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Rank regularization and Bayesian inference
for tensor completion and extrapolation
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Abstract—A novel regularizer of the PARAFAC decomposition
factors capturing the tensor's rank is proposed in this pape
as the key enabler for completion of three-way data arrays
with missing entries. Set in a Bayesian framework, the tenso
completion method incorporates prior information to enhance its
smoothing and prediction capabilities. This probabilistic approach
can naturally accommodate general models for the data distbu-
tion, lending itself to various fitting criteria that yield o ptimum
estimates in the maximum-a-posteriori sense. In particula two
algorithms are devised for Gaussian- and Poisson-distribied
data, that minimize the rank-regularized least-squares eror and
Kullback-Leibler divergence, respectively. The proposedtech-
nique is able to recover the “ground-truth” tensor rank when
tested on synthetic data, and to complete brain imaging andeast
gene expression datasets witlh0% and 15% of missing entries
respectively, resulting in recovery errors at—10dB and —15dB.

Index Terms—Tensor, low-rank, missing data, Bayesian infer-
ence, Poisson process.

I. INTRODUCTION

as the singular-value decomposition (SVD) [3]] [7].][25] or
employing the parallel factor (PARAFAC) decompositidn,[9]
[24]. In the context of tensor completion, an approachglli
under the first category can be found|inl[12], while imputatio
using PARAFAC was dealt with ir ]2].

The imputation approach presented in this paper builds on
a novel regularizer accounting for the tensor rank, thaesel
on redefining the matrix nuclear norm in terms of its low-rank
factors. The contribution is two-fold. First, it is estadbled that
the low-rank inducing property of the regularizer carriegrm
to tensors by promoting sparsity in the factors of the teasor
PARAFAC decomposition. In passing, this analysis allows fo
drawing a neat connection with the atomic-norm/[iih [5]. The
second contribution is the incorporation of prior inforiat
with a Bayesian approach that endows tensor completion with
extra smoothing and prediction capabilities. A parallelgsis
in the context of reproducing kernel Hilbert spaces (RKHS)
further explains these acquired capabilities, provideslear-
native means of obtaining the prior information, and essalels

Imputation of missing data is a basic task arising in varioysseful connection with collaborative filtering approafi
Big Data applications as diverse as medical imagind [12];hen reduced to the matrix case.

bioinformatics [[3], as well as social and computer netwogki

While least-squares (LS) is typically utilized as the figtin

[10], [17]. The key idea rendering recovery feasible is thgiterion for matrix and tensor completion, implicitly assing
‘regularity” present among missing and available data. Lo@ayssian data, the adopted probabilistic framework sugpor
rank is an attribute capturing this regularity, and can Bfe incorporation of alternative data models. Targetingnto
readily exploited when data are organized in a matrix. frocesses available in the form of network traffic data, geso
natural approach tdow-rank matrix completiorproblem is sequencing, and social media interactions, which are reddel
minimizing the rank of a target matrix, subject to a constrai 55 pgisson distributed, the maximum a posteriori (MAP) es-

on the error in fitting the observed entriés [4]. Since rankmator is expressed in terms of the Kullback-Leibler (K-L)
minimization is generally NP-hard [26], the nuclear norns hayjyergencel[10].

been advocated recently as a convex surrogate to thelrahk [111he remainder of the paper is organized as follows. Section
Beyond tractability, nuclear-norm minimization enjoysogo [qj offers the necessary background on nuclear-norm regular

performance both in theory as well as in practice [4].

ization for matrices, the PARAFAC decomposition, and the

The goal of this paper is imputation of missing entries Qfefinition of tensor rank. Sectidillll presents the tensan-co

tensors (also known as multi-way arrays), which are higleor pjation problem, establishing the low-rank inducing prapef
generalizations of matrices frequently encountered imhe the proposed regularization. Prior information is incagted
metrics, medical imaging, and networking [8]. [16]. Levsiny i SectionTy, with Bayesian and RKHS formulations of the
the low-rank structure for tensor completion is challegintensor imputation method, leading to the low-rank tensor-
since even computing the tensor rank is NP-hard [14]. Definifynpytation (LRTI) algorithm. SectioilV develops the method
a nuclear norm surrogate is not obvious either, since simgufs; poisson tensor data, and redesigns the algorithm to min-
values as defined by the Tucker decomposition are not gefize the rank-regularized K-L divergence. Finally, Seuti
erally related with the rank. Traditional approaches toifigd VTl presents numerical tests carried out on synthetic antl rea
low-dimensional representations of tensors include ulirfigl data, including expression levels in yeast, and brain migne
the multi-way data and applying matrix factorizations suchsonance images (MRI). Conclusions are drawn in Section
VII, while most technical details are deferred to the Appgnd
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are represented bl - || . Symbols®, ®, ®, and o, denote X
the Kroneker, Kathri-Rao, Hadamard (entry-wise), and oute X, P
product, respectively.
Il. PRELIMINARIES M
A. Nuclear-norm minimization for matrix completion X,

N X,

Low-rank approximation is a popular method for estimatin'gig 1. Tensor slices along the row, column, and wbe di :

missing values of a matri€& € RY>M which capitalizes on
“regularities” across the data [11]. For the imputation ® b
feasible, a binding assumption that relates the availattiées This result plays a critical role in this paper, as the
with the missing ones is required. An alternative is to plaséu Frobenius-norm regularization for controlling the rank(@),
thatZ has low rankR < min(N, M). The problem of finding will be useful to obtain its tensor counterparts in Seclibh |
matrix Z with rank not exceedingr, which approximate in

the given entries specified by a binary matéxe {0, 1}V*M,

can be formulated as B. PARAFAC decomposition

7 = arg min I(Z - X)®A|% s. to rank(X) < R. (1) The PARAFAC decomposition of a tensr € RM*~NxF jg

o at the heart of the proposed imputation method, since ireffe
The low-rank property of matriX implies that the vectas(X) 5 means to define its rank] [9], [24]. Givel € N, consider
of its singular values is sparse. Hence, the rank consti®intyatricesA € RVN*E, B ¢ RM*R andC e RF*R, such that

equivalent to||s(X)||o < R, where thely-(pseudo)norm| - ||o

equals the number of nonzero entries of its vector argument. R
Aiming at a convex relaxation of the NP-hard probldr (1), X(m,n,p) =Y _ A(m,r)B(n,r)C(p,7). (5)
one can leverage recent advances in compressive samiplihg [1 r=1

and surrogate th&-norm with the/;-norm, which here equals
the nuclear norm oK defined ag|X]||.. := ||s(X)]|1-
relaxation, the Lagrangian counterpart[af (1) is

