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Abstract—The aim of two-dimensional line spectral estimation
is to super-resolve the spectral point sources of signal from time
samples. In many associated applications such as radar and sonar,
due to cut-off and saturation regions in electronic devices, some of
the number of samples are corrupted by spiky noise. To overcome
this problem, we present a new convex program to simultaneously
estimate spectral point sources and spiky noise in two dimension.
To prove uniqueness of the solution, it is sufficient to show that a
dual certificate exists. Construction of the dual certificate imposes
a mild condition on the separation of the spectral point sources.
Also, the number of spikes and detectable sparse sources are
shown to be a logarithmic function of the number of time samples.
Simulation results confirm the conclusions of our general theory.

Index Terms—Two-dimensional, line Spectral estimation, total
variation norm, continuous dictionary, convex optimization.

I. INTRODUCTION

Multiple-dimensional line spectral estimation (LSE) has
received much attention in signal processing society in recent
years. It is a fundamental concern of many applications such
as Multiple-Input Multiple-Output (MIMO) radar [1]], super-
resolution imaging [2] and channel estimation in wireless
communications [3]]. Specifically, in the MIMO radar, there
exist multiple transmit antennas which emit probing signals
to the target, a reflected version of these signals is then
received by multiple receiver antennas. One can super-resolve
the triples relative angle, Doppler shifts, and delay to estimate
the location and velocities of the targets. In the LSE setting,
a linear combination of r sinusoidal with arbitrary complex
amplitude should be observed. In practice, a subset of the
observations is corrupted by spiky noise due to cut-off and
saturation in electronic devices. In this paper, we address the
two-dimensional LSE problem in the presence of spiky noise.

Parametric approaches in the LSE problem are based on
dividing the observation space into signal subspace and noise
subspace by singular value decomposition [4]], [S[]. Although
the computational complexity of these approaches is low, the
sensitivity to additive perturbation is high. Also, they can
not determine the location of spiky noise and require prior
knowledge of number of spectral sources.

In another field of study, known as compressive sensing,
an exact solution can be achieved in an underdetermined
linear system by assuming that the signal of interest is sparse
in a known discrete dictionary [6], [7], here the Fourier
domain. Therefore, ¢/; minimization can be used to recover
the support of the signal on DFT basis. However, in many
practical applications such as radar and sonar, the spectral
sources belong to a continuous dictionary. Thereby, mismatch
between the actual sources and DFT basis is inevitable [8]] [9].

In [10], it is shown that refining the grid exceedingly raises
computational complexity. Further, ¢; minimization dose not
achieve an exact solution in the ultrahigh-dimensional setting.

The LSE model incorporates a two-dimensional spectral
matrix X € C"*"2  gijven by

X =Y diel? 0k, keN, (1)
=1

where d is the complex amplitude vector, d; = |d;|e’?:, ¢; ~
U0,27), |d;| ~ do5 + X2(1), r is the degree of sparsity,
fi €012 and N = {1,--- ,n} x {1,--- ,n} is the two-
dimensional integer square that indicates time indices.

In [11], Candes and Fernandez have proposed a non-
parametric approach to super-resolve the inherent frequencies
in (I) for one and two dimensional cases. Their approach
is based on Total-Variation (TV) norm minimization which
is used to promote the sparsity of a continuous function.
It has been shown that a linear combination of the fourth
power of Dirichlet kernel and its derivatives can be used to
construct a valid certificate to this problem. This construction
imposes a minimum separation 4/n and 4.76/n between the
frequency sources in one and two dimensions, respectively.
To achieve sharp bound on minimum separation in one-
dimensional case, [12]] has constructed the dual certificate by
three Dirichlet kernels with different cut-off frequencies. Also,
[13] has extended this kernel to two-dimensional situation.
The imposed minimum separations respectively are 2.52/n
and 3.36/n. In [14], one-dimensional signal is observed in
a random subset of time instances. Tang et.al. have proved
that under a mild assumptions on the minimum separation and
with O(rlog rlog n) partial time samples, one can always find
the random trigonometric polynomial that estimates the point
sources. Their approach has been extended to two-dimensional
case in [15]].

Additive noise is inevitable in most of the mentioned
applications. Recently, a significant line of study is focused
on support stability of TV norm minimization when the
measurements are corrupted by additive perturbation [16].
Establishing a trade-off between noise power and TV norm,
known as BLASSO, is a common way to deal with such a
problem [17], [[18]]. [19] made a precise comparison between
robustness of optimization based methods and conventional
approaches dealing with additive noise. Due to sensor failure,
another kind of corruption that may appear in the applications
is spiky noise. Subspace decomposition approaches are not
able to estimate the sources’ frequencies when a subset of
time samples is corrupted by spiky noise. Precisely, they are



designed to overcome Gaussian-like noise and are relatively
ill-positioned in front of spiky noise.

[20] has suggested a convex optimization program that
incorporates the sparsity feature of spiky noise in the cost
function in order to simultaneous estimation of both spec-
tral sources and spiky noise in a one-dimensional situation.
Although many related works in the literature have revolved
around one dimension, but many applications such as super-
resolution imaging and MIMO radar require multi-dimensional
analysis.

In this paper, our main contribution is to construct a valid
dual certificate for two-dimensional case. Our certificate is a
two-dimensional trigonometric low-pass polynomial that inter-
polates any sign pattern of the signal. Further, its coefficients
belong to relative interior of sub-differential of ¢; norm. It
is shown that if the number of the spectral sources and the
spiky noise samples is restricted by a logarithmic function of
the number of samples, our semidefint programing achieves an
exact solution under mild condition on the separation between
the spectral sources. [21] has proposed an innovative approach
based on matrix completion that simultaneously super-resolves
the spectral sources and detects spiky noise in two-dimensional
case. It also proved that Enhanced Matrix Completion (EMaC)
achieves an exact solution if the sample complexity exceeds
O(r?log® n?), under some incoherence conditions.

The inherent infinite dimension of the LSE problem is
apparently an enormous challenge. One can approximate the
problem on a fine grid [22] or solve the TV norm minimization
directly by linear programing [23]]. [11] has converted the
dual of TV norm minimization to linear matrix inequality
(LMI) using positive trigonometric polynomial (PTP) theory
[24]. The magnitude of the trigonometric polynomial in each
subband of its frequency domain is controllable by the coef-
ficients that are obtained from PTP theory [25]-[27]]. Finally,
we present numerical simulations to justify our results.

The rest of the paper is organized as follows. The problem
is formulated in Section [lIl Penalized TV norm minimization
and our main theorem in two-dimensional case are presented
in section Construction of dual certificate and implemen-
tation of the dual problem are given in Sections [IV] and [V]
respectively. Section [VI|is devoted to numerical experiments.
Finally, conclusions are discussed in Section

Notation. Throughout the paper, scalars are denoted by
lowercase letters, vectors by lowercase boldface letters, and
matrices by uppercase boldface letters. The ith element of
the vector @ and the k = (k1, k2) element of the matrix X
are given by xz; and Xy, respectively. | - | denotes cardinality
of sets, absolute value for scalars and element-wise absolute
value for vectors and matrices, also ||z|l.c = max |z;|. For

Flloos | Alloc, [| Al and [| A},
[Az]oo = max; A,

a function f and a matrix A,
are defined as sup|f(t)|, sup
¢

lle]oo <1
sup ||Azl||2 and >_|A(3, 5)|, respectively. relint(C') denotes

llzll2<1 )

relative interior of a set C. f(-)(x) denotes sub-differential of

function f at point . f%(t) and f%1%2(t) denote ith derivate and

11,19 partial derivatives of one-dimensional function f(¢) and

two-dimensional function f(t := (t1,t2)), respectively. (-)

and (-)* show transpose and hermitian of a vector, respectively.
sgn(x) denotes the element-wise sign of the vector x. Also,
vec(X') denotes the columns of X being stacked on top of
each other. The inner product between two functions f and
g is defined as (f,g) := [ f(t)g(t)dt and (-,-) denotes the
real part of Frobenius product. ® is Kronecker product and
the adjoint of a linear operator F is denoted by F*.

