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Abstract—A new class of disturbance covariance matrix es-
timators for radar signal processing applications is introduced
following a geometric paradigm. Each estimator is associated
with a given unitary invariant norm and performs the sample
covariance matrix projection into a specific set of structured
covariance matrices. Regardless of the considered norm, an
efficient solution technique to handle the resulting constrained
optimization problem is developed. Specifically, it is shown that
the new family of distribution-free estimators shares a shrinkage-
type form; besides, the eigenvalues estimate just requires the
solution of a one-dimensional convex problem whose objective
function depends on the considered unitary norm. For the two
most common norm instances, i.e., Frobenius and spectral, very
efficient algorithms are developed to solve the aforementioned
one-dimensional optimization leading to almost closed form
covariance estimates. At the analysis stage, the performance of
the new estimators is assessed in terms of achievable Signal to
Interference plus Noise Ratio (SINR) both for a spatial and a
Doppler processing assuming different data statistical character-
izations. The results show that interesting SINR improvements
with respect to some counterparts available in the open literature
can be achieved especially in training starved regimes.

Index Terms—Adaptive Radar Signal Processing, Structured
Covariance Matrix Estimation, Unitary Invariant Matrix Norm,
Projection, Condition Number.

I. INTRODUCTION

Interference covariance matrix estimation is a longstanding
and basic problem in adaptive radar signal processing and nat-
urally arises in several areas such as target detection, direction
of arrival estimation, sidelobe cancelling, and secondary data
selection [1]-[4] (just to list a few). Conventional adaptive
architectures (such as Sample Matrix Inversion (SMI) Doppler
filter [1], Kelly’s receiver [4], and spatial beamformers [5])
resort to the Sample Covariance Matrix (SCM) of a secondary
data set collected from range gates spatially close to the
one under test to estimate the interference covariance. These
algorithms are often very prohibitive because they lean on
the assumption that the environment remains stationary and
homogeneous during the adaptation process. Precisely, they
provide satisfactory performance when the secondary vectors
share the same spectral properties of the interference in the test
cell, are statistical independent, and their number is higher
than twice the useful signal dimension [1]. These requisites
however may represent important limitations since in real
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environments the number of data where the disturbance is
homogeneous (often referred to as sample support) is very
limited. Besides, poor training data selection, in such adaptive
algorithms, can result in severe radar performance degradation
[6] and [7].

A viable means to thwart the lack of a sufficient number of
homogeneous secondary data is to capitalize some a-priori
information about the radar surrounding environment, namely
to realize a knowledge-based/cognitive processing [8] so as
to restrict the uncertainty region of the unknown parameters.
According to this processing paradigm, several approaches
have been pursued in the open literature assuming different
structural models as well as statistical distributions of the data.
In particular, both homogeneous and heterogeneous interfer-
ence environments are dealt with. As to the former scenario,
the training data are modeled as independent and identically
distributed (i.i.d.), zero-mean, circularly symmetric Gaussian
vectors. Whereas, the latter context mainly considers clutter
power variations within the sample support. Thus, assuming
homogeneity, in [9] the Maximum Likelihood (ML) covariance
matrix estimator is derived modeling the disturbance as the
sum of a coloured interference plus white disturbance; in [10],
the ML estimation of an unstructured covariance matrix with
a condition number upper bound requirement is considered;
in [11], using the same covariance structure as in [9], the ML
estimator is derived when a constraint on the condition number
is imposed too; in [12], a rank-constrained ML estimator
is developed; furthermore, relying on a Mean Square Error
(MSE) design criterion, in [13] and [14], some shrinkage
estimators are proposed. With reference to heterogeneous
scenarios, compound Gaussian statistical models (such as K-
distributed or Gamma amplitudes) are usually exploited to
account for clutter returns spikiness. In [15], assuming a clutter
dominated environment, a unified framework to regularize
the ML estimate in scaled Gaussian models (e.g., elliptical
distributions, compound-Gaussian processes and spherically
invariant random vectors) is developed in order to enhance
Tyler’s estimator in the presence of a small sample support
exploiting a-priori information on the covariance structure. In
[16], Tyler’s robust covariance M-estimator under group sym-
metry constraints, such as circulant, persymmetric, and proper
quaternion matrices, is considered. Precisely, it is provided
an iterative fixed point algorithm to compute the constrained
estimate. Finally, in [17], an iterative algorithm to estimate,
according to the ML approach, both the clutter subspace
and the covariance is proposed, assuming the disturbance
composed of a low rank compound Gaussian clutter plus a
white Gaussian noise contribution. Further technically sound,
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effective, and possibly shrinkage covariance estimators can be
found in [18]-[35].
These mentioned algorithms lean on specific assumptions
about the data statistical characterization and may suffer
performance loss in the presence of model mismatches due to
for instance quantization effects, constant modulus jamming
signals, phase noise [36]-[38]. To overcome this shortcoming
and endow robustness to the estimation process, some strate-
gies derived from geometric considerations on the metric space
of the covariance matrices have been also developed. In this
respect, in [39] and [40] techniques based on Riemannian p-
mean (e.g., Fréchet median and Karcher barycenter) evaluation
are developed to estimate suitably structured interference
covariance matrices showing that substantial ameliorations
over classical algorithms can be attained. In [39] and [41]
also an extension of the conventional Ordered Statistic (OS)
framework [42] is proposed relying on the Riemannian p-mean
computation of Toepliz or Toeplitz-Block-Toeplitz space-time
covariance matrices. Besides, in [43] and [44], covariance
estimates defined through geometric barycenters/medians (as-
sociated with specific distances in the space of Hermitian
matrices) of structured covariance estimates are exploited
both for training data selection and adaptive radar detection
highlighting significant gains with respect to the classic SCM.
Finally, in [45]-[50] other interesting geometric-inspired pro-
cedures are devised.
In this paper, leveraging on a geometric criterion, a novel class
of covariance estimators that do not consider any assumption
on the statistical characterization of the secondary data is
proposed and analyzed. Each estimator is associated with a
given unitary invariant norm and performs the SCM projection
into a specific set of structured covariance matrices. Precisely,
this set encompasses the matrices modeled as the sum of an
unknown positive semi-definite matrix (describing coloured
interference and clutter) plus a term proportional to the identity
matrix (related to white disturbance). Besides, a constraint
on the condition number is accounted for so as to control
the numerical stability of the resulting adaptive algorithms
[5]. Hence, the developed approach forces, as a byproduct,
a special structure on the covariance matrix which reduces
the degrees of freedom of the estimation problem. Otherwise
stated, the uncertainty region of the unknown parameters is
reduced allowing an estimation accuracy enhancement.
Regardless of the considered norm, an efficient solution
technique to handle the formulated constrained optimization
problem is developed. Precisely, each estimator exhibits
a shrinkage-type form and its evaluation requires the
SCM spectral decomposition as well as the solution of a
one-dimensional convex problem whose objective function
depends on the considered unitary norm.
At the analysis stage, the performance of the new class of
distribution-free estimators is evaluated in terms of achievable
Signal-to-Interference-plus-Noise Ratio (SINR) for different
sample support sizes, assuming both a spatial and a Doppler
processing scenario.

Summarizing, the main contributions of this paper are:
« the introduction of an original and innovative distribution-
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free covariance estimation framework in order to pro-
vide a robust alternative to [11] when inference on the
disturbance statistical distribution is not possible. By
doing so, a reliable covariance estimate fulfilling practical
requirements is provided;

o the use and the development of interesting optimization
tricks to solve the formulated covariance matrix estima-
tion problems. Specifically, resorting to the properties
of the symmetric gauge functions [51], it is shown that
our new class of estimators exhibits the shrinkage form
regardless of the adopted unitary invariant norm; further-
more, very efficient procedures are developed to suitably
shrink the covariance eigenvalues. In this respect, it is
worth mentioning that for the spectral norm estimator an
almost closed form eigenvalue transformation is derived;

o the possibility to easily extend the provided framework to
encompass arbitrary unitary invariant constraints, such as
a constraint on the clutter rank, by means of the provided
theoretical results;

o the achievement of interesting performance gains over
some counterparts available in the open literature both
in terms of higher SINR values and computational com-
plexity (the spectral norm based estimator is substantially
available in closed form).

The remainder of this paper is organized as follows. Section
II is devoted to the description of the system model as well as
the formulation of the covariance matrix estimation problem.
In Section III, an efficient procedure to solve the resulting
constrained optimization is developed. In Section IV, the
performance of the proposed distribution-free estimators is
assessed. Finally, Section V concludes the paper and provides
some possible future research tracks'.

II. PROBLEM FORMULATION

In this section, the problem of estimating the covariance
matrix M € HY of K secondary data rq,...,7rx modeled
as N-dimensional, circularly symmetric, zero-mean random
vectors, is addressed. It is assumed that these vectors share
the same second order statistical characterization, i.e.,

Efrirl] =M, fori=1,... K, (1)

but are drawn from an arbitrary and unknown joint probability
distribution (in particular, they are not necessarily i.i.d.).

