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Compressed Beamforming in Ultrasound Imaging
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Abstract—Emerging sonography techniques often require in- system front-end, and then processed by the beamformar, gro
creasing the number of transducer elements involved in the significantly. The growth in transmission and processirtgga
imaging process. Consequently, larger amounts of data musie ;e\ itaply effects both machinery size and power consuonpti

acquired and processed. The significant growth in the amoust C ty. i t th has b ing &t
of data affects both machinery size and power consumption. onsequently, in recent years there has been growing sitere

Within the classical sampling framework, state of the art sgtems  in reducing the amounts of data as close as possible to the
reduce processing rates by exploiting the bandpass bandwiidof ~ system front-end. In fact, such reduction is already pdessib

the detected signals. It has been recently shown, that a muchwithin the classical sampling framework: state of the art
more significant sample-rate reduction may be obtained, by devices digitally downsample the data at the front-end, by

treating ultrasound signals within the Finite Rate of Innovation o, . . .
framework. These ideas follow the spirit of Xampling, which exploiting the fact that the signal is modulated onto a eari

combines classic methods from sampling theory with recent SO that the spectrum essentially occupies only a portion of
developments in Compressed Sensing. Applying such low-&t its entire base-band bandwidth. The preliminary sample rat

sampling schemes to individual transducer elements, whictletect remains unchanged, since the demodulation is performed in
energy reflected from biological tissues, is limited by the aisy the digital domain. Nevertheless, a key to significant data

nature of the signals. This often results in erroneous parareter ion lies b d the classical ling f K
extraction, bringing forward the need to enhance the SNR oftie compression lies beyon € Classical sampling framework.

low-rate samples. In our work, we achieve SNR enhancement, Indeed, the emerging Compressive Sensing (CS) frame-
by beamforming the sub-Nyquist samples obtained from mulple work [4], [5] states, that sparse signals may be accurately

elements. We refer to this process as “compressed beamfomy”.  reconstructed from a surprisingly small amount of coeffitie
Applying it to cardiac ultrasound data, we successfully im@e  complementary ideas rise from the Finite Rate of Innovation
macroscopic perturbations, while achieving a nearly eighfold FRI f K 6] i hich th . i d t
reduction in sample-rate, compared to standard techniques (FRI) ram_ewor [6], in whic € signal 1s assum.e . 0
Index T A b na. Beamforming. C q have a finite number of degrees of freedom per unit time.
naex lerms—Array Processing, beamiorming, ompresse :
Sensing (CS), Finite Rate of Innovation (FRI), Ultrasound, Many classes of FRI_ S|gnaI§ can be recovereq from s_amples
Xampling taken at the rate of innovationl[7]. For a detailed review of
previously proposed FRI methods, the reader is referre@]to [
|. INTRODUCTION Combining the latter notions with classical sampling me#)o

Diagnostic sonography allows visualization of body tissuet® developing Xampling framework][9]. [10]. [11] involves
ethods for fully capturing the information carried by an

by radiating them with acoustic energy pulses, which af8 ) s ;
transmitted from an array of transducer elements. The ima@&?l09 signal, by sampling it far below the Nyquist-rate.
typically comprises multiple scanlines, each construdigd _ Following the spirit of Xampling, Tur et. al. proposed
integrating data collected by the transducers, followihg t " [12], that ultrasound signals be described within the FRI
transmission of an energy pulse along a narrow beam. f&8mework. Explicitly, they assume that these signalsyieu

the pulse propagates, echoes are scattered by density %d;catterlng of a transmlttgd pulse from multiple reflestor
propagation-velocity perturbations in the tissiie [1], atet May be modeled by a relatively small number of pulses, all
tected by the transducer elements. Averaging the detecfgflicas of some known pulse shape. Denoting the number of
signals, after their alignment with appropriate time-vagy reflected pulses by, anq the §|gnals finite tem.poral support
delays, allows localization of the scattering structusesile PY [0;T). the detected signal is completely definediy de-
improving the Signal to Noise Ratio (SNR)I[2]. The lattePr€€s of freedom,correspondlng to the replicas’ unknome ti
process is referred to as beamforming. Performed digitalf£12ys and amplitudes. Based on [6], the authors formutate t
beamforming requires that the analog signals, detectetidy felationship between the signal's Fourier series coefitsie
transducers, first be sampled. Confined to classic NyquiSglculated with respect 9, ), and its unknown parameters,
Shannon sampling theoref [3], the sampling rate must belhe form of a spectral analysis problem. The latter may be
least twice the bandwidth, in order to avoid aliasing. solved using existing techniques, given a subset of Fourier

As imaging techniques develop, the amount of elemerﬁgries_ coefficients_, with a minimal cardinality afL. The_
involved in each imaging cycle typically increases. Cons€@MPling scheme is thus reduced to the problem of extraating

quently, the rates of data which need to be transmitted frem STMall subset of the detected signal's frequency samples. Tw
robust schemes are derived [n[12], [[13], extracting such a
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comprising a modulator and an integrator. These approaches ol
were shown to be more robust than previous FRI techniques
and also allow for arbitrary pulse shapes.

The initial motivation for our work stems from the need to
translate the ultrasound Xampling scheme proposed_ih [12],
into one which achieves the final goal of reconstructing a two R,
dimensional ultrasound image, by integrating data samaled o,
multiple transducer elements. In conventional ultrasdorady-
ing, such integration is achieved by the beamforming pmces
The question is how may we implement beamforming, using
samples of the detected signals taken at sub-Nyquist rates.

A straightforward approach is to replace the Nyquist-rate
sampling mechanism, utilized in each receiver element,rby a
FRI Xampling scheme. Having estimated the parametric reflg. 1. Imaging setup) receivers are aligned along thigaxis. The origin
resentation of the signal detected in each individual emmeis set at the position of the reference receivelf, denated 5., _denotes
we could reconstruct it digitally. The reconstructed signale, Jance measured fom the reference fecever tothereceier The
can then be further processed via beamforming. Howevethoes are then reflected from perturbations in the radiaedium.
the nature of ultrasound signals reflected from real tissues
makes such an approach impractical. This is mainly due to
the detected signals’ poor SNR, which results in erroneoti® performance of several recovery methods are provided in
parameter extraction by the Xampling scheme, applied th eagectiorLVIIl. Finally, experimental results obtained fardiac

L
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Reflecting Element

element independently. ultrasound data are presented in Secfioh IX.
Our approach is to generalize the FRI Xampling scheme
proposed in [[13], such that it integrates beamforming into !l BEAMFORMING IN ULTRASOUND IMAGING

the low-rate sampling process. The result is equivalenbad t  In this section, we describe a typical B-mode imaging cycle,
obtained by Xampling the beamformed signal, which exhibitscusing on the beamforming process, carried out during the
significantly better SNR. Furthermore, beamforming practieception phase. The latter constitutes a significant block
cally implies that the array of receivers is dynamicallydeed ultrasound imaging, and plays a major role in our proposed
along a single scanline. Consequently, the resulting igrieRl Xampling scheme.
depicts reflections originating in the intersection of tadiated Consider the array depicted in FId. 1, comprisingtrans-
medium with a vary narrow beam. Such a signal better suidsicer elements, aligned along theaxis. Denote by,, the
the FRI model proposed in [12], which assumes the reflectiodistance from thenth element to the reference receivey,
to be caused by isolated, point-like scatterers. We refeto used as the origin, namedy,,, = 0. The imaging cycle begins
scheme by the term compressed beamforming, as it transfomigen, at timet = 0, the array transmits acoustic energy into
the beamforming operator into the compressed domaih [1#je tissue. Subsequently, the elements detect echoesh whic
[15]. Applied to real cardiac ultrasound data obtained flamoriginate in density and propagation-velocity perturbad,
GE breadboard ultrasonic scanner, our approach sucdgssfoharacterizing the radiated medium. Denote by, (¢) the
images macroscopic perturbations in the tissue while sitfge signal detected by theith receiver. The acoustic reciprocity
a nearly eight-fold reduction in sampling rate, compared theorem [[16] suggests, that we may use the signals detected
standard imaging techniques. by multiple transducer elements, in order to probe arhijtrar
The paper is organized as follows: in Sectioh Il, we suntoordinates for reflected energy. Namely, by combining the
marize the general principles of beamforming in ultrasourdktected signals with appropriate time delays, echoetesedt
imaging. In Sectior_1ll we outline the FRI model and itfrom a chosen coordinate will undergo constructive interfe
contribution to sample rate reduction in the ultrasound-coance, whereas those originating off this coordinate will be
text. We motivate compressed beamforming in Secfioh I\dttenuated, due to destructive interference.
considering the nature of ultrasound signals reflected fromin practice, the array cannot effectively radiate the entir
biological tissues. Beamforming and FRI Xampling are commedium simultaneously. Instead, a pulse of energy is con-
bined in Section V, where we propose that the signal obtainddcted along a relatively narrow beam, whose central axis
by beamforming may be treated within the FRI frameworkorms an anglé with the Z axis. Focusing the energy pulse
Following this observation, we derive our first compressealong such a beam is achieved by applying appropriate time
beamforming scheme, which operates on low-rate samptislays to modulated acoustic pulses, transmitted fromipheilt
taken at the individual receivers. This approach is thethéur array elements. Rather than arbitrarily probing the radiat
simplified in Sectior_MI. In Sectiobh Ml we focus on imagetissue, we are now forced to adjust the probed coordinate in
reconstruction from the parametric representation obthlsy time, in coordination with the propagation of the transedtt
either Xampling scheme. In this context, we generalize tlemergy. This practically implies that, combining the detdc
signal model proposed in_[12], allowing additional unknowsignals with appropriate time-varying delays, we may obéai
phase shifts of the detected pulses. We then discuss anaaltesignal, which depicts the intensity of the energy reflectedf
tive recovery approach, based on CS. Simulations compariggch point along the central transmission axis. Throughout