II. PROBLEM FORMULATION

In the spectral domain the signal in (I) is a linear combi-
nation of Dirac delta functions:

pw=>_ dis(f—f), (2)

fieT

where T is support of the signal and 6(f — f;) denotes the
Dirac delta function located in f;. The main goal in LSE is to
recover the location and amplitude of each delta by finite time
samples. As mentioned in the introduction, many practical
applications such as radar and sonar suffer from spiky noise
due to their electrical instruments, so we going to investigate
the two-dimensional LSE when a subset of time samples is
completely corrupted by spiky noise. Assume that spiky noise
is added to the signal (I} as:

Ye = X + Zg, kGN, 3)

where Zj, is an element of the sparse two-dimensional noise
matrix Z € C™*™ with s non-zero entries. The observation
model can be written in the matrix form:

Y =Fu+ Z, 4)

where F(-) is a linear operator that maps a continuous-indexed
function in the frequency domain to two-dimensional integer
square A in time domain. The problem is to simultaneously
estimate the spectral sources and the location of spiky noise
form Y.

III. ROBUST TOTAL VARIATION MINIMIZATION

The spectral sparsity is not sufficient to tackle this problem.
In fact, if sources are located too close to each other,it would
be impossible to resolve them [11].

Definition 3.1: Let T? be two-dimensional torus obtained
by identifying the endpoints on [0, 1]2. For each set of points
T C T2, the minimum separation is defined as:

A(T) = inf P
( ) t'htjElTn, ti#t; ” v ]Hoo

= inf max{|t1; — t1j|, to; — t2j|}7 5)
i#]

where |t1; — t1;], [t2; — t2;| denote wrap-around distances on
the unit circle.

¢, minimization is not suitable for LSE problem, due to
the discretization of spectral domain. Whereas, TV norm can
promote the sparsity of continuous functions and defined as
vtV == sup, > pe, [V(E)|. Indeed, TV norm maximizes
the disjoint sum of positive measures |v(-)| over all partitions
p of square [0,1]%. In the special case of @), |u|rv =

Z;:l |cil.



Most inverse problems are solved by minimizing a cost
function that promotes an inherent structure [28]]. This concept
emerges in compressed sensing [6] and matrix completion
[29]. The cost function may also include a specific penalty
term to perform side tasks. For instance, [30] has shown
that penalizing ¢; norm with an /5 error term is an efficient
way for denoising. The observation model is sum of two
sparse signals in different domains. [20] balances the TV
norm of spectral sources and the ¢; norm of spiky noise for
one-dimensional case. We generalize this approach to two-
dimensional case by introducing the following optimization
problem:

Pry Hllél |llrv + A Z||: subject to Y = Fji+ Z,
i,
where A > 0 is a regularization parameter that makes a
trade-off between TV norm of spectral spikes and ¢; norm
of spiky noise. The first goal of this paper is to prove that
Prn achieves exact recovery and the second is to provide
a valid semidefinite programming to solve this problem. The
following theorem states that the solution of Pty is exact,
under specific conditions.

Theorem 3.1: Let J = {1,--- ,n} x {1,--- ,n} be the set
of observed entries in the matrix,

Y=Fu+2, (6)

where each element of the noise matrix is independently non-
zero with probability % supported on © (|Q| = s). Also, the
support of

pw=>_ dié(f - f), (7)
fi€T
obeys
3.36
A(T) > 1 (®)

where f; € [0,1)% and |T| = 7. If r + s < n?,
2 2

r< C’T(log 1)72n2’ 5 < C’s(log n—)72n2,
€ €
n>4x 10 A= ©))

then, the exact solution of Pry is (u,Z) with probability
1 —¢€ for any € > 0 and numerical constants C,. and Cy. Using
Theorem [3.1) one can estimate the spectral sources and spiky
noise samples up to logarithmic functions of the number of
time samples under a mild condition on the separation of the
spectral sources.

IV. CONSTRUCTION OF THE DUAL CERTIFICATE

The following proposition justifies that if there exists a
low-pass trigonometric polynomial with coefficients in relative
interior of sub-differential of ¢; norm which interpolates any
signal sign pattern in 7, then it is a sufficient certificate for
Theorem 3,11

Proposition 4.1: If the conditions of Theorem hold, for
any sign patterns h € C!”! and r € C/?l such that |h;| = 1

and |r;| = 1, for all ¢ and [, then there exists two-dimensional
low-pass trigonometric polynomial

FC=Q(f) = Cre 72"k, (10)
keJ
such that
Q(fi) = hi, vfieT, (n
QA <1, VfET, (12)
C)’\Cz =7, VK € Q, (13)
|Cr| < A, Vk ¢ Q, (14)

where f; = (fui, f2:) and k; = (K1, k).
and state that Q(f) € relint(9(|| - ||rv(i))), so for

any measure f[i

e+ allry > [lpllrv +(Q, &) (15)

Similarly, it can be deduced froAm and |i that % €
relint(O(]| - ||1(w))), so for any Z we have

. C
1Z + 21 > 12111 + (5
Let p = p+ fi and Z = Z + Z as a feasible point such that
Y =Fopp+ Z:

Z). (16)

lallrv + M Z| = [elley + M Z)+(Q, i — )
C _
+ >\<X’ Z —Z)p > ||pllrv + A Z]1

(CF (p— )+ Z - Z)r > |l + M ZlL. A7)

Proposition [4.1] guarantees existence and uniqueness of the so-
lution (, Z). The following section shows that the coefficient
of Q(f) can be obtained by solving the dual problem of Pry.

V. THE DUAL PROBLEM

The main goal of this section is to suggest a positive
semidefinite programming that estimates the location of the
frequency sources and the spiky noise. More precisely, we
want to convert the infinite dimensional Py into a tractable
problem. At the first step, the dual problem of Prn can be
written using Lagrangian theorem. Then, the results of the PTP
theory are applied to convert the explicit constraint of the dual
problem into LMI.

Lemma 5.1: (Proof in Section [XV-E]). The dual problem of
Py is given by

max (C,Y)
CceCrxn

subject to || F'Clloo <1, [|C|loc <A, (18)

where C is the dual variable. Due to establishment of Slater’s
condition, there is no gap between the objective value of dual
and primal problems [31]]. Therefore:

(C.Y) = (C.,Fu+Z) = |plrv + Al Z|h.

(F*C,p) + (C, Z) = (sgn(p), u) + Msgn(Z), Z). (19)
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Fig. 1: shows the magnitude of the dual polynomial corresponding the dual solution of . Also, the support of spectral
point sources and estimated sources are represented by blue and red lines, respectively[I(b)] demonstrates the magnitude of
dual solution of @) in blue line and the support of spiky noise in red star.
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Fig. 2: Grayscale images show the empirical rate of success of (20) over 10 trials under the fix minimum separation condition
%. First and second rows are corresponding to n? = 64 and n? = 81, respectively. Also, each column from left to right

respectively show results for A = 0.1, A = 0.125 and A = 0.2.