) ~“The rank of X is the minimum value ofR for which this
With this decomposition is possible. Fét* := rank X), the PARAFAC
decomposition is given by the corresponding factor madrice
7 argm)én%H(Z “X)@A|2 + X ) ;é,B, C} (all with R* columns), so thaf{5) holds witR =
whereu > 0 is a rank-controlling parameter. Probled (2) can To appreciate why the aforementioned rank definition is
be further transformed by considering the following chégac natural, rewrite[{b) aX = ZL a,ob,oc,, wherea,., b,, and
ization of the nuclear norm [23] ¢, represent the-th columns ofA, B, and C, respectively;
1 and the outer product®, := a, o b, o c, € RM*XNxF have
Xl = {%ﬂg} §(||B||§? +ICl%) s.to X=BC". (3) entriesO, (m,n,p) := A(m,r)B(n,r)C(p,r). The rank of a
7 tensor is thus the minimum number of outer products (rank one
For an arbitrary matrixX with SVD X = USZV”, the mini-  tactors) required to represent the tensor. It is not uncommo

mum in [3) is attained foB = UX'/> andC = VE'/2. The {5 adopt an equivalent normalized representation
optimization in [B) is over all possible bilinear factorims

of X, so that the number of columns @& and C is also R R
a variable. Building on[{3), one can arrive at the following X = Zar obroc, = Z%(ur oV ow,) (6)
equivalent reformulation of {2) [17] r=1 r=1

7' =arg min 1||(Z - X)®A|% + E(HBHQF +C|2) by defining unit-norm vectors, := a,./||a.||, v, := b,/||b.||,
{X.B.C} 2 - w, = ¢ /||, and weightsy, = [a[[b,[[le ], r =
s.to X = BCT. 4 1,....R.

The equivalence implies that by finding the global minimurﬂ1 LetX,, p=1,..., P denote thep-th slice of X along its

; . ird (tube) dimension, such th&,(m.,n) = X(m,n,p);
O.f @. one can recover the optimal so_Iut|on (2). Hovs_/eveé,ee Fig.[.l. The following compact form of the PARAFAC
since [4) isnonconvexit may have multiple stationary points.

. : " decomposition in terms of slice factorizations will be used
Interestingly, the next result provides conditions for sie P

stationary points to be globally optimal (parts a) and b) aFe1e sequel
proved in the Appendix, while the proof for c) can be found X, = Adiag [eTC] B, p=1,..P @
in [17].) !
Proposition 1: Problems(2) and @) are equivalent, in the where the diagonal matrix didg] has the vecton on its diag-
sense that: o onal, ande; is thep-th row of the P x P identity matrix. The
a) global minima coincideZ = Z/; PARAFAC decomposition is symmetric [cf](5)], and one can
b) all local minima of (@) are globally optimal; and, also writeX,, = Bdiag[e?, A| C, or, X,, = Cdiag[e! B] A

c) stationary pointsX of (@) satisfying||(X—Z)®Al|s < p in terms of slices along the first (row), or, second (column)
are globally optimal. dimensions.
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Ill. RANK REGULARIZATION FOR TENSORS Bl

Generalizing the nuclear-norm regularization technid@e ( o8
from low-rank matrix to tensor completion is not straigifo
ward, since singular values of a tensor (given by the Tucker oaf
decomposition) are not related to the rahk]|[16]. Fortuyatel
the Frobenius-norm regularization outlined in SectionAlll- 0
offers a viable option for low-rank tensor completion under -vef
the PARAFAC model, by solving o4t

1% I|=1

1 2 M 2 2 2
Z:—argmin 5(Z - X)©A|F +5 (1Al +B +CI3)

s.to X, = Adiagle,C|B, p=1,...,P (8)

)
I xl,=1

7‘; 70‘3 70‘6 70‘4 02 0 02 0‘4 Q‘G U‘H ‘;
i ; : 2 ._

where the FrOQben'US norm of a tensor is defined Xg;. := Fig. 2. Thels/3-norm ball compared to théy- and ¢;-norm balls

Dom 2n 2up X (m,n,p), and the Hadamard product as

(X®A)(m, n,p) == X(m,n, p)A(m,n,p). . .
Different from the matrix case, it is unclear whether the The next property is a direct consequence of the low-rank

regularization in[(B) bears any relation with the tenson«anpromOting property of(8) as established in Proposilibn 2.

Interestingly, the following analysis corroborates thpataility Corollary 1: If Z denotes the solution to proble(f) , and

of (@) to produce a low-rank tensd, for sufficiently largey. /> fimax = |A®Z]}/%, thenZ = 0yrxnxp.

In this direction, consider an alternative completion peap ~ Corollary[1 asserts that if the penalty parameter is cho-
stated in terms of the normalized tensor representdfion (6) sen large enough, the rank is reduced to the extreme case

rank(Z) = 0. To see why this is a non-trivial property, it is

7 = arg min 1H (Z-X)®A|7 + HHVHZ? prudent to think of ridge-regression estimates where aimil
Xy dud fvnd fwe 1) 2 2 quadratic regularizers are adopted, but an analogous pyope
- does not hold. In ridge regression one needs tq:let oo in
s.to X = Z%(u" © V0 W) (9 order to obtain an all-zero solution. Characterization:gf.
=t is also of practical relevance as it provides a frame of exfee
wherey := [y1,...,vgr]T; the nonconvexs 3 (pseudo)-norm for tuning the regularization parameter.

