiple relays adopt-
ing selection relaying DF. The motivation behind considering
OFDMA is that it is a widely recognized multiuser transmis-
sion technique for current and future wireless systems, thanks
to its flexibility to incorporate dynamic RA for performance
improvement [3]. Compared to the conventional OFDMA
transmission, the relay-aided OFDMA transmission raises
more complicated RA problems, since it introduces extra tasks
such as deciding the transmission mode of each subcarrier, de-
termining assisting relays and the power allocation to themfor
each relay-aided subcarrier, besides assigning destination and
source power at each subcarrier. Therefore, novel efficientRA
algorithms are solicited for relay-aided OFDMA transmission
systems.

For the point to point OFDM transmission aided by DF
relays, some RA algorithms have been proposed lately. To
name a few, RA algorithms have been proposed in [4] to
minimize the sum power under rate constraints, and in [5],
[6] to maximize the sum rate subject to power constraints,
when only one relay exists and assists with selection relaying
DF. However, at every subcarrier assigned to the direct trans-
mission mode, the source does not transmit any symbol in the
relaying slot, which wastes bandwidth resource. To address
this issue, rate-optimized RA algorithms which permit source
transmission in the relaying slot at each subcarrier assigned to
the direct mode, have been proposed in [7]–[12].

For the OFDMA downlink transmission aided by DF relays,
some RA algorithms have been proposed as well. For example,
power constrained RA algorithms proposed in [13]–[15] and
[16] consider respectively the maximization of the sum rate
and the weighted sum goodput, whereas the one in [17] aims
at maximizing a metric depending on the rates and queue
lengths of the source and relays. Using those algorithms, each
destination may decode the source transmitted signals, each at
a distinct subcarrier in the broadcasting and relaying (except
for [16]) slots, as well as the relays transmitted signals, each
at a distinct subcarrier from a single relay in the relaying
slot. Note that when the source transmits signals to relays in
the broadcasting slot, every destination discards the received
signal replicas and thus spatial diversity is not exploited. In
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Fig. 1. Example patterns of selecting (a) one relay or (b) multiple relays
assisting at each relay-aided subcarrier, where a black block at thei-th row
andj-th column indicates thej-th relayrj assists the transmission at thei-th
subcarriersi.

[18], a RA algorithm is proposed to maximize the sum utility
of multiple uplink/downlink data streams aided by a single
destination adopting selection relaying AF or DF.

So far, the majority of the proposed RA algorithms, as
the aforementioned ones, restrict that at most one relay
can assist the source for every relay-aided transmission. In
fact, when there are multiple relays available, allowing not
just one buteach of them to be eligible for assisting at
every subcarrier, can better exploit the degrees of freedom
in the system for performance improvement. For illustration
purposes, example patterns of selecting single or multiple
assisting relays are shown in Figure 1. In fact, these benefits
have been demonstrated in [10] for the OFDM transmission
to a single destination, and in [19], [20] for the OFDMA
downlink transmission with each destination using only one
fixed subcarrier.

Compared to the above existing works, this paper contains
the following contributions:

• we consider the weighted sum rate (WSR) maximized
RA problem constrained by a system sum power in an
OFDMA downlink transmission system aided by multiple
DF relays. In particular, multiple relays may cooperate
with the source for every relay-aided transmission.

• we propose a two-step algorithm to find the globally
optimum RA based on a divide-and-conquer strategy. In
particular, we show that the optimum RA in the second
step can be easily derived when the system sum power
is very high.

The remainder of this paper is organized as follows. In
Section II, we describe the considered system. We propose
the two-step RA algorithm in Section III, then derive the
optimum RA for the second step when the system sum power
is very high in Section IV. In Section V, the effectiveness of
the proposed algorithm is illustrated by numerical experiments.
Finally, some conclusions complete this paper in Section VI.

II. SYSTEM DESCRIPTION ANDRA PROBLEM

We consider an OFDMA downlink transmission system
from a source toU destinations aided byN DF relays col-
lected in the setΨ = {ri|i = 1, · · · , N}. All links are assumed
to be frequency selective, and OFDM with sufficiently long
cyclic prefix is used to transform every link intoK parallel
channels, each at a different subcarrier facing flat fading.At

each subcarrier, the transmission of a symbol is in either the
direct mode, or the relay-aided mode spanning across two
equal-duration time slots, namely the broadcasting slot and the
relaying slot. Due to the OFDMA, each subcarrier is allocated
to one destination exclusively. As will be described later,in
the broadcasting slot only the source transmits symbols at all
subcarriers. In the relaying slot, the source transmits at the
subcarriers assigned to the direct mode, whereas some relays
transmit simultaneously at the other subcarriers assignedto
the relay-aided mode.

We make the following assumptions for the considered
system. First, we assume the radio frequency (RF) nonlinearity
at the source and the relays is negligible, and the carrier
frequency and symbol timing of the source are perfectly
synchronized with those of the relays, e.g. with the tech-
niques in [21]. Second, every channel in the system remains
unchanged within a sufficiently long duration, over which
the RA algorithm can be implemented at a central controller
knowing precisely the CSI of the system. Furthermore, the
RA information can be reliably disseminated to the source,
every relay, and every destination. To date, the related works,
as introduced in Section I, are based on these assumptions
as well. As an interesting topic, the RA for the system with
subcarrier nonorthogonality and non-ideal CSI will be studied
in our future work.

Let’s consider the transmission of a unit-variance symbol
s at a subcarrier to a destination, say at subcarrierk to
destinationu. The coefficient of the channel between any two
of the source,ri, and destinationu, are notated according to
Table I. We first describe the transmission in the relay-aided
mode. Suppose a set of relays, collected in the setRk(u),
are selected by the RA algorithm to assist relaying. Using
the transmit powerPs,u(k), the source first emits the symbol
√

Ps,u(k)s, while each relay does not transmit anything in
the broadcasting slot, as illustrated in Figure 2.a. At the end
of this slot, both destinationu and every relay receive the
source signal. The signal samples at destinationu and ri can
be expressed by

yu,b(k) =
√

Ps,u(k)λs,u(k)s+ nu,b(k) (1)

and

yri,b(k) =
√

Ps,u(k)λs,ri(k)s+ nri,b(k), (2)

respectively, wherenu,b(k) and nri,b(k) represent the cor-
ruption of the additive white Gaussian noise (AWGN) at
destinationu and ri, respectively.