Consequently, | F*C| =1 and |Cy| = A if f € T and k € Q,
respectively. this provides a strategy to recover the support of
spectral sources and spiky noise (see Fig [I).

The magnitude of the trigonometric polynomial can be
controlled by LMI using the results of PTP theory [24].
Therefore, one can reformulate the dual problem to positive
semidefinite programing as below:

max (Y,C)
C.,Qo
subject to 0 = tr[@rQo], k € N,
Qo vec(C)
=0, [Clle <A, (20)
(vec(C))H 1

where Qo € C"**7* is a Hermitian matrix that Qo = 0,
O = O, ® O, O, € C™" is an elementary Toeplitz
matrix with ones on it’s k-th diagonal and zeros else where,
0o = 1 and dx = 0 if k # 0. In the next section we present
numerical experiments to justify (20).

VI. EXPERIMENT

In this section we present numerical experiments for the ob-
servation signal (4) to investigate the performance of proposed
positive semidefint programing (20). At the first experiment,
we randomly generate r 7 frequency sources in [0, 1]
without any separation condition, s 7 spiky noises in
{1,--- ,n}x{1,--- ,n} and also the coefficients of each sinu-
soidal is generated with random magnitude form g5 + X2 (1)
and random phase form /(0,27). We implement using
CVX [32] and leverage the mentioned technique in section
to recover the support of frequency sources and spiky
noise. Fig. [1| demonstrates that local extremums of |F*C|
that achieve one and the locations of C that achieve X are
associated with inherent frequencies of (I)) and locations of
spiky noises.

In the second experiment, we investigate the phase transition
of proposed approach for different amounts of the regulariza-
tion parameter A, under the fix minimum separation condition

3 Indeed, we vary the regularization parameter when

n—1°

varying k and s (Fig. 2). As mentioned, A makes a balance

o



between the sparsity of two different components. Small A
more strongly penalizes TV norm of spectral spikes than ¢;
norm of spiky noise. This leads to a cost function which is
more appropriate to promote the time domain sparsity and vice
versa. Fig. [2] verifies the claim when we change A\ from small
to large values. First and second rows in Fig. [2] are receptively
related to different numbers of measurements n?> = 64 and
n? = 81. The estimation is considered successful if the
normalized mean squared error || X — X||o/[| X |2 < 1073,
where X and X are associated with X and reconstructed
data when we omit the corresponding indices of spiky noise,
respectively. Grayscale images show the empirical rate of
success and each point of those are related to (k, s,n?).

VII. CONCLUSION

In this work we investigate two-dimensional LSE problem,
when a subset of time domain samples is corrupted by spiky
noise. In addition, we proposed a semidefinite programming
that achieves the exact solution under mild conditions on the
number of spiky noise and the number and separation of
spectral sources. One can extend our approach to arbitrary
dimensions which is fundamental concern of many applica-
tions such as MIMO radar [If]. It is also worth mentioning
that one could consider the model in compressed sensing
regime, namely, in case a random subset of time samples is
only observed.

VIII. APPENDIX
A. Deterministic Certificate
J =

Without loss of generality, Assume that

{-m,---,m} x {-m,---m} where m = 231 and
m = 5 — 1 if n is odd or even, respectively. For dual
certificate construction, consider the LSE problem in the
noiseless case. [11] has shown that the following polynomial
can estimate the frequency sources under a mild condition on

their separations:

=Y Cre 92k, @1)
keJ
such that
Q(f:) = hs, Vf, €T, (22)
Q(f)] <1, Vf¢T. (23)

To ensure that |Q(f)| < 1 in the off-support, we follow the
same approach in [11] and [[13]] to construct a deterministic
dual certificate

= Z &K (f — fi) + BuK™(f — f)
fieT

+B2: KO (f — f2),

where &, B; and (3, are interpolation vectors. To meet (22)
and (23), the following conditions are sufficient

Q(fl): fiETv

VQ(f:) = fieT.

(24)

(25)
(26)

[13] suggested

K(f) = Ky (fi1) K~ (f2), 27)
for construction, in which

HK vim, f) = Z cpel? kS (28)

i=1 k=—m

where K (m, f) = 5705 S e72™kf is known as Dirichlet
kernel, v; = 0.247, v, = 0. 339, v3 = 0.414, and ¢ € C"
is the convolution of the Fourier coefficients of k(yim, f),

k(yam, f), and k(ysm, f). and can be reformulated
as a matrix equation

E@ ”Elo HEO} a h
—kE1 —Kk’Ey —r’En| |61 =(0], 29
—kEy —r’Ey —k*Eg| |k71B2 0
E
where (E;,i,)e; = K2 (fy — f;) and K := ———. We

VIE"1(0)
borrow two bounds on ||¢||« and & form [[12]] which are useful
in advancing our proof

1.3
lelloo < —, (30)
m
Wg gw, for m > 2 x 10°. (31)
m m

B. Random Certificate

Spiky noise randomly corrupts a subset of time samples,
it is similar to random sampling in compressed sensing lit-
erature [14]. [20] uses the same technique to incorporate the
randomness of spiky noise into dual certificate construction.
We follow this approach to construct a valid certificate for
two-dimensional case when a subset of time samples dose not
follow the exponential structure. First, Q(f) is divided into
two terms

Q(.f) = Qaux(f) + R(f)v (32)
where
Qun(f) =Y Cre 27"k, (33)
keQL
Z =32 ki (34)
leQ

The coefficients of the first term are restricted to Q¢ and the
coefficients of the second term are in (). From the definitions,
it is obvious that (13) is satisfied and R(f) has no degree of
freedom. So, we construct Q,ux(f) to guarantee other condi-
tions in proposition The inequality |Q(f)| <1, Vfi e T
is satisfied by setting to zero the partial derivatives at T'. So

Qaux(fi) = hi — R(f3), vVfieT, (35)
VQaux(fi) = =VR(fi), VfieT. (36)
Define a restricted version of K on Q°
= Z cklck2ej2’rka = Z 0qe (k)cklckzej%ka,
keQe kcJ
37



where dqgc (k) = 1 if k = QF, dqc(k) = 0 otherwise. Under
the noise condition of Theorem these are2independent
Bernoulli random variables with parameter “>*. So the

expectation of K (f) can be written as:

E(K(f)) = s S ey cpy el = Lijf).

n? n
keJ

(38)

The mean of partial derivatives of K (f) can be obtained by
the same technique. we construct (Qoux by a linear combination
of K(f) and its partial derivatives:

Qaux(t) = Z QLK(.f - fz) +/81iK10(f - .fz)

fieT

+B2: KO (f — fi),

where o, 3, and B, € C!”! are interpolation coefficient
vectors. (33) and (36) can be recast in matrix form as follows

Ey kE1g kEogy o h

(39)

1
—kEy —k?BEy —K’Eq| |73 = |0 - =
—kEyp —k?Ey —k*Eg| |6 0 Vi
E

(40)

where (Ej )0 = K42 (f, — f;) and \/%Bgr can be
written versus the components of R(f) and their partial
derivatives

1
ﬁBQT‘ = [R(f1)..R(fx), R"™(f1)-.R"(fr),
T
R (f1)--RO(fo)] @D
Define
BQ = [b(k11)7 ab(kis)]7 Q:{Zlu 77;S}a
1 efj27rf1Tk
bk) = |—jomrk| ® | - |, 42)
—j2mkks e—i2nf k
where k;,,--- ,k;, are associated with k € (). Interpolation
vectors can be computed by solving the linear system (40), so
h

Q) = woo(f)TE‘1< 0| - \/lﬁBm*> +R(f), 43)
0

where w2 (f) for i1,ip € {0,1,2} is defined

W) = K ) KO - ),
R (f ) KK (f )

T
RIS — f1), o R — ) (44)
The following Lemma establishes an upper bound on the /5
norm of b(k).