is given by ||7y[la/5 := (1, [%]*?)*?; and the unit-norm  Using [T0), it is also possible to relafd (8) with the atomic
constraint on the factors’ columns is left implicit. Pratie norm in [5]. Indeed, the infimurf,-norm of~ is a proper norm
®) and [9) are equivalent as established by the followirfgr X, named atomic norm, and denoted|[¥| 4 := ||v||1 [5].
proposition (its proof is provided in the Appendix.) Thus, by replacingd|vy||2/; with ||X]|.4, (I0) becomes convex
Proposition 2: The solutions off8) and (@) coincide, ieZ = in X St.i”’ the complexity of solying such a variant dL]10)
7, with optimal factors related bgi, — /3,1, b, — /3,9,, reS|d§s in thaﬂ_XHA is generally mtractgple to computel [5].
andé, — i, r=1,....R. In this regard, it is remarkr_:\ble that arriving 1EK1_0) had the
n§p|e purpose of demonstrating the low-rank inducing priyper
eand that [(B) is to be solved by the algorithm developed in
the ensuing section. Such an algorithm will neither require
computing the atomic norm or PARAFAC decomposition of
i=arg min Ivll2/3 (10) X, nor knowing its rank. The number of columns i, B,
Xy {urb{vr b Awrt} andC can be set to an overestimate of the raniZofuch as
the upper bound? := min{MN, NP, PM} > rankZ), and
the low-rank ofX will be induced by regularization as argued
earlier. To carry out a fair comparison, only convergenca to
For any value ofs? there exists a corresponding Lagrangstationary point of[{8) will be guaranteed in this paper.
multiplier A such that[(B) and{10) yield the same solutiorRemark 1: These insights foster future research directions for
under the identityy = 2/\. [Since f(z) = 2?3 is an the design of a convex regularizer of the tensor rank. Specif
increasing function, the exponent|of|[, /5 can be safely elim- ically, substitutingp(A,B,C) := Zf;l(HaTH?’ + b +
inated without affecting the minimizer df {1.0).] THg/5-norm ||c,||*) for the regularization term in({8), turngy|,/; into
[¥]l2/5 in (10) produces a sparse vectpwhen minimized([6], ||v|l: = [|X][.4 in the equivalent[(J0). It is envisioned that
sharing this well-documented property of thenorm as their with such a modification in place, the acquired convexity of
norm-one balls, depicted in Figl 2, share the “pointy geoytiet (I0) would enable a reformulation of Propositidn 1, prongli
which is responsible for inducing sparsity. conditions for global optimality of the stationary points(8).
With (8) equivalently rewritten as in[(10), its low-rank Still, a limitation of (8) is that it does not allow for incor-
inducing property is now revealed. Ag in (I0) becomes porating side information that could be available in additio
sparse, some of its entrigs are zeroed, and the correspondinthe given entrieAA®Z.
outer-productsy, (a, o b,. o ¢,.) drop from the sum in[{6), thus Remark 2: In the context of recommender systems, a de-
lowering the rank ofX. scription of the users and/or products through attribugéeg. (

To further stress the capability dfl(8) to produce a low-ral
approximant tensoX, consider transformind9) once mor
by rewriting it in the constrained-error form

~ 1

R
s.to [ (Z-X)®Al} <o?, X=) v ov,ow,).
r=1
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gender, age) or measures of similarity, is typically addda B. Nonparametric tensor decomposition

It is thus meaningful to exploit both known preferences and Incorporating the information conveyed B4, Rz, and
descriptions to model the preferences of users [1]. Intwag R . together with a practical means of finding these matrices
(samples, genes, conditions) microarray data analysisteh ¢4 pe facilitated by interpreting {IL3) in the context of REKH
ative position of single-nucleotide polymorphisms in thBA 571 | particular, the analysis presented next will use th
molecule implies degrees of correlation among genotypis [2representer Theorem, interpreted as an instrument fonindi
These correlations could be available either through a pige pest interpolating function in a Hilbert space spanned
scribed model, or, through estimates obtained using agefer py kernels, just as interpolation with sinc-kernels is ieafr
tensorZ. A probabilistic approach to tensor completion capabi§t in the space of bandlimited functions for the purpose of
of incorporating such types of extra information is the sgbj reconstructing a signal from its samplés][19].

of the ensuing section. In this context, it is instructive to look at a tenspr. M x

N xP — R as a function of three variables, n, andp, living

in measurable spacest, N, andP, respectively. Generalizing
() to this nonparametric framework, low-rank functiohgre

A. Bayesian PARAFAC model formally defined to belong to the following family

IV. BAYESIAN LOW-RANK TENSOR APPROXIMATION

A probabilistic approach is developed in this section ineord . ) - &

to integrate the available statistical information inte tensor Fr={f : MXNxP=R: f(m,n,p) —Zlar(m)br(n)cr(p)

imputation setup. To this end, suppose that the observation "

noise is zero-mean, white, Gaussian; that is such thata,(m) € Hat, br(n) € Hu, e (p) € He}
whereH rq, Har, andHp are Hilbert spaces constructed from

Zmnp = Xmnp + €mnp; SUCh thate,,,, ~ N(0,0%), i.i.d..  specified kernelg: i, ky and kp, defined overM, A, and

(11) P, while R is an initial overestimate of the rank gt
Since vectorsa, in (@) are interchangeable, identical dis- The following nonparametric fitting criterion is adopted fo

tributions are assigned across= 1,..., R, and they are finding the bestfx interpolating data znnp : Opnp = 1}
modeled as independent from each other, zero-mean Gaussian

distributed with covariance matriR 4, € RM*M _Similarly, 5 L 5
vectorsb, andc, are uncorrelated and zero-mean, Gaussian,fR T arg frgi% Z Z Z Omnp(2mnp = f(m, 7, p))
with covariance matri®R z and R, respectively. In addition
a,, b,, andc, are assumed mutually uncorrelated. And since
scale ambiguity is inherently present in the PARAFAC model,
vectorsa,., b,, andc, are set to have equal power; that is,

m=1n=1p=1

R
I
+ 5 2 (larle, + 103, + lerl3e,) - (14)

r=1
It is shown in the Appendix that leveraging the Representer
9 :=Tr(R4) = Tr(Rp) = Tr(R¢). (12) Theorem, the minimizer of.{14) admits a finite dimensional
representation in terms dfy, kxr and kp,

Under these assumptions, the negative of the posterior d}%-(m n,p) = k%, (m)K ' Adiag [k%(p)K”C] BTKJ’\/lkN(n)
D) = M P

tribution can be readily written ascp(—L(X)), with (15)
_ _ 2 where vector kx(m) and matrix Ky have entries
LX) = 55 |(Z - K)ol h k d matix K |
= 2027 T kpm(m,m’), m,m’ = 1,...,M; and whereky(n), Ky,
R . . .
1 S P T kp(p), and Kp are correspondingly defined in terms lofr
+ 3 Z (a;Ry'ar + b, Ry'b, + ¢ Ro'e,) andkp. It is also shown in the Appendix that the coefficient
{:1 1 matricesA, B, andC can be found by solving
= @H(Z - X)®Al7 + 3 [Tr (ATR,'A) P ,
: H T T
+Tr (B"R;'B) + Tr (C"R;'C)] . Arﬂé?c; (2, — Adiagle, C] BY) @4, [,
Correspondingly, the MAP estimator & is + % (TrATK fA) + TrB"K 'B) + Tr(C"K ;'0))

. , 1 s.to A e RM*E B c RV*E CeRP*E. (16)
Z:—argmin —

1 —
Z:=argmin 552 [(Z - X)®A|% + 5 [Tr (ATR;'A)