After decoding and then reencodings, all relays inRk(u)
transmit simultaneously to destinationu in the relaying slot,
which in effect establishes a distributed multiple input and
single output (MISO) transmission link as illustrated in Figure
2.b. Specifically,ri ∈ Rk(u) transmitsαris, whereαri is

TABLE I
CHANNEL COEFFICIENTS AT SUBCARRIERk.

source to destinationu source tori ri to destinationu
λs,u(k) λs,ri (k) λri,u(k)
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Fig. 2. Illustration of a relay-aided transmission at subcarrier k, where
Rk(u) = {r2, r3}.

the complex weight for transmit beamforming and satisfies
|αri |

2 = Pri,u(k), with Pri,u(k) denoting the transmit power
allocated tori. To have the relays’ signals add coherently when
received at destinationu, αri =

√

Pri,u(k)e
−j arg (λri,u

(k)) is
used, wherearg (λri,u(k)) stands for the phase ofλri,u(k).
Note that the above described relay-aided transmission enables
a flexible use of all relays opportunistically through a general
form of adaptive transmit beamforming, in thatRk(u) and
{Pri,u(k)|ri ∈ Rk(u)} are determined dynamically by the RA
algorithm based on the CSI, as will be developed later. At the
end of the relaying slot, the signal sample at destinationu is
denoted by

yu,r(k) =
∑

ri∈Rk(u)

√

Pri,u(k)|λri,u(k)|s+ nu,r(k), (3)

wherenu,r(k) represents the corruption of AWGN at destina-
tion u.

Finally, destinationu combinesyu,b(k) and yu,r(k) based
on the maximum ratio combining (MRC), and the output is
denoted by

yu,c(k) =
√

Ps,u(k)(λs,u(k))
∗yu,b(k)+

(

∑

ri∈Rk(u)

√

Pri,u(k)|λri,u(k)|
)∗
yu,r(k). (4)

We assume{nri,b(k)|ri ∈ Rk(u)}, nu,b(k), and nu,r(k)
are independent zero-mean circular Gaussian random vari-
ables with the same varianceσ2. By some mathematical
arrangements, the signal to noise ratio (SNR) associated with
decodings from yri,b(k) at ri ∈ Rk(u) in the broadcasting
slot is

γri(k) = Ps,u(k)Gs,ri(k), (5)

and the SNR associated with decodings from yu,c(k) at
destinationu is

γu,c(k) =Ps,u(k)Gs,u(k)+
(

∑

ri∈Rk(u)

√

Pri,u(k)Gri,u(k)
)2
, (6)

where Gs,ri(k) =
|λs,ri

(k)|2

σ2 , Gs,u(k) =
|λs,u(k)|

2

σ2 , and

Gri,u(k) =
|λri,u

(k)|2

σ2 represent the noise power normalized
channel gains from the source tori, from the source to
destinationu, and fromri to destinationu, respectively.

To guarantee reliable decoding at destinationu and every
relay in Rk(u), the maximum achievable rate at subcarrierk
is

Ru,k,1 =min{ min
ri∈Rk(u)

{ln(1 + γri(k))}, ln(1 + γu,c(k))}

= ln(1 + γu(k)) (7)

in nats/two-slots, where

γu(k) = min{γu,c(k), γr(k)} (8)

and

γr(k) = Ps,u(k) · min
ri∈Rk(u)

Gs,ri(k). (9)

As for the direct transmission, we consider a protocol with
a better use of system bandwidth compared to requiring the
source to transmit only in the broadcasting slot considered
in [5], [6]. Specifically, the source emits two independent
symbols with transmit powersPs1,u(k) and Ps2,u(k) in the
two slots, respectively, and only destinationu decodes the
transmitted symbols from the two received signal samples.
We assume the AWGN corruption associated with the two
received samples are independent zero-mean circular Gaussian
distributed with varianceσ2. By simple mathematical arrange-
ments, the sum achievable rate to destinationu in nats/two-
slots can be evaluated as

Ru,k,2 = ln(1 + Ps1,u(k)Gs,u(k)) + ln(1 + Ps2,u(k)Gs,u(k)).
(10)

We consider the RA problem of finding the optimum as-
signment of destination, transmission mode, and source power
for each subcarrier, as well as the optimum assisting relays
and their transmit powers for every relay-aided subcarrier, to
maximize the WSR of the destinations when the considered
system consumes a sum power no greater thanPt. Note that
for the system under consideration the same subcarrier is used
by the source and the relays for transmitting a symbol in the
relay-aided mode. This constraint could however be relaxed,
and optimized subcarrier pairing could also be implemented.
This would further increase the degrees of freedom for opti-
mization. However, it would be more involved to gain insights
on the RA algorithm design, and that is why in the current
work, the RA algorithm is designed under this constraint of
nonoptimized subcarrier pairing. We will nevertheless usethe
insights gained here to guide future work, which will also
consider subcarrier pairing.

III. T HE TWO-STEPRA ALGORITHM

We propose a two-step algorithm to solve the RA problem
based on a divide-and-conquer strategy. We will first give
an overview, then develop this algorithm in the following
subsections.

A. An overview of the two-step algorithm

In the first step, the optimumRk(u), Ps,u(k), and
{Pri,u(k)|∀ ri ∈ Rk(u)} that maximizeRu,k,1, and the
optimum Ps1,u(k) and Ps2,u(k) that maximizeRu,k,2, are
found for every combination of subcarrierk and destinationu,
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assuming that a sum powerP is used by the transmission at
subcarrierk to destinationu in the relay-aided mode and the
direct mode, respectively. Such maximizedRu,k,1 andRu,k,2

are denoted byRu,k,1(P ) and Ru,k,2(P ), respectively. The
associated algorithm will be developed in Section III.B.

To simplify the RA in the second step, two user sets, namely
UD(k) = {u|∀P ∈ [0, Pt], Ru,k,2(P ) ≥ Ru,k,1(P )} and
UR(k) = {u|∀P ∈ [0, Pt], Ru,k,1(P ) ≥ Ru,k,2(P )}, are
found for every subcarrierk. Once a destinationu ∈ UD(k)
(resp.u ∈ UR(k)) is allocated with subcarrierk, the direct
mode (resp. the relay-aided mode) should always be used to
maximize the WSR, since it results in a rate no smaller than
the relay-aided mode (resp. the direct mode), independently
of the sum power allocated to this subcarrier.