the rest of this section, we derive an explicit expressian fdetected signal i = 2r/c =~ 210usec. The signal’s baseband
creating this beamformed signal. bandwidth requires a nominal sampling rate fof= 16Mhz,
Assume that the energy pulse, transmittedtat= 0, resulting in an overall number df f; = 3360 real-valued
propagates at velocity in the directionf. At time ¢ > 0, samples. Assuming that the signal's passband bandwidth is
the pulse crosses the coordindte z) = (ctsinf, ctcosf). only 4MHz, the data sampled at Nyquist-rate may be finally
Consider a potential reflection, originating in this cooate, down-sampled to 1680 real-valued samples. These samples,
and arriving at thenth element. The distance traveled by suctaken from all active receivers, are now processed, actgrdi

a reflection is: to (3)-(@), in order to construct the beamformed signalc8&in
5 — standard imaging devices carry out beamforming by applying
din (15 0) = \/(Ct cos0)” + (6m — ctsind)". (1) delay and sum operations to the sampled data, the amount of

The time in which the reflection crosses this distance %oerations required for generating a single scanline scty

dm (t;0) /¢, so that it reaches the receiver element at time related to the sample rate. ) i )
Regardless of our computational power, physical congsain
dum (t;0)

Fn(t:0) = £ + ) imply that the time required for constructing a single soanl
e c is at leastT. This takes into account the round-trip time re-
It is readily seen that,,, (¢;0) = 2t. Hence, in order to quired for the transmitted pulse to penetrate the entirginta
align the reflection detected in theth receiver with the one depth, and for the resulting echoes to cross a similar distan
detected in the reference receiver, we need to apply a deR@ek to the array. Nevertheless, sufficient computatiooaigp
to ¢, (), such that the resulting signak,, (t; 0), satisfies may allow construction of several scanlines, within thahea
G (26;0) = ©m (Fm (£;0)). Denotingr,, (t;0) = 7, (/2;6), time interval, increasing the overall imaging rate. By gsin
and using [{1), we obtain the following distorted signal fopompressed beamforming, we aim at capturing significant
t>0: information in the imaging plane, while reducing the samgli
) rate and consequently the processing rate. This, in tury, ma
P (:0) = o (T (:6)) @) improve the existing trade-off between imaging rates artt bo
o (t:0) = = (t 12 4~ tsinf + 472 ) : machinery size and power consumption.
T (60) = 5 (1t + VB~ dutom 0+ 47,

With 7, = 0mm/c. The aligned signals may now be averaged,|; - gvpLe RATE REDUCTION USING THE FRI MODEL
resulting in the beamformed signal
LM Ir;]a pioneer afttelmpt to irgplement Xam]pling methogologﬂ]y
oy b . in the context of ultrasound imaging, [12] suggests that the
® (t:6) = M mz_:l Pm (£:6), @) signal detected in each receiver element may be sampled at a
rate far below Nyquist, by modeling it as an FRI signal. The
which exhibits enhanced SNR compared{tp,, (;6)}2_,. authors propose that,, (), detected in thenth element, be
Furthermore, by its constructio®, (; ) represents, for every regarded as sum of a relatively small number of pulses, all
t > 0, the intensity which was measured when focusing theplicas of some known pulse shape. Explicitly:
array top (t) = (ct/2sinf,ct/2cosf). Therefore, it may ;
eventually be translated into an intensity pattern, ptb#ng
the corresponding ray. pm (1) = Z atmh (= tim). ®)
Although defined over continuous time, ultrasound systems =1
perform the process formulated [d (8)-(4) in the digital domy Here L is the number of scattering elements, distributed
requiring that the analog signalg,, (¢) first be sampled. throughout the sector radiated by the transmitted puisg,
Confined to the classic Nyquist-Shannon sampling theoredgnotes the time in which the reflection from thle element
these systems sample the signals at twice their basebandved at themth receiver, andy ,,, denotes the reflection’s
bandwidth, in order to avoid aliasing. The detected signasnplitude, as detected by theth receiver. Finally,h (t)
typically occupy only a portion of their baseband bandwidtlilenotes the known pulse shape, regarded, in our work, by the
Exploiting this fact, some state of the art systems manatggm two-way pulse. The signal ifl(5) is completely defined
to reduce the amount of samples transmitted from the frofty 2L real-valued parametersi; ,,,, al,m}le.
end, by down-sampling the data, after demodulation and low-Sampling FRI signals was first treated by Vetterli et. al.
pass filtering. However, since such operations are carnigd §6]. Their approach involves projecting the FRI signal, eha
digitally, the preliminary sampling-rate remains unchethg acterized by2L degrees of freedom per unit time, ont@ &-
To conclude this section, we evaluate the nominal numberdimensional subspace, corresponding to a subset of itdedfour
samples needed to be taken from each active receiver elensamtes coefficients. Having extracted frequency samples of
in order to obtain a single scanline using standard imagitige signal, spectral analysis techniques (e.g. annihgafii-
techniques. Consider an ultrasound system which images ttea[18], matrix pencil[[18]) may be applied, in order to exdr
nominal depth ofr = 16cm. The velocity at which the pulsethe unknown signal parameters. Applying this solution t® th
propagatesg, varies betweeri446m/sec (fat) to1566m/sec problem formulated in[{5),[112] formalizes the relationshi
(spleen) [[1¥7]. An average value @f40m/sec is assumed by between the ultrasound signal’'s Fourier series coeffisiémt
scanners for processing purposes, such that the duratihe ofits unknown parameters, as a spectral analysis problem.