Lemma 8.1: If m > 2 x 103, then

|b(k)||3 <217, for kel (45)

BQ’I"

Proof.
1b(k)|2 < 7’(1 + lﬁ%@mm)? + ‘gllzg@@wkgn)z)

< 21r. (46)

The following lemma establishes an upper bound on the
operator norm of Bg with certain probability.

Lemma 8.2: (proof in section [[X). If the conditions of
Theorem [3.1] hold, the event

2
epg = {HBQH > Cpg(log 716)_1/2\/12}7 47

happens with probability £ in which numerical constant C'p

is defined in (127).
The following lemma sates that w"*2(f) is concentrated
around the scales version of

W) = RO ) K )
RKOFNE(F ) L RRDTVR(E g

T
KK (f — f1) . KzKil’iQJrl(f—fk’)} ) (48)

on a fine grid with high probability.
Lemma 8.3: (Proof in section [XV-B)). Let G C [0,1]? be a
two-dimensional equispaced 800n* grid that discretizes [0, 1]2.

If the conditions of Theorem [3.1] hold, then the event

2 _ 2

€y i= { A > Cv(logn)_l/Q},
€

(49)

0 (f)
happens with probability /5 for all f € G, 41,12 € {0,1,2,3}
and numerical constant C,, in (I31].

Wi (f) -

n

2

C. Proof of Proposition

In the first step, we seek to determine the uniqueness
of the solution of linear system (@0). The following lemma
shows that E is concentrated around E with high probability.
Consequently, F is invertible and one can bound the operator
norm of its inverse.

Lemma 8.4: (Proof in section [XII). If the conditions of
Theorem [3.1] hold, then the event

2 _ —
- {HE_"TLZ &

(50)

happens with probability ¢/5. Also, under the event %, E is
invertible and

1B~ <8,

n? n?, =t
7E‘1H<C log )2
2 _ s = D( 0g p )
where Cp is the numerical constant which is defined by (134).
Indeed, this Lemma states that, under the event %), the linear
system has an stable solution. So Q(f) is well defined and

HE—l - (51)



(TI) holds. In order to meet (12), it is sufficient to show that
Q(f) is concentrated around Q(f) on a fine gird. After that,
using Bernstein’s inequality, we demonstrate that this holds
on the whole [0, 1]2. Finally we borrow some bound on Q(f)
and its partial derivative from [[13]] to complete the proof.

Lemma 8.5: (Proof in section [XV). If the conditions of
theorem [3.1] hold, then

QNI <1,

with probability 1 — € / 5 under the event €4 Ne% Ney.
The last to show is (I4). The following lemma states that under
the event €5 Neg ﬂ 51}, one can control the magnitude of dual
polynomial’s coefficients with high probability.

Lemma 8.6: (Proof in section [XV-D). If the conditions of
Theorem [3.1] hold, then

for f¢T, (52)

|Cw| < for k € Q°, (53)

1
Vi
under the event €5 Nef Neg,.
Finally, we use the same technique in [20] to complete the
proof. Consider g and ¢, as the events, such that @ and
(T4) hold, respectively. By De Morgan’s laws and union bound
we have

P((eq Neq)?)

I
~
—_~ o~

egUeg)

egUeglepNepNey) +PlepNerNey)
egleg Nep Ney) +1P(

eg) +P(eg) + P(ey)

ac i)

€;|5% NehNes)

IN + IAIA
=

(54)

™

which holds by the fact that for any pair of events €4 and
ep we have P(e4) < E(e4le}) + E(eg). On the other hand,

via Lemmas [8.6] [8.6] [8.4] [8.3] and [8.2] it is shown that the

construction is valid with probability at least 1 — e.

IX. PROOF OF LEMMA[§.2]

In order to obtain an upper bound on the operator norm of
Bgq, under the assumption of theorem [3.1] we show that

H := BoBy = Y b(k)b*(k), (55)
ke
is concentrated around
s - s .
—SH=— > b(k)b* (k) (56)

Using the following lemma, we can compute an upper bound
on the operator norm of H.

Lemma 9.1: (Proof in section [X)). If the conditions of
Theorem [3.1] hold, then

| H|| < 223707 n?log? k. (57)

Regarding the fact that s < CSnQ(logzk log §),1 in
Theorem [3.1] we have
2 2
58] < Pa?(1og™) 7, 58)
n 2
if we set Cp small enough. One can demonstrate that H
concentrates around the scaled version of H using matrix
Bernstein inequality.

Lemma 9.2: (Proof in section [XI). If the conditions of
Theorem hold, then

2 2

5 - C n?, —
|H - S H| < —Zn?(log ™)' (59)

with probability at least 1 — ¢/5.
Consequently, one can bound the operator norm of Bg by
triangle inequality

5 5 =
[Bal < VIIH] < \/IHII +IH - H]

<CgVn ( log
which happens with probablhty at least 1 —¢/5.

)‘” g (60)

X. PROOF OF LEMMA [0.1]

Consider two-dimensional Dirichlet kernel

R(f)i= 05 S = K(fy)

keJ

K(f2), (61

where Ko, (f) = & Y pe(_m....m} €™/ is known as Dirich-
let kernel. H can be recast in matrix form using K (f) as
) HQO HHlo fiH01
H:=n?|-kHyy —r*Hy —r*Hy (62)
—kHo; *H2H11 —K H02

where (H;,i,)e; = K" (f; — f;). A uniform bound on the
magnitude of the Dirichlet kernel is obtained by Bernstein’s
polynomial inequality in [[12]

KL ()] < (2m)”. (63)

So we can uniformly bound the magnitude of K(f) and its

partial derivatives using this bound and
[K2(f)] < (2m) 7t (64)

There is another bound on the magnitude of Dirichlet kernel
and its derivatives which holds for m > 103 and f>80/m

_ 1.1 2@—2 Loy l—1
Kol < = (65)
(See section C.4 for proof). Similar to (61, we have
o 1.1)2 9i1Hia—4dir+iz i tin—2
(g < D — (66)

fif2 ’
for the domain in which min(] f1], |f2|) > 80/m.

These bounds can be used for bounding sum of magnitudes
of K(f) and its partial derivatives. Assume that f; € T is
fixed. There are at most 952 other frequency sources that are
in square || f — fi|loo < 80/m with respected to the minimum
76. Now we are able to bound those terms as below

k
sup Y RUTR|KE(f — f;)] < 95°R7 T bule“”( )|
£
k

4 ik sup [K7172(f)] < 952

j=1min(f1],[f21) 27 Amin

mll-‘rzz Z Z

=1 j=1

21+Z2m11+12 2

16 0jA2.

min

< 745691log% k,  (67)



for k > 2 and 41,32 € {0,1,2 3} The last inequality is
obtained by A, = 1.68/m, Zf 17 S 1+logk < 210gk
(31). and the fact that 9025 + 108log? k < 74569 log? k. It
is possible to bound the eigenvalue of H using Gershogrin’s
disk theorem which leads to a bound on the operator norm of

H.

k
IHIISan?X{Zf( R R - 1)
- =
Z"{ |K10 = 1) ‘+Z“2|K20 — fi)l
=1
+Z/€2|K11 )|} < 223707 n?log? k. (68)

ThlS concludes the proof.