To formulate the maximum WSR with theRu,k,1(P ) and
Ru,k,2(P ) derived in the first step, we define for every
destinationu in UR(k) (resp.UD(k)) a binary variabletu,k,1
(resp.tu,k,2) and a nonnegative variablePu,k,1 (resp.Pu,k,2),
wheretu,k,1 = 1 (resp.tu,k,2 = 1) indicates that subcarrierk
in the relay-aided (resp. direct) mode is allocated to destination
u, and Pu,k,1 (resp. Pu,k,2) represents the corresponding
sum power allocated to subcarrierk. For every destination
u /∈ UD(k) ∪ UR(k), tu,k,1, tu,k,2, Pu,k,1, and Pu,k,2 are
defined with the same interpretations as explained above.
Note thattu,k,1 andPu,k,1 are defined for every destination
u /∈ UD(k), and tu,k,2 and Pu,k,2 are defined for every
destinationu /∈ UR(k). Now, the maximum WSR can be
expressed by

f =

K
∑

k=1

(

∑

u/∈UD(k)

wutu,k,1Ru,k,1(Pu,k,1)+

∑

u/∈UR(k)

wutu,k,2Ru,k,2(Pu,k,2)
)

(11)

wherewu > 0 satisfying
∑U

u=1 wu = 1 is the weight assigned
by system designers to the rate of destinationu. In particular,
increasingwu leads to a higher priority given to destination
u.

In the second step, for every subcarrierk the optimum
{tu,k,1, Pu,k,1|∀u /∈ UD(k)} and{tu,k,2, Pu,k,2|∀u /∈ UR(k)}
that maximizef are found subject to the system sum power
constraint

K
∑

k=1

(
∑

u/∈UD(k)

tu,k,1Pu,k,1 +
∑

u/∈UR(k)

tu,k,2Pu,k,2) ≤ Pt, (12)

as well as the constraint
∑

u/∈UD(k)

tu,k,1 +
∑

u/∈UR(k)

tu,k,2 ≤ 1, ∀ k, (13)

due to the OFDMA. It is important to note that there exist
default constraints that∀ k, u, Rk(u) should be a subset
of Ψ, and every power (resp. indicator) variable should be
non-negative (resp. binary). This problem, consisting of both
binary and continuous optimization variables, is not convex
since the feasible set for the binary variables is not convex.
In Section III.C, we will develop an algorithm to find the
globally optimum solution. Combining the RAs found in the

two steps, the globally optimum RA for maximizing the WSR
can be found.

B. RA algorithm in the first step

First, we consider the maximization ofRu,k,2 under the
constraintPs1,u(k)+Ps2,u(k) = P . According to the Jensen’s
inequality, the maximumRu,k,2 in this case can be easily
found as

Ru,k,2(P ) = 2 ln

(

1 +Gs,u(k)
P

2

)

, (14)

and the optimum RA is to allocate the sum powerP equally
to Ps1,u(k) andPs2,u(k).

Next, we consider the maximization ofRu,k,1 with respect
to Rk(u), Ps,u(k), and{Pri,u(k)|∀ ri ∈ Rk(u)} constrained
by

Ps,u(k) +
∑

ri∈Rk(u)

Pri,u(k) = P. (15)

To facilitate derivation, we defineGRk(u),u(k) =
∑

ri∈Rk(u)
Gri,u(k), which represents the sum of the channel

gains from all assisting relays to destinationu. Ψk is defined
as the set incorporating all relays sorted in the increasingorder
of Gs,ri(k), and thei-th relay inΨk is denoted byrk(i). In
particular,Gs,rk(N)(k) = maxri∈ΨGs,ri(k). We defineΨk(i)
as the set containing all relays inΨk with indices fromi up
to N . WhenGs,u(k) < Gs,rk(N)(k), xu,k is defined as the
smallesti satisfyingGs,u(k) < Gs,rk(i)(k).

By means of intuitive figure illustrations, the procedure of
maximizing Ru,k,1 is derived and put in Appendix A for
clarity. In particular, we find that

Ru,k,1(P ) = ln(1 +Gu,1(k)P ), (16)

where Gu,1(k) can be evaluated by one of the following
formulas:

1) whenGs,u(k) ≥ Gs,rk(N)(k), Gu,1(k) = Gs,rk(N)(k).
In this case,∀ P ∈ [0, Pt], Ru,k,2(P ) ≥ Ru,k,1(P )
holds.

2) when GΨk(xu,k),u(k) ≤ Gs,u(k) < Gs,rk(N)(k),
Gu,1(k) = Gs,u(k). In this case,∀ P ∈ [0, Pt],
Ru,k,2(P ) ≥ Ru,k,1(P ) holds.

3) when Gs,u(k) < Gs,rk(N)(k) and Gs,u(k) <
GΨk(xu,k),u(k),

Gu,1(k) = max
xu,k≤b≤yu,k

Gs,rk(b)(k)GΨk(b),u(k)

GΨk(b),u(k) +Gs,rk(b)(k)−Gs,u(k)
,

(17)

whereyu,k is the greatesti satisfyingGΨk(i),u(k) >
Gs,u(k). In this case,Gu,1(k) > Gs,u(k) always holds
as shown in Appendix A. Supposeb = zu,k is the
maximizer for the right-hand side of (17), the optimum
Rk(u) is Ψk(zu,k). The optimumPs,u(k) is computed
by (46) with b = zu,k, and the optimumPri,u(k),
∀ ri ∈ Ψk(zu,k) is

Pri,u(k) =
(P − Ps,u(k))Gri,u(k)

GΨk(zu,k),u(k)
. (18)
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The above analysis reveals that, the relay-aided mode with
the optimum RA in effect transforms all channels at subcarrier
k into a source to destinationu channel with normalized gain
Gu,1(k) and half of the system bandwidth. As a matter of
fact, only one symbol can be sent during the two slots, while
the system bandwidth can actually support sending two inde-
pendent symbols per two slots. WhenGu,1(k) ≤ Gs,u(k), the
direct mode should always be used. WhenGu,1(k) > Gs,u(k),
using the relay-aided mode leads to an increased channel gain
but sacrificing half of the bandwidth, compared to using the
direct mode. In this case,Ru,k,1(P ) ≥ Ru,k,2(P ) holds if
P ≤

4(Gu,1(k)−Gs,u(k))
(Gs,u(k))2

, otherwiseRu,k,2(P ) > Ru,k,1(P ),
which means that the relay-aided and direct modes should be
used for the low and high power regimes, respectively. The
interpretation is that, in the low power regime, it is more
beneficial to increase the received power, while in the high
power regime, it is better to increase the number of channel
uses per time unit [22]. Based on the above analysis,UD(k)
andUR(k) for every subcarrierk can be expressed as

UD(k) = {u|Gu,1(k) ≤ Gs,u(k)} (19)

and

UR(k) = {u|Gu,1(k) > Gs,u(k), Pt ≤
4(Gu,1(k)−Gs,u(k))

(Gs,u(k))2
}.

