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Scatter Matrices under Elliptical Distributions
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Mohammed Nabil El Korso, Member, IEEE and Philippe Forster, Member, IEEE

Abstract—The estimation of covariance matrices is a core
problem in many modern adaptive signal processing appli-
cations. For matrix- and array-valued data, e.g.,, MIMO com-
munication, EEG/MEG (time versus channel), the covariance
matrix of vectorized data may belong to the non-convex set
of Kronecker product structure. In addition, the Kronecker
factors can also exhibit an additional linear structure. Taking
this prior knowledge into account during the estimation
process drastically reduces the amount of unknown param-
eters, and then improves the estimation accuracy. On the
other hand, the broad class of complex elliptically symmetric
distributions, as well as the related complex angular elliptical
distribution, are particularly suited to model heavy-tailed
multivariate data. In this context, we first establish novel
robust estimators of scatter and shape matrices (both related
to a covariance matrix), having a Kronecker product structure
with linearly structured Kronecker factors. Then, we con-
duct a theoretical analysis of their asymptotic performance
(i.e., consistency, asymptotic distribution and efficiency), in
matched and mismatched scenarios, i.e., when misspecifica-
tions between the true and assumed models occur. Finally,
numerical results illustrate the theoretical analysis and assess
the usefulness of the proposed estimators.

Index Terms—Kronecker product, scatter/shape matrix,
structured and robust estimation, M-estimators, complex
elliptically symmetric distributions, misspecified models.

I. INTRODUCTION

OVARIANCE matrices estimation plays a central

role in many adaptive statistical signal processing
methods [1]. Besides their Hermitian positive definite
property, the latter usually possess a refined structure
depending on the considered application. For instance,
the Kronecker Product (KP) structure can arise for sepa-
rable statistical models [2]], or in diverse scenarios such
as MIMO communication [3] or analysis of MEG/EEG
data [4], [5]. Furthermore, the Kronecker factors may
also have their own structure, e.g., a Toeplitz structure in
MIMO communications with uniform linear array at the
receiver or transmitter side [6]. Taking this prior knowl-
edge into account in the estimation scheme, i.e., reducing
the degree of freedom in the estimation problem, leads
to a better accuracy and thus better performance of the
processing chain. The problem of covariance estimation
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with KP structure and potential linearly constrained
factors has been widely explored in the Gaussian frame-
work [6]-[10], notably by using the Extended Invariance
Principle (EXIP) [11]. Furthermore, other approaches,
dealing with high dimensional data, have been proposed
in [12], [13].

However, assuming a Gaussian model may lead to a
performance degradation in practical applications, since
the latter is not suited for heavy-tailed distributions,
nor in the presence of outliers. This is why, the class
of circular Complex Elliptically Symmetric distributions
(CES) has attracted research interest [14]-[17]. Indeed,
CES distributions encompass the Gaussian model, but
above all, a large number of non-Gaussian distribu-
tions such as Generalized Gaussian, compound Gaus-
sian, t-distribution, K-distribution, etc [18]. In the zero-
mean case, this broad class of distributions is related to
the Complex Angular Elliptical (CAE) distribution [18],
which is obtained by normalizing any centered CES ran-
dom vectors. In the scope of robust estimation, the study
of model misspecifications within this family and their
impact on the performance has also attracted attention
[19]-[22]. Such misspecifications are often unavoidable
in practice, e.g., due to imperfect knowledge of the true
data model.

In the context of robust and structured covariance
estimation, several methods have been recently proposed
[81, [22]-[26]. In [22], efficient robust estimators of con-
vexly structured scatter matrices of CES distributions are
studied, with an analysis of possible misspecifications
on the statistical data model. The counterpart for the
shape matrix of CAE distribution is addressed in [23].
However, these works are inadequate for the consid-
ered case since the KP does not constitute a convex
structure, even for linearly constrained Kronecker fac-
tors. In [8], the Maximum Likelihood (ML) estimator of
KP structured matrices for CAE distributed samples is
studied and can be characterized thanks to the geodesic
convexity of the likelihood function [27]. Similarly [26]
proposes a ML-type KP structured scatter matrix esti-
mator suited for compound-Gaussian distribution. Nev-
ertheless, this result cannot be transposed to linearly
structured Kronecker factors, which do not preserve
the convex geodesic property. In [24] and [25], estima-



tors have been proposed as minimizers of Tyler’s cost
function, i.e., the likelihood related to CAE distributed
samples [28], for various structures and computed with
Majorization-Minimization algorithms. For a KP of lin-
early constrained factors, several approaches of [24] can
be stacked, yielding an imbrication of convex problems,
which can become computationally costly. This algorith-
mic approach yields good results in practice but cannot
be characterized by statistical properties.
The contributions of this paper are the following:

« we propose and study the statistical properties of
new robust estimators of the scatter/shape matrix
with a KP structure and potential linearly con-
strained Kronecker factors. The proposed method
consists in two main steps, namely an unstructured
Me-estimation of the matrix of interest, followed by
an appropriate weighted least-squares problem. The
last stage has a closed-form solution. In addition, re-
cursion of the last step, which consists in iteratively
refining the metric, is empirically exhibiting better
performance at low sample support, by achieving
faster the Cramér-Rao Bound.

« we conduct a theoretical study of the asymptotic
performance of the proposed estimators in several
cases. Under CES distributed samples, we consider
possible misspecifications on the density generator
and we show that the estimate is consistent, in
the sense of the misspecified framework [29], and
is asymptotically Gaussian distributed. The latter
can also be asymptotically efficient, depending on
the chosen first step. Under CAE distributed obser-
vations (i.e., assuming normalized samples drawn
from an arbitrary zero-mean CES distribution), we
show that the proposed procedure yields a con-
sistent, asymptotically efficient and Gaussian dis-
tributed estimate.

« we exhibit simplified expressions of the Cramér-Rao
Bounds, related to the different considered models,
throughout the asymptotic analysis.

This paper is organized as follows. In section[I} a brief
review on CES distributions and its related Cramér-Rao
bounds is presented. Section [IlI| focuses on the proposed
estimator. The theoretical performance analysis, specif-
ically weak consistency and asymptotic Gaussianity, is
treated in Section The statistical efficiency of the
proposed estimate is addressed in Section [V} Section
tackles the particular case of robust estimation of
the shape matrix. Some simulations results in Section
illustrate the previous theoretical analysis before a
conclusion in Section [VIII

In the following, convergence in distribution and in

probability are, respectively, denoted by % and 5. The

notation £ indicates “has the same distribution as”.
For a matrix X, the operator X' denotes the Moore-
Penrose inverse. |X| and Tr(X) denote the determinant
and the trace of X. X' (respectively X" and X*) stands
for the transpose (respectively conjugate transpose and

conjugate) matrix. The vec-operator vec(X) stacks all
columns of X into a vector and X > Y implies that
X —Y is positive semi-definite. The operator ® refers to
Kronecker matrix product. The matrix Ky, denotes the
commutation matrix, satisfying Ky ;vec (X) = vec (XT) for
all X € C™ [30]. I, is the identity matrix of size m.
The notation GCN (0, &, Q) refers to the zero mean non-
circular complex Gaussian distribution, where X (respec-
tively Q) denotes the covariance matrix (respectively the
pseudo-covariance matrix) [31], [32]. The operator E, [']
refers to the expectation operator w.r.t. the probability
density function (p.d.f.) p, which will be omitted if there
is no ambiguity. Finally, the set of non-negative real
numbers is denoted by R*.

II. BACKGROUND AND PROBLEM SETUP

In this section, we recall key elements for the class
of CES distributions, as well as some lower bounds on
the error covariance matrix of estimators, which will be
useful for the following analysis. The reader is referred
to [18] for a complete overview on CES distributions.

A. Complex Elliptical Distributions

A random vector (r.v.), y € C" is said to be CES dis-
tributed if and only if it admits the following stochastic
representation [[18]:

y Lm+ \/QSu, (1)

where m € C" denotes the location parameter and the
matrix S € C" has rank(S) = k. The 2nd-order modular
variate  is a non-negative real-valued random variable
statistically independent of the complex r.v. u. The latter
r.v. is uniformly distributed on the unit k-sphere CS* =
{z e Ck ||zl = 1} with k < m. Moreover, under existence
condition, the mean of y is equal to m and the covariance
matrix of y is proportional to the scatter matrix, R = SS”,

ie, E[(y - m)(y-m)]| = %IE [QIR. In the following, we
assume that m is known and equal to zero, without loss
of generality and that r.v. y is absolutely continuous, so

k = m and rank(R) = m. In this case, the p.d.f. of such a
vector exists and is expressed by [18]:

pr(¥iR, §) = CuglRI'g (y'Ry), @
in which the function ¢ : R* — R* is called the
+00

density generator satisfying 0., = f t"le(t)dt < oo and

0

Co = I'(m) 51 iy .

mg = O, 18 the normalizing constant. In this case
and thereafter, we shorten such r.v. by the notation y ~
CES (O, R, g). As noted above, various non-Gaussian
distributions (e.g., Generalized Gaussian, f-distribution,
K-distribution, etc.) fall into this large class. Expressions
of density generator function can be found in [22, Table

1] for commonly used CES distributions.