XI. PROOF OF LEMMA [0.2]

Lemma 11.1: (Bernstein’s matrix inequality [33]). Let
X(1),---, X (L) be independent zero-mean self-adjoint ran-
dom matrices of dimension d x d. If || X (k)| < B Vk, we
have

o{Iy;sx

for any ¢ > 0 and 02 := || 25:1 E[X (k) XT(k)]|-
Consider a finite sequence of independent adjoint zero-mean
random matrices of the form

—t2/2 )

0%+ Bt/3”’ (69)

]| = t} <2dexp (5572

s *
X(k) = (5Q(k) - ﬁ)b(k)b (k), kel (70)
The aim is to show that H concentrates around H with
high probability. We can write
S
H-—H= ZX(k) (71)

keJ
One can bound the operator norm of X by Lemma

1X (k)| < max [b(k)||3 < B = 21r. (72)
Also,
2= || 30 IR 3 b(R)Y (R)E[ (50 (k) — )] |
keJ
<2y <2 (™) )

where the last inequality comes from (58)), the second from
Lemma [8.1] and the first stems from the variance of Bernqulli

(10 —2) in
Lemma [11.1] m for simplicity, so 0% := 21rt. We can write

model with parameter -%. Assume ¢ :

[||H - —HH > t] < 3rexp ( (74)

-3t
168r )
The lower bound of the probability is equal to ¢/5 under the
condition

2,2 2 1 1
< Mo (s o )

This criterion is satisfied by setting C,. in Theorem small
enough.

(75)

XII. PROOF LEMMA [B.3]
Lemma 12.1: (Vector Bernstein’s inequality [34]). Let

u(1),--- ,u(L) be independent zero-mean random vectors of
dimension d. If |u(k)||2 < B Vk, we have
ZHU N2 >tp <ex (—i-l-l) (76)
2 =P 802 = 477

for any 0 <t < 0® where 3", E[||u(k)|3] < o
Let us write w't*2(f) and w’'*2(f) in the term of b using the
definition of K (f) and K(f)

() = 30 (j2mm) R e, cx, T Rb(R),
keJ

= ac(k

keJ

'5112

)(j2mr) TRk kR ey o, ejZ”kab(k:) ,

(77)

where dge is iid Bernoulli random variable with parameter
p = "% We apply the result of the vector Bernstein
inequality in Lemma to the finite sequence of zero-mean
random vectors of the form

w2 (k) 1= (B (k) — p) (72mm) 2t ke, e, R b(K),
(78)

to demonstrate that the deviation between w"* (f) and the
scaled version of @w""2(f) is small enough with high proba-
bility for 41,42 € {0, 1,2,3}. We can write

Wi (f) = pwt= (f) = 3 u(k).

keJ

(79)

To calculate B in Lemma[I2.1] one can obtain an upper bound
on ¢, norm of u

lu(k)]|2 < 7"F2|e]% sup [b(k)]2
keJ

7;‘25 N (80)

where the last inequality comes from (31)) and (30), and i =
io = 3. Also, To compute o2 in Lemma we have

Y Elu= (k)5 = ek i, bRl

keJ keJ
- (2mR) PP RSP R (000 (1) — p)?)

< B:=

240 x 106

< 21r(2m + 1)%720 22| |4 < 02 = , (81)

where the first inequality is obtained from Lemma @ @I,
and the fact that variance of Bernoulli model is equal to p(1 —
p) < 1. The second inequality comes from for i1 = iy =
3. By leveraging the result of the vector Bernstein inequality
in Lemma [12.1} we have

B[ sup [lw"(£) = w2 ()2 > 1, ir,iz € {0,1,2,3}]
feg

(™)

1 o
82+ =), forOﬁtSE,

by union bound. The lower bound of probability is equal to
€/5, if we set t as

< 9|G| exp( (82)

+ log

45
#) (83)

t 8(2
=0 —
4



In the2 following, we show that this choice of ¢ satisfies 0 <
t< <
—_ B 9’

t 1 4
— =14/8(=+1
o \/(4+0g

) 1
M) < \/86+3210gn+810g
€ €

/ 1
<0.4y/n+ /8log —, (84)
€
where the last inequality comes from the fact that

V86 +32logn < n for n > 13, consequently, ¢t < "7; if
we set C, and C, small enough in Theorem The desired
result is obtained for

768 x 107r 1
—5 (g +log

34 2 _
36 x 103n )gthv(log(n?))Tlv

(85)

n

if we set C,. small enough in Theorem

X1II. PROOF OF LEMMA [8.4]

The proof involves the same techniques which were first
proposed in [[14]]. In the following Lemma, we demonstrate
that the matrix E is similar to the identity matrix and conse-
quently is invertible.

Lemma 13.1: (Proof in section [XIV). If the conditions of
Theorem [3.1] hold, then

I - E| <0.24,
|E~Y| <1.32.

IE] < 1.24, (86)
&7
It is possible to write E and E in terms of the matrix bb*.
By the definition of K5p and Ksp, we have

E:=)" crc,b(k)b" (k), (88)
keJ

E = doc(k)ck, cr,b(k)b* (K), (89)
keJ

One can show that F is concentrated around "i;s E with high
probability. We first define the self-adjoint zero mean matrix
X as below

X (k) :=

(p — dqe (k))cr, cr, b(K)b" (K), (90)
where
E(X (k) = (p — E(da- (k)))ex, c,b(k)b" (k) = 0. (91)

One can bound the the operator norm of X using Lemma
and the upper bound on the maximum of the vector ¢

[ X (k)| < max ek, ek, b(K)b™ (K)||
367
< 2 2 < =
< HCHooglg}Hb(k)llz <B 3 (92)
Also,
> E(X(k)XT(k)) =
keJ
chlckzllb ||2 (k)b*(k )]E[(5QC—P)2]
keJ
< 21rp(1 —p)|lc|% Z Ck, Cr, b(k)b™ (k)
keJ
36r 45r
<FBl <o P, 93)

m2

Omin (E)

where the first inequality uses the variance of the Bernoulli
model with parameter p and Lemma the second stems
from (30) and the definition of E and the last one is the
result of Lemma [13.1] We set ¢t = %C’min(log ”?2)_5 where
Chpin = min{1, ‘QTD for simplicity. By matrix Bernstein
inequality (Lemma |11.1)), we can write

oo v =) <
—pC2. m?2 2 / 2\ 1
67 exp TP minT 45logn—+36’min 1ogn—
32r € €

(02—
< 6rexp <CDl<n 3 S)>,
og —

for numerical constant C',. The lower bound on this proba-
bility is €/5 under the conditions

1
! 2 2 2
TSC-@Q"(I 3010gn> s

which hold under the assumption of Theorem if we set
C, and Cs small enough.

Consequently, the lower bound on the smallest singular
value of E can be obtained by triangle inequality,

(94)

95)

_ 1 _
> omin(I) — ||[I — E|| — ;HE —pE| > 0.51. (96)

p
Therefore, E is invertible. [14, Appendix E] states that for
any matrices A and B so that B is invertible and ||A —
B||||B7!|| <  one can write

lAM] < 2B~
AT = B~ < 2| B7'|?||A - B ©7)
Consider A := E and B := pE. Using Lemma (13.1) and

(©4), we have
1
2’

with probability at least 1 — ¢/5. Based on this and Lemma
[[3.1] and event (94) we also have

|E - pE||||(pE)~'|| < (98)

_ 4
1B~ < 2[|(pE) 7| < >

|E™ = (0B) Y| < 2| (E~H)|*|E - pE|
CD 2 *Tl
< %(log )7, 99)

with the same probability. Regarding the conditions of Theo-
rem s < "7, therefore 1% < 2. This concludes the proof.