(20)

C. RA algorithm in the second step

We propose an algorithm to solve the RA problem in
the second step based on the following strategy. First, for
every subcarrierk, tu,k,1 and tu,k,2 are relaxed to be real
variables between0 and 1. Now, tu,k,1 (resp.tu,k,2) can be
interpreted as the fraction of the whole duration allocated
to transmitting at subcarrierk to destinationu in the relay-
aided (resp. direct) mode, andηu,k,1 = tu,k,1Ru,k,1(Pu,k,1)
(resp. ηu,k,2 = tu,k,2Ru,k,2(Pu,k,2)) can be interpreted as
the rate averaged over the whole duration for transmitting to
destinationu at subcarrierk in the relay-aided (resp. direct)
mode. Then, the relaxed RA problem can be transformed with
change of variables into a convex optimization problem, and
its globally optimum RA can be found as will be shown later.
Most interestingly, we will show that every optimumtu,k,1
andtu,k,2 for the relaxed problem are still equal to either0 or
1, which means that the globally optimum RA to the relaxed
problem is also globally optimum to the original RA problem.

To make the change of variables,Pu,k,1 is substituted with
ρu,k,1

tu,k,1
for everyu /∈ UD(k), andPu,k,2 with ρu,k,2

tu,k,2
for every

u /∈ UR(k). Now, the sum power constraint,ηu,k,1, andηu,k,2
are respectively expressed as

K
∑

k=1

(

∑

u/∈UD(k)

ρu,k,1 +
∑

u/∈UR(k)

ρu,k,2
)

≤ Pt, (21)

ηu,k,1 = tu,k,1 ln

(

1 +Gu,1(k)
ρu,k,1
tu,k,1

)

, (22)

ηu,k,2 = 2 tu,k,2 ln

(

1 +
Gs,u(k)

2

ρu,k,2
tu,k,2

)

. (23)

Note that ηu,k,1 (resp. ηu,k,2) is a concave function of
tu,k,1 > 0 and ρu,k,1 (resp. tu,k,2 > 0 and ρu,k,2), since
it is a perspective of the concave functionRu,k,1(Pu,k,1)
(resp. Ru,k,2(Pu,k,2)) (refer to page89 in [23] for more
details). One delicate issue is that after the change of variables,
ηu,k,1 (resp.ηu,k,2) can not be evaluated attu,k,1 = 0 (resp.
tu,k,2 = 0). To address this issue, we expand the domain
of ηu,k,1 to incorporatetu,k,1 = 0, and defineηu,k,1 = 0
when tu,k,1 = 0. After the expansion and definition,ηu,k,1 is
still a concave and continuous function oftu,k,1 ≥ 0, because
limtu,k,1→0 ηu,k,1 = 0. Motivated by the same consideration,
we expand the domain ofηu,k,2 to incorporatetu,k,2 = 0, and
defineηu,k,2 = 0 when tu,k,2 = 0, so as to ensureηu,k,2 is a
concave and continuous function oftu,k,2 ≥ 0.

Based on the above analysis, the relaxed RA problem with
new variables, i.e., maximizingf subject to the constraints
(13) and (21), is a convex optimization problem. Obviously,
this problem satisfies the Slater constraints qualification, i.e.
there exists at least one feasible solution satisfying all inequal-
ity constraints strictly. This justifies the zero duality gap for
the problem [24]. Therefore, the dual method can be used
to solve this problem for the globally optimum RA [25].
Specifically, dual variables are defined for certain constraints,
then an iterative algorithm consisting of an inner loop and an
outer loop is implemented. In the inner loop, the Lagrangian
maximization problem (LMP), which is to find the optimum
RA variables that maximize the Lagrangian, is solved with
the dual variables fixed. In the outer loop, the optimum dual
variables are found by iteratively updating the dual variables
with the subgradient method, until the Karush-Kuhn-Tucker
(KKT) conditions are satisfied. The optimum RA variables for
the LMP given the optimum dual variables, are the globally
optimum solution for the relaxed RA problem.

To use the dual method, a nonnegative dual variableµ is
introduced for the system sum power constraint (21), and the
associated LMP is

max L(µ) = f + µ (Pt − Px)

s.t.(13), (24)

tu,k,1 ≥ 0, ρu,k,1 ≥ 0, ∀ k, ∀u /∈ UD(k),

tu,k,2 ≥ 0, ρu,k,2 ≥ 0, ∀ k, ∀u /∈ UR(k),

whereL(µ) represents the Lagrangian givenµ, andPx is the
left-hand side of (21). The optimum dual variable denoted by
µ⋆, must satisfy the KKT conditions consisting of (a)µ⋆ ≥ 0,
(b) µ⋆(Pt −Px(µ

⋆)) = 0, and (c)Px(µ
⋆) ≤ Pt, wherePx(µ)

represents thePx evaluated with the optimum power variables
to (24) givenµ [23], [24]. It is important to note thatµ⋆

must be strictly positive, which can be justified as follows.
Supposeµ⋆ = 0. In this case, the maximumL(µ⋆) subject
to the constraints of (24) is infinity, sincef , as a function of
ηu,k,1 andηu,k,2, is monotonically increasing withρu,k,1 and
ρu,k,2, which can be increased unboundedly while remaining
feasible to (24). This means thatPx(µ

⋆) is infinity, which
contradicts (c) of the KKT conditions. Therefore,µ⋆ 6= 0, and
the KKT conditions are reduced toµ > 0 andPt = Px(µ

⋆).
Let’s now find the optimum RA variables to (24) givenµ >

0. To this end, we find for every subcarrierk, ∀u /∈ UD(k), the
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optimum ρu,k,1 given tu,k,1, and∀u /∈ UR(k), the optimum
ρu,k,2 given tu,k,2, to maximizeL(µ). After mathematical
arrangements, we can show these optimum values are

ρu,k,i =







tu,k,1

[

wu

µ − 1
Gu,1(k)