Let T be the duration of,, (t). We can then expang,, (t) to digitally reconstruct the detected signals, we couldhthe

in a Fourier series, with coefficients proceed with the standard beamforming process, outlined in
1 (7 s Sectionl, aimed at constructing the corresponding snanli
Om [k] = T/ Om (t) e VTRt Computational effort would have been reduced, by limiting
0

the beamforming process to the support of the estimated
_ _i2mpt pulses. In fact, we could possibly bypass the beamforming
=7 Zaz,mh(t—tz,m)e T (6) stage, by derivir}\g a geometric model which maps the set
L of delays, {t;,m},,_,, associated with théth reflector, to
_1ly (2—7Tk) S e its two-dimensional positiomp; = (2, z;). However, apply-
ing the proposed FRI Xampling scheme to signals reflected
from biological tissues, we face two fundamental obstacles
Bw SNR and proper interpretation of the estimated signal
parameters, considering the profile of the transmitted beam
These two difficulties may be better understood by examining
Fig.[d, which depicts traces acquired for cardiac images of a

whereH (w) denotes the Continuous Time Fourier Transfor
(CTFT) of h (t). Consider the sequent{écjym}f:"i, compris-
ing K,, integers, and define the lengh;, vector ®,, with

jth elementg,, [k;.]. Then [8) may be written in matrix

form: healthy consenting volunteer using a GE breadboard ultraso
P, = leVmam, (7) scanner.
T In the left plot (a), are signals detected by 32 of 64 active

where H,, is a diagonal matrix with diagonal elementsrray elements, following the transmission of a single @uls
H (% kjm), Vi containse "7 *'.m as its(j, [)th element, The pulse was conducted along a narrow beam, forming an
anday, is the lengthL vector, with elements; ,,,. Choosing arbitrary angled with the 2 axis. The right plot (b) depicts
kjm such thatH (2%k; ) # 0,we can expres$)7) as: the signal obtained by applying beamforming to the detected
Vm = Vinam, 8) signals, as outlined in Sectidnl Il. Examining the individua
traces, one notices the appearance of strong pulses, lyossib
wherey, = TH,'®,,. If the valuesk;,, are a sequence overlapping, characterized by a typical shape, as propiosed
of consecutive indices, theV,, takes on a Vandermonde(). Let us assume that we could indeed extract the delays
form, and has full column rank [18] as long &S,, > L and and amplitudes of these pulses, by applying the proposed FRI
the time-delays are distinct, i.e.;,,, # tjm, for all i # j. Xampling scheme to each element. We suggested that beam-
The formulation derived in{8) is a standard spectral anglygorming could be bypassed, by deriving a geometric model
problem. As long ask,, > 2L, it may be solved for the for estimating the two-dimensional position of a scattgrin
unknown parameterst; ,,,, ai,» };,, using methods such aselement, based on the delays of pulses associated with it,
annihilating filter [18] or matrix pencil [19]. yet estimated in different receivers. In order to apply such
Having obtained[{7), the sampling scheme reduces to thenodel, we must first be able to match corresponding pulses
problem of extracting<’,, frequency samples af,,, (), where across the detected signals. However, referring to thetipahc
K, > 2L. A single-channel Xampling scheme, such as théase depicted in (a), we notice that such a task is not at all
one derived in[[12], allows robust estimation of such coefftrivial - the individual signals depict reflections, origitng
cients from point-wise samples of the signal, after filtgrit  from the entire sector, radiated by the transmitted pulbes®
with an appropriate kernel. The estimation is performed Rgflections may, therefore, vary significantly across tsade
applying a linear transformation focomplex-valued samplesfact, some pulses, visible in several traces, are not at all
(equivalently,2p real-valued samples) of the filtered signalapparent in other traces. In contrast, the beamformed Isigna
requiring thatp > K. In this context, [[12] introduces thepy its construction, depicts intensity of reflections amafing
Sum of Sincs kernel, which satisfies the necessary contsyaifrom along the central transmission axis, while attenwggtin
and is additionally characterized by a finite temporal supporeflections originating off this axis.
Combining the requirements that,, > 2L andp > K, the  Attempting to apply FRI Xampling to each receiver element
Xampling scheme proposed in [12] allows reconstruction @idividually, we encounter an even more fundamental obsta-
the signal detected in each receiver element from a minimaé, at the earlier stage of extracting the signal's parsmet
number of4L real-valued samples. Considering the nomingépresentation from its low-rate samples. The individtedes
figures derived in the previous section for standard beamforcontain high levels of noise. The noisy components, esfhgcia
ing, we conclude that, as long 46 < 1680, such a Xampling noticeable in traces 54 and 64, rise mainly from constrectiv
method may indeed achieve a substantial rate reduction. and destructive interference of acoustic waves, reflecied b
dense, sub-wavelength scatterers in the tissue. The kter
IV. WHY COMPRESSEDBEAMFORMING? typically manifested as granular texture in the ultrasoime
Applied to a single receiver element, the Xampling schenage, called speckle, after a similar effect in laser op&¢sihe
proposed in[[12] achieves good signal reconstruction for aoisy components inherently induce erroneous resultsnwhe
actual ultrasound signal, reflected from a setup of phantattempting to sample and reconstruct the FRI components
targets. In principle, we could apply this approach to eaalsing the Xampling approach. In extreme scenarios, where
receiver element individually, resulting in a parametp+ the noise masks the FRI component, the extracted parameters
resentation for each of the signdlg., (t)}M Being able will be meaningless, such that any attempt to cope with srror

m=1"



+ A
) P — ™ -

50

2

B
#4388224

I n T n r i . T - . . . . . .
50 60 70 80 90 0 110 120 50 60 70 80 90 100 110 120
z[mm] z[mm]

(a) (b)

Fig. 2. (a) Signals detected for cardiac images following titansmission of a single pulse. The vertical alignmentaahetrace matches the index of the
corresponding receiver element. (b) Beamformed signadimbdd by combining the detected signals with appropriatee-t/arying time delays. The data is
acquired using a GE breadboard ultrasonic scanner.

in the parametric domain will turn out useless. that @ (¢;0) does not exist in the analog domain - standard
The motivation to our approach rises from the observaitrasound devices generate it digitally, from sampleshef t
tion, that we may resolve the aforementioned obstacles &ignals detected in multiple receiver elements, taken at th
Xampling the beamformed signad (¢;0), rather than the Nyquist-rate. Our goal is, therefore, to derive a schemdghvh
individual signalsy,, (t). Whereas beamforming is a fundamanages to estimate the necessary samples(6f9), from
mental process in ultrasound imaging since its early days, dow-rate samples of filtered versions b, (t)}
innovation regards its integration into the Xampling prse
We derive our compressed beamforming approach, beginning V. COMPRESSEDBEAMEORMING
with conceptual Xampling of the beamformed signal, using

the scheme proposed in [13]. We then show that an equivalenpur approgch i_s base_d on the assumption that the FRI
result may be obtained from low-rate samples of the indiziduSceme. outlined in Sectiénlill, may be applied to the beam-
signalse,, (£). formed signal® (¢; 6), constructed according t@1(3)}}(4). The

A necessary condition for implementing our approach [t€r exhibits much better SNR than signals detected in
that @ (¢;6), generated from{y (t)}M satisfying [B), is individual receiver elements. Additionally, it depictdleetions
also FRi o% similar form. Exa%ininénl::}gﬂz we noticé thaPriginating from a sector much narrower than the one radiate

 (t;0) exhibits a structure similar to that of the individuaPY the transmission beam. lts translation into a single lsean
signals, comprising strong pulses of typical shape, whiely m'S the_refore straightforward. In Sectién V-A we prove tﬁat i
overlap. In this case, there are several obvious advantaged® Signalsg., (t) obey the FRI modell(5), them (¢;6) is
Xampling @ (¢; 6). First, since{e,, (t)}_, are averaged in @PProximately of the form:

® (t;0) (after appropriate distortion, derived from the acoustic L

reciprocity theorem) it naturally exhibits enhanced SNRhwi D (t;0) = szh (t —t), 9)
respect to the individual signals. The attenuation of naise 1=1

the beamformed signal, compared to the individual signsis,\yheret, denotes the time in which the reflection from tie
apparent in Figl12, especially in the intervdlmm — 80mm.  glement arrived at the reference receiver, indexgd® (¢; )
Second,® (¢;¢) is directly related to an individual scanline.jyay thus be sampled using the Xampling schemes derived
This means that we are no longer bothered with the ambigugqS12], [13]. In practice, we cannot sampie(t;6) directly,
problem of matching pulses across signals detected irveliffe since it does not exist in the analog domain. In Sedond V-B

elements. Finally, recall that the signal model derivedGh (e show how the desired low-rate samplesiat; ) can be
assumes isolated point-reflectors. Such a model is be&# jugetermined from samples of,, (t).

fied with respect tad (¢; 9) since, by narrowing the effective
width of the imaging beam, we may indeed approximate its , ,
intersection with reflecting structures to be point-likehigr A FRI Modeling of the Beamformed Signal
effect is noticeable in Fid.12 where some pulses, visible in Throughout this section we apply three reasonable assump-
individual traces, appear attenuated in the beamformethkig tions. First, we assume tha&ty,, < ¢;. Practically, such
Such pulses correspond to reflectors located off the centsalconstraint may be forced by appropriate apodization, as
axis of the transmission beam. often performed in ultrasound imaging. Namely,, (¢t) is