B. Cramér-Rao Bounds

In the context of deterministic parameter estimation,
the derivation of lower bounds on the error covariance
matrix is widespread in order to characterize the ulti-
mate performance that an estimator can achieve. Among
them, the so-called Cramér-Rao Bound (CRB) and its
variants are commonly used. The latter is related to
the Fisher Information Matrix (FIM), of which a closed-
form expression is given in [33] for CES distributions.
Notably for a centered circular complex CES distribution
with scatter matrix R parameterized by p € R”, ie,

C&ES,, (0, R(p), g), the FIM expression is given by:
or(u) )H or(u)
F = Y——
(1) ( 5T

auT
H
where Y = o7} Wi + (07!, — 1)vec(R™)vec(R™!) in

®)

1,ML 1,ML 1 1
which Wg = RT® R, o1 = —FD ] Jumt )
E[y2, (|t|2>g m
with t ~ CE8S,, (0,1, g) and Yy (s) = _sg (sj)' The matrix
M refers to the Jacobian matrix of r(u) = vec (R([,t)).
auT

For the particular case of the Gaussian distribution, we
retrieve the Slepian-Bang’s formula.

For unconstrained and identifiable models, the FIM is
not singular. Thus, the Mean Square Error (MSE) of any
unbiased estimator fI of u can be lower bounded by the
inverse of the FIM, which is then referred to as the CRB.
Specifically, we have

Elo-w(e-0)]=r @) cre @

In case of equality in () in the (in)finite-sample regime,
the estimator fi is then considered to be (asymptotically)
efficient.

In some cases, the estimator fi must satisfy a set of k <

n continuously differentiable non redundant constraints
[34], [35],

h(g)=0 (5)

which must be consistent, i.e., the set {ylh(p) = 0} is

nonempty [35]. Then, we introduce a matrix U € R™"5),
whose columns form an orthonormal basis for the
nullspace of the Jacobian matrix of h (;,l), ie.,

oh ()
du’

In this context, a Constrained version of the CRB (CCRB)
has been introduced in [35] for any unbiased estimate of

p satisfying (5), given by
E| (3 )z - )] > (VR (1) U) U7 = cerB, @

In most estimation problems, the perfect knowledge
of the data model generally turns out to be a key

U=0 and U'U=1,,.

assumption. However, model misspecifications are often
unavoidable in practice, due to incomplete knowledge of
the true data model for instance [19]. The p.d.f. related
to the true (respectively assumed) model is then denoted
by p(-) (respectively f,(-)). An extension of the classical
CRB has been derived in [20], [29], [36], leading to the
Misspecified Cramér-Rao Bound (MCRB). Before deriv-
ing the MCRB, the so-called pseudo-true parameter vector,
M, is classically introduced for an asymptotic analysis
[19], [29], [36]. The latter is defined as a minimizer of
the Kullback-Leibler divergence (KLD) between the true
and the assumed models, specifically:

Y, = arg rr}lin D(pllfy) = argmax E, [log fu (z; p)] , ()

plz )

w\Z
always assume the existence and the uniqueness of this

pseudo-true parameter vector (the reader is referred to
[36] for necessary and sufficient conditions). From [29],
the related MCRB and the error covariance matrix of
an unconstrained and unbiased estimate i of u, are
connected through

E [(ﬁ — 1) (- Fo)T] = Ty Yy Ty = MCRB,,  (8)

2
8{9 logfy] and Y, = F, [8logfy 810gf,1].
pop’ op oy’
For misspecifications on the density generator function
of CES distributions, MCRB,, of (8) has been explicitly
derived in [22], [29]. Likewise in case of equality in
in the (in)finite-sample regime, the estimator fi is then
called to be (asymptotically) m-efficient.