! Notation - We adopt the notation of using boldface for vectors a (lower
case), and matrices A (upper case). The transpose and the conjugate transpose
operators are denoted by the symbols (-)7 and (-)T respectively. tr {-} is the
trace of the square matrix argument. I and O denote respectively the identity
matrix and the matrix with zero entries (their size is determined from the
context). diag (a) indicates the diagonal matrix whose é-th diagonal element
is the i-th entry of a. RN, N, CNK | and HY are respectively the sets of
N-dimensional vectors of real numbers, of N-dimensional vectors of complex
numbers, of N x K matrices of complex numbers, and of N X N Hermitian
matrices. The curled inequality symbol >~ (and its strict form >) is used to
denote generalized matrix inequality: for any A € HY, A > 0 means that
A is a positive semi-definite matrix (A > O for positive definiteness). || - ||
denotes an arbitrary unitary invariant matrix norm operator, while the specific
spectral and Frobenius instances are indicated by ||-||2 and ||-|| 7, respectively.
The letter j represents the imaginary unit (i.e. j = +/—1). For any complex
number w, |z| represents the modulus of x. Finally, E [-] denotes statistical
expectation and for any optimization problem P, v(P) represents its optimal
value.
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According to the previous assumptions, classic estimation
approaches such as the ML or the minimum MSE strategies
can be no longer pursued since they need the data statistical
distribution knowledge. Hence, in this work a new family
of covariance estimators based on geometric considerations
is introduced. Specifically, the idea is to estimate the data
covariance matrix performing the projection?, as induced by a
specific metric, of the SCM?

~ 1 n
S:EZriri, )

into the set

o?, 3)

where 02 > 0 is a lower bound to the white interference

power, R accounts for the colored interfering contribution, and
kar > 1is an upper bound to the covariance condition number.
This uncertainty set accounts for an interference covariance
structure that is commonly met in adaptive radar signal pro-
cessing applications and ensures a well conditioned estimate
necessary to compute the adaptive radar weight vector. In this
respect, notice that an important task, in digital processing
design, is the numerical stability of the outputs from the
implemented algorithms, with respect to the accuracy of the
input data. Thus, it is extremely relevant to guarantee a stable
computation with respect to the roundoff errors corrupting
the estimated covariance matrix. It is worth pointing out
that there is a fundamental tradeoff between the number of
bits available in the computer to accomplish matrix inversion
and the allowable eigenvalue spread (ruled by the condition
number) of the input covariance [53, pp. 312-313], [5, p. 132].

The effectiveness of this model has already been proved in
[11], where the training data are assumed i.i.d., zero-mean,
circularly symmetric Gaussian vectors and the ML estimate is
derived. Hence, as already highlighted, the main goal of this
work is the development of a distribution-free approach which
provides a robust alternative to [11]. A pictorial representation
of the geometric-based estimation process is reported in Fig. 1.
Following the above guidelines, the covariance matrix estimate
M is obtained as solution to the following optimization

ZNotice that, the projection operator is usually defined assuming the
reference set being convex and closed as well as the norm being induced by an
inner product. Nevertheless, with a slight abuse of notation, in this paper we
continue to define as projection the point &, minimizing the distance (based
on a specific metric) between a given point & and the reference set as long
as the point @, can be uniquely identified.

3Notice that a data covariance matrix different from the SCM can be
used. For instance, if compound Gaussian clutter is expected, the Normalized
Sample Covariance Matrix (NSCM) [52] could be employed.
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Fig. 1. Projection of the SCM into a specific set through a unitary invariant
matrix norm.

problem R
min  ||M — S|
N (M)
Amaz
S.t. —an <K
P )\'nLin(M) =M , 4)
oc2I+R=M
R*>0
o2 > o2
where || - || refers to an arbitrary but given unitary invariant

matrix norm [51] that induces a specific metric in the space
of the positive semi-definite matrices over which performing
the projection. Examples of norms that can be considered in
the estimation process are the Frobenius, the spectral, and
the Ky Fan norms. In this respect, observe that the first two
instances are the most common and widely used norms in the
space of Hermitian matrices corroborating the interest toward
the family of unitary invariant norms. Remarkably, different
estimators can be jointly exploited within a bank/battery of
adaptive receivers. More in detail, each detector may resort
to a specific norm and the presence of a prospective target is
established by means of a suitable fusion logic, such as binary
integration or m-of-n detection [54].

Before concluding this section, it is also worth pointing out
that the proposed estimators possess the consistency property
as long as the secondary data vectors are statistically indepen-

dent. Indeed,
|M—-M| < [M-S|+|S—-M| )

2|M - S|, (6)

IN

where the first equation stems from the triangular inequality,
while the second inequality follows from the definition of M,
i.e., it is a minimizer. Now, provided that M is a measurable
function of the secondary data®, it follows that

E[|M - M|? < 2E[|M -S| %)
< 202E[|M - S|F] >0, ()

where the second inequality results from the finite dimension
of the space H", « is a specific constant linking the considered
norm with the Frobenius one [51, Corollary 5.4.5], and finally
the convergence to zero comes from the consistency of the
sample covariance estimator. Based on Chebyshev’s inequality

4A sufficient condition for estimator measurability is reported in Appendix
A.
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[55], the estimation error converges to zero also in probability
which is often invoked as the classic definition of consistency.

III. DERIVATION OF THE STRUCTURED COVARIANCE
MATRIX ESTIMATORS BASED ON UNITARY INVARIANT
NORM PROJECTION

This section deals with the development of an efficient
procedure to solve Problem P almost in closed form regard-
less of the considered norm. Specifically, it is proved that
any sample covariance projector belongs to the class of the
shrinkage estimators® and the eigenvalues estimate is obtained
solving a one-dimensional convex problem whose objective
function is tied up to the considered unitary norm. In general,
this optimization problem can be solved in polynomial-time
using convex solvers such as CVX [56]. In addition, for the
two most relevant norm instances, i.e., Frobenius and spectral,
very efficient algorithms are provided to tackle the associated
one-dimensional optimizations.

As first step toward the solution of P, it is shown in
Appendix B that it is equivalent to the solvable convex
problem

min || X — S
X
P S.t. X1 , )
Amaz (X))

T (X)) S M

where § = S/0? and X = M /o2

Next, let us indicate with S = USASUL the spectral
decomposition of the SCM normalized to o2, where Ag =
diag ([di,do, -+ ,dy]"), with dy > dy > -+ > dy the
eigenvalues of S arranged in decreasing order, and Ug is
the unitary matrix whose columns contain the corresponding
eigenvectors. Hence, the following lemma holds true.

Lemma 3.1: An  optimal solution to P; is a
shrinkage  estimator X* = USA*UTS where
A* = diag ([)\’{,)\g, - ,)\jv]T) is a solution to the
following optimization problem

min ||A — Ag||
Pod st A-T , (10)
% < Km
with A = diag ([Al, Ag, - ,AN]T).
Proof: See Appendix C. [ |

To proceed further, let us introduce the auxiliary variable
u > 0 and cast® P, as

min ||A — Ag]|
,Pé S.t. Ai > 1, t1=1,...,N. (11)
u <N < Ky,
u> -
— Km

SA shrinkage covariance _estimator M is a matrix sharing the same
e/iz\genvectors as the SCM S > 0, but transforming the eigenvalues, i.e.
M = US' diag([gl(dl,dg, .o, dN),g2(di,da, .. dN),
gn(di,da,...,dN)]) U% = 0.

The technical details of this equivalence are reported in Appendix D.
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This formulation paves the way for an efficient solution of
Ps. Indeed, for any fixed w a closed form optimal matrix to
Problem (11) can be derived as shown in the following lemma.

Lemma 3.2: For any u > %M an optimal solution A* (%)
to P5(u) (i.e., Problem (11) when the variable w is kept fixed
to u), is

A*(u) = diag (A\*(u)), (12)
where
N (u) =M (), e (w), ..., An(w)]" € RN, (13)
with
Ai(w) = min(kpru, max(d;, max(1,u))), ¢ =1,...,N.
Proof: See Appendix E. [ ]

Leveraging on Lemmas 3.1 and 3.2 as well as denoting by
g(+) the gauge function associated with the considered unitary
invariant norm [51], the following fundamental result can be
shown.

Theorem 3.3: Let u* be the lowest optimal solution to the
convex optimization problem

min gk (u). ha(u). ... iy ()

s.t. u > L
Km

;o (14

where h;(u) = [Af(u) —d;|, i = 1,..., N. Then, an optimal
solution to P; is

X* = Ug diag (A" (u*))UL. (15)

Proof: See Appendix F. |
According to Theorem 3.3, a unique solution to P; can
be constructed in almost closed form. Consequently, this
new class of estimators effectively performs specific unitary
invariant norm-based projections. It is also worth pointing
out that the functional dependence over the selected norm
is concentrated in the optimal value of the auxiliary u that
accounts for the corresponding gauge function. In Fig. 2, a
schematic illustration of the steps involved in the proposed
procedure for the computation of M is reported. As already
highlighted, M is a shrinkage estimator which regularizes
the SCM according to the specific unitary invariant norm and
explicitly accounting for a condition number constraint so as
to provide a well-conditioned structured estimate.

computation of

u*

KM

(gauge function dependent)|

u*

EVD of do

izati 2 M
regularization 02U sdiag (A" (u")) UL
process

]

S =UgAsUL

Fig. 2. Block scheme associated with the proposed estimation procedure.