In the next section, we focus on justifying the assumpticcombined in® (¢;6) only for ¢ > 2v,,. As an example, for
that ® (¢;0) may be treated within the FRI framework. Anthe breadboard ultrasonic scanner used in our experinthats,
additional challenge, implied in Sectidd Il, regards thetfaarray comprise@4 receiver elements, distance@9mm apart.

m=1"



The proposed apodization implies that the receivers ldcatehere

farthest from the origin are combined in the beamformed 1 9 sing

signal for imaging depth greater thghlmm. Second, we Om, (0) = = (1 + d %". ) . (16)
assume the two-way pulsk(t), to be compactly supported on 2 VI = dymtisind + 492,

the interval(0, A). Finally, we assume thah < ;. The last yp yntil this point, we assumed thaty,, < . Further

assumption may also be forced by appropriate apodizatien. Assuming thaty,, < t, omy (6) — 1. Replacingn by
an example, the nominal duration of the pulse acquired by the_ ; _ 4, (12) may therefore be written as

breadboard ultrasonic scanner used in our experiments was _
4psec. In this case, echoes scattered from depth greater than him (60) = h(t =) tE€ [t t+2A). 17)

3.1cm already satisfy; > 10A. - : : :
, : , Combining [A¥) with the fact thdi (¢ — ¢;) is zero outside
Suppose thap,, (t) can be written as ir{5). Applying the [t £, + 2A), (LT) may be approximated as
beamforming distortion {3), we get ’

L
L pm(t;0) ~ mh(t—t). 18
P (t;0) =Y aimh (T (1:0) = tim).  (10) Pm(t:9) ;al (t =) (18)
=1

M
m=1

Averaging the signalép,,, (t; 6
The resulting signal comprises pulses, which are distorted ging gnaleen (t: 6))

versions of the two-way pulsé (t). Suppose that some of 1 M L

the pulses originated in reflector(s)located off the centearh @ (56) =~ ) (M > alm) ht—t) =Y bih(t—t),

axis. Beamforming implies that, once averaging the distbrt =1 m=1 =1 (19)

signals according td {4), such pulses will be attenuated due

to destructive interference. Being interested in the stinecof which is indeed the FRI form[]9). Additionally, assuming

the beamformed signab (¢;0), we are therefore concernedthat the support ofp,, () is contained in[0,7"), we show

only with pulses which originated in reflectors located glonin the Appendix that there exis®g (/) < T, such that the

the central beam. For convenience, we assume that all pulsepport of® (¢; §) is contained iff0, Tz (6)) and, additionally,

in (I0) satisfy this property (pulses which do not satisty itrm (s (6);0) <T.

will vanish in @ (¢; 6)). We may thus use,, (¢;0), defined in  As ~,,, grows towardsl;, o,,,; (¢) decreases, resulting in

@), in order to express ,,, in terms oft;. Substitutingt = ¢, a larger distortion of theth pulse. Consequently, the ap-

into 7,,, (¢;0), we gett; ., = 7m (t1;0), so that[(ID) becomes proximation of ,,(t;6) as a sum of shifted replicas of the
two-way pulse becomes less accurate. The Xampling schemes

according to[(#), we get:

L

. L ~ used by [[12], [[1B] rely on the projection of the detected
Pm(t;0) = Zaz,mhz,m (t:9), (11) signal onto a subspace of its Fourier series coefficients. We
=1 therefore examine the dependency of the projection error
where we definedy ,,, (;0) = h (7 (£;0) — 7 (t136)). on the distortion parametersy,, ¢; and 6. In Fig.[3, we
Applying our second assumption, the supporﬁ@tn (t;0) show _pr_ojectio_n errors calculated_ numerically, for a signa
is defined by the requirement that comprising a single pulse of duratiah = 2usec. The pulse
was simulated by modulating a Gaussian envelope with carrie
0 <7 (t;0) —7m (t;0) < A. (12) frequency3MHz. It was then shifted by multiple time delays,

_ t;, where0 < t; < T, andT = 210usec, corresponding
Using (12) and [(B), it is readily seen tha ., (t;0) is to an imaging depth of6cm. For each delay, we generated
supported orjt;, t; + A’), where the signalsy,, (t), assuming that the reflector is positioned
5 — 5 along thez axis ¢ = 0), and that the receiver elements are
Al — 9A VI — Hymlisind +497, + A ~ distributed0.29mm apart, along thé axis. We chosé/ = 63,
Vit — 4ymtisind 4+ 492, + 2A + t; — 27, sinf such that the center (reference) receiver was indexge: 32.

(13)  The beamforming distortion was then applied to the simdlate
signals, based on[](3). Finally, the distorted signals were
projected onto a subset & = 121 consecutive Fourier series
coefficients, taken within the essential spectrum of the-two
way pulse. The coefficients extracted from thth distorted
signal were arranged into the lengthvector,®,,,. As implied
by (3), no distortion is applied to the signal detected at the

Further applying our assumption that,, < t;, we obtain
A" < 2A.

We have thus proven thak;,, (t;6) = 0 for ¢t ¢
[ti, 6 +2A). Next, let us write anyt in [¢,t +2A) as
t =t +n, where0 < 7n < 2A. Then

ill,m (t:0) = h (T (t +17:0) — T (£2:0)) . (14) reference r_eceiver. We ther_efore evaluate ﬁf;}e pHrojechimlT e
by calculating the SNR defined &8 log,, m.
We now rely on our assumption that < ¢;. Sincen < 2A, The traces obtained for several valueslof< m < 32
we also haven < t;. The argument of: () in (I4) may are depicted in the figure. As grows, o, (#) approaches
therefore be approximated, to first order, as 1, and the approximatior_(IL8) becomes more valid. As a

) result, the projection error decreases. For receiverstddca
Tm (Lt +150) — T (8;0) = o (0) 0+ 0 (77 ) ; (15) near the origin, such that,, <« 10mm, the error decreases
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Fig. 4. Xampling scheme utilizing distorted exponentiatrigis.

Fig. 3. Projection error caused by beamforming distortiathw = 0 vs.
pulse delay,t;, for several receiver elements. The elements are distdbut
0.29mm apart, such thai; = 8.99mm (element farthest from array center)
andds; = 0.29mm. Zero error is obtained for the center elemeégs, since
no distortion is required in this case.

where, from [(B),

T
Cjm = % / I[O,TB(G)) (t) ©m (Tm (t; 6‘)) eiz%ﬂkjtdt

very quickly. For instance, examining;; = 0.29mm, the ) o (22)
SNR grows above5dB for a reflection originating at distance = _/ Gm (t;0)om (1) dt,
greater thanl /50 of the imaging depth. The SNR improves T Jo
more moderately for receivers located farther away from the 4
origin. Nevertheless, considering the receiver locatethést
away from the origing; = 8.99mm, the SNR grows above gim(t;0) :qjym(t;g)e*i%"kjt,
10dB for a reflection originating at distance greater tHg# 2 cos? §
of the imaging depth. G (:0) =T 0 0 (1) <1 + L”) %

Concluding this section, our empirical results indeedifyst ’ (t — Ymsind) (23)
the approximation proposed inl (9), where appropriate aaedi 2T Ym — tsinf
tion may further improve this approximation. Assumify @) t exp {’7]@ m%n} ,

be valid, we may reconstruct the beamformed signal using the o )
Xampling schemes proposed [n [12], [13]. T (0) =7m (T3 (6); )
The process defined il _(21)-{23) can be translated into
B. Compressed Beamforming with Distorted Analog Kernel& muItiEJchanneI Xampling sc{Eme) such as the one de-
An obvious problem is thaf> (;¢) does not exist in the picted in Fig. [#. Each signalp,, (t) is multiplied by
analog domain, and therefore may not be Xampled directly. pank of kemnels{g;, (+;6)}'", defined by [2B), and
We now propose a modified Xampling scheme, which allowgtegrated over[0,7). This results in a vectorc,, =

extraction of its necessary low-rate samples, by sampIiTgclm Com o Chom ]T. The vectors{cm}M are then
filtered versions ofp,, (t) at sub-Nyquist rates. " ’ ’ m=1