Problem [(I6) reduces t¢](8) when the side information is
+Tr (B"R;'B) + Tr (C"R;'C)] discarded by selecting ., kx and k» as Kronecker deltas,
s. to X, = Adiag[e] C] B", p=1,...,P (13) in which caseK,(, Ky, and Kp are identity matrices. In
the general case[_([L6) yields the sought nonlinear low-rank
reducing to [(B) wherR 4 = Iy, R = Iy, andR¢o = Ip.  approximation method forf(m,n,p) when combined with
This Bayesian approach interprets the regularizationrpater (I5), evidencing the equivalence betwekn (14) (13).
w [cf. @B)] as the noise variance, which is useful in practice Interpreting [I%) as an interpolator rendefrs] (13) a natural
to selectu. The ensuing section explores the advantages dfoice for tensor imputation, where in general, missingient
incorporating prior information to the imputation method. are to be inserted by connecting them to surrounding poimts o
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the three-dimensional arrangement. Relativé to (8), thisl® D. Block successive upper-bound minimization algorithm
perspective also highlights_(113)’s extra smoothing andagxt
olation capabilities. Indeed, by capitalizing on the sarities
captured byK v, Kx andKp, (I8) can recover completely
missing slices. This feature is not shared by imputatiorhme
ods that leverage low-rank only, since these require at tees
point in the slice to build on colinearities. Extrapolatigralso
possible in this sense. If for instan&&,, can be expanded to 1 . W S
capture a further poinfi/ + 1 not in the original set, then  f(A):= 5” (Z-X)®A|F + oall (A'R;'A)  (19)
a new slice of data can be predicted Ihy](15) based on its
correlationk ., (M + 1) with the available entries. These extravhere . was identified with and substituted fe¥. Function
capabilities will be exploited in Sectidn VI, where cortadms (I9) is quadratic inA and can be readily minimized after re-
are leveraged for the imputation of MRI data. The methadriting it in terms ofa := veq A) [see [4T) in the Appendix].
described by{{113) and (IL6) can be applied to matrix compietiblowever, such an approach becomes computationally infea-
by just setting entries oC to one, and can be extended taible for other than small datasets, since it involves stpri
higher-order dimensions with a straightforward altematmf P matrices of dimensions&V M x MR, and solving a linear
the algorithms and theorems throughout this paper. system ofM Rx M R equations. The alternative pursued here to

Identification of covariance matric& 4, Rz, andR with overcome this obstacle relies on the so-called block sgaees
kernel matriceK »(, Kx andKp is the remaining aspect to upper-bound minimization (BSUM) algorithrn [20].
clarify in the connection betweeh {13) aiid](16). It is appare In BSUM one minimizes a judiciously chosen upper-bound
from (I3) and [(IB) that correlations between columns of thgA, A) of f(A), which: i) depends on the current iterate
factors are reflected in similarities between the tensaesli A; ii) should be simpler to optimize; and iii) satisfies cemtai
giving rise to the opportunity of obtaining one from the athelocal-tightness conditions; see al$o][20] and properiias) i
This aspect is explored next. below.

For A given, consider the function

An iterative algorithm is developed here for solvifigl(13), b
cyclically minimizing the cost oveA, B, andC. In the first
tstep of the cycle the cost il {113) is minimized with respect to
(w.r.t.) A consideringB and C as parameters. Accordingly,
the partial cost to minimize reduces to

C. Covariance estimation

A) -— 1 2
To implement [(IB), matriceR 4, Rz, and Rc must be 9(A,A) = §H (Z-X)®Alr (20)

postulated a priori, or alternatively replaced by their pam

estimates. Such estimates need a training set of veatdss

and c abiding to the Bayesian model just described, and this

requires PARAFAC decomposition of training data. In ordexhere )\ := )\max(R;ll) is the maximum eigenvalue @& ",

to abridge this procedure, it is convenient to inspect W, and ® := AI — R,'. The following properties ofy(A, A)

Rp, andR¢ are related to their kernel counterparts. imply that it majorizesf(A) at A, satisfying the technical
Based on the equivalence between the standard RKid&nditions required for the convergence of BSUM (propsrtie

interpolator and the linear mean-square error estimatdl, [2i)-iii) are established in the the proof of Lemnid 1 in the

it is useful to re-visit the probabilistic framework and idigy ~ Appendix).

kernel similarities between slices @& with their mutual i) f(A)=g(A,A);

covariances. Focusing on the tube dimensiorXgfone can i) L f(A) _f — 4 g(A,A)|s_4; and

write Kp(p',p) = E(Tr(X]/X,)), that is, the covariance i) ??A) <9?AAA) WA A=A T

between slicesX,, and X, taking (X,Y) := Tr(X”Y) as - e S o

the standard inner product in the matrix space. Under this' "€ computational advantage of minimizindA, A) in

alternative definition folK, and corresponding definitions forPlace of f(A) comes fr_omg(A,_A) being separable across
K, andK .y, it is shown in the Appendix that rows of A. To see this, consider the Kathri-Rao product

II .= C®B := [c;1 ® by,...cr ® bg|, defined by the
Ky =0°Rs, Ky =0°Rp, Kp=0Rc (17) column-wise Kronecker products, @ b,. Let also matrix
Z :=|Z,...,Zp) € NM*NF denote the unfolding d& along
its tube dimension, and likewise faA := [Aq,...,Ap| €
E|X|% = R6°. (18) {O,l}M“\_’P andX := [Xi,..., Xp] € RY*NP_ Then, using
the following identity [10]

4 (FT(ATA) - THOTA) 4 STHO7A))

and thatf is related to the second-order momentofby

Since sample estimates faf v, Ky, Kp, and E||X||»
can be readily obtained from the tensor dafa) (17) (18) X :=[Xy,...,Xp] = ATIT. (21)
provide an agile means of estimatiRgy, R 5, andR¢ without
requiring PARAFAC decompositions over the set of training is possible to rewrite[(20) as
tensors.
This strategy remains valid when kernels are not estimatedg(A’A) — EH (z _ AHT) ®A|%
from data. One such case emerges in collaborative filtering 2
of user preferences|[1], where the similarity of two users is +u <éTr (ATA) ~THOTA) + lTr(@TA)>
modeled as a function of attributes; such age or income. 2 2
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Algorithm 1 : Low-rank tensor imputation (LRTI) X given dataZ only on the entries specified b, takes the

1: function UPDATE_FACTOR(A, R, I, A, Z, 1) form

20 SetA = uax(R7) _ _ M N P

i gg{%dzé(fln(iZRg\{e)kdlmensmn ofA into A andZ Ia(Z: X) = Z Z Z Srmnp 2y 10&(@mnp) — Toanp]

5 form=1,...,M do m=1n=1p=1

6: Select rowsz?,, 6;2[, and6Z, and SletD;F" = diag(6.m) (24)

I Computea,, = (IL" Dy IT+Aul) = (I Dimzm+10m) - atter dropping termsog(zmny!) that do not depend oX.