]+

if i = 1,

2tu,k,2

[

wu

µ − 1
Gs,u(k)

]+

if i = 2,
(25)

where[x]+ = max{x, 0}. Using (25),L(µ) is reduced to

L(µ) =

K
∑

k=1

Lk(µ) + µPt, (26)

where

Lk(µ) =
∑

u/∈UD(k)

tu,k,1Xk(u) +
∑

u/∈UR(k)

tu,k,2Yk(u), (27)

and

Xk(u) = ln

(

1 +Gu,1(k)

[

wu

µ
−

1

Gu,1(k)

]+
)

− µ

[

wu

µ
−

1

Gu,1(k)

]+

, (28)

Yk(u) =2 ln

(

1 +Gs,u(k)

[

wu

µ
−

1

Gs,u(k)

]+
)

− µ

[

2wu

µ
−

2

Gs,u(k)

]+

. (29)

Now, the problem of finding the optimum{tu,k,1|∀u /∈
UD(k), ∀ k} and {tu,k,2|∀u /∈ UR(k), ∀ k} for (24) can be
decomposed intoK subproblems, thek-th of which is to find
the optimum{tu,k,1|∀u /∈ UD(k)} and {tu,k,2|∀u /∈ UR(k)}
for maximizingLk(µ) subject to the constraints in (24). It can
be readily shown that the optimum{tu,k,1|∀u /∈ UD(k)} ∪
{tu,k,2|∀u /∈ UR(k)} has all entries equal to0, except for one
entry tuk,k,ik equal to1. Obviously,(uk, ik) is the(u, i) with
the maximum metricmu,i(k), expressed as

mu,i(k) =

{

Xk(u) if i = 1,
Yk(u) if i = 2.

(30)

Note that when computingmu,i(k), i can only be1 (resp.2)
if u ∈ UR(k) (resp.u ∈ UD(k)), while i may be either1 or 2 if
u /∈ UR(k)∪UD(k). There might exist multiple combinations
of (u, i) corresponding to the maximummu,i(k). In this
case, any combination of them can be chosen to be(uk, ik).
According to (25), the optimum power variables related to
subcarrierk are all equal to zero, except forPuk,k,ik computed
with

Puk,k,ik =







[

wuk

µ − 1
Guk,1(k)

]+

if ik = 1,

2
[

wuk

µ − 1
Gs,uk

(k)

]+

if ik = 2.
(31)

The procedure of finding the optimum RA variables to (24)
is summarized inAlgorithm 1. Next, we address the problem
of finding µ⋆ in the outer loop iteratively. To speed up the

Algorithm 1 Procedure to solve (24)
for k = 1 to K do

∀u and the associatedi, computemu,i(k) defined in (30);
{uk, ik} = argmaxu,i mu,i(k);
tuk,k,ik = 1 and computePuk,k,ik by (31);
Pu,k,i = 0 and tu,k,i = 0 if either u 6= uk or i 6= ik.

end for

Algorithm 2 The RA algorithm in the second step
Find µU satisfyingPU(µU) = Pt;
Find µL satisfyingPL(µL) = Pt;
For eachµ in S = {µL + n

Ns
(µU − µL), n = 0, 1, · · · , Ns − 1},

useAlgorithm 1 to find the optimum RA variables to (24), and
computePx(µ);
Initialize µ with theµ ∈ S satisfyingPx(µ) ≤ Pt and having the
minimumPt − Px(µ);
repeat

Updateµ with [µ− δ(Pt − Px(µ))]
+;

UseAlgorithm 1 to find the optimum solution for (24);
ComputePx(µ);

until µ > 0 and0 ≤ Pt − Px(µ) < ǫ

The optimum solution for (24) found in the last iteration corre-
sponds to the optimum sum power and mode for each subcarrier
in the second step.

convergence rate,µ is first initialized by a value close toµ⋆.
To this end, we define

PL(µ) =

K
∑

k=1

[

minu{wu}

µ
−MU(k)

]+

(32)

PU(µ) =

K
∑

k=1

[

2maxu{wu}

µ
−ML(k)

]+

, (33)

where

MU(k) =max

{

max
u/∈UD(k)

1

Gu,1(k)
, max
u/∈UR(k)

2

Gs,u(k)

}

(34)

ML(k) =min

{

min
u/∈UD(k)

1

Gu,1(k)
, min
u/∈UR(k)

2

Gs,u(k)

}

. (35)

It can be readily shown thatPL(µ
⋆)≤Px(µ

⋆)≤PU(µ
⋆)

always holds. SupposeµU and µL satisfy PU(µU) = Pt

and PL(µL) = Pt, respectively. SincePU(µU) = Pt =
Px(µ

⋆)≤PU(µ
⋆) andPU(µ) is a non-increasing function of

µ, µU ≥ µ⋆. Similarly, we can showµ⋆ ≥ µL, thusµ⋆ is
confined in the interval[µL, µU]. To initialize µ with a value
close toµ⋆, this interval is sampled uniformly atNs points to
build the setS = {µL+

n
Ns

(µU−µL), n = 0, 1, · · · , Ns−1}.
Given eachµ in S, (24) is solved andPx(µ) computed, then
µ is initialized with theµ ∈ S satisfyingPx(µ) ≤ Pt and
having the minimumPt − Px(µ).

After initialization,µ is iteratively updated based on the sub-
gradient method, i.e.,µ is updated with[µ− δ(Pt−Px(µ))]

+

whereδ is a sufficiently small value to guarantee convergence,
until µ⋆ is found whenPt = Px(µ) and µ > 0. The RA
algorithm in the second step is summarized inAlgorithm 2.
Due to numerical issues, we regard the KKT conditions to be
satisfied whenµ > 0 and0 ≤ Pt − Px(µ) ≤ ǫ, whereǫ is a
very small positive value.
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IV. T HE OPTIMUM RA IN THE SECOND STEP FOR A

SPECIAL CASE

We will show the optimum RA in the second step can be
easily derived whenPt is very high so that the associatedµU

satisfies

∀ k,
minu wu

µU
≫max

u
{max{

1

Gu,1(k)
,

1

Gs,u(k)
}}, (36)

∀ k,
minu wu

µU
≫max

u
{max{Gu,1(k), Gs,u(k)}}. (37)

Since (36) holds andµ⋆ ≤ µU, the optimum sum powerPk

for subcarrierk satisfies

∀ k, Pk ≈

{ wuk

µ⋆ if ik = 1
2wuk

µ⋆ if ik = 2,
(38)

according to (31), where(uk, ik) corresponds to the optimum
destination and mode for subcarrierk found by the RA
algorithm in the second step. From (36), (37), and (38), the
conditions