Since the support ofb (¢;0) is contained in[0, 75 (6)),
whereTp (f) < T, we may defined (¢;0)'s Fourier series
with respect to the intervgl, T'). Denoting byc; the k;th
Fourier series coefficient @b (¢; 0), we have

averagedi = [ ¢; ¢ ... cx }T, which has the desired
improved SNR property, and provides a basis for extracting
the2 L parameters which defirnk (¢; 9). Since® (t; 6) satisfies
(@), we apply a similar derivation to that outlined in Senfl¥]
yielding

1

T
2x 1
=7 | Tomsen O® 0 Fa @0) c = 7HVb. @4

wherel, ;) (¢) is the indicator function, taking the value 1 foryhere H is a diagonal matrix withjth diagonal element

a <t < band 0 otherwise. Plugging the indicator function irgy %’Tkj , 'V containse~*F kit as its (j,/)th element, and
(20) may seem unnecessary. However, once transforming (F0)s the lengthZ vector, with elements,;. The matrix V

into an operator applied directly tp,,, (t)},,,_,, it serves an may be estimated by applying spectral analysis techniques,
important role in zeroing intervals, which are assumed zegfiowing for the vector of coefficientd to be solved by a
according to[(b), but, in any practical implementation,t@@m |east squares approach [19]. Fiy. 5 illustrates the shapieeof

noise. Substituting {4) intd_(20), we can write resulting kernelgy; ., (t;6), settingd = 0 and choosing two
1 M arbitrary values of;. For each choice df; we plot the kernels
G =77 Z Cj,m (21) corresponding to 7 receiver elements, selected from ary arra

m=1 comprising 64 elements, distanced9mm apart.



This implies thatb € I, as well. Letb;y be the truncated
sequence for N; < n < N, and zero otherwise. We may
then write the approximation error as:

lcjm = Ejm|* = [ (a,b = be) [ < [lall3[b = b3, (27)

L L L L L L L L L
0 0.1 0.2 0.3 04 0.5 06 0.7 0.8 0.9 1

T where(-, -) is the inner product defined &s,y) = >, z,y;,.
The last transition in[{27) is a result of Cauchy-Schwartz
inequality. By definition ofb; andb, it is readily seen that
Ib—be[13 = [blJ3 — [[be |13 Denotingp? = [[be[13/IIbI13. @)
becomes

lt:0=0)

9i

[¢jm = &m|* < Jlall3]IBII3 (1 - p?) - (28)

Since||b||2 < oo, p? can approach as close as we desire,
(b) by appropriate selection a¥; and N,. For anye > 0, there
Fig. 5. Real part of, (10 = 0) for T — 210usec andk; satisfying: (2) exists p? (e) < 1, such that the rlght side of (R8) is smaller
k; = 3, (b) k;=5. Wénaésume an array comprisiig 2 64 eleménts, thane. $6|eCtlngN1 and N, for Wh'Qh ”bt”%/”ng 2 p2 (6)’.
distanced0.49mm apart, and plot 7 traces which were obtained for theesults injc; ., — ¢;.m|? < €, as required. Furthermore, setting
elements indexedmo, mo + 5, mo + 10, ..., mo + 30}. an upper bound on the energy ¢f, (), and thereby on
lal|3, N1 and N, may be chosen off-line, subject to the decay
properties of the sequeng€); ..o [n]},— . [ |
Using Proposition 1, we can compuig,, as a good approx-
In the previous section, we developed a Xampling approatthation to c; ,,. We now show how¢; ., can be obtained
to extract the Fourier series coefficients®f{t; §). However, directly from the Fourier series coefficients, [n] of each
the complexity of the resulting analog kernels, togethehwi ey, (t).
their dependency o, makes hardware implementation of We first evaluateN; and N, for a certain choice ofn
the scheme depicted in Fig] 4 complex. Here, we take and @, such thatc;,, may be approximated to the desired

additional step, which allows the approximation{okm}f:l, accuracy using[(26). Equivalently, we obtain the minimal
and consequentlyc,}* ., from low-rate samples of,,, (t) subset ofp,, (t)'s Fourier series coefficients, required for the
obtained in a much more straightforward manner. approximation ot;,,,. Performing this for alll < j < K, we

We begin by substituting,,, (¢) of 22) by its Fourier series, obtain K such subsets. Denoting the union of these subsets

H K
calculated with respect @0, T'). Denoting thenth Fourier PY #m, We may now simultaneously compute;,,,};_, from

VI. SIMPLIFIED XAMPLING MECHANISM

coefficient by, [n], we get: {¢m [n]},c., by @ linear transformation. Define the length-
. K,, vector®,,, with [th elementy,, [k;], andk; being thelth
Cjm = Z¢m [n] %/ G (£ 0) e Ra =)t gy element ink,,. Using [26), we may write
" 0 (25) ém = Am (9) éma (29)

=" b [kj = 7] Qjmeo ],

whereé,, is the lengthX vector with jth element; ,,, and

] ) o A, (0) is aK x K, matrix with elements
where Q;m.0[n] are the Fourier series coefficients of
¢j.m(t;0), also defined ori0, T). Let us replace the infinite { Qom0 [kj — kil Nu(kj) < kj — ki < Na (kj)
summation of[(2b) by its finite approximation: 0 otherwise '

s

(30)
Na
Cim = Z Om[kj — n]Q .m0 [1]- (26) Notice, that we have omitted the dependencyefand N, on
n=Ni e, m and#d, since, unlikek;, these remain constant throughout

he construction ofA,,, (6).
The resulting Xampling scheme is depicted in Fig. 6.
Based onl[[12], we propose a simple mechanism for obtaining
Proposition 1. Assume that/_ |, ()|*dt < co. Then, the Fourier coefficients in each individual element: a linea
for any ¢ > 0, and for any selection(j,m;6), there transformationW,,, is applied to point-wise samples of the
exist finite Ny (e, kj,m;0) and Ny (e, kj,m;0) such that signal, taken at a sub-Nyquist rate, after filtering it with a
lcjm — éj,ml2 < e. appropriate kernek* (—t), such as the Sum of Sincs. In this
Proof: Let I, be the space of square-summable sequencﬁ%heme' while we do need to extract larger numper of samples
with norm [|x[2 = 3 [&n|2. Leta = {ém [k; — n]}° at the output of each element, &85, > K, we avoid the use
24 n=-c  of complicated analog kernels as in SecfionIV-B. Furtheemor
andb = { J.mi6 [n]}n__oo- Sinceyy, (t) is of finite energy, as we show in Sectidn1X, in an actual imaging scenario good
a € l. We may calculate thi norm ofb, based on the defini- approximation is obtained with just a small sampling ovarhe
tion of g; ., (¢;6) in 23), resulting in|b||2 ~ T3, (0) /T < 0.

The following proposition shows that this approximatiom cal
be made sufficiently tight.



%(’)1 @, & — of h(t). However, a more accurate assumption is that each

TR reflected pulse undergoes a phase shift, based upon theeaelat
. . Wﬁ complex impedances involved in its reflectioni[21]. We thus

. . propose to approximate the beamformed signal as:

- o L
a0 | W[ 0w A |4 ®(t:0) =Y |l g (t —tr) cos (wo (t — 1) + B),  (31)

I=n

% =1

Fig. 6. Xampling scheme utilizing Fourier sampless, (). 5, being an unknown phase. Thth Fourier series coefficient
of @ (¢;0) is now given by

T L

VIl. SIGNAL RECONSTRUCTION ¢ = %/ Z bi| g (¢ — 1) cos (wo (t — t;) +5l)e—i2%kjtdt
So far WeL derived our approach for extracting the param- . 0 =1

eters {¢;,b;},_, which determine® (¢;6) from sub-Nyquist 1 ; » i

samples, taken at the individual receiver elements. In thTfsﬁX:“’l| (€1G (wj — wo) + €7 MG (wj +wo)) e,

section we focus on the reconstruction®f¢; ) from these =1 (32)

parameters. Oncé (t;0) is constructed for multiple values

of 4, a two-dimensional image may be formed, by applyinghereG (w) is the CTFT ofg (t) andw; = 2% k;.