Before continue further, it is worth observing that the func-
tions h;(u), ¢ = 1,..., N, involved in P3 can be expressed
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in closed form (see Appendix G for details). This is a useful
result in general and more important it lays the ground for the
derivation of specialized procedures to handle Ps assuming
either the Frobenius or the spectral norm (see Subsections
III-A and III-B). Precisely, for any fixed ¢, if d; > 1

di —ryu if = <u< Ao
otherwise d; < 1 and
1—d; if =<u<l1
moo={ 70 IS a

A. Frobenius Norm

The gauge function associated with the Frobenius norm is
given by

g(hl(u)7 h2(”)? ) hN(u)) =

and the problem to solve boils down to

min  Gi(u)

P4 u 1 )
S.t. u > p—

N

z:(hl(u))2 To proceed further, let us

(18)

where Gq(u) =

observe that the of)?i}nal solution to problem P, is u* =
max{ldi} ;¢ d1 < kg, otherwise, the optimal solution to Py
lies within the interval [1,d;]. In this last case, G1(u) is a
convex function with a continuous derivative function within
the interval of interest [1,d;] (see Appendix H for details).

Hence, denoting by N the number of sample eigenvalues
d; greater than 1, ie.d; > 1,1=1,..., N, and defining the
vector -

v = [dl,dg, R 7d1Va 1]T S RN+1,

the following theorem holds true.

Theorem 3.4: Assuming d; > kp; > 1, the optimal
solution u* to Py is
D owt =1 S| >0
2) u* =dy, if %Lf“)j <0;
u:d1

3) wr =it A <y
4) if 1), 2), and 3) are not satisfied, u* is the optimal
solution if and only if

8 N
ZHMdi + Zdi
=1 i—a

- N—a+1+8k3,’

with o € {1,2,..., N, N + 1} the smallest index such
that v, < u*, and 8 € {1,2,..., N, N + 1} the largest

index such that =& > u*.
Ka

u*

19)

Proof: See Appendix I. [ |
Theorem 3.4 provides the guidelines to find u*. Indeed, the
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selection of the integers o and (8 such that

B N
ZFEMdi + Zdi
i=1 =

= 20
U, N—Oé+1+ﬁlﬁl?\/[7 ( )
with
v v
Vo < U3 < Va—1 and Che S q g < —5, 21)
KM KM

is required. To this end, an efficient procedure is now de-
scribed. Precisely, the strategy consists in iteratively veri-
fying the conditions (20) and (21) once the values of «
and [ have been efficiently fixed. In this respect, notice
that, if the intersection of the intervals (21) is empty, then
Uq,s cannot be the optimal solution. On the contrary, the
intersection is given by one of the following sub-intervals
optimal point must belong to one of them. According to this
line of reasoning, the procedure follows these simple steps:
1) Set 5 =1, a =2, and increase « until v, > :—Ji
2) Compute uq, 3. If uq, g belongs to the current intersec-
tion, let u* = uq, 3 and exit; otherwise go to step 3).
3) If % < g, increase o and go to step 2), otherwise
increase 3 and go to step 2).

and

It is worth pointing out that this algorithm provides the
optimal solution to problem P, with a linear computational
complexity with the number of the eigenvalues of S greater
than 1.

B. Spectral Norm

In this case, the gauge function is

g(hl (u)v hQ(U‘)v sy hN(u)) = i:ql,aXN {hz(u)}

veey

and Ps can be specialized as

» min Gz (u) -
) st u> K—L ’ (22)
with Ga(u) = max {h;(u)}. Notice also that, since Ga(u)

is strictly increasing as u > dj, the feasible set of Ps can

be restricted to -
M

< v < max (%M,dl) without loss of
generality.

The following proposition provides an efficient procedure
to solve Ps.

Theorem 3.5: Let u* the lowest optimal solution to Ps.

Then
1) u*:K—L,ifd1§1-
2) u*:maX{M L}’1f1<d1 SI{I\/[ anddN §

KM KM
1.
3) ur = %{, if 1 <d; < ky and dy > 1. In this case,

the covariance estimate reduces to S.
4) If di > kpr and dy < 1, then

R u*:max{n,ﬁ},ifnzmﬁl;

KM

: * __ di+dn
o otherwise, u* = Ty = 1.

5) If diy > kp and dy > 1, then
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* _ ditdn dy .
e U= 1+rm if dy < KM

o otherwise, u* = :—L Besides, in this case, the
estimate coincides with S.
Proof: See Appendix J. [ |

Based on Theorem 3.5, the optimal solution to Ps is sub-
stantially available in closed form. Indeed, just the comparison
between some linear functions of the highest and the lowest
sample covariance eigenvalues with some fixed thresholds is
required. It is also worth pointing out that, * is a continuous
function of dy,...,dy implying that X* is a continuous
function of S.

IV. NUMERICAL RESULTS

This section is devoted to the analysis of the proposed
covariance estimators. The average SINR is adopted as per-
formance metric and some counterparts available in the open
literature are considered for comparison purposes. Two typical
radar signal processing scenarios are studied: the former fo-
cuses on spatial processing with wideband jammers impairing
the received data, the latter considers Doppler processing with
the interfering returns originated by clutter. More formally, the
average SINR (over MC i.i.d. realizations’ of K secondary
data) is given by

MC ot 2
1 i
SINR,, — Z |w]s(z)| , 23)
MC = (@IM’&J@)
where s(z) is the N-dimensional target steering vector whose
expression depends on:

o the considered processing scenario (spatial/temporal);

« the radar configuration (array type, Pulse Repetition Time
(PRT), etc.);

o the target state = (angle of arrival §/normalized Doppler
frequency v).

Moreover, @; = M p 13(:15) is the adaptive estimate of the op-
timal weight vector, where M ; is the data-dependent estimate
of M at the ¢-th run.

In the following analysis, it is assumed o2 = 0 dB and®
kM = Amaz(M)/Amin(M). Furthermore, for each case
study two different values of the actual white noise power
level o, are considered, i.e., 03 =0 and 03 = 10 dB, so as
to account for both a matched and a mismatched scenario.

A. Spatial Processing

A radar system equipped with a uniform linear array of N =
8 elements (with a spacing between the antennas of d = \o/2,
where )\ is the radar operating wavelength) pointing in the
boresight direction is considered. The interference covariance
matrix is given by M = M, + ogI [9] where 03 is the
actual power level of the white disturbance term, whereas M

7In the numerical results the number of Monte Carlo trials is set to M C =
500.

8Notice that the condition number predictor developed in [11] can be
employed to reliably estimate the covariance condition number. Additionally,
if the secondary data are modeled as i.i.d., zero-mean, circularly symmetric
Gaussian random vectors, the expected likelihood function cauld be also
considered [57].
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is the covariance matrix associated to J (possibly wideband)
jammers. Specifically, ¥ (n,m) € {1,...,N}>,
J
M (n,m) = Zofsinc [0.5Bf(n —m)g;| e?=m™% - (24)
i=1
with By = B/ fy the fractional bandwidth, B the instanta-
neous bandwidth of the desired signal (coinciding with the
jammer’s bandwidth), fo = c/)o, ¢ the speed of light, o2
the power associated with the i-th jammer, and ¢; the jammer
phase angle with respect to the antenna phase center. Precisely,
¢; = 2md(sind;)/ Ao, with 0; the angle off-boresight of the
jammer. Finally, according to the specified system model, the
steering vector (23) reduces to

s(0) = [1,exp (jwsin(0)), ..., exp (jrsin(6)(N —1))]" .

As case study, it is considered a wideband jammer with
a fractional bandwidth By = 0.3, a power a% = 30
dB, and a direction of arrival §; = 20 deg that impinges
on the radar receive array. In Fig. 3, the average SINR is
plotted versus the Direction Of Arrival (DOA) 6 for both
the Frobenius Norm based Estimator (FNE) and the Spectral
Norm based Estimator (SNE). Therein, the secondary data are
modeled as i.i.d., zero-mean, circularly symmetric Gaussian
random vectors. For comparison purposes, the SINR behavior
associated with the Constrained ML estimator (CML) [11], the
Fast Maximum Likelihood estimator (FML) [9], the Oracle
Approximating Shrinkage estimator (OAS) [14], the Rank-
Constrained Maximum Likelihood estimator (RCML), with
the exact knowledge of the rank and the white noise level,
[12], and the classic SCM? is displayed too. Besides, the SINR
upper bound st M ~'s is reported as benchmark. Figs. 3(a),
3(c), 3(e) assume a matched condition, i.e. 02 = 0 = 0 dB,
with K =4, K = 8, and K = 16 secondary data, respectively.
Figs. 3(b), 3(d), 3(f) account for a mismatched situation, i.e.
02 =10 dB and ¢? = 0 dB.