∀ k, u, PkGs,u(k) ≫ 1,Pk ≫ Gs,u(k), (39)

∀ k, u, PkGu,1(k) ≫ 1,Pk ≫ Gu,1(k), (40)

hold. This means that in the high power regime, even though
the optimum sum power for each subcarrier is not precisely
known, it is for sure that∀ k, u, the following approximations
hold:

wuRu,k,2(Pk) ≈2wu

(

ln(Pk) + ln
Gs,u(k)

2

)

≈ 2wu ln(Pk),

(41)

wuRu,k,1(Pk) ≈wu

(

ln(Pk) + lnGu,1(k)
)

≈ wu ln(Pk).
(42)

By comparing (41) and (42), it can easily be seen that the
direct mode for each subcarrierk is the optimum for maxi-
mizing the WSR, independently of the destination assigned.
All this confirms the former interpretation that, for the high
power regime, increasing the number of channel uses per time
unit is more beneficial than increasing the received power.
If equal weights are used for all destinations, the optimum
destination for subcarrierk is the one with the maximum
Gs,u(k). Otherwise, the optimum destination for all subcarriers
is the same and given by the one with the maximum weight
wu. In either case, the optimum sum power to subcarrierk is
Pk ≈ Pt

K in order to satisfy the KKT conditions according to
(38).

V. NUMERICAL EXPERIMENTS

In numerical experiments, we consider a multiple DF relays
aided OFDMA downlink transmission system withN = 4
relays. The source is allocated at the origin, and the relays
r1, r2, r3, and r4 are located at coordinates(−15,−5),
(−5,−5), (5,−5), and (15,−5), respectively. Note that all
the aforementioned coordinate-related values have the unit
of meter. The random channel between every two of the
source, the relays, and the destinations is generated basedon
a 6-tap delay line model, with thei-th tap’s amplitude as a
circular Gaussian random variable of zero mean and variance
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Fig. 3. The OFDMA system considered in numerical experiments.

as σ2
i = σ2

0e
−3i (i = 0, 1, · · · , 5). Moreover, the average

received power attenuation is equal toαd−3 at a distance ofd.
Note that10 log10(α), representing the log-normal shadowing
effect, is Gaussian distributed with zero mean and variance
equal to0 dB. This means that the transmit power is attenuated
by 30 dB in average at a distance of10 m.

To illustrate the effectiveness of the optimum RA found
for the proposed protocol, we compare it to the optimum RA
for a reference protocol. Both protocols are the same except
that with the reference protocol, at every subcarrier in the
direct mode the source only transmits in the broadcasting
slot (and remains idle during the relaying slot). Interestingly,
when the destinations useequal weights, the optimum RA
for the reference protocol can easily be derived on a per
subcarrier basis. For subcarrierk, the optimum destination
uk is the one with the maximumGu(k) where Gu(k) =
max{Gu,1(k), Gs,u(k)}, i.e., the relay-aided mode is optimum
only if Guk,1(k) > Gs,uk

(k). The optimum per subcarrier
sum power can be calculated according to water filling of the
system sum powerPt to K parallel channels with normalized
gainGuk

(k) for the k-th channel. It is important to note that
for the reference protocol, the above RA mightnotbe optimum
when destinations useunequalweights. In this case, the RA
needs to be optimized jointly over all subcarriers with the
same two-step optimization strategy as proposed in Section
III, which is not developed here due to space limitation. On
the contrary, the RA for the proposed protocolalwaysneeds
to be jointly optimized over all subcarriers.

A. Results for a random realization of channels

For clarity of presentation, we first assumeK = 32
subcarriers are used,σ2 = −30 dBW, U = 4 destinations
exist with equal weights,Ns = 100, δ = 10−3(µU−µL), and
ǫ = 0.1. For the randomly generated destination coordinates
shown in Figure 3, we have produced a random realization
of all channels (not shown here due to space limitation),
over which the optimum RAs for the proposed and reference
protocols are evaluated. For every destinationu, theGu,1(k)
computed by the proposed RA algorithm in the first step, and
Gs,u(k) are shown in Figure 4 for every subcarrierk and
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Fig. 4. (a)Gs,u(k) and (b)Gu,1(k) computed by the proposed RA algorithm
in the first step, at each subcarrierk for every destination.
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Fig. 5. WhenPt = 35 dBW, (a) the visualization ofUD(k), ∀ k, where a dot
marked at the coordinate (k,u) indicates destinationu ∈ UD(k), otherwise
u /∈ UD(k). (b) the visualization ofUR(k), ∀ k, where a dot marked at the
coordinate (k,u) indicates destinationu ∈ UR(k), otherwiseu /∈ UR(k).

destination.
First, we setPt = 35 dBW which corresponds to the low

power regime, since ifPt is uniformly allocated to the subcar-
riers of the source, the average SNR is2.17, 5.80, −2.38, and
5.23 dB at four destinations, respectively. The corresponding
UD(k) and UR(k) are found and visualized in Figure 5 for
every subcarrier. The optimum RA and the corresponding
WSR have been evaluated for the proposed protocol with the
RA algorithm developed in Section III, and for the reference
protocol with the aforementioned method. The results are
shown in Figure 6. We can see that for the reference protocol,
the optimum destination and mode at every subcarrierk are
uk = 4 with the maximumGu(k) = max{Gu,1(k), Gs,u(k)}
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Fig. 6. For the reference and proposed protocols, the optimum RA found in
the second step for each subcarrierk whenPt = 35 dBW.

and the relay-aided mode, respectively. The uniform sum
power allocation to all subcarriers is optimum. The reason is
thatGu,1(k) for destination4 varies slightly over all subcarri-
ers.It is very interesting to note that, compared to the reference
protocol, assigning a few subcarriers to destination2 or 4 in
the direct mode with a higher per subcarrier sum power, leads
to a higher optimum WSR for the proposed protocol, even
though at those subcarriersGs,u(k) for destination2 or 4 is
smaller thanGu,1(k) for destination4. For both protocols,
the optimumPs1,u(k) and {Pri,u(k)|∀ ri} computed by the
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Fig. 7. The optimum source and relay power in the broadcasting slot for the
two protocols whenPt = 35 dBW.
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Fig. 8. The visualization ofUR(k) for each subcarrierk whenPt = 60
dBW, where a dot marked at the coordinate (k,u) means that destination
u ∈ UR(k), otherwiseu /∈ UR(k).