standard post-processing techniques: fifstt; §)'s envelope  Let g (¢) be approximated as a Gaussian with varianée

is extracted using the Hilbert transforrh _[20]; logarithmi@nd assume that; > 0. It is readily seen that

compression is then applied to each envelope, resulting in a G (w; + wo) ,
corresponding scanline; finally, all scanlines are inttrisaol ‘370 = g 20 wiwo, (33)
onto a two-dimensional grid. Having obtained the pararoetri G (wj = wo)
representation ob (¢; 6), the first two steps may be calculatedVe can then choose
only within the support of the recovered signal. 5T

In Sectior VI[-A we describe the reconstruction ®ft; 0) kj = dro2w,’ (34)
from its estimated parameters, while generalizing the rhode

: . SO that

proposed in[(9): we assume that the detected signals are
additionally parametrized by unknown carrier phases of the G (wj +wo) <102 (35)
reflected pulses, and show that the Xampling approach allows G (wj — wo) '

estimation of these unknown phases. This allows [32) to be approximated as
In Section[VI[-B we propose an alternative approach for

L
reconstructing® (¢; ), using CS methodology. 1 B —i2Z kit
ok (t; ) 9 9y ¢ zﬁG(wj —wo);|bl|eﬁe 7 kit (36)
A. Signal Reconstruction Assuming Unknown Carrier Phasgnd additionally
Consider the signal defined il(5). Modeling a signal of 1o 37
physical nature, it is obviously real-valued, implying tia,, H (w)) = 5¢ G (wj —wo) - (37)

are real. Consequently, bly {19), must alsp be regl-valueq.COmbining [36) and(37), we get

However, when we apply spectral analysis techniques aimed

at solving the system formulated in_{24), there is generadly 1 2r L iz,

constraint thab be real-valued. Indeed, solving it for samples G~ TH <?kﬂ> Zble T (38)

obtained using our proposed Xampling schemes, the regultin =1

coefficients are complex, with what appears to be randomhere we definé; = |b;|e?(%:—5),

phases. In fact, a similar phenomenon is observed when solvDenoting byc the lengthK vector, with¢; as its;jth ele-

ing (8) for samples taken from the individual signals, (t), ment, the last result may be brought into the exact samexmatri

as proposed in_[12]. Below we offer a physical interpretatioform written in [24). However, now we expect the solution to

of the random phases, by generalizing the model proposedract complex coefficients, of which phases correspotiito

in (9. The result is a closed-form solution for reconstingt unknown phase shifts of the reflected pulsgs;, = 3; — 8.

the estimated signal, using the complex coefficients. Whetaving obtained the complex coefficients, we may now re-

applied, a significant improvement is observed, compartieg tconstruct® (¢; §) according to [(311), and then proceed with

envelope of the reconstructed signal, with that of the odfi standard post-processing techniques. The constraintsetpo

signal. in 34) is mild, considering nominal ultrasound parameters
The ultrasonic pulsé (¢) may be modeled by a baseband\ssuming, for instance’ = 210usec, f, = 3MHz, and

waveform, g (¢), modulated by a carrier at frequengly: o = 630nsec, we must choodg > 12. The requirement that

h(t) = g(t)cos(wot + B), wherewy = 27 fy and 3 is the H of (28) be invertible, already imposes a stronger constrain

phase of the carrier. The model proposed[in (9), just like tloa &;, the jth Fourier coefficient, sincél (2%143) drops below

one in [3), assumes the detected pulses to be exact repliedslB for |k; — 630] > 44.
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B. CS Approach for Signal Reconstruction

Throughout the previous sections, we addressed the problem
of ultrasound signal reconstruction, within the FRI franoekv
As shown in[[6], for various FRI problems, the relationshép b
tween the unknown signal parameters and its subset of Fourie
series coefficients takes the form of a spectral analysib-pro
lem. The latter is then typically solved by applying techrég L
such as annihilating filter [18] or matrix pencil [19]. In $hi B
section, we consider an alternative approach for recortstigy  Fig. 7. Field Il simulation setupM = 64 elements are aligned along the
the signal defined i {9), based on CS methodology [4], [5]§ axis with a0.05mm kerf. The width of each element @s44mm. Speckle
h he i del L " d attern is simulated by randomly distributin@® point reflectors within the
_Assume that t_ € t_'me € a){gl}lzl in (31) are quantize box B. Additionally, L = 6 point reflectors are aligned along theaxis, also
with a A; quantization step, such that = ¢As, g € Z. within the boundaries of the box. The pulse is transmitteth@lthe 2 axis,
Using [38), we may write the Fourier series coefficients @pd the beamformed signal is constructed along the same line
D (t;0) as:

L . . . . .
~ o 2 ALk simulated using therield Il program [23]. The evaluation
€~ TH <Tkﬂ> Zble ’ o (39 was performed based on multiple beamformed signals, each
_ =1 ~calculated along the axis ¢ = 0) for a random phantom
Let N be the ratio|T//A,]. Then [39) may be expressed irrealization. The phantom comprisédstrong reflectors, dis-

the following matrix form: tributed along the? axis, and multiple additional reflectors,
1 . distributed throughout the entire imaging medium. A mea-
c~ THVX = Ax, (40)  surement vector was obtained by projecting the beamformed

signal onto a subset of its Fourier series coefficients.lyina
each algorithm was evaluated for its success in recovehniag t
strong reflectors’ positions from the vector of measurement
The first two algorithms which were evaluated were matrix
pencil [19] and total least-squares approximation, enbdnc
by Cadzow'’s iterated algorithm [24]. Both algorithms may be
Monsidered spectral analysis techniques. The third akgori

where our goal is to recantrUCt tlj\é-dlmensmr_wal vegtox_, was Orthogonal Matching Pursuit (OMR) [25], which is a CS
known to beL-sparse, with. < N, based on its projection method

onto a subset ol orthogonal vectors, represented by the rows The simulation setup is depicted in Figl 7. We created
of A. This proble_m may t.)e SO'qu by various CS mgthods, R aperture comprising 64 transducer elements, with cen-
long as the sensing matriX satisfies desired properties such

as the Restricted Isometry Property (RIP) or coherence. tral frequencyfo = 3'5MHZ' The width of each element,
: . measured along thé axis, wasc/f, = 0.44mm, and the
In our case,A is formed by choosingk rows from the . L

. ) X . height, measured along theaxis, wasbmm. The elements
Fourier basis. Selecting these rows uniformly at random it L .

mav be shown that if were arranged along thé axis, with a0.05mm kerf. The
Y W ! transmitted pulse was simulated by exciting each elemeht wi

K > CL (log N)4, (41) two periods of a sinusoid at frequengy, where the delays

» . were adjusted such that the transmission focal point was at
for some positive constadt, thenA obeys the RIP with large ye iy, — 70mm. Additionally, Hanning apodization was used

probability [22]. As readily seen froni_(#1), the resolutioh  y,ring transmission, by applying an appropriate excitetio
the grid, used for evaluatingf,},_,, directly effects the RIP. power to each element.
Recall that, by applying spectral analysis methods, one MaY 1 each iteration, we constructed a random phantom, for

reconstructk from a minimal number o2 samples, if it is which we simulated the beamformed signal. The phantom

mdeedL-sparse. ngever,_ thesg samples must b_e CarefLU\lPés constructed in two stages. We first created a speckle
chosen. Using matrix pencil, for instance, the sensmgorectphantom by drawing positions of0® point reflectors uni-

must be consecutive. Moreover, in any practical applimtioformly, at random, within the three-dimensional bdk —

the measured data will be corrupted by noise, forcing uséo u
' x,1y,2): x| < 25mm, |y| < 5mm, |z — 60| < 30mm}. The
oversampling. In contrast, the bound proposedn (41) dagarﬁ y2) :lal < v | | }

. ) e i corresponding amplitudes were also drawn randomly, with
random selection of the sensing vectors. Additionallyl#ipg ;¢4 mean and unit-variance Normal distribution. We then

the CS framework, we may effectively cope with the morgenerated a signal phantom, by drawing positiond.of 6
general case, of reconstructisgwhich is not necessarily.- point reflectors,{pl}f,l, with 2, = y, = 0 and z uniformly

sparse. distributed in the interval35mm,85mm). These reflectors
were assigned identical amplitudes, which were adjusted ac
VIII. C OMPARISON BETWEENRECOVERY METHODS cording to the SNR requirement, in the following manner: for
In this section, we provide results obtained by applyingach of the two phantoms, we simulated the beamformed sig-
three recovery algorithms to ultrasound signals which wenal, acquired along = 0 following pulse transmission in the

whereH is the K x K diagonal matrix withH (22k;) as its
jth diagonal element, and is a length/NV vector, whosejth
element equals; for j = ¢q;, and0 otherwise. Finally,ff is a
K x N matrix, formed by taking the set of rows from an
N x N FFT matrix.