The results show that FNE and SNE substantially exhibit the
same performance in terms of average SINR regardless of the
considered DOA and scenario. In the matched cases the curves
of the new devised estimators almost overlap with those of
CML, FML, and RCML (the maximum gain of FNE and SNE
over CML, FML, and RCML is 0.08 dB) and significantly
dominate the OAS and SCM performances, although the new
estimators do not rely on statistical information about the data.
Besides, FNE and SNE outperform all the counterparts in the
mismatched scenario with gains (with respect to CML, FML,
RCML, OAS, and SCM) of: 0.93 dB, 1.26 dB, 1.26 dB, 13.13
dB and 5.65 dB for K = 4; 0.80 dB, 2.40 dB, 2.50 dB, 14.02
dB and 5.45 dB for K = 8; 0.45 dB, 1.60 dB, 3.45 dB, 7.69
dB, and 1.60 dB for K = 16. As expected, increasing the
sample support size, the gain reduces since all the curves tend
to approach the SINR upper bound due to the consistency of
the estimators.

In Fig. 4, the same spatial processing scenario as in Fig.
3 is analyzed, but for a different secondary data statistical

9Notice that, when K < N the pseudo inverse of the sample matrix is
utilized in place of its inverse [1].
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(a), (c), and (e) refer to the case O'g = 0 dB, whereas subplots (b), (d), and (f) to O'g = 10 dB.

distribution that is no longer Gaussian. Specifically,

where n; ~ CN(0,02I), =; ~ CN(0,M,), and 7; ~

T, = MN; +\/Ti%; Z:].,

7K’

D(1/pr, pir) (ur =2),4=1,..., K, are statistically indepen-
dent random vectors/variables. Otherwise stated, a compound
Gaussian jamming is now accounted for. As in Fig. 3, the
average SINR versus 6 is reported for three different sample
support sizes, i.e., K = 4, K = 8, and K = 16. Moreover, the
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subplots on the left refer to the matched scenario (02 = 02 = ()
dB) whereas the plot on the right address the mismatched case
(02 =10 dB and ¢% = 0 dB).

For comparison purposes, other than the FML, CML, OAS,
and SCM estimators, three additional strategies designed to
operate in compound Gaussian clutter are considered. Specif-
ically,

o the NSCM estimator [52];

=
=

LKL
?

Mysem = 7 ;
i=1 T‘Z-Ti

o the Fixed-Point Estimator (FPE) [58]-[60] M FPE, that is
obtained iteratively solving a fixed point equation;

o the Low Rank clutter Estimator (LRE), [17], addressing a
mixed Gaussian/compound Gaussian disturbance model.
The covariance estimate can be computed as

K
Y 1 \ =~
MLRE(EE Tk>2+I,
k=1

where T, is the estimated texture of the k-th clutter datum
and X is the covariance estimate of the speckle obtained
through the iterative algorithm proposed in [17].

Inspection of Fig. 4 reveals that FNE and SNE are basically
equivalent and outperform in terms of average SINR all the
counterparts, included those specific for compound Gaussian
disturbance'©. Precisely, in the matched condition, as already
observed in Fig. 3, FNE, SNE, FML, and CML are almost
coincident. Besides, compared to NSCM, FPE, LRE-6, LRE-
7, OAS and SCM, they provide SINR gains up to: 11 dB, 11
dB, 1.89 dB, 1.90 dB, 19.89 dB and 6.93 dB for K = 4; 6.27
dB, 6.27 dB, 4.74 dB, 7.50 dB, 21.97 dB and 5.38 dB for
K = 8;4.77 dB, 2.01 dB, 6.65 dB, 9.20 dB, 13.79 dB, and
1.63 dB for K = 16. Without surprise, LRE-6 outperforms
LRE-7 reflecting the presence of a mismatch loss. Finally,
in the mismatched scenario, FNE and SNE also grant better
performance than FML and CML with gains of 1.35 dB and
0.94 dB for K = 4, 2.35 dB and 0.84 dB, for K = 8, 1.51 dB
and 0.42 dB, for K = 16, clearly highlighting the effectiveness
of the new devised strategies. As to the comparisons with
the other estimators, considerations similar to those for the
matched scenario holds true.

B. Doppler Processing

A radar system transmitting a coherent burst of N = 16
pulses is considered. In this case x refers to the normalized
Doppler frequency of the target, i.e. v € [—1/2,1/2] and the
steering vector in (23) reduces to

s(v) = [1,exp (j2mv), ... exp (j2mv(N — 1))]" e CV.

As to the interference environment, it is assumed that the radar
operates in the presence of both ground and sea clutter in

10As to the LRE, the clutter covariance matrix rank is evaluated as the
number of the eigenvalues greater than tr (M )/10% > 10~4. Hence, the
estimators exploiting the true rank, i.e., rank 6 (LRE-6) and rank 7 (LRE-7)
are displayed.
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addition to white noise [61]. Therefore the overall disturbance
covariance matrix is

M = M, + 7’1,
where, V (n,m) € {1,...,N}?,

(25)

M, (n7 m) _ CNRSpgn—mPejQw(nfm)fs + CI\IRGPIC'r;—'rnl7
(26)
with
o« CNRg and CNR¢ the power of the sea and ground clutter,
respectively;
e ps and pg the one-lag correlation coefficients of the sea

and the ground clutter, respectively;
o fs the normalized Doppler frequency of the sea clutter.

In Fig. 5, the average SINR versus v is reported for FNE, SNE,
FML, CML, RCML, OAS, and SCM estimators. The training
data are drawn from a complex circular Gaussian distribution
and the parameters in (26) are CNRg = 10 dB, CNRg = 25
dB, ps = 0.8, pg = 0.95, and fg = 0.2. Figs. 5(a), 5(c), and
5(e) refer to K = 8, K = 16, and K = 32, respectively and
assume o2 = 0 dB. The mismatched analysis, i.e., 02 = 10
dB, is instead reported in Figs. 5(b), 5(d), and 5(f).

The plots clearly illustrate the effectiveness of the new
devised estimators. Indeed, both in the matched and in mis-
matched scenario, FNE and SNE achieve higher SINR values
than the counterparts at each target Doppler frequency but for
the OAS estimator that exhibits comparable performance (no
one uniformly outperforms the others). Interestingly, unlike the
spatial-processing, in this case FNE and SNE also outperform
CML, FML, and RCML in the matched conditions. Precisely,
the SINR gains with respect to the CML, that is the major
competitor, are, for K = 8,16, 32, respectively: 1.29 dB, 1.38
dB, and 0.52 dB in the matched case and 1.43 dB, 1.42 dB,
and 0.61 dB in mismatched situation. As expected, the gains
are lower and lower as K increases, due to the consistency of
all the involved estimators.

V. CONCLUSIONS

The disturbance covariance matrix estimation problem for
radar signal processing applications has been addressed ac-
cording to a geometric approach. Specifically, a new family
of distribution-free covariance estimators has been introduced
performing the SCM projection, according to a specific unitary
invariant norm, into a structured covariance set of practical
relevance.

To tackle the resulting constrained optimization problem
an efficient solution technique has been designed which
represents the main technical contribution of this paper. In
particular, it has been proved that each estimator exhibits a
shrinkage-type form with the eigenvalues estimate obtained
via the solution of a one-dimensional convex problem tuned
to the considered unitary norm. Furthermore, almost closed
form covariance estimates have been provided assuming either
Frobenius or spectral norms at the design stage. Remarkably,
the proposed estimators possess the consistency property as
long as the training vectors are statistically independent.
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Some interesting case studies have been considered to il-
lustrate the effectiveness of the new proposed framework. The
results have shown that the new estimators may provide better
SINR values than some structured estimators available in the

open literature. Precisely, the lower the sample support the
higher the gain. Additionally, accounting for the computational
efforts as well as the SINR performance, the best estimator
appears that based on spectral norm.
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subplots (b), (d), and (f) to Jg =10 dB.

As possible future research tracks, it might be worth an-
alyzing the performance of the new family of estimators
on real radar data as well as to account for other unitary
invariant constraints at the design stage such as an upper bound
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normalized Doppler frequency
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Doppler processing in the presence of Gaussian data for different numbers of training data. SINRg, versus normalized Doppler frequency (blue
curve +-marked FNE, green dashed curve SNE, red x-marked curve CML, cyan dashed curve FML, magenta dotted curve RCML, olive-green dot-dashed
curve OAS, green dot-dashed curve SCM, and black curve ideal SINR bound). The analyzed environment comprises a bimodal clutter composed of sea and
ground clutter with CNRg = 10 dB, CNRg = 25, ps = 0.8, pg = 0.95, and fs = 0.2. Subplots (a), (c), and (e) refer to the case ag = 0 dB, whereas

on the clutter rank. Furthermore, it could be interesting to
investigate the definition of suitable criteria to select a specific
unitary invariant norm and the use of the new estimators
in conjunction with Generalized Inner Product (GIP) metric
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[62] to perform secondary data selection. Moreover, it could
be worth to extend the proposed framework to the diagonal
loading strategy as well as include in the approach of [17] this
covariance uncertainty set. Finally, additional research lines
might concern the investigation of procedures tuned to locally
stationary signals [63], [64].
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APPENDIX
A. Sufficient condition for estimator measurability

Proof: Let us show that the estimator M is a continuous
(thus measurable) function of S provided that there exists a
strictly increasing and continuous function g : [0, +oo[— R
such that g (|| - ||) is strictly convex, e.g. || - ||?. To this end, let
S ceHN,i=1,2. be a sequence of posmve seml -definite
matrices converging to S asi— o0 (e.g., S 8 ) and M
the resulting sequence of covarlance estlmates Now, the goal
is to show that M —+ M with M the estimate associated

with S Based on [65, Lemma IV.1], hm _min |1S; M|| =
*Mem

_min |5 -
Mem -
that encompasses the optimal solutions associated with S and

all the 3’1 Now, let (S'if, M,L-/

(S',-,M,-) that converges to a point (S'*,MI) Due to the

M| = Jim min ||, —M]|| =
~ % — —~ % /Z\TOOMGM

“min ||S —M]||, namely M| = M is the optimal solution.