8: Update A with row a,,, . cmnpr) T

9 end for The choice of the Poisson distribution [N 123) over a Gaus-
10:  return A sian one for counting data, prompts minimization of the K-L
11: end function divergence[(24) instead of LS as a more suitable critefi@h [1
12: Initialize A, B and C randomly. Still, the entries ofX are not coupled in({24), and a binding

13: while |cost— costold| < e do

14 A= UPDATE FACTOR(A, R, (C © B), A, Z 1) PARAFAC mogielm_g assumption is qatgral for feas!b|ll|ty.bét
15. B = UPDATE_FACTOR(B, Rz, (A © C), A, Z, 11) tensor approximation task under missing data. Mimicking th
16: C = UPDATE FACTOR(C,Rc, (B® A), A, Z, 11) method for Gaussian data, (nonnegative) Gaussian priers ar
17:  Recalculate cost i (13) assumed for the factors of the PARAFAC decomposition. Ac-
18:end while =~ e cordingly, the MAP estimator oX given Poisson-distributed
19: retumn X with slicesX, = Adiag(e; C)B data (entries of indexed byA) becomes
M N P
Z := argmin 6mn (xmn — Zmn 1Og(Imn ))
which can be decomposed as X, »BvC}GT;;; ! g ! !
o _ . + 5 [T (ATR3'A)+Tr (B"R5'B)+Tr (C"R'C)] (25)
9(AA) = | 5|8, @2,, — diag(8,,)TTay,||3 _
— 12 over the feasible seI:={X,A,B,C: A >0,B>0,C >
4 9 Te } 0, X, = Adiag[e]'C] B, p=1,..., P}, where the symbol
+ 2 (AHamH +Omam + Omam) (22) > should be understood to imply entry-wise nonegativity.

With the aid of Representer’s Theorem, it is also possible
m Sme to interpret [[2b) as a variational estimator in RKHS, witH_K-

of Lnatrlcestzh, A A, Gb’.l.imd dazrgspectwely. Noxfnlljylgﬂf) analogues td (14J-(16), so that the conclusions theretgrdeg
evidences the separabiiity ) across rows YU i smoothing, prediction and prior covariance estimatiamy

also presents each of |t.s S“’T".””"’T”ds na stand.ard|.zed qlngdr er to the low-rank Poisson imputation methbd] (25).
form that can be readily minimized by equating its gradient

to zero. Accordingly, the majorization strategy reduces ti})\ : L .

computational load td? systems of\f equations that can be”" Block successive upper-bound minimization algorithm

solved in parallel. Collecting the solution of such quaidrat A K-L counterpartof the LRTI algorithm is developed in this

programs into the rows of a matriA* yields the minimizer Section, that provably converges to a stationary poinf&},(2

of (20), and the updatd + A* for the BSUM cycle. Such via an alternating-minimization iteration which optimiz&3)

a procedure is presented in Algoritimh 1, where anamgoﬁgquentlally w.r.t. one factor matrix, while holding théets

updates folB and C are carried out cyclically. fixed. . _ . .
By virtue of properties i)-iii) in Lemm&l1, convergence of In the sequel, the goal is to arrive at a suitable expression

Algorithm [ follows readily from that of the BSUM algo- for the cost in[(25), when viewed only as a function of e.g.,
rithm [20]. A. To this end, let matrixz := [Z;,...,Zp] € NMxNP

denote the unfolding ofZ along its tube dimension, and
likewise for A := [Ay,...,Ap] € {0,1}M*NP and X :=
[X1,...,Xp] € RY*NP Based on these definitionE.124) can
be written as

Ia(Z:X) = 15, (As[X — Ze log(X))1np  (26)
Adoption of the LS criterion in[{8) assumes in a BayeSia\W/herelM, 1 p are all-one vectors of dimensiong and N P

setting that the randor# is Gaussian distributed. This seCtiO’}espectively andog(-) should be understood entry-wise. The

deals with a Poisson-distributed ten&ra natural alternative log-likelihood in [2B) can be expressed in termsAofand the
to the Gaussian model when integer-valued data are obtainedy : 5o productl := B © C by resorting again to[{21).

by counting independent events [10]. Suppose that theesntréubstitutingﬂZﬂ) into[{26) one arrives at the desired esgics

Zmnp Of Z are Poisson distributed, with probability Mas$yr the cost in[[25) as a function of, namely
function '

wherezl, al, 67, 0T, and al,, represent then-th rows

Proposition 3: The iterates forA, B and C generated by
Algorithm[d converge to a stationary point ¢£3).

V. INFERENCE FOR LOWRANK POISSON TENSORS

A f(A) =11 (A®[AII — Z® log(AIIT)])1xp
P(2mnp = k) = == (23) + 5T (ATRS'A).

and means given by the corresponding entries in teKsdfor A closed-form minimizerA* for f(A) is not available, but
mutually-independen{z,,,.,, }, the log-likelihoodla (Z; X) of since f(A) is convex one could in principle resort to an
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Algorithm 2 : Low-rank Poisson-tensor imputation (LRPTI)

1: function UPDATE_FACTOR(A, R, I, A, Z, 1)

2 SetA = Amax(R7H) \\

3: Unfold A andZ over dimension ofA into A andZ 2T

4. ComputeS = &-@ (RE%11) (element-wise division) %

5 ComputeT = 55 (W(AL-R™)A — AII) T

6:  UpdateA with entrieSam, = tmr + V22, T Smr T

7:  return A T

8: end function

[Ce]

. Initialize A, B and C randomly.
10: while |cost— costold| < e do

11: A = UPDATE_FACTOR(A,R4,(C® B),A,Z, 1) i /"
12: B = UPDATE_FACTOR(B,R35, (A ® C),A,Z, 1) 7 1
13:  C = UPDATE_FACTOR(C,R¢,(BO A), A, Z, 1) % - ]
14:  Recalculate cost il (25)

15: end while . \

16: return X with slicesX, = Adiag(e, C)B” il

lterative procedure to obtaih*. To avoid extra inner iterations, Fig. 3. Performance of the low-rank tensor imputation meths function

the approach here relies again on the BSUM algorithm [20]of the regularizing parameter; (top) rank of the tensor as recovered by (8)

For A given, consider the separable function averaged over 100 test repetitions, (bottom) relative vegoerror.
MR 4
(A A):= /\Z(amr—% Umr — Sy 108 (Amyr) + U )
gL A= 4 2 mr@mr = Smr 108\ Gmr mr A related algorithm, abbreviated as CP-APR can be found

m,r=1

27) in [10], where the objective is to find the tensor’'s low-rank
factors per se. The LRPTI algorithm here generalizes CP-APR

where\ := Amax (R;") is the largest eigenvalue &', and by focusing on recovering missing data, and incorporating

the parameters,,, t,,, andu,,, are defined in terms oA, prior information through rank regularization. In terms of