The formulation obtained if_(40), is a classic CS proble
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Fig. 9. h(t) evaluated from the beamformed signal, calculated for a
single reflector usingd-ield Il simulator. The reflector was positioned at the
transmission focal point.

Fig. 8. Image obtained by applying standard imaging teckesqgto an

individual phantom realization. Our goal is to recover the= 6 strong

reflectors aligned along thé axis. 10° point reflectors were distributed in . . .
the imaging plain, resulting in echoes which corrupted theeced signals. €ach choice ofy. An additional degree of freedom, using

In the ultrasound image, these reflections are manifestedsipeckle pattern. the OMP method, regards the density of the reconstruction

The phantom was calibrated such that the SNR of the beamébsignal, ; ; _ ; ;

calculated along) — 0. defined in [22), was 5B, grid, dgtermmed byV. We setN = 1860, complylng with a
sampling frequency, = 20MHz, of order typically used in
imaging devices.

same direction. Denoting the beamformed signal obtained fo Recovery was evaluated based on the estimated time delays.

the first (speckle) phantom by (¢;6 = 0) and that obtained These were compared to the delays associated with the known

for the second (signal) phantom Ky(t; 6 = 0), we defined reflector positions,t; = 2z;/c. At the ith iteration, we
examined, for each algorithm, all possible matches between

actual delays{t;};,, and estimated delay#t}}f:l. Of all
possible permutations (a total numberid}), we selected the
one for which the number of matches, achieving error smaller
The amplitudes of the reflectors comprising the second phanan the width of: (¢), was maximal. Denoting this number by
tom were modified, such thﬂ42) CompliEd with the deSiregli(Q), q€ {17 273,4} Corresponding to the evaluated method,

SNR value. After this Calibration, we combined the two phawve estimate the probabmty of recovery by tbm method as
toms into a single one, for which we generated an individual

- o ; 1
beamformed signal realization. The detected signals aed th pla) _ 1 ZS‘(q)
LI =" ’

JE1® (50 = 0)* dt

[ n(t;6=0)dt

(42)

resulting beamformed signal were simulated at sampling rat (43)

fs = 100MHz. Since the spectrum of the detected pulses
decayed to—50dB at ~ 6MHz, this rate was far beyondwhere [ is the total number of iterations, set to 500 in
Nyquist. Hanning apodization was used for constructing thoair simulation. We note that all reconstruction algorithms
beamformed signal, by applying appropriate weights to thiequire that we first calculatd (%”kj) For this purpose, we
detected signals. This type of apodization may be eas#jmulated the signal beamformed alofig- 0, for a phantom
implemented with both our Xampling schemes, by replacinghich comprised a single reflector at the transmission focal
the average in(21) by a weighted one. point (x,y,z) = (0,0,70mm). We used the detected signal,
Fig. [@ illustrates the method by which we simulated depicted in Fig[®, for calculatingl (2%%;).
realization of the noisy beamformed signal. This image wasThe simulation results obtained for multiple combinations
obtained by applying standard imaging techniques to an iof SNR and oversampling factor are illustrated in Hig] 10.
dividual phantom. We are interested in recovering the gtroifhe calculated recovery probabilities are representedray-g
reflections aligned along theaxis. The corresponding beam-evels, where a common color-bar was used for all plots. For
formed signal was corrupted by speckles, originating in thadarity, we plotted a line separating between probabditiever
multiple point reflectors scattered throughout the meditihe than 0.85 and probabilities above 0.85, and a line separatin
phantom was calibrated such that the SNR of the beamformestween probabilities lower than 0.97 and probabilitiesvab
signal alongd = 0, defined in[(4R), wad5dB. 0.97. Of the two spectral analysis techniques, matrix genci
Having generated the beamformed signal, we obtainedappears preferable, as it obtains high probability values o
measurement vector, by projecting the signal onto a subsetvider range of SNR and oversampling. Both OMP methods
of its K Fourier series coefficients, whe#€ = 2[nL] + 1, outperformed the spectral analysis ones, with an obvious
andn > 1 is the desired oversampling factor. For the spectrabivantage to random OMP.
analysis techniques, we chose the coefficients conselytive An additional aspect which should be taken into consider-
aroundky = [foT]. OMP was tested using both this seation, when choosing the reconstruction method, regarels th
lection of coefficients, and a random selection, taken suchmplexity of the Xampling hardware. Using the Xampling
that H (%’rkj) is above—2dB. With this selection, we obtain scheme proposed in_[12], random selection of Fourier series
samples which are better spread in the frequency domainefficients will increase the hardware complexity: in such
We emphasize, that the coefficients were drawn once, foase, the sampling kernel, e.g. SoS, must be specifically



12

Random OMP

SNR[dB;
SNR[dB;

SNR[dB;

(a) (b)
Fig. 10. Probability of reconstruction vs. SNR and oversiémgpfactor, n, using four methods: (a) Total least-squares, enhancedaozd's iterated

algorithm, (b) matrix pencil, (c) OMP with consecutive Feurseries coefficients, (d) OMP with Fourier series coedfits randomly distributed, such that
H (%’“kj) is above—2dB, Vk; € . Signals were simulated usirfgeld Il program, where SNR is defined in{42).

35
0

(d)

designed for the choice of coefficients. This is in contraigih w lated pulses, based on the extracted coefficients’ phases. T
the relatively simple kernel, applied for a consecutiveicko resulting image (b) depicts the strong perturbations ofeser
of coefficients. On the other hand, the Xampling schenie (a). Moreover, isolated reflectors at the proximity of the
proposed in[[13] is practically invariant to the manner ingth array ¢ ~ 6cm) remain in focus.

the coefficients are selected. We next apply the approximated scheme, illustrated in
Fig. [: for everyk; € x, 1 < m < M and#f, we find
IX. EXPERIMENTS ONCARDIAC ULTRASOUND DATA N1 and N of (26) such thatp® ~ 0.95. This process is

. ) ) . . performed numerically, off-line, based on our imaging petu
In this section, we examine results obtained by apply"@onsequently we constru@Am}M . off-line, according to
L] m= L]

our Xampling schemes, illustrated in Figs. 4 ddd 6, to rayen) choosing this level of approximation, we end up with a
RF data, acquired and stored for cardiac images of a heal en-fold reduction in sample rate, where, for the contitm

consenting volunteer. The acquisition was performed uaing¢ o single scanline, an average vf6 complex samples
GE breadboard ultrasonic scanner of 64 acquisition channel, \«t pe taken from each element. We point out that in this
The transducer employed was a 64-element phased ari@¥nario, the maximal number of samples, taken from certain
probe, with 2.5MHz central frequency, operating in secondhjements reaches33 for specific values ofy. Thus, if a
harmonic imaging mode: 3 half cycle pulses are transmitted & mon rate is to be used for all sensors, for all values, of

1.7MHz, resulting in a signal characterized by a rather narrayje may still achieve a six-fold reduction in sample rate. As
bandpass bandwidth, centeredl@tMHz. The corresponding before, we use OMP in order to obtain(t; #)'s parametric

seconq harmonic sigqal, centered%gﬂﬂYl_Hz, is then a_cquired_. _representation, and reconstruct it based on our genetdiizé

The signal detected in each acquisition channel is ampllﬁﬂggdd proposed i (31). The resulting image (c) appears very

and digitized at a sampling-rate 60MHz. Data from all similar to (b).

channels were acquired along 120 beams, forming0a  rapie[] gathers SNR values, calculated for the beamformed

sector, where imaging to a depth of = 16cm, we have gjgnais estimated using both our Xampling schemes, after

T = 207usec. The imaging results are illustrated in Figl 1lenvelope detection with the Hilbert transform. The valuesav
_The first image (&) was generated using the standard teghcyjated with respect to the envelopes of the beamformed

nique, applying beamforming to data first sampled at thgynais obtained by standard imaging. Explicitly, dett; ;)