Mem

Finally, if M does not ot converge to M there ex1sts at least

one extract sequence M  such that M — M, 9 # M
which is an absurd since the optimal solutlon is unique. l

) be a sequence extracted from

continuity of | - ||, | 8" —

B. Proof of the equivalence between problems P and P

Proof: Let M be a feasible solution to P and (R, 57)
be such that (M, R,57) satisfies the constraints in (3).
Since (M, R+ (62 — )1, 0?) is also feasible to (3), P is
equivalent to

min  ||M — S'H
Mo
Amaw
PI S.t. m S KM (27)
o’ T+ R=M
R>0

Next, observe that the set
2I+R=M
R>0 ’
can be recast as
R=M —o°I
M = o1
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Hence, defining X = JMQ, P’ boils down to

min || X — S
X
P, { st X =1 , (28)
Amaz (X)) <k
/\min(X) = M
where S = U—SQ Since Aoz (X) is a quasi-convex function

min

over the set X > I, P; is a convex problem. Finally, notice
that Problem P; is equivalent to

min || X — S|
X
s.t. X -1
P! - 29
! X - S| = 1 - 5] 29)
)\7710/3'( )

Now, since the objective in Pj is a continuous function and
the feasible set is a compact set, Weierstrass theorem ensures
the existence of a feasible point X * to P; such that v(P;) =
v(P;) = || X* — S||, which concludes the proof. [

C. Proof of Lemma 3.1

Proof: Let X* = U;AU! be the spectral de-
composition of an optimal solution to P;, where A] =

diag (A7, A5, -+ , Ay ), with AT > A5 > ... > A\}. Based
on [51, Theorem 7.4.51]
[ X7 — S| > [AT - Ag]. (30)
Besides,
IAT = As| = |[Us(A] - As)UL| = | X* =S|, (3D

due to the unitary invariance of the norm. Hence, X* =
USA{UJ[S is an optimal solution to P; since it is a feasible
point achieving the minimum value. Finally, P» is obtained
replacing X with USAUTS in P;. ]

D. Proof of the equivalence between Py and P}

Proof: Let us observe that the constraint set

AT
W<A>
A diag ([\,..., \n]7)
is equivalent to
N>1i=1,...,N
i SﬁMm}zn{)\h},izl,...,N : (33)

Now, introducing an auxiliary variable v > 0, the set (33) can
be cast as
AN>li=1,....N
u< N <kpyu,i=1,...,N
u >0

(34)

Indeed, if X is a feasible point to (33), (A, min{A}) is a

feasible point to (34). On the other hand, if (;\l,al) is a
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feasible point to (34),

0< 5\} QlﬁM ulﬁM
— < — S — = KM-
. )\1 . )\1 Ul
min {A}} ~ min {X; }
As a result, \; is a feasible point to (33). Finally, since (34)
is empty if u < %M P4 follows. [ |

E. Proof of Lemma 3.2

Proof: Let g(-) be the gauge function associated with
the considered unitary invariant norm || - || (see [51, Theorem
7.4.24]). According to [S1, Property 7.4.21],

A = As| = g(I\ = dul, |A2 = daf, ..., [Av — dn]),
implying that P} can be cast as
m}i\n g(|A1 —di], | X2 — da|, ..., | AN — dn])
st. A >1, +=1,...,N
u< N <kpyu, i1=1,...,N

To proceed further, let us observe that g(-) is a monotone
norm on CV [51, Theorem 5.5.10]. As a consequence, given
two vectors € CV and y € CV such that |z;| < |y;|,7 =
1,..., N, g(x) < g(y). Additionally, for any fixed u = @ the
constraints on the variables \;, i = 1,..., N are not coupled.
Thus, an optimal solution to

min g(|>\1*d1|7|)‘27d2|7~-'7|>‘N7dN|)
S.t. N>l i=1,...,N
u< N <kpyu, i1=1,...,N

can be found solving the following N scalar optimization
problems

A

Cou>1 :

Pi(w) S st i=1,...
u <\ < Kyt

 N. (35

The closed form solution to P%() can be obtained analyz-
ing

- min |z — y|
Ps @ ; (36)
st. a<x<b
where the variables x,y, a, b are given by
=X, y=d;, a=max(l,u), b=rpyu. (37)

Since | — y| is a monotonically decreasing function if z <y
and a monotonically increasing function if x > y, it follows
that the optimal solution is Z,, =y if a <y < b. If y <
a < b Tyin = a. Thus, T, = max(y,a) as long as y <
b. Moreover, T,,;, = b if y > b implying that the optimal
solution to 753 can be written in closed form as

ZTmin = min(b, max(y, a)). (38)
Replacing (37) in (38), the optimal solution to P3() is
A (u)

= min(kp 4, max(d;, max(1,a))).
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F. Proof of Theorem 3.3

Proof: Let A*(u) be an optimal solution to problem
PS(u) as provided by Lemma 3.2. Hence, a minimizer of P
is A* = A*(uy) with u} an optimal solution to the one-
dimensional problem

, | min  [[A%(u) -
Py ! 1
st uz> —

- KM

A
sl (39

Based on [51, Property 7.4.21] P4 can be reformulated as

i () —dil, . [N (u) — d
PB{H}}H 9500 =l PR =)

S.t. u >
KM

where g(+) is the gauge function associated with the considered
unitary invariant norm and \f (v), ¢ = 1,..., N, are the entries
of the vectorial function A*(u) given in (13). Now, notice that,
g (AT (u) —dif, ..., |Ay(u) —dn]) is a continuous function
since obtained as the composition of continuous functions.
Besides, due to [66, p. 88], the objective function in Pj is
convex. Hence, an optimal solution to P; just requires the
solution of the convex optimization problem Ps. Additionally,
the set of the optimal solutions to P3 defines a closed convex
interval bounded below ensuring the existence of the lowest
optimal solution u*. |

G. Proof of the results in equations (16) and (17)
Proof: To prove equations (16) and (17), for any fixed ¢,
let us introduce the following notation

ap = max(1,u), [1 =max(d;,aq).

Hence, )\ (u) = min(mMu B1). Now, assuming d; > 1:
° lf
unM < d;, 1rnp1y1ng that )\( ) = unM as well as
hi(u) = |ukpy — d;i| = di — ukars

-~ < iy item [y = d;. Now,
ukp > di, and thus \;(u) = d;, ie., hi(u) =0
e if u > d;, then o7 = u and 1 = u; thus, \;(u) = u and
Instead, when d; < 1:
. 1fK—<u<1 thenalflandﬁlfl hence, \;(u) =
1 and h; (u) =1—d;;
e if u > 1, then 61 = w; thus, A\;(u) = u and h;(u) =
u — dl

H. Proof of the claims concerning G1(u)
Proof: Let us start assuming d; < 1. This implies that

d; <1,i=1,...,N and
e A=d)? i = <u<d
(hi(u)) _{ (w—di)? if u>1 “D

Consequently, for ¢ = 1,..., N, each Gy(u) is a constant
function over u € [ 1 [ and it is monotonically increasing
in u € [1,400]. Thus, u* = va

Consider now 1 < dy < kpr. Let Z, = {i : d; > 1} be the
set of indexes corresponding to the eigenvalues greater than
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L. Since 7L <1 < d,,,,,, Where ppas € I, is the index within the interval u € [1, d],
associated with the lowest eigenvalue greater than 1, G (u)
——= <0, u e [1,d1],

is monotonically decreasing over

> (hi(w))? 42) du
i€l therefore G (u) is decreasing in [1,d;] and u} = d;
is the optimal solution as long as'! d; > dy. Indeed,

<u< i Moreover, . 3
if there exists u* < dy, G1(u) would be constant over

1
KM KM

42) is constant over L < y < d and monotonicall . . .

.( ) kMo o— = Pmaz 32/ [u*, u}] but this is not possible since d; > dy.
increases for u > d,,, ... Furthermore, if d; < 1, (h;(u)) 3) If 0 < dy, G1(u) is strictly decreasing up to < and
is a constant function over %M < u < 1 and monotonically ToRM T f’t b T i that S

. increasing after this point implying that u* = 2.
increases over u > 1. Hence, u* = . & p plymg KM

-
Finally, if dy > kpr G1(u) is a strictly decreasing function

over

within d; < u < +400. Hence, any minimum belongs to the
interval [1,d;].