Z, A, II, and ® := ()\I — Rgl) A by convergence to a stationary point, the added regularizatio
NP - allows for lifting the assumption on the linear independeat

Sy 1= 1 Z Omk Zmk@mr Thr the rows ofIl, as required by CP-APR_[10] - an assumption
At~ Zfi:l g Tyt without a straightforward validation since iteratBk are not

1 NP accessible beforehand.
tmr = m (,uemr - Z Wkrémk)

k=1 VI. NUMERICAL TESTS
and wp, = 5 (9mrdmr +r 5mk2mk6mrmrvmrk), A. Simulated Gaussian data
With Uy, 2= 10 (@mr ks / Zfi:l A Tyt ) | Zfi:l oyt Thop - Synthetic tensor-data of dimensiong x N x P = 16 x

As asserted in the following lemma(A, A) majorizesf(A) 4 x4 _vvere_genera}ted accordin_g_ to the Ba_yesian tensor model
at A and satisfies the technical conditions required for tftescribed in Section V. Specifically, entries &fconsist of
convergence of BSUM (see the Appendix for a proof.) realizations of Gaussian random variables generated @iogor

_ . < - . . to (@), with means specified by entries Xf and variance
Lemma 1: Functiong(A, A) satisfies the following properuesscaled to yield an SNR 0£20dB . TensorX is constructed

1) fd(A) = g(A,A); d - _ from factorsA, B and C, as in [I). MatricesA, B, andC

”) aaf(A)la=a = 7z 9(A, A)[a=4; and, have R = 6 columns containing realizations of independent
i) f(A) = g(A_’ A,)’ VA ) ) . zero-mean, unit-variance, Gaussian random variables.
Moreover, g(A, A) is minimized atA = Aj with entries A guarter of the entries oZ were removed at random and
A 7= tmr T/t + S _ reserved to evaluate performance. The remaining severgy fiv
Lemmd.1 highlights the reason behind adopiid., A) inthe percent of the data were used to recogZerconsidering the
proposed block-coordinate descent algorithm: it is sdpararemoved data as missing entries. MethBH (8) was employed
across the entries of its matrix argument [EE1(27)], andcdeenfor recovery, as implemented by the LRTI Algorithm, with

it admits a closed-form minimizer given by thel R scalars regularizationt (|| A%+ |[B||%+ | C||%) resulting from setting

*

Ay e The updatesA «+ A7 are tabulated under Algorithm Ry =1y, Rp =1y, andR¢ = Ip.
2 for solving [25), where analogous updatesB@andC are  The relative recovery error betweeh and dataZ was
carried out cyclically. computed, along with the rank of the recovered tensor, as a
By virtue of properties i)-iii) in Lemmdll, convergencameasure of performance. Fig. 3 depicts these figures of merit
of Algorithm[2 follows readily from the general convergenceyeraged ovet00 repetitions of the experiment, across values
theory available for the BSUM algorithm [20]. of 1 varying on the intervall0=®pimax tO fimax, Which is
Proposition 4: The iterates forA, B and C generated by computed as in Corollari] 1. Figl 3 (bottom) shows that the
Algorithm[2 converge to a stationary point ¢25). LRTI algorithm is successful in recovering the missing iexstr
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a three-dimensional MRI scan of the brain comprising a set
| of P = 18 images, each of\/ x N = 256 x 196 pixels.

= | ] Fifty percent of the data is removed uniformly at random
together with the whole slic&,,, n = 50. Fig.[3 depicts the
results of applying estimatdr(IL4) to the remaining dataictvh
yields a reconstruction error 6£10.54dB. The original slice
Z,, p =5, its corrupted counterpart, and the resulting estimate
are shown on top and center left. Covariance matri€eg,

K, andKp are estimated from six additional tensor samples
containing complementary scans of the brain also available

\ repository [15]. The tensdZ to be estimated corresponds to

s | [15]. Fig.[8 (center right) represents the covariance mai,

; ] for column slices perpendicular té,, showing a structure

1 that reflects symmetries of the brain. This correlation s th
T / ] key enabler for the method to recover the missing slice up

to —9.60dB (see Fig[b (bottom)) by interpolating its a priori
similar parallel counterparts.
Fig. 4. Performance of the low-rank Poisson imputation meths function All in all, the exper_lr_nent eVIdenC.eS the merits of IOV\.I-.rank
of the regularizing parameter; (top) rank of the recovered tensor averaged®ARAFAC decomposition for modeling a tensor, the ability of
over 100 test repetitions, (bottom) relative recovery rrro the Bayesian estimatdr {[13) in recovering missing datataad
usefulness of incorporating correlations as side infoiomat

On account of the comprehensive analysis of three-way MRI
e Y _ ; _ 9 data arrays in[[8], and the nonnegative PARAFAC decompo-
a minimum at“_: 107 fimax. This result IS conS|st_ent With gjtion advanced thereby, inference of tensors with nonthaga
Fig.[3 (top), which shows that rank” = 6 is approximately .o inyous entries will be pursued as future research, gemb

recovered at t.he m?nimum error. F[d. 3 (top) also corrotlnratmg methods and algorithms in sectidng IV &fid V of this paper.
the low-rank inducing effect of{8), with the recovered rank

varying from the upper boun® = NP =16to R =0, asu
is increased, and confirms that the recovered tensor is hull a

of Z up to —10dB for a wide range of values ¢f, presenting

Limax @S asserted by Corollafy 1. D. RNA sequencing data
The RNA-Seq method described [n [18] exhaustively counts
B. Simulated Poisson data the number of RNA transcripts from yeast cells. The reverse

The synthetic example just described was repeated for fii@nscription of RNA molecules into cDNA is achieved by
low-rank Poisson-tensor model described in Sedfibn V. Epecp = 2 alternative methods, differentiated by the use of oligo-
ically, tensor data of dimension® x N x P = 16 x 4 x 4 dT, or random-hexonucleotide primers. These cDNA molecule
were generated according to the low-rank Poisson-tensdemo2'® sequenced to obtain counts of RNA molecules across
of Section[V. Entries ofZ consist of realizations of Poisson}/ = 6,604 genes on the yeast genome. The experiment was
random variables generated according [l (23), with medigPeated in[[18] for a biological and a technological regthc
specified by entries oK. TensorX is again constructed as©f the original sample totallingV. = 3 instances per primer
in (@) from factorsA, B and C having R = 6 columns, selection. The data are thus organized in a tensor of dimessi

containing the absolute value of realizations of indepandé 604 x 3 x 2 as shown in Figl16 (top), with integer data that -
Gaussian random variables scaled to yi&ld,,,,] = 100. &€ modeled as Poisson counts. Fifteen percent of the data is
Half of the entries ofZ were considered missing to bef€moved and reserved for assessing performance. The missin

recovered from the remaining half. Methd25) was employ&t@ta are represented in white in Fig. 6 (center). o

for recovery, as implemented by the LRPTI Algorithm, with The LRPTI algorithm is run with the data available in Fig.