XIV. PROOF oF LEMMA [13.1]

We borrow some bound on the sub-matrices of E from [[13]
under the minimum separation condition @
Lemma 14.1: ( [13, Lemma B.1]). If the conditions of

Theorem [3.1] hold, then
IT — Egolloo <3.17x 1072, [[kE10]|e0 < 4.35 x 1072,

62 Enleo <46 x 1072, [|I = K*Egglloc < 0.15,
(100)



where the inequalities are obtained by (31). Gershgorin’s disk
theorem allows to bound the operator norm of the matrix I —F

I —E| < |IT - El

< max{u ~ Boolloo + [#Bot o + 5Bl

kBl + 2Bl + T~ m%o@}
(101

where the last inequality comes from (3I)) and the results of
the Lemma [T4.1] Consequently,

|E| <1+ (I - E|s <1.24, (102)

and also,

1 <1.32.

EY<—«
= i S

(103)
XV. PROOF OF LEMMA [§.3]

It is possible to express Q"% (f) and Q"% (f) in terms of
h and 7:

h
R Qs (f) = w (7B [0 (104
0
h 1
i1+12 — o2 Tp-1
() =w ) (o]~ pr)
+ K/il-‘thilQ (f) (105)

Q"2(f) and Q%2 (f) are related to each other as
Kil“l‘iQQiliQ (f) _ Iii1+i2Qi1i2 (f) + Kil+i2Ri1i2 (f)

IR () + I (F) 4 I (), (106)
in which
o -1 ..
L) = et () B Bar, (107)
() = (w0 (0) = e ) ) B o aaos
0
ivi n*—s . T -1 n® - h
I3 (f) = Tw Y2 (f) (E T2 _SE) 0} . (109)
0

In the following Lemma, we show that there exists a bound on
these terms on two-dimensional grid G with high probability.

Lemma 15.1: (Proof in section [XV-A). If the conditions of
Theorem [3.1] hold, then the events

i1 +ia i 10-2
R =1 sup |k zR“(f)’z
feg 8

(110)

and

—2
g = {sup [I2(f)| > 10

Py ;) ) il;i2€{0a17273}}7
€

(111)

< 0.24,

) ilai2€{071a2a3}}a

for i € {0,1,2,3} and two-dimensional equispaced gird G
with set size 800n*, happen with probability at most ¢/5 under
the condition €5 N e Nes.

Consequently, by triangle inequality we have

1072

sup |K/i1+i2Qi1i2(f) _ Hi1+i2Qi1i2(f)’ < , (112)
feg 2
with probability at least 1 — ¢/5 under the condition €% N
epNes.

We have already shown that the deviation between Q%2 ( f)
and Q"%2(f) is small on a fine grid. Now we will extend this
concept on the whole [0, 1]2.

Lemma 15.2: (Proof in section [XV-C). If the conditions of
Theorem [3.1] hold, then

KUTRIQNE(F) — QMR (F) <1077, iy,ip € {0,1,2,3}.

(113)
We divide [0,1]? to two domains
Snear = {f| ||f - fz”oo < 009},
Star = [07 1]2 \ Shear- (114)

[13] has demonstrated that |Q(f)| < 0.9866 for f € Sg,.. One
can leverage the result of Lemma and triangle inequality
to obtain

QNI <1Q(f)|+107> < 1, (115)

for f € Sgar-

Also, [13] has shown that the following Hessian matrix is
negative definite in domain f € Spear, 50 |Q(F)| < 1 in this
domain,

Q' (t) Q™(t)
1\/£ore precisely, QQO < —1.4809m?2, QO2 < —1.4809m?2 and
|Q''| < 1.4743m?. It is possible to rewrite the elements of
the matrix H for Q(f) then using the result of Lemma [15.2]

Q*(f) < —1.5209m?2, |Q*(f)| < 1.5143m?, (117)

by (BI). If the matrix H is concave, then Q(f) < 1. The
sufficient condition for concavity of this matrix is Tr(H) < 0
and det(H) > 0, where

Tr(H) = Q*°(f) + Q™ (f),
det(H) = [Q*°(H)IQ™(F)| — Q™ (£)I*. (118)

By (117), it is easy to see that Tr(H) < 0 and det(H) > 0,
so the Hessian matrix H is negative definite in the domain
Shnear- This concludes the proof.

A. Proof of Lemma

We follow a technique first proposed in [20] to prove this
lemma.

Lemma 15.3: (Hoeftdings Inequality [35]]). If the elements
of u are sampled independently and identically distributed
from a symmetric distribution on the complex unit circle, then
for any ¢ and vector w one can write

2

exp(r=7)-

E([{a,u)| >1t) <4
4u3

(119)



Consequently, the event

e {tawl = 1

where U is a finite collection of vectors with size 9|G| =
72 x 10%n?, happens with probability at most ¢/20 under the
condition

) Vu e u}, (120)

2

-1
Jul3 < CF (log n) . Cy = 1/5000. (121)
€

The proof follows from the union bound and the fact that
(1og o76><10n ) < (log”;)_l.

To bound P(egrleg Neg NeS), one can use the following
vector

w(f) =

K1tz

/n2
. . . . . T T

(j2m) il 2 72 ’“s} , i1, € {0,1,2,3}

(122)

in which f belongs to G, so that [/| = 9|G| and also

|:(j2ﬂ.)i1 +iz kill ki22 ej27fka1 e

ghtizRiiz(f) = (p u(f)). In the following, we show
that ||u%2(f)||» satisfy the criterion of Lemma [15.3]
i s(2mme)iat2i
Jurin( < S2mme

smi2 n2\ 7!
<5< Cf,<10g e) 7 (123)
where the first inequality stems from the union bound, the
second one from (3I)), and the last one is obtained if we set
C, small enough in the conditions of Theorem [3.1]

To bound P(e1|eG Neg Nes), we write

L2 (F) = (u(£),7) (124)
in which u"2(f) = 2 —BLE™ whi2(f) for iy, iz €
{0,1,2,3}, and also f € ¢.'so U] = 9|G|.

One can obtain a bound on ||u"%(f)||2 using a bound on
|lw*?(£)||3 and Lemma The following Lemma provides
a bound on £, norm of w2 ( f)

Lemma 15.4: (Proof in section [XV-B). If the conditions of
Theorem [3.1] hold, then

[@" 2 (f)ll2 < Co, (125)
where Cj is a fixed numerical constant. Consequently,
lw'* (£)ll2 < Cs + Co, (126)

where we have used €¢ in Lemma @ and triangle inequality

and the facts that -5 < 1 and (log %~ ) Po Combining
this and the result of Lemma [94]

[ ()]

2 < \/—IIBQIIHE ™2 ()2
(Cv + CU)HBQH

= (127)
N
under the condition €5 Neg. If
n2 =1 C
Bg| < log —) > vn? =, (12
|Boll < Cp(log =) * Vin?,  Cp i= gra—rpss (128)

then the desired bound in Lemma [[53.3] is obtained for numer-
ical constant Cy,. The condition on ||Bg|| is satisfied by 5
in Lemma