Let us now focus on the differentiability of G (u). If d; < 1,
the derivative of (h;(u))? is

o 4) Finally, if ’f—;f > dy, the optimal solution is unique.

1 I . . . . Indeed, if G1(u) is constant over an interval its second
—— < u < 1, whereas it is a strictly increasing function AN ) .

oM order derivative is null in this set. Now, observe that
G1(u) is composed of convex functions whose second
order derivative exists except for a finite number of
points. Additionally, in any regular interval there is at
least one of such functions that is strictly convex due to

d(hi(w)? {0 if L <u<l 43) the assumption -4 > dy, and hence the initial claim is
du S 2(u—d;) if u>1 ) contradicted. Now, owing to
Hence, W is continuous over u > 1 where in u = 1 the M <0 and M >0,
right derivative is considered. If d; > 1, du  lu=1 du  lu=d,
2o o1 o d; the optimal point belongs to ]1,d;[. Since G;(u) is a
d(hi(u))® 2uryy = dikiar) %f = U S convex and differentiable function, u* is the optimal
du 0 ff oy Su<di point if and only if
2(u —d;) if u>d;
(44) dG (u) _o. 46)
Hence, in each of the sub-intervals [%M, :—; [ } Kd—;[, d; [ and du  lu=u*

|d;, +o0], W is continuous; moreover, in correspon-
dence of the points v = L and u = d;, the right and
left derivatives coincide implying that the overall derivative
is continuous over v > —. Since o < 1, the function

4Gy () _ id(hxu»?

Let us now fully characterize condition (46). To this end,
let @ € {1,2,..., N, N + 1} be the smallest index such
that v, < u* (@ > 2 since u* < dy = wvy; moreover
o < N + 1 because u* > 1 = vy,,). Besides, let
Be{l,2,...,N,N + 1} be the largest index such that
28> u* (B > 1 because'? u* < 4 and f§ < N

d7

K

1 1

M

o , is continuous over u € [1,d;]. K N e Y
—~  du since u* > 1 > = = ). Notice that, & > f,
As to the convexity of Gi(u), it easily follows from the otherwise v, > vg > :—i > u*, which contradicts u* >
convexity of each term. [ ] vo. Therefore, it will exist a suitable neighborhood B,

of u*, contained within the interval [v,, =], such that

G1(u) can be expressed as Y

1. Proof of Theorem 3.4

B N
Pi.'oof: The proof.is orga.nized in four different parts Gi(u) = Z (d; — FEMU)QJrZ (u— di)2, Vu € By
accordingly to the provided claims. P e
1) As already proved, G1(u) is a convex and differentiable . L ¢ . @7
function within the interval u € [1,d;]. Recalling that Comp uting the de‘rlvaFlve 0 (47) with Tespect to u, .and
a differentiable function is convex if and only if its imposing the optimality condition (46), the minimizer
PR
derivative is an increasing function, it can be claimed u’ is given by
that dG;é'“) is increasing within v € [1,d;]. Since B N
4G (w) > (), then Z'{Mdi + Zdi
du |1 = = =1 i=a (48)
dG1 (u N —a+1+6r3,
4l 5o wepal, M
du
namely G4 (u) is an increasing function in u € [1,d4].
Hence, the minimum to P, is attained in ©* = 1. ;
Without loss of generality, it is assumed that v; # v; and v; # KV,
2) Assume that for all i # j with 1 <4, < N + 1. ’ !
dGy (u) <0 and dG, (“) <0 (45) IZ&U(U) 4, > Osince each term composing G'1(u) is an increasing
du  lu=1 du  lu=d, = My

41 and at least the term associated with d N~ has a strictly

function over u > —-
= KM

Since, G1(u) is a convex and differentiable function positive derivative.
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On the other hand, let w a value such that

B N
ZﬂMdi -+ ZdZ
_ 1=1 1=
= - 49
“TN-a+1+ Br3,’ “9)

with @ € {1,2,..., N, N+ 1} the smallest indexes such
that vy < @ and 6 e {1, ,N,N + 1} the largest
indexes such that —= > . ThlS means that it exists
a neighborhood By of u contained within the interval

[’U@, :—Z}, such that Vu € By, G1(u) is given by

B N
= (di —maw)’ +) (w—di)?. (50)

i=1

Now, computing the derivative of (50), condition (49)
—del(u) =0,ie., u=u"

u=u

implies that

J. Proof of Theorem 3.5

Proof: The proof is organized in five different parts

accordingly to the provided claims.

1y

2)

If d; < 1,4 = 1,...,N, the functions h;(u), i =
1,...,N, in (17) are monotonically increasing over

u > . Hence, G3(u) is monotonically increasing
1mply1ng that u* = L
LetIf{z:d<1}andef{z:di>1};by

assumption, 1 < d; < k) and Z, # (). Now, observe
that

Ga(u) = max {hi(u)} = max{h9(u), hP

i=1,....,.N

(W)},
where

h?(u) = max {h;(u)},

P
i€Ly h (U)

max {h;(u)}.

€L,

To proceed further, notice that
hl(u) if
p — K
wo={ 0" i T
where ppq, = max{j € Z,}. In fact,
max {d; — kpu,0} > max {d; — knu,0}, j €Ly,

implying that

1 1
hP(u) = hq(u) over [—, 1] - [@7dp7"”] ;

%3

moreover, Vj € Z,, J < 1 and

max {u — pmz,O} > max {u —d;,0},
thus hP(u) = hp,,.(u) over v > 1. Finally, since
hi(u) = hy(u) if u > %M
Galu) = max {hy(u), hy(u)} if o Su<l
2= max {hn (u), by, (W)} i 1< u<dy

To proceed further, observe that

max {y (w), by, ()} = hy(u) u> 1,

3)

4)
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since w — dy > max{u—d,,,,..0}, u > 1. Now, let
n= w be the point such that 1— dN =di—nKM,

Wheren< d;j < 1since dy < 1. Ifn< , Ga(u) =
hy(u), u > K—M implying that u* Otherw1se
~f hi(u) if % <u<n
G2(U) - { hN(u) if uMZ n

and u* = 7 since G2 (u) is a strictly decreasing function
up to 7 and it monotonically increases if u > n. Thus,
u* = max 1, %M

Assume 1 < di < kp and dy > 1. Since, d; > 1,
it =1,....,N, Ga(u) = hyi(u) as %M < u < dy;
hence, Ga(u), is a strictly decreasing function over
d1 iy i a1

e Su< ot and Go (5 1) = 0 since 7= <1< dn.
As a consequence u* = - and X*=8.

Consider dy > k) and dy < 1. In this case,

) Jmax {hn(u), h1(u)} if Y <u<l1
G2( )_{max {hN(’u,)7 hy (’u,)7 hpmw (U)} lf]. § U S(gli)

where, as in item 2), ppq. 1S the index of the lowest
eigenvalue higher than 1. To proceed further, let n =
ditdy-1, ;ifn <1,

KM

1
hy(u) > 1—dn > hi(u), max{n, —} <u<d.
KM

(52)

Furthermore
hi(u) > hp,..(uw), 1<u<d,, . ., (53)
hn(u) > hpw (W), dppoe Su<di.  (54)

Hence, based on (52), (53), and (54)
max{hN (u)7 ha (u)7 h;vmrm (u)} =hn (u)7 1<u<d,

implying that u* = max{ﬁ—il, 77}.

Now, assume 1 > 1 and let 1 = Cifﬁdg , where 1 <
m < %. According to (51), Ga(u) = hq(u), if % <
u < 1. Additionally,
hi(u) > hy(u), 1 <u<mn,
hi(u) < hy(u), m <u<d. (55)
Besides,
° lf p‘rnU,.L < 1

Pppae (W) < By (u), 1 <u <di;

. dp, o
o otherwise, —2zez > ] and
Kam

hpm,aa: (u) S h/l (u)7 1 S u S M7
KM
oo () S Bv(u), 2225 < < . (56)
Km
Summarizing,
_ [ ) if ,,%Sugl
Gal) = { max {hn(u), hi(u)} if 11% u<d
(57)

As a consequence, Go(u) is a strictly decreasing func-
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tion over ﬁ < u < 1 and monotonically increases

over 71 < u < dy. Thus, u* = n;.

5) Let di > kas and dy > 1.

[1]

2

—

[3

[

[4

=

[5

—_

[6]

[7]

[8

—

[9

—

[10]

(1]

[12]

[13]

[14]

[15]

[16]

Ay — ditdn dy
o If dy < v let 1 = Ty S i Hence,

Go(u) = hy(u), if % < u < ;. In fact, within
this interval, Vi € {1,..., N}

dy —ukpy > max{d; —ukp, 0},

dy —ukpy > max{u —dy,0} > max {u —d;,0}.
Moreover, 171 > dpy, since % —dy =
KM (%) > 0 and consequently Ga(u) =
hy(u) if m < u < dj. As a result, u* = C{fﬁ@’;

o otherwise, dy > 5714 and following the same line
of reasoning as in item 3) it follows that u* = %
as well as X* = S.

|

REFERENCES

I. S. Reed, J. D. Mallett, and L. E. Brennan, “Rapid Convergence Rate
in Adaptive Arrays,” IEEE Transactions on Aerospace and Electronic
Systems, , no. 6, pp. 853-863, February 1974.