regularization” (| A[|2 + |[B|% + | C[|%). (center) producing the recovere_d tensor depicted in[Rig. 6
Fig.[ shows the estimated rank and recovery error oger (bottom). The recovery error for this experiment was>dB.

realizations of the experiment, for in the interval(0.01 to

100. The recovery error in Figll4 (bottom) exhibits a minimum VII. CONCLUDING SUMMARY

of —15dB at 4 = 1, where the rankR* = 6 is recovered

[cf. Fig.[ (top).] The Iow—raqk inducin_g effect of|(8) is aga Frobenius-norm square of the PARAFAC decomposition fac-
corroborated by the decreasing trend in Eig. 4 (top), buhis t

4 tors, controls the tensor’s rank by inducing sparsity in the
case the_ ra_mk is lower bounded by: _1' because the K-L vector of amplitudes of its rank-one components. A Bayesian
fitting criterion prevents(35) from yielding a null estiredt. method for tensor completion was developed based on this

property, introducing priors on the tensor factors. It was a
C. MRI data gued, and corroborated numerically, that this prior infation
Estimator [T#) was tested against a corrupted version of thedows the completion method with extra capabilities imter
MRI brain data set 657 from the Internet brain segmentati@f smoothing and extrapolation. It was also suggested girou

It was shown in this paper that regularizing with the
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Fig. 6. Imputation of sequencing count data via LRPTI; (togyinal data;
(center) data with missing entries; (bottom recovereddens

ately from [3). Indeed, if[{4) is minimized in two steps
N 2 M 2 2
min 5 min [[(Z - X)@A[r + 5 (ICl[F + [1Bl[F)
s.toCBT =X (28)

it is apparent that the LS part of the cost does not depend on
the inner minimization variables. HencE.28) can be remit
as

1 . Iz
min 5 [[(Z - X)@ A} + min  S(ICIE+BI}) (29)
s.toCBT=X

Fig. 5. Results of applyind{14) to the MRI brain data set &6p) original and by recognizing[{3) as the inner problem [n](29), the
and recovered fiberg, andZ, for p = 5. (center) input fibeiZ,, p = 5 equivalence follows

with missing data, and covariance matix . (bottom) original and recovered . ’ . . ——
columnsZ,, andZ,, for the positionn = 50 in which the whole input slice b) Consider the cost 'ﬂ4) at the local mlmm"('B’ C)
is missing )

_ 1 _ oo = _
UB,C) =z~ X)®All% + §(HC||% +B|%)

_ _ _ where X := BC7. Arguing by contradiction, suppose that
a parallelism between Bayesian and RKHS inference, thale is a different local minimuifB, C) such that/ (B, C) #
the prior covariance matrices can be obtained from (sampwg C), and without loss of generality sdt(B,C) <

correlations among the tensor’s slices. In such a prolsabily; 5 & B i
tic context generi?: distribution models for the datg lead g(B’C)' so thatdl := U(B, C) — U(B,€) < 0, which
. o e X . an be expanded to

multiple fitting criteria. Gaussian and Poisson processeew _ _ _

especially considered by developing algorithms that mizém U = Tr [(A®(Z — X)) (Ae(X - X))] + [|[A®(X - X%

the regularized LS and K-L divergence, respectively. + [t (HCH% —ICI% + B> — ”]—3”%) <0. (30)
Numerical tests on synthetic data corroborated the low-ran 2

inducing property, and the ability of the completion mettiod ~ Setting this inequality aside for now, consider the augrment

recover the “ground-truth” rank, while experiments witiaior Matrix Q in terms of generid3 and C matrices:

. . ) r

images and gene expression levels in yeast served to evaluat Q- { B } [BT C7 = ( BB X ) (31)

the method’s performance on real datasets. ~ | cC XT ccT

Although the results and algorithms in this paper were

resented for three-way arrays, they are readily exteadibl and the corresponding defined in terms oB andC.
P! way ys, INey dily ex For each value of € (0, 1) consider the convex combination
higher-order tensors or reducible to the matrix case.

Qo :=Q+60(Q-Q). (32)
As bothQ and Q are positive semi-definite, so 4 and by
means of the Choleski factorization one obtains
iti B ByB, X
I. Proof of ProposﬂpnlII . Q= [ Ce ] [ B, C, ] — < 5"(/ 0 c é/ > (33)
Proof: a) The equivalence of{2) anfl(4) results immedi- o 0 6%~0

APPENDIX
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which definesBy, Cy and Xy. the LS part of the cost depend on only, and not on their
Expanding the cost differenat/y as in [30) results in particular factorizations.,.b.c.. Thus, the penalty is the only
iUy = U(By, Cy) — U(B,C) term that varies when,. is constant, rendering the inner-most

_ _ minimization in [3%) equivalent to
=Tr[(A®(Z - X)) (A®(X - Xy))] P
I 5 - 5 _ min a, + b, +c;,
+ 5 (Il = ICI% + [1Bell — 1BIz) o

_ Yo = apbycp. (36)
+A® (X — Xo) |- o _ _ o _
_ , _ The arithmetic geometric-mean inequality gives the sofuti
From the deﬁmuons;ﬂlm& it follows thax — X92 = to (38), as it states that for scalarg, b> andb?, it holds that
(X -X), IIBeHF—IIBHF = 0(|B|%—B|%). and||Cy |7 —

G2 = 9(||C|\F —||€|2), so that Va2bie2 < (1/3)(a; + b} + )
Up = 0Tr [(A®(Z - X)) (A®(X — X))] with equality when? = b? = c2 So that the minimum of(36)
110 ) o ) _ is attained at? = b2 =c? 'y/ )
+5 (IClF — IClIE + IBlI% — IBlI%) Subsututmg the correspondlnﬁjr (@2 + 02+ ) =
+0%|A®(X — X)|% 3yt 1%2/3 = 3||~/||2/§ into (33) yields [[(9). Equivalence of
the optimization prob(ems is transitive; hence, by showiray
and thus, it can be put in terms ¢f{30) as in both [3) and[{(B) equivalent t&_(B5) proves them equivalent to
. % 2 2 2 2 each other, as desired. [ |
dUs i= 0 (dU ~ [|A®(X = Xo)l[7) + 0" A®(X Xe)_HF' 1. Proof of Corollary 1]
If dU were strictly negative, so wouldU — ||A®(X — Proof: The following result on the norm of the matrix
Xy)||%, and hence inverse will be used in the proof of the corollary.