Nyquist-rate, and then down-sampled, exploiting its ledit jonote the beamformed signal obtained by standard beam-

essential bandwidth. For a single scanline, samplirigsiHz, forming along the directiord;, i = 1,2,...,1, let & (¢ 6;)

we acquire10389 real-valued samples from each elemenfjgnote the beamformed signal reconstructed from the param-

which are then down-sampled, 1662 real-valued samples, gers recovered by compressed beamforming along the same

used for beamforming. The resulting image is used as ref@frection, and letd () denote the Hilbert transform. For the
ence, where our goal is to reproduce the macroscopic reffect@qat of 7 — 120 scanlines. we defined the SNR as
observed in this image with our Xampling schemes. ' [T )

We begin by applying the scheme illustrated in Fig. 4.q\g Sz Jo H(@(:6:))]” dt

=101 .
utilizing the analog kernels defined i {23). Modulation twit ©810 ST M@ (8:6,)) — H® (1 9_))‘2 @t
the kernels is simulated digitally. Assumitig= 25 reflectors, =170 o o
and using two-fold oversampling; comprisesK = 100 (44)

consecutive indices. With such selection, the correspandiThis calculation was repeated when reconstructing the sig-
frequency samples practically cover the essential spiectru  nals without the random phase assumption, proposed in Sec-
h(t). Since each sample is complex, we get an eight-fotibn[VII-A] For the latter case, reconstruction of a realueal
reduction in sample-rate. Having estimated the Fourigeser® (t;6;), given complex coefficients, may be heuristically
coefficients of® (¢; #), we obtain its parametric representatiomchieved by either ignoring the coefficients’ imaginarytpar

by solving [40) using OMP. We then reconstrudt(;#) by taking their modulus. It may be seen that, weighting over
according to[(311), that is we apply phase shifts to the modall 120 beamformed signals, the random phase assumption
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(b)
Fig. 11. Cardiac images generated by Xampling and usingtitadl methods. (a) standard beamforming applied to datapsed at the Nyquist-rate. (b)
applying the non-approximated Xampling scheme of Elg. #aplying the final Xampling scheme of F[d. 6.

achieves a relatively minor improvemerit{-0.15dB) com- ultrasound image. At the heart of this generalization was th
pared to reconstruction using the modulus of the coeffisienproposal that the one-dimensional Xampling method derived
However, when examining individual signals, we observad [12] be applied to signals obtained by beamforming. Such
that, for certain values df;, the improvement exceedeéddB. signals exhibit enhanced SNR, compared to the individual
signals detected by the array elements. Moreover, theyctepi

TABLE | : ) e .
SNRIN [DB] OF ® (£; 6) OBTAINED WITH THE PROPOSEDXAMPLING reflections which originate in a much narrower sector, than
SCHEMES AND THREE RECONSTRUCTION METHODS that initially radiated by the transmitted pulse. A secomy k
S — observation, which made our approach feasible, regarded th
amplin etho . . . . . .
Reconstruction Method Distoriad Kem‘élsg ApproXimaied integration of. the beamforming process into the filteringt pa
(Fig.[@) Scheme (Fid16) of the Xampling scheme.
Random Phase 6.47 5.89 The first approach we purposed comprised multiple modula-
Real part of Residues 4.59 4.03 . . . e
Modulus of Residues 6730 579 tion and integration channels, utilizing analog kernels. Vet

showed that the parametric representation of the beamtbrme

We emphasize, that the calculated SNR values proviggnal may be well approximated, from projections of the
a useful measure for quantitatively comparing the differed€t€cted signals onto appropriate subsets of their Foseiezs
Xampling and reconstruction approaches. However, they &@efficients. The contribution of our schemes regards both
of smaller value when attempting to evaluate the overdfl® reduction in sample rate, but additionally, the resglti
performance of Xampling, compared to standard imaginlgfductlon in the rate of Qata trgnsmlssmp from the system
recall that our scheme is aimed at reproducing only stroff@nt-end to the processing unit. In particular, our second
pulses, reflected from macroscopic reflectors. The referer@PProach is significant even when preliminary sampling is
signal, on the other hand, generated by standard technigRfformed at the Nyquist-rate. In such a case, it allows a
already contains the additional speckle component, cau{@ducnon in data transmission rate, by a relatively simple
by multiple microscopic perturbations. A possible approadinear transformation, applied to the sampled data.
for evaluating the overall performance of either Xampling An additional contribution of our work regards the method
scheme, would be to examine its success rate in recovering which we reconstruct the ultrasound signal, assumed to
strong reflections, detected by standard beamforming.ti®r tobey a specific FRI structure, from a subset of its frequency
purpose, we tracked thé strongest local maxima in eachsamples. Rather than using traditional spectral analgsis-t
beamformed signal. If the Xampling scheme recovered a pulsigques, we formulate the relationship between the signal’s
within the range ofl.2mm from a certain maximum, we saysamples to its unknown parameters as a CS problem. The
that this maximum was successfully detected. Certain pulstatter may be efficiently solved using a greedy algorithm
detected by Xampling, may match more than one maximusach as the OMP. We show that, in our scenario, CS is
in the beamformed signal. In such case, we choose the ogenerally comparable to spectral analysis methods, magagi
to-one mapping which achieves smallest MSE. Applying thte achieve similar success rates with sample sets of equal
evaluation method to signals Xampled using our approxithateardinality. Moreover, working in a noisy regime, CS tygiga
scheme, and reconstructed with the random phase assumptiatperformed spectral analysis methods, provided thatréhe
we conclude that the reconstruction successfully retsievguency samples were highly spread over the essential spectr
70.4% of the significant maxima, with standard deviation obf the signal. Using actual cardiac data, a relatively large

the error being approximately.42mm. number of reflectors was assumed. Consequently, by simply
choosing the Fourier series coefficients consecutivelyinas
X. CONCLUSION the spectral analysis techniques, we end up with the negessa

In this work, we generalized the Xampling method proposedde distribution. However, as shown in our simulations, CS
in [12], to a scheme applied to an array of multiple receiapproach inherently allows a wide distribution of samples,
ing elements, allowing reconstruction of a two-dimenslonaven when the cardinality of the sample set is small, since



we are not obliged to unique configurations of samples.

A final observation discussed in our work, regards they
generalization of the signal model proposedLinl [12], altoyvi
additional, unknown phase shifts, of the detected pulsefZ
We show that these shifts may be estimated by appropriate
interpretation of the extracted coefficients, without afiag
the recovery method.

Combining the random phase assumption with our proposeg
Xampling schemes and the CS recovery method, we construct
two-dimensional ultrasound images, which well depict rsgro
perturbations in the tissue, while achieving up to seven-
fold reduction of sample rate, compared to standard imagin
techniques. ]

(31

(7]
APPENDIXA

BEAMFORMED SIGNAL SUPPORT 8]

We assumeh (t) to be supported o010, A), and that the
support ofe,, (t) is contained inf0,T"). The last assumption
may be justified by the fact that the pulse is transmitted at
t = 0, such that reflections may only be detected #for 0.
Additionally, the penetration depth of the transmitted seu
allows us to sefl’, such that all reflections arriving at> T
are below the noise level.

Foralll<i< L andl <m< M:

| [10]
[11]

[12]
tim +A LT, (45)
. : C 13]
Applying the relationt; ., = 7, (t;;0), justified in Sec-
tion \:A] and using the fact that,, (¢;0) is non-decreasing 14

for ¢ > 0 we conclude that ]
t <7 (T — A36), (46) [15]
. . . [16]

7.1 (t;0) being the inverse of,, (¢;0). Explicitly:
[17]
Tl (450) = e, > Y 47) g

Assuming thatA < T, then, since[(46) is true for everyl[19]
1 <m < M, we may write:
. . [20]
t< | min 7,7 (T;0). (48)
[21]
This allows us to set the following upper bound on the support
of @ (¢;0):
[22]

Tg (0) min Tn_ll (T;0),

1<m<M

(49)
. ) . . [23]
once again, using the assumption tiat 7. From [47) it
is readily seen thal's (0) < T, since we can always fing,,

with sign opposite to that ofin 6, such that: [24]

T -y .
T+ |Ymsin| —

T [25]

2 _ .2
%nST.

T (T30) = T

(50)

Finally, by construction ofl'’s (f) we see that, for all <
m< M, r,(Ts(0);6) <T.
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