F. C. Robey, D. R. Fuhrmann, E. J. Kelly, and R. Nitzberg, “A CFAR
Adaptive Matched Filter Detector,” [EEE Transactions on Aerospace
and Electronic Systems, vol. 28, no. 1, pp. 208-216, January 1992.

P. Chen, W. L. Melvin, and M. C. Wicks, “Screening Among Multi-
variate Normal Data,” Journal of Multivariate Analysis, vol. 69, no. 1,
pp. 10-29, April 1999.

E. J. Kelly, “An Adaptive Detection Algorithm,” IEEE Transactions on
Aerospace and Electronic Systems, , no. 2, pp. 115-127, March 1986.

A. Farina, “Antenna-Based Signal Processing Techniques for Radar
Systems,” Norwood, MA: Artech House, 1992.

B. C. Armstrong, H. D. Griffiths, C. J. Baker, and R. G. White, “Per-
formance of Adaptive Optimal Doppler Processors in Heterogeneous
Clutter,” Proc. IEE Radar Sonar Navigation, vol. 142, no. 4, pp. 179—
190, August 1995.

B. Himed and W. L. Melvin, “Analyzing Space-Time Adaptive Pro-
cessors Using Measured Data,” in Conference Record of the Thirty-
First Asilomar Conference on Signals, Systems and Computers (Cat.
No.97CB36136), November 1997, vol. 1, pp. 930-935.

F. Gini and M. Rangaswamy, Knowledge Based Radar Detection,
Tracking and Classification, vol. 52, John Wiley & Sons, 2008.

M. Steiner and K. Gerlach, “Fast Converging Adaptive Processor or a
Structured Covariance Matrix,” [EEE Transactions on Aerospace and
Electronic Systems, vol. 36, no. 4, pp. 1115-1126, August 2000.

J. H. Won and S. J. Kim, “Maximum Likelihood Covariance Estimation
with a Condition Number Constraint,” Tech. rep., Statistics Dept.,
Stanford Univ., Stanford, CA, August 2009, [Online].

A. Aubry, A. De Maio, L. Pallotta, and A. Farina, “Maximum Likelihood
Estimation of a Structured Covariance Matrix with a Condition Number
Constraint,” [EEE Transactions on Signal Processing, vol. 60, no. 6,
pp- 3004-3021, March 2012.

B. Kang, V. Monga, and M. Rangaswamy, “Rank-Constrained Maxi-
mum Likelihood Estimation of Structured Covariance Matrices,” IEEE
Transactions on Aerospace and Electronic Systems, vol. 50, no. 1, pp.
501-515, January 2014.

O. Ledoit and M. Wolf, “A Well-Conditioned Estimator for Large-
Dimensional Covariance Matrices,” Journal of Multivariate Analysis,
vol. 88, no. 2, pp. 365411, February 2004.

Y. Chen, A. Wiesel, Y. C. Eldar, and A. O. Hero, “Shrinkage Algorithms
for MMSE Covariance Estimation,” [EEE Transactions on Signal
Processing, vol. 58, no. 10, pp. 5016-5029, October 2010.

A. Wiesel, “Unified Framework to Regularized Covariance Estimation
in Scaled Gaussian Models,” IEEE Transactions on Signal Processing,
vol. 60, no. 1, pp. 29-38, January 2012.

I. Soloveychik, D. Trushin, and A. Wiesel, “Group Symmetric Robust
Covariance Estimation,” /EEE Transactions on Signal Processing, vol.
64, no. 1, pp. 244-257, January 2016.

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

(31]

[32]

[33]

[34]

[35]

[36]

(371

(38]

http://dx.doi.org/10.1109/TSP.2017.2757913

15

Y. Sun, A. Breloy, P. Babu, D. P. Palomar, F. Pascal, and G. Ginolhac,
“Low-Complexity Algorithms for Low Rank Clutter Parameters Estima-
tion in Radar Systems,” IEEE Transactions on Signal Processing, vol.
64, no. 8, pp. 1986-1998, April 2016.

Y. I. Abramovich, “Controlled Method for Adaptive Optimization of
Filters using the Criterion of Maximum SNR,” Radio Eng. Electron.
Phys., vol. 26, pp. 87-95, March 1981.

B. D. Carlson, “Covariance Matrix Estimation Errors and Diagonal
Loading in Adaptive Arrays,” IEEE Trans. on Aerospace and Electronic
Systems, vol. 24, no. 4, pp. 397401, 1988.

Hongbin Li, P. Stoica, and Jian Li, “Computationally Efficient Maxi-
mum Likelihood Estimation of Structured Covariance Matrices,” IEEE
Transactions on Signal Processing, vol. 47, no. 5, pp. 1314-1323, May
1999.

A. De Maio, “Maximum Likelihood Estimation of Structured Persym-
metric Covariance Matrices,” Signal Processing, vol. 83, no. 3, pp.
633-640, 2003.

Y. I. Abramovich, N. K. Spencer, and A. Y. Gorokhov, “Bounds on Max-
imum Likelihood Ratio-Part I: Application to Antenna Array Detection-
Estimation with Perfect Wavefront Coherence,” IEEE Transactions on
Signal Processing, vol. 52, no. 6, pp. 1524-1536, June 2004.

P. R. Gurram and N. A. Goodman, “Spectral-Domain Covariance
Estimation with a Priori Knowledge,” IEEE Transactions on Aerospace
and Electronic Systems, vol. 42, no. 3, pp. 1010-1020, July 2006.

Y. I. Abramovich and N. K. Spencer, “Diagonally Loaded Normalised
Sample Matrix Inversion (LNSMI) for Outlier-Resistant Adaptive Fil-
tering,” in 2007 IEEE International Conference on Acoustics, Speech
and Signal Processing - ICASSP "07, April 2007, vol. 3, pp. III-1105—
11-1108.

Y. I. Abramovich, N. K. Spencer, and A. Y. Gorokhov, “Modified GLRT
and AMF Framework for Adaptive Detectors,” [EEE Transactions on
Aerospace and Electronic Systems, vol. 43, no. 3, pp. 1017-1051, July
2007.

Y. C. Eldar and J. Chernoi, “A Pre-Test Like Estimator Dominating the
Least-Squares Method,” J. Statist. Plan. Inference, vol. 138, no. 10, pp.
3069-3085, 2008.

P. Stoica, J. Li, X. Zhu, and J. Guerci, “On Using a Priori Knowledge
in Space-Time Adaptive Processing,” [EEE Trans. Signal Processing,
vol. 56, pp. 2598-2602, 2008.

P. Wang, H. Li, and B. Himed, “A Bayesian Parametric Test for Multi-
channel Adaptive Signal Detection in Nonhomogeneous Environments,”
IEEE Signal Processing Letters, vol. 17, no. 4, pp. 351-354, April 2010.
Y. I. Abramovich and O. Besson, “Regularized Covariance Matrix
Estimation in Complex Elliptically Symmetric Distributions Using the
Expected Likelihood Approach - Part 1: The Over-Sampled Case,” I[EEE
Transactions on Signal Processing, vol. 61, no. 23, pp. 5807-5818,
December 2013.

O. Besson and Y. I. Abramovich, “Regularized Covariance Matrix
Estimation in Complex Elliptically Symmetric Distributions Using the
Expected Likelihood Approach - Part 2: The Under-Sampled Case,”
IEEE Transactions on Signal Processing, vol. 61, no. 23, pp. 5819—
5829, December 2013.

A. Aubry, V. Carotenuto, A. D. Maio, and G. Foglia, “Exploiting
Multiple a Priori Spectral Models for Adaptive Radar Detection,” IET
Radar, Sonar Navigation, vol. 8, no. 7, pp. 695-707, August 2014.

L. D. Donoho, M. Gavish, and I. M. Johnstone, “Optimal Shrinkage
of Eigenvalues in the Spiked Covariance Model,” https://arxiv.org/pdf/
1311.0851.pdf, 2014.

Y. I. Abramovich and O. Besson, “On the Expected Likelihood
Approach for Assessment of Regularization Covariance Matrix,” IEEE
Signal Processing Letters, vol. 22, no. 6, pp. 777-781, June 2015.

J. Fan, Y. Liao, and H. Liu, “An Overview on the Estimation of Large
Covariance and Precision Matrices,” https://arxiv.org/pdf/ 1504.02995.
pdf, 2015.

Y. Sun, P. Babu, and D. P. Palomar, “Robust Estimation of Structured
Covariance Matrix for Heavy-Tailed Elliptical Distributions,” [EEE
Transactions on Signal Processing, vol. 64, no. 14, pp. 3576-3590, July
2016.

G. W. Stimson, Introduction to Airborne Radar, SciTech Publishing,
1998.

A. Aubry, A. D. Maio, V. Carotenuto, and A. Farina, “Radar Phase
Noise Modeling and Effects-Part 1 : MTI Filters,” IEEE Transactions
on Aerospace and Electronic Systems, vol. 52, no. 2, pp. 698-711, April
2016.