To bound P(e2|eG NeG Nes), we consider

I (f) = (uitis(f), )
w2 (f) = PE (wihs(f) -

n2

2 (f)),

129
— (129)
where P € R"*3" is a projection matrix that takes the first
r entries in a vector. One can obtain an upper bound on /5
norm of w'*?(f) using Lemma [94|in €9, as follow

iri - i1i n?—s i
[w*= ()]l < [P E] ‘w F) - ut ()
2
.. n2 — S ..
Sus“m(f)— 2 w2 (f) ) (130)
where the last inequality comes from the fact that | P| = 1
and it is valid for f € G, so that || = 9|G|. If
. 2_5 2\ 7
e -t )| <o ()
n 9 €
C
Cy = (131)

Then the desired bound in Lemma [15.3] is achieved for the
numerical constant C,. The condition on the deviation of
wiiz(f) “1i2(f) holds with respected to £¢ in
Lemma B3]

Finally, we bound P(e3|ef Nef, Nes). Let

IS (f) = (W™ (f), h),
2
wiiz(f) = SP<E—1 -

n? E_

)
(132)

n2 _
One can bound /3 norm of u®2(f) Vf € G for iy,is €
{0,1,2,3}, so [U| = 9|G|

2
L - I Ry
B ()

n2 —
——E7!,

lu2 (£l < 1P| B -~

< CG|E7' - (133)

where the last inequality comes from Lemma and || P|| =
1. If

2 2\ = C
HE—l_%E—lu §0D<1og”€) , Cp:= C—i’
(134)

then the desired bound in Lemma [[3.3] is obtained for the
numerical constant C'p. The condition on the deviation of F
is satisfied by €%, in Lemma




B. Proof of Lemma

Regarding the fact that || - ||2 < || - ||1, we have

[ ()2 < |0 ()]s

~

k

ZlMKWf.M+ZWWWWmWfﬁN

=1

Mw

1+22+1|K11J2+1(f _ f7)| (135)
i=1

We first borrow the result of Lemma H.10 from [12] to bound
the magnitude of two-dimensional kernel in unit square

Lemma 15.5: ( [|12| Lemma H.10])

3 c <5
A< A m’ 136
RO Gnos BE <y, 09

where € and C; are numerical constants.
Since K (f1, f2) = k(f1)k(f2), one can extend the mentioned
Lemma to two-dimensional case. Without loss of generality,

let us map the unit square to [—1, ]2, so we have

272
2
Ci

Hi1+i2 R’il,iz < _ _ iy
| (f)|—{ 022m 6‘f1| 3|f2‘ 3

for iy,i2 € {0,1,2,3}, where Cy; and Cy are numerical
constants defined in Lemma
The minimum separation condition implies that there exist at
most 952 support elements in the square || f — fil|c < 22. We
bound those elements by C? and use the decreasing bound to
handle the remaining components

k
doRTRIENE(F - )< Y CF

i=1 billf—Fill o < B2
c3 2

+ < 95%C?

Z mO|f1 — fulP[f1 — ful® — !

72 ] \b
o) 1 2

2 < 95202 1 0.18C2¢2
+4C2 (; m3(iAmin)3> < 952C% +0.18C2¢%(3), (138)
where ((3) := 77, % is known as Apery’s constant which

can be bounded by 1.21. Consider Cy = 952C% +0.27C2, so
the proof is complete.

C. Proof of Lemma [I15.2]
We first use the bound on the deviation between Q*(f) and
Q'(f) from [12]
WIQIA) - Q(R2)| < lfi - ol
K1Q'(f) = Q' ()l < n?lfi = fol, (139)

for any f1,fo € [0,1] and i € {0,1,2,3}. Also, consider
another useful bound ‘| K (f)| < Cn? where C is a numerical
constant. One can extend this concept to two-dimensional case
using Bernstein’s polynomial inequality as below,

TR |Q(f) — Q)| < kT2 (1Q(f1) — Q(f11, fa2)]
+1Q(f11, f22) — Q(F2)]) < C*n*|f12 — foo

+ C?n|fi1 — far] 2C%nY|f1 — follo.  (140)

[15] has done a similar analysis in the proof of Lemma 7.
For any f € [0,1]? there exists two-dimensional grid point
fo such that the maximum distances between two points is
smaller than the step size (800C2n*)~!. So, Lemma|[15.1]and
triangle inequality lead to

KR | Qi () - Q)|

< ﬁf1+f2!Qflf2(f) - Qifif(fg)|
+ f@l_ﬁ’f \C?l_lz_Q(fg) - C?_”f(fgﬂ
+ &TRIQM(fg) — Q1 (f)]

<AC%*n*||f — folloo +5 x 1073 <1072
And the proof is complete.

(141)

D. Proof of Lemma [8.6]

One can recast the coefficient Cj, in terms of h and r. Let
k be an arbitrary element of (2°

Ck = C, Ck, <Zo¢iej2“f?k
i=1
+ i2mrky Z By 2™k 4ok, Z ﬁziem”ﬁk>
=1 i=1
=cp,cr,b(k)" |B1| = c;ﬁcka(k)*El( 0| — BQr)
B2 0 Vn?
— -1 * —1
— crcns((PE10(R). ) + (BB bk 7))

(142)

where P € R"*3" is the projection matrix that retains the first
r entries of a vector.

To bound |Cy|, we first obtain a bound on PE~1b as below
IPE~"b(k)[5 < | P E~"*b(k)|I5
2,2
< 1344r < %, (143)
8

where the last inequality is obtained under the conditions of
Theorem when we set C} small enough and the second
one is a combination of Lemmas , and the fact that
IP|l2 = 1. Also, we have

IBoE™b(k)|3 < [ Bal* | E7*[[b(k)]3
2,2

< 1344rn*C% < 701.07 473 ) (144)
Og?

where the second inequality stems from Lemmas [8.1] and [8.2]
and the last one comes from the assumption of Theorem [3.]
if we set C,. small enough.

One can obtain ¢/10 for the minimum probability of the
following events by Hoeffding’s inequality

{(PE~'b(k), h)| > 0.07Vn2,
(BLE~'b(k), )| > 0.07n>. (145)
Using ||cfoc < 22 and the union bound, we have
2.62 1
- 2 2
Cul < — (0.07Vn? +0.07Vn?) < N (146)

with probability at least 1 — €/5. This concludes the proof.



E. Proof of Lemma [5.1]

Consider C € C"*"™ as the dual variable. By Lagrangian
theorem we have

L(f. Z,C) = ||a|rv + A Z|h + (Y — Fh— Z,C)r

il (1 FCu ez
= || &)y (1 Tl ) +>\||Z1<1 )\HZl)
+(C,Y).

(147)

One can minimize this function with respect to f and zZ
simultaneously, then maximize over dual variable C' [31]. At
the first. by Holder’s inequality, we have

(FC.i) (c.2)
1A]lrv 1Z]x
If |F*C|loo <1 and ||C||oc < A, then the minimum occurs

< [FCllos, <Cllso.  (148)

at (C,Y) otherwise, the problem is unbounded below. For
second, we should maximize this term on C as below

{ <C7Y> if H:F*C”oo <1, HCHOO <X\
max

CeCnxn | —00 otherwise.

(149)

Converting the implicit conditions into explicit conditions
concludes the proof.

REFERENCES

[1] R. Heckel and M. Soltanolkotabi, “Generalized line spectral estimation
via convex optimization,” IEEE Transactions on Information Theory,
2017.

[2] B. Huang, W. Wang, M. Bates, and X. Zhuang, “Three-dimensional
super-resolution imaging by stochastic optical reconstruction mi-
croscopy,” Science, vol. 319, no. 5864, pp. 810-813, 2008.