Finally, in a similar manner as the CCRB, a Con-
strained version of the MCRB (CMCRB) has been intro-
duced in [21] for any unbiased estimate of y satisfying
(5), expressed by

IE [(I:‘ - Po) (ﬁ - PO)T] zU (UTrFoU)_l U, U

-1
x (U'T,, U) U £ CMCRB, (9)

where Z)(pll f,,) = E, |log . In the following, we

where I, = E,

C. Problem Setup

Let us consider K i.i.d. zero mean CES distributed ob-
servations, denoted by y, ~ CES,, (O,R.,8), k=1,..., K.
The true p.d.f. is denoted by py (yk; Re). Note that the
function g(-) is not assumed to be known and is not
leveraged in the following algorithm. In other words, we
only assume that data are drawn from an unspecified
centered CES distribution CES,, (0, R, gmod), Where the
assumed density generator gmod () may be different from
g(t) for all t+ € R*. The related p.d.f. is then denoted by
fx <Yk; R)-

The scatter matrix R is assumed to be structured as a
KP, ie.,

Re = A. ® Be (10)



where A, € C™" and B, € CP*?, also called Kronecker
factors, are positive definite Hermitian matrices. We
assume that the latter are linearly parameterized by
04 € R™ and 0p € R™ respectively, such that

vec(A) Za=Ps04 and vec(B) =b = Pp03 (11)

with n4 < n?, ng < p?> and where P4 and Pj are known

full column rank matrices. This parameterization allows
a potential refined structure on the Kronecker factors,
such as persymmetric, Toeplitz, banded, etc. We denote

the concatenated parameter vector by 0 = [63;, BE]T,
with exact value 6, and R, = R(6.) 2 A(6,4,) ® B(63,).
The latter is the parameter vector of interest, that one
aims to estimate. The dependance on 0 will be omitted in
the following, if there is no ambiguity. It is worth noting
that the KP structure is by nature scale ambiguous,
because

(yA)® (y‘lB) =A®B foranyy #0.

Since we aim to study estimators of the structured scatter
matrix and not of the parameter vector, this ambiguity
is irrelevant. However in the following analysis, a con-
straint ensuring the model identifiability w.r.t. 0, and
thus the bijectivity of 8 +— R(0), will be added when
required. In the below derivations, we will consider the
following constraint

Q) c(0) = %Vec 0, PaBA-1=0 o Tr(A)=n

Note that the considered misspecification only concerns
the density generator function and not the scatter matrix
structure, since the latter is usually derived from physi-
cal considerations on the measurement system.

The minimization of the assumed likelihood function
w.r.t. 0 is generally a complex and time-consuming task.
To bypass this issue, we propose a new and tractable
estimation procedure in the next section. Furthermore,
our approach is still usable when the access to raw data
is impossible, which is especially relevant in applications
such as radio-astronomy [37], [38], where the data is too
large to be handled and where practitioners have only
access to intermediate estimates R.

III. PROPOSED ALGORITHM

In this section, we introduce a structured estimator of
the scatter matrix R., which consists of a procedure with
two main steps. The latter takes into account the under-
lying KP structure and the potential refined structure of
the Kronecker factors. Specifically, we first compute an
unstructured estimate of R., denoted by R. Then, we
impose the structure by solving an appropriate weighted
covariance fitting, inspired from [7]. For notational ac-
commodation, we skip the dependence on K for the
estimators obtained from K samples when there is no
ambiguity.

A. Step 1: unstructured M-estimation of R,

From a set of K i.i.d. y, ~ CES,,(O,R.,8),k=1,...,K
with K > m £ np, an unstructured M-estimator of the
scatter matrix is given by the solution of the following
fixed-point equation [18]:

K
R YT ot = e
k=1

where the choice of the function u(-) is quite loose,
while some constraints are met [18], [39]. Specifically, the
function u(-) must be non-negative, continuous on [0, ),
non-increasing such that 1/(s) = su(s) is increasing, upper
bounded, say, by Ky < oo and strictly increasing on the
interval where /(s) < Ky. Existence and uniqueness of
the solution of have been studied in [18]]. In addition,
the latter can be easily computed with the iterative algo-
rithm Rjy1 = Hk(R;) which converges to R whatever the
initialization [18]. Furthermore, the asymptotic behavior
of R is well-known [18, Theorem 9], specifically:

(12)

R 5 +7'R, and \/E(f - a‘lre) 5 GCN (0,L,ZK,,) (13)

where # = Vec<ﬁ), re = vec(Re), Wy, =

r = g2 (olee + 0ore rH) and

e

R! ® R,

_ag(m+1)? 5 -1 i _1)m+(m+2)a2
Y rme T T2 ne a2(ay +m)?
E[y? (ole?)]

a = = %]E [oltlzyb’ (0|t|2)] >0

m(m + 1)
in which o is the solution of IE[I/)(GItIZ)] = m with
t ~ C&S,(0,Lg) and ¢(s) = su(s). For the particu-
lar case of unstructured ML estimation, obtained when
u(s) = —g()/g(6) £ u(s) in (12 and thus Y() = Pou(),
a subscript v is added for op,,, which can also be
expressed as

_ O1,mL (1 - ol,ML)
1+m (1 - ol,ML).