RA algorithm in the first step are shown in Figure 7. It is
shown thatr3 and r4 assist relaying simultaneously at a few
subcarriers for both protocols.

Next, we setPt = 60 dBW, which satisfies the conditions
(36) and (37). For each subcarrierk, theUD(k) is the same as
whenPt = 35 dBW, since it is determined independently of
Pt according to the conditions in (19). TheUR(k) is visualized
in Figure 8 for every subcarrier. Now,UR(k) contains none
of the destinations at most of the subcarriers, sincePt is
so high that the conditions in (20) are not satisfied by any
destination at many subcarriers. The optimum RAs and WSRs
have been evaluated for the two protocols and shown in
Figure 9. It is shown that the optimum RA for the proposed
protocol leads to a much higher WSR compared to that for the
reference protocol. For the reference protocol, the optimum
mode and destination at each subcarrier are the same as when
Pt = 35 dBW. This is because when the destinations have
equal weights, the optimum mode and destination for the
reference protocol only depends on theGs,u(k) andGu,1(k)
of the destinations. The uniform sum power allocation to all
subcarriers is still optimum, as explained for the case when
Pt = 35 dBW. For the proposed protocol, the optimum
destination and mode for every subcarrierk are the destination
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Fig. 9. For the reference and proposed protocols, the optimum RA found in
the second step for each subcarrierk whenPt = 60 dBW and destinations
have equal weights.

with the maximumGs,u(k) and the direct mode, respectively,
and the uniform sum power allocation is also optimum. For the
reference protocol, the optimumPs1,u(k) and{Pri,u(k)|∀ ri}
computed by the RA algorithm in the first step are shown
in Figure 10. It is shown thatr3 and r4 assist relaying
simultaneously at a few subcarriers. Note that for the proposed
protocol, the optimum sum power at subcarrierk is equally
allocated toPs1,u(k) andPs2,u(k), which is not shown here.

For the considered channel realization, the above observa-
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tions illustrate the effectiveness of the proposed protocol and
algorithm to adapt the RA dynamically for WSR maximiza-
tion. They also support the analysis of Section IV for the
high power regime. WhenPt = 60 dBW and the weights for
destination1, 2, 3, and4 are0.4, 0.2, 0.2, 0.2, respectively, the
optimum RA for the proposed protocol has also been evaluated
and shown in Figure 11. We can see that destination1 with
the maximum weight and the direct mode is optimum for each
subcarrier. The uniform sum power allocation is optimum.
These observations illustrate the effectiveness of the analysis
of Section IV for unequal destination weights in the high
power regime.

B. Results for a set of random realizations of channels

For the comprehensive illustration of scenarios close to
reality, we have generated1000 random channel realizations.
For each realization, the optimum RAs and the corresponding
WSRs for the reference and proposed protocols are evaluated.
We assumeK = 64 subcarriers are used,σ2 = −30 dBW,
U = 8 destinations exist with equal weights,Ns = 100,
δ = 10−3(µU − µL), and ǫ = 0.1. To produce each channel
realization, the destination coordinates are first generated in the
region{(x, y)| − 10 ≤ x ≤ 10,−30 ≤ y ≤ −10} uniformly
and independently of each other, then the random channels are
produced.

For better clarity, the optimum WSRs for only the first100
channel realizations, and the average WSR for all channel
realizations are shown in Figure 12 for both protocols when
Pt is 35 and 60 dBW, respectively. It is found that for
every channel realization, the optimum WSR of the proposed
protocol is equal to or greater than that for the reference
protocol. The reason is that the set of feasible RAs searched
for the optimum RA of the reference protocol, is a subset
of that of the proposed protocol, since extra constraints are
imposed on the RA optimization for the reference protocol, i.e.
Ps2,u(k) must be zero for every subcarrier in the direct mode.
Compared to the reference protocol, the optimum RA for the
proposed protocol leads to either the same or a slightly greater
optimum WSR for each channel realization whenPt = 35
dBW. However, a much higher optimum WSR results from
the optimum RA and the proposed protocol for the majority
of channel realizations whenPt = 60 dBW. As a result,
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Fig. 10. The optimum source and relay power in the broadcasting slot for the
reference protocol whenPt = 60 dBW. Note that for the proposed protocol,
the optimum sum power at each subcarrierk is equally allocated toPs1,u(k)
andPs2,u(k), which is not shown here.
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Fig. 11. For the proposed protocol, the optimum RA found in the second
step for each subcarrierk when Pt = 60 dBW and destination4 has the
maximum weight.

the average optimum WSRs for the two protocols are very
close whenPt = 35 dBW, while the proposed protocol and
RA result in a much higher average optimum WSR than the
reference protocol whenPt = 60 dBW. As already said, this
is due to the better exploitation of channel uses by the direct
mode of the proposed protocol in the high power regime.

For both protocols, the rate cumulative distribution functions
(CDF) and average rates of user1 are shown in Figure 13
when Pt is 35 and 60 dBW, respectively. Note that for the
same protocol andPt, all other users have similar rate CDFs
and average rates as user1, since all users’ coordinates are
independently and identically distributed in the same region.
It can be seen that both protocols lead to almost the same rate
CDFs for user1 whenPt = 35 dBW. Nevertheless, using the
proposed protocol makes it more likely to transmit with high
rate to user1 whenPt = 60 dBW. This means that for a fixed
outage probability, the proposed protocol leads to a higher
outage rate for user1 than the reference protocol. As a result,
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Fig. 12. The optimum WSRs for the first100 channel realizations for
the reference and proposed protocols, and the average WSR for all channel
realizations.

the average rates of user1 for both protocols are almost the
same whenPt = 35 dBW, while the proposed protocol leads
to a much higher average rate of user1 than the reference
protocol whenPt = 60 dBW. These observations illustrate
the effectiveness of the proposed protocol and algorithm for
the random channel realizations.

VI. CONCLUSION

We have considered the WSR maximized RA problem
constrained by a system sum power in an OFDMA down-
link transmission system assisted by multiple DF relays. In
particular, multiple relays may cooperate with the source for
every relay-aided transmission. We have proposed a two-step
algorithm to optimize the RA. Furthermore, we have shown
that the optimum RA in the second step can be easily derived
when the system sum power is very high. The effectiveness
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Fig. 13. User1’s rate CDFs and average rates for the reference and proposed
protocols.

of the proposed algorithm has been illustrated by numerical
experiments.