[3] Z. Gao, L. Dai, Z. Lu, C. Yuen, and Z. Wang, “Super-resolution
sparse mimo-ofdm channel estimation based on spatial and temporal
correlations,” IEEE communications letters, vol. 18, no. 7, pp. 1266—
1269, 2014.

[4] Y. Hua, “Estimating two-dimensional frequencies by matrix enhance-
ment and matrix pencil,” IEEE Transactions on Signal Processing,
vol. 40, no. 9, pp. 2267-2280, 1992.

[5] Y. Hua, “A pencil-music algorithm for finding two-dimensional angles
and polarizations using crossed dipoles,” IEEE Transactions on Antennas
and Propagation, vol. 41, no. 3, pp. 370-376, 1993.

[6] E.J. Candes, J. Romberg, and T. Tao, “Robust uncertainty principles:
Exact signal reconstruction from highly incomplete frequency informa-
tion,” IEEE Transactions on information theory, vol. 52, no. 2, pp. 489—
509, 2006.

[7]1 D. L. Donoho, “Compressed sensing,” IEEE Transactions on information
theory, vol. 52, no. 4, pp. 1289-1306, 2006.

[8] J. A. Tropp and A. C. Gilbert, “Signal recovery from random mea-
surements via orthogonal matching pursuit,” IEEE Transactions on
information theory, vol. 53, no. 12, pp. 46554666, 2007.

[9] Y. Chi, L. L. Scharf, A. Pezeshki, and A. R. Calderbank, “Sensitivity to

basis mismatch in compressed sensing,” IEEE Transactions on Signal

Processing, vol. 59, no. 5, pp. 2182-2195, 2011.

N. Verzelen et al., “Minimax risks for sparse regressions: Ultra-high

dimensional phenomenons,” Electronic Journal of Statistics, vol. 6,

pp. 38-90, 2012.

E. J. Candes and C. Fernandez-Granda, “Towards a mathematical theory

of super-resolution,” Communications on Pure and Applied Mathemat-

ics, vol. 67, no. 6, pp. 906-956, 2014.

C. Fernandez-Granda, “Super-resolution of point sources via convex

programming,” Information and Inference: A Journal of the IMA, vol. 5,

no. 3, pp. 251-303, 2016.

[13] 1. Valiulahi, S. Daei, F. Haddadi, and F. Parvaresh, “Two-

dimensional super-resolution via convex relaxation,” arXiv preprint
arXiv:1711.08239, 2017.

[10]

(1]

[12]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]
[31]
[32]

(33]

[34]

[35]

G. Tang, B. N. Bhaskar, P. Shah, and B. Recht, “Compressed sensing
off the grid,” IEEE transactions on information theory, vol. 59, no. 11,
pp. 7465-7490, 2013.

Y. Chi and Y. Chen, “Compressive two-dimensional harmonic retrieval
via atomic norm minimization,” IEEE Transactions on Signal Process-
ing, vol. 63, no. 4, pp. 1030-1042, 2015.

E. J. Candés and C. Fernandez-Granda, “Super-resolution from noisy
data,” Journal of Fourier Analysis and Applications, vol. 19, no. 6,
pp- 1229-1254, 2013.

C. Poon and G. Peyré, “Multi-dimensional sparse super-resolution,”
arXiv preprint arXiv:1709.03157, 2017.

Y. De Castro and F. Gamboa, “Exact reconstruction using beurling min-
imal extrapolation,” Journal of Mathematical Analysis and applications,
vol. 395, no. 1, pp. 336-354, 2012.

B. N. Bhaskar, G. Tang, and B. Recht, “Atomic norm denoising with
applications to line spectral estimation,” IEEE Transactions on Signal
Processing, vol. 61, no. 23, pp. 5987-5999, 2013.

C. Fernandez-Granda, G. Tang, X. Wang, and L. Zheng, “Demixing
sines and spikes: Robust spectral super-resolution in the presence of
outliers,” Information and Inference: A Journal of the IMA, 2016.

Y. Chen and Y. Chi, “Robust spectral compressed sensing via structured
matrix completion,” IEEE Transactions on Information Theory, vol. 60,
no. 10, pp. 6576-6601, 2014.

V. Duval and G. Peyré, “Sparse spikes super-resolution on thin grids
ii: the continuous basis pursuit,” Inverse Problems, vol. 33, no. 9,
p. 095008, 2017.

Y. De Castro, F. Gamboa, D. Henrion, and J.-B. Lasserre, “Exact
solutions to super resolution on semi-algebraic domains in higher
dimensions,” IEEE Transactions on Information Theory, vol. 63, no. 1,
pp. 621-630, 2017.

B. Dumitrescu, Positive trigonometric polynomials and signal processing
applications. Springer, 2017.

K. V. Mishra, M. Cho, A. Kruger, and W. Xu, “Spectral super-resolution
with prior knowledge,” IEEE transactions on signal processing, vol. 63,
no. 20, pp. 5342-5357, 2015.

I. Valiulahi, H. Fathi, S. Daei, and F. Haddadi, “Off-the-grid two-
dimensional line spectral estimation with prior information,” arXiv
preprint arXiv:1704.06922, 2017.

Z. Yang and L. Xie, “Fast convex optimization method for frequency
estimation with prior knowledge in all dimensions,” Signal Processing,
vol. 142, pp. 271-280, 2018.

V. Chandrasekaran, B. Recht, P. A. Parrilo, and A. S. Willsky, “The con-
vex geometry of linear inverse problems,” Foundations of Computational
mathematics, vol. 12, no. 6, pp. 805-849, 2012.

E. J. Candes and B. Recht, “Exact matrix completion via convex
optimization,” Foundations of Computational mathematics, vol. 9, no. 6,
p- 717, 2009.

S. S. Chen, D. L. Donoho, and M. A. Saunders, “Atomic decomposition
by basis pursuit,” SIAM review, vol. 43, no. 1, pp. 129-159, 2001.

S. Boyd and L. Vandenberghe, Convex optimization. Cambridge univer-
sity press, 2004.

M. Grant, S. Boyd, and Y. Ye, “Cvx: Matlab software for disciplined
convex programming,” 2008.

J. A. Tropp, “User-friendly tail bounds for sums of random matrices,”
Foundations of computational mathematics, vol. 12, no. 4, pp. 389434,
2012.

M. Talagrand, “Concentration of measure and isoperimetric inequalities
in product spaces,” Publications Mathématiques de I’Institut des Hautes
Etudes Scientifiques, vol. 81, no. 1, pp. 73-205, 1995.

W. Hoeffding, “Probability inequalities for sums of bounded random
variables,” Journal of the American statistical association, vol. 58,
no. 301, pp. 13-30, 1963.



	I Introduction
	II Problem Formulation
	III Robust Total Variation Minimization 
	IV Construction of the Dual Certificate
	V The Dual Problem
	VI Experiment
	VII Conclusion
	VIII Appendix
	VIII-A Deterministic Certificate
	VIII-B Random Certificate
	VIII-C Proof of Proposition ?? 

	IX Proof of Lemma ??
	X Proof of Lemma ??
	XI Proof of Lemma ??
	XII Proof Lemma ??
	XIII Proof of Lemma ??
	XIV Proof of Lemma ?? 
	XV Proof of Lemma ??
	XV-A Proof of Lemma ?? 
	XV-B Proof of Lemma ??
	XV-C Proof of Lemma ??
	XV-D Proof of Lemma ??
	XV-E Proof of Lemma ??

	References