Lemma 2: [L3] p.58] If E € R™*™ satisfies|E||r < 1 then
I+ E is invertible, and||(I+ E)™!| . < (1 - [|[E|r)~*
but then there is in every neighborhood @, C) a point Another useful inequality holds for any value pj and for
(By, Cyp) such that/(By, Cy) < U(B, C), B, C cannot be a A, B, andC being the minimizers of{18)
local minimum. This contradiction implies thdf(B,C) = p(IAlE + IBIE + ICIE) < |A®ZlE (37)
U(B,C) for any pair of local minima, which proves the
statement in part b) of Propositidh 1.

[I-Equivalence of tensor completion problems

Proof: The Frobenius square-norms Af, B, andC are

separable across columns; hence, the penaltylin (8) can
rewritten as

.1 < 2
lim 2dUs = (AU — [A®(X ~ Xy)|[F) < 0.

as it follows from comparing the cost at such a minimum, and
at the feasible pointA, B, C) = (0,0,0).

A second characterization of the minimum &f (8) will be
ogalned by equating the gradient to zero. By vectorizing
matrix A, the cost in[(B) can be rewritten as

P

& Lo iaqal 2 B2
JAI + Bl + ICIE = 3 llarl + b2 + flex 2 2 3 lldiaddy] (=, — (Bdiade}, C] @ D)) |, + Flall
N (38)
= Z al + b} +c (34) wherez,, §,, anda denote the vector rearrangements of ma-

= tricesZ,, D, , and A, respectively. Additional regularization
by defininga, := |a.|, b. := ||b.| , ¢ := |lc.||, » = that vanishes when taking derivatives w.A. were removed
1,...,R. from (38). Setting the gradient df (38) w.r4.to zero, yields

On the other handX can be expressed w.l.0.g. in terms of a=(I+ E)_lC

the normalized outer products] (6) with := a,.b,.c,.. Substi-
tuting (8) and[(34) for the tensor and the penalty respdgtivewith

(@) reduces to 1 &
= — Y (B"diage} C] ®I) diagd,] (Bdiage; C]  I)
2
min  min  min —|| (Z - X)®A||% (St
{(ah, (w1 4%} v {ar}{br} e} 2 P
R T T
HZG2+I)2+CQ Z B dlaQe C®I)d|aQ(5]
2 r r T p*l

r=1
R The norms ofE and ¢ can be bounded by using the sub-
to X = Z (u,.ov,ow,) multiplicative property of the norm, and the Cauchy-Sclevar
r—1 inequality, which results in
r = aybpCp. 35
_ o . [Bl- < LIBIZICI
Focusing on the inner minimization w.r.t. normas, b,, H
and ¢, for arbitrary fixed directiongu,}, {v,}, and {w,}, I1¢]|F < lIIA@BZIIFHBHFHCIIF-
and fixed productsy, := a,b.c.. The constraints and hence [
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Then according to the previous lemma,ifis chosen large MatricesA, B, andC are further obtained by solving

enough so thatE|| » < 1 then the norm ofA is bounded by »

_ min 7, — KyAdiag[eTKpCl BTK ) @A, ||

Al = lalk: < (1~ [BIZICI) BLAICl rlaszr 4 2|2~ KaAdage KpC] BTKy) A,
39

e (trace(ATK yA) + trace(BTK B) + trace(CTKpC))

which constitutes the sought second characterization ef th

¢ s.to A e RM*E B e RV*E C e RPXE

minimum of [8).
Yet a third characterization was obtained during the prdof Qhich s transformed into{16) by changing variablas =
Propositior(, in which the norm of the factor columns werg \ A, B = KB, andC = K»C, just as [@b) becomes

shown equal to each other, so that @s).

V-Covariance estimation

Inspection of the entries dKp(p,p’) := E [Tr (XIX,/)]
under the PARAFAC model, yields

R R
Tr <Z b.c,(p)a’l Z a,/Cp (p’)br/>]
r=1

[AllF = |BlF = [IC|# (40)

Substituting [(4D) into[(37) and (B9) yields

A% < |A®Z]|% /3% (41) Kp(p,p):=E
[Allr < (n—|AlIE) A A®Z p- (42)

r'=1

|
i M:u

R
T / T T
Form [42), two cases are found possible: . ;]E (cr (P)er () B (brb) E (2, a)

case 1:||A||r = 0; and

do E (e, (p)er (0) Ellb, |E]Ja, |
case 2:1 < (1~ |Allk/p) [AlF| ASZr/n.  (43) :

I
] =

1

>l

To argue that the second case is impossible, substifute (41) ZRc(p,p’)Tr(RB)Tr(RA)
into (43) and square the result to obtain r=1
. s s =R Re(p,p)Tr(Rp)Tr(Ra)
1< (1— |A®Z|E/90") 7| A®Z||F/3p 44) _ _
which, after summing ovep’ = p, yields

But by hypothesig: > | A®Z|;/* so that| A®Z|%/p* < 1,

P P
and the right-hand side df(44) is bounded(by3, so that the E|X||% = ZEHXPHQF = Z Ry (p,p)
inequality does not hold. This implies that the first cas&i){ =1 =1
i.e., |A|lr = 0, must hold, which in accordance with"{40), = RTr(Re)Tr(RE)Tr(RA). (46)

further implies a null solution of{8). That was the objectluf
proof. Still, the bound a.43 can be pushed to one by further In addition, by incorporating the equal power assumption
reducing u, and the proof remains valid under the slightly{I2), equation[{(46) further simplifies to

relaxed conditiony > (18/(5 + v21))~ /3| A®Z|® ~

0-81HA®ZH§:‘/3- - E||IX|% = R6®
IV-RKHS imputation as stated in[(18).
Recursive application of Representer's Theorem yieldgfini V| - Vector form of (19)
dimensional representations for the minimizefs b, ande,  The vec operator can be combined with the Kronecker
of (14), given by product to factorize véaAQ”) = (Q ® I)veqA), and with
. v the Hadamard product to convert it to a standard matrix
r(m) =21 rm kpa (m',m) product veCA®A) = diag'veq A))veq A). Using these two
l;r(n) = Zg/:lﬁm/k/v(n',n) properties,[(19) can be put in terms @f= veq A) as in

& (p) = 25:17Tp’k7’(plap)- 1&
f(a) = 5 3" |ldiagiveq(A,)) (vedZ,) ~ Bdiaglel:C)a) |

Defining vectorsk®(m) := [kam (1, m), ..., ka(M, m)], and p=1
correspondinglyk’;(n) := [kn(1,n),...,kxn(N,n)], and +
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