A. Aubry, V. Carotenuto, A. D. Maio, and A. Farina, “Radar Phase Noise
Modeling and Effects-Part II: Pulse Doppler Processors and Sidelobe

Copyright (c) 2018 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

[51]

[52]

(53]
[54]

[55]

[56]

(571

[58]

[59]

[60]

[61]

This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.

The final version of record is available at

Blankers,” [EEE Transactions on Aerospace and Electronic Systems,
vol. 52, no. 2, pp. 712-725, April 2016.

F. Barbaresco, “Information Geometry of Covariance Matrix: Cartan-
Siegel Homogeneous Bounded Domains, Mostow/Berger Fibration and
Fréchet Median,” in Matrix Information Geometry, pp. 199-256.
Springer, 2012.

B. Balaji, F. Barbaresco, and A. Decurninge, “Information Geometry
and Estimation of Toeplitz Covariance Matrices,” in International Radar
Conference. IEEE, October 2014, pp. 1-4.

F. Barbaresco, “Robust Statistical Radar Processing in Fréchet Metric
Space: OS-HDR-CFAR and OS-STAP Processing in Siegel Homoge-
neous Bounded Domains,” in 2011 12th International Radar Symposium
(IRS), Leipzig, Germany, September 2011, pp. 639-644.

M. A. Richards, J. A. Scheer, and W. A. Holm, Principles of Modern
Radar, SciTech, 2010.

A. Aubry, A. De Maio, L. Pallotta, and A. Farina, “Covariance Matrix
Estimation via Geometric Barycenters and its Application to Radar
Training Data Selection,” IET Radar, Sonar & Navigation, vol. 7, no.
6, pp. 600-614, August 2013.

A. Aubry, A. De Maio, L. Pallotta, and A. Farina, “Median Matrices
and their Application to Radar Training Data Selection,” IET Radar,
Sonar & Navigation, vol. 8, no. 4, pp. 265-274, June 2014.

B. Balaji, F. Barbaresco, and A. Decurninge, “Information Geometry
and Estimation of Toeplitz Covariance Matrices,” in 2014 International
Radar Conference, October 2014, pp. 1-4.

A. Aubry, A. De Maio, and V. Carotenuto, “Optimality Claims for the
FML Covariance Estimator with respect to Two Matrix Norms,” [EEE
Transactions on Aerospace and Electronic Systems, vol. 49, no. 3, pp.
2055-2057, July 2013.

D. A. Bini, B. Iannazzo, B. Jeuris, and R. Vandebril, “Geometric Means
of Structured Matrices,” BIT Numerical Mathematics, vol. 54, no. 1, pp.
55-83, 2014.

F. Barbaresco and A. Decurninge, “Median Burg Robust Spectral
Estimation for Inhomogeneous and Stationary Segments,” in 2016 I[EEE
Sensor Array and Multichannel Signal Processing Workshop (SAM), July
2016, pp. 1-5.

A. Decurninge and F. Barbaresco, “Robust Burg Estimation of Radar
Scatter Matrix for Autoregressive Structured SIRV Based on Fréchet
Medians,” IET Radar, Sonar and Navigation, vol. 11, no. 1, pp. 78-89,
January 2017.

I. L. Dryden, A. Koloydenko, and D. Zhou, “Non-Euclidean Statistics for
Covariance Matrices, with Applications to Diffusion Tensor Imaging,”
The Annals of Applied Statistics, vol. 3, no. 3, pp. 1102-1123, 2009.
R. A. Horn and C. R. Johnson, Matrix Analysis, Cambridge University
Press, 2012.

F. Gini, “Performance Analysis of Two Structured Covariance Matrix
Estimators in Compound-Gaussian Clutter,” Signal Processing, vol. 80,
no. 2, pp. 365-371, February 2000.

R. A. Monzingo and T. W. Miller, Introduction to Adaptive Arrays, John
Wiley Interscience Publication, 1980.

M. A. Richards, J. A. Scheer, and W. A. Holm, Principles of Modern
Radar: Basic Principles, Citeseer, 2010.

P. Billingsley, Probability and Measure, John Wiley & Sons, 2012.
M. Grant and S. Boyd, “CVX: Matlab Software for Disciplined Convex
Programming (web page and software),” http://stanford.edu/boyd/cvx,
December 2008.

B. Kang, V. Monga, M. Rangaswamy, and Y. I. Abramovich, “Automatic
Rank Estimation for Practical STAP Covariance Estimation via an Ex-
pected Likelihood Approach,” in IEEE Radar Conference (RadarCon),
Arlington, VA, 2015, pp. 1388-1393.

F. Pascal, Y. Chitour, J. P. Ovarlez, P. Forster, and P. Larzabal, “Covari-
ance Structure Maximum-Likelihood Estimates in Compound Gaussian
Noise: Existence and Algorithm Analysis,” IEEE Transactions on Signal
Processing, vol. 56, no. 1, pp. 34-48, January 2008.

Y. Chitour and F. Pascal, “Exact Maximum Likelihood Estimates for
SIRV Covariance Matrix: Existence and Algorithm Analysis,” IEEE
Transactions on Signal Processing, vol. 56, no. 10, pp. 4563-4573,
October 2008.

E. Conte, A. De Maio, and G. Ricci, “Recursive Estimation of the Co-
variance Matrix of A Compound-Gaussian Process and Its Application
to Adaptive CFAR Detection,” IEEE Transactions on Signal Processing,
vol. 50, no. 8, pp. 1908-1915, August 2002.

A. Farina, F. Gini, M. Greco, and P.H.Y. Lee, “Improvement Factor for
Real Sea-Clutter Doppler Frequency Spectra,” IEE proceedings Radar,
Sonar and Navigation, vol. 143, no. 5, pp. 341-344, August 1996.

http://dx.doi.org/10.1109/TSP.2017.2757913

16

[62] P. Chen, W. L. Melvin, and M. C. Wicks, “Screening Among Multivari-
ate Normal Data,” Journal of Multivariate Analysis, vol. 69, pp. 10-29,
1999.

A. Le Brigant, F. Barbaresco, and M. Arnaudon, “Geometric Barycenters
of Time/Doppler Spectra for the Recognition of Non-Stationary Targets,”
in 17th International Radar Symposium (IRS), Krakow, 2016, IEEE, pp.
1-6.

A. Le Brigant, M. Arnaudon, and F. Barbaresco, ‘“Reparameterization
Invariant Metric on the Space of Curves,” in International Conference
on Networked Geometric Science of Information. Springer, 2015, pp.
140-149.

A. Aubry, A. De Maio, Y. Huang, and M. Piezzo, “Robust Design of
Radar Doppler Filters,” IEEE Transactions on Signal Processing, vol.
64, no. 22, pp. 5848-5860, November 2016.

S. Boyd and L. Vandenberghe, Convex Optimization,
University Press, 2004.

[63]

[64]

[65]

[66] Cambridge

Augusto Aubry (M’12-S°16) received the Dr.Eng. degree (with
honors) and the Ph.D. degree in information engineering, both from
the University of Naples Federico II, Naples, Italy, in 2007 and
2011, respectively. From February to April 2012, he was a Visiting
Researcher with the Hong Kong Baptist University, Hong Kong. He
is currently under research agreement with the Department of Elec-
trical and Information Technology Engineering, University of Naples
Federico II. His research interests are in statistical signal processing
and optimization theory, with emphasis on MIMO communications
and radar signal processing.

Antonio De Maio (S’01-A’02-M’03-SM’07-F’13) was born in
Sorrento, Italy, on June 20, 1974. He received the Dr.Eng. degree
(with honors) and the Ph.D. degree in information engineering, both
from the University of Naples Federico II, Naples, Italy, in 1998
and 2002, respectively. From October to December 2004, he was a
Visiting Researcher with the U.S. Air Force Research Laboratory,
Rome, NY. From November to December 2007, he was a Visiting
Researcher with the Chinese University of Hong Kong, Hong Kong.
Currently, he is a Professor with the University of Naples Federico II.
His research interest lies in the field of statistical signal processing,
with emphasis on radar detection, optimization theory applied to
radar signal processing, and multiple-access communications. Dr. De
Maio is the recipient of the 2010 IEEE Fred Nathanson Memorial
Award as the young (less than 40 years of age) AESS Radar Engineer
2010 whose performance is particularly noteworthy as evidenced by
contributions to the radar art over a period of several years, with
the following citation for “robust CFAR detection, knowledge-based
radar signal processing, and waveform design and diversity”. Dr. De
Maio also is a Fellow member of IEEE.

Luca Pallotta (S’12, M’15) received the Laurea Specialistica
degree (cum laude) in telecommunication engineering in 2009 from
the University of Sannio, Benevento, Italy, and the Ph.D. degree
in electronic and telecommunication engineering in 2014 from the
University of Naples Federico II, Naples, Italy. His research interest
lies in the field of statistical signal processing, with emphasis on
radar signal processing, radar targets classification, SAR images
classification. Dr. Pallotta won the Student Paper Competition at the
IEEE Radar Conference 2013.

Copyright (c) 2018 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