APPENDIX A
MAXIMIZATION OF Ru,k,1 IN THE RELAY-AIDED MODE

When Gs,u(k) ≥ Gs,rk(N)(k), γr(k) ≤ γu,c(k) always
holds, thusRu,k,1 = ln(1 + Ps,u(k) · minri∈Rk(u) Gs,ri(k)),
which means thatRu,k,1 is equal to the maximum rate allowed
for reliable transmission from the source to all relays in
Rk(u). In this case, the maximumRu,k,1 is Ru,k,1(P ) =
ln(1+Gs,rk(N)(k)P ). To achieve it,Rk(u) andPs,u(k) should
be equal to{rk(N)} andP , respectively.

Now we consider the case whenGs,rk(N)(k) > Gs,u(k).
The maximization ofRu,k,1 is equivalent to the maximization
of γu(k), as the minimum ofγu,c(k) and γr(k). Note that
γr(k) depends onPs,u(k) and Rk(u), while besides them
γu,c(k) depends on{Pri,u(k)|ri ∈ Rk(u)} as well. To
maximizeγu(k) givenP , γu,c(k) can be first maximized with
Ps,u(k) andRk(u) fixed, by finding the optimum allocation of
the sum relay powerP − Ps,u(k) to {Pri,u(k)|ri ∈ Rk(u)}.
Denoting such maximizedγu,c(k) by γ′

u,c(k), the optimum
{Ps,u(k),Rk(u)} that maximizesmin{γ′

u,c(k), γr(k)} is then
found. Finally, that{Ps,u(k),Rk(u)}, as well as the associated
optimum allocation ofP −Ps,u(k) to {Pri,u(k)|ri ∈ Rk(u)},
constitute the optimum solution to maximizingγu(k) given
P .

To facilitate derivation, we assume the relays inRk(u) are
sorted in the increasing order ofGs,ri(k), and the first relay in
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Rk(u) is rk(b), namely theb-th relay inΨk. This means that
Rk(u) is a subset ofΨk(b), andGRk(u),u(k) ≤ GΨk(b),u(k).
It is important to note thatGs,rk(i)(k) is an increasing function
of i, while GΨk(i),u(k) is a decreasing function ofi.

Now, γr(k) = Ps,u(k)Gs,rk(b)(k), and according to the
Schwartz Inequality,

γu,c(k) ≤ Ps,u(k)Gs,u(k) + (P − Ps,u(k))GRk(u),u(k), (43)

where the equality holds when

∀ ri ∈ Rk(u), Pri,u(k) =
(P − Ps,u(k))Gri,u(k)
∑

ri∈Rk(u)
Gri,u(k)

. (44)

Obviously, the right hand side of (43) is equal toγ′
u,c(k).

As Ps,u(k) increases from0 to P , (Ps,u(k), γr(k)) moves
along the line from the origin to A, whereas(Ps,u(k), γ

′
u,c(k))

along the line from B to C in the coordinate space shown in
Figure 14, where the coordinates of A, B, and C are given in
Table II. Note that C is fixed, while both A and B depend on
Rk(u). In particular, withRk(u) andP fixed, the maximum
of min{γ′

u,c(k), γr(k)} with respect toPs,u(k), denoted by
γ′
u(k), is achieved at A, C, and D for a givenRk(u) satisfying

respectively

1) b < xu,k, where xu,k is the smallesti satisfying
Gs,rk(i)(k) > Gs,u(k).

2) b ≥ xu,k andGRk(u),u(k) ≤ Gs,u(k),
3) b ≥ xu,k andGRk(u),u(k) > Gs,u(k).

We can see that only in case3, γ′
u(k) is greater than

Gs,u(k)P . Among all Rk(u)’s having the same first relay
as rk(b) and corresponding to case3, the Rk(u) with the
maximum GRk(u),u(k) corresponds to the greatest height
of D, which suggests thatΨk(b) is the one achieving the
maximum γ′

u(k) in that set. The correspondingγ′
u(k) and

Ps,u(k) are computed respectively as

γ′
u(k) =

Gs,rk(b)(k)GΨk(b),u(k)P

GΨk(b),u(k) +Gs,rk(b)(k)−Gs,u(k)
(45)

and

Ps,u(k) =
GΨk(b),u(k)

GΨk(b),u(k) +Gs,rk(b)(k)−Gs,u(k)
P. (46)

Based on the above analysis, we can decide what the
optimum Rk(u), Ps,u(k), and Pri,u(k) should be. When
GΨk(xu,k),u(k) ≤ Gs,u(k), every possibleRk(u) corresponds
to either case1 or 2, which means that theγ′

u(k) maximized
over Rk(u) andPs,u(k) is equal toGs,u(k)P . In this case,
the maximumRu,k,1 is Ru,k,1(P ) = ln(1 + Gs,u(k)P ), and
to achieve itPs,u(k) should be equal toP .

When GΨk(xu,k),u(k) > Gs,u(k), every possibleRk(u)
corresponds to one of cases1, 2, and 3. Obviously, the
optimumRk(u) should correspond to case3. To haveRk(u)
corresponding to case3, b must be betweenxu,k and yu,k,
whereyu,k is the greatesti satisfyingGΨk(i),u(k) > Gs,u(k).
As pointed out before,Ψk(b) is the Rk(u) achieving the
maximumγ′

u(k) among allRk(u)’s having the same first relay
as rk(b). Therefore, the optimumRk(u) should beΨk(zu,k),
where zu,k is the b betweenxu,k and yu,k and maximizing
γ′
u(k), namely the maximizer of the right-hand side of (17).

In this case, the maximumRu,k,1 and the optimum RA can

Ps,u(k) P0

A

SNR

B

C

(a) case 1

Ps,u(k) P0

A

SNR

B

C

(b) case 2

Ps,u(k) P0

A

SNR

B

C

D

(c) case 3

Fig. 14. Illustrations ofγ′
u,c(k), γr(k), andγ′

u(k) versusPs,u(k). γ′
u(k)

is highlighted by painting the area it bounds in light grey.

TABLE II
COORDINATES OFA, B, AND C.

A B C
Ps,u(k) P 0 P

SNR Gs,rk(b)
(k)P GRk(u),u

(k)P Gs,u(k)P

be evaluated with the formulas for the third case shown in
Section III.B.
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