O2mML =

For common CES distributions, explicit expressions of
o1 and oy, are given in [22, Table 1].

B. Step 2: covariance fitting

For the second step, we enforce the KP structure
with linearly parameterized factors by minimizing the
following covariance matching

V() = HQ”Zvec (R-A(61)®B (63))”§ (14)

As detailed later in Section [V} the obtained estimate
may be statistically efficient, depending on the choice of
the matrix Q. The minimization of can be achieved
through an alternating optimization scheme. However,
with an appropriate choice of Q, a minimizer of can
be efficiently found using the Singular Value Decompo-
sition (SVD) [40].



First, let us introduce the following rearrangement of
a matrix R [40]:

R(R) = [Vec (R“) ... vec (R”l) vec (Rlz) ... vec (R”")]T
where R is (k, £) block of size p X p of R satisfying the
following properties

R(A®B) = vec(A)vec(B) and vec(R) = Prvec (R (R))

with Pr a permutation matrix.
Now, we assume that the matrix Q can be written as

Q=RT®R™ (15)

where R also possesses a KP structure, i.e. R = A ® B.
A method providing such a matrix Q is proposed just
after. With this particular structure of Q, the function
can be equivalently reformulated as a rank-one
approximation problem (See [7} Section V.])

(16)

V1(6) = QR (R) Q; - TAeAeng;”i

where
R = (A—l/Z ® B—l/z)ﬁ(A—l/z @B 12 )
{QATA = (AfT/z ® A*1/2) P, QpTj = (B’T/z ® B—l/2) P

in which Q, € €™ and Qj € C”*" have orthonormal
columns vectors and T4 and Tjp are invertible matrices.
Since minimizing is a rank-one approximation prob-
lem, this can be efficiently achieved using an SVD of the
matrix QAR (R) Q5 [40].

To obtain the desired matrix Q as in (15), it is simply
enough to minimize, a first time, (I4) or equivalently
with Q = I,,2. To resume, Step 2 is divided into two
sub-steps:

1) Minim/i\ze AVTvithA(T) = 1,2, which Zieldjj m’1i1_11—
mizer Oin = [0 A1 631] and build Q = Ry, ® Ry
where ﬁmt =R (Emt) (GA 1) ®B (63 1)

2) M1n1m1ze (14) with Q = Q, which provides 0 =

WCHE

Rip, = R (?5) 4

and therefore the final structured estimate
A(6:)2B(3)

Remark. It is worth noting that the minimized function
does not coincide with the EXIP approach, since the weighted
matrix Q is not the inverse of the (asymptotic) covariance ma-
trix of vec (R - Re) given by (13). An EXIP-based procedure
could be applicable, but the equivalence between and
would be lost and would require an alternating optimization
scheme to solve the corresponding weighted covariance fitting.
Similarly, it is not a particular case of [22], since the KP is
not a convex structure.

Remark. We will show, in the next sections, that the inter-
mediary estimate Ry is only consistent, whereas Ry, may
also be asymptotically efficient.

Algorithm 1 Algorithm for the scatter matrix
CES, (0,Re, g) with K> m
, ¥ with ([12).
. . . . - AT AT T .
2: Find a minimizer Oy = [9 A1 63,1] of with Q =

L.
A(041)e

- —T —-1 —~ —
Build Q = R, ®R, where Rin = R (0int) 2

. o e . - =T =T T . P~
Find a minimizer 0 = [GA , 93] of with Q = Q.

Input: Kiid. data, y, ~
1: Compute R from y,,...

B (65,)-

3: (Optional) Compute iteratively the solution of
Nj; times.

4: Return: ﬁ(R)—KPr = R(E) =A <6A) ®B (53)

C. Step 3 (optional): iteration of Step 2

In this subsection, we propose an additional optional
step for the estimator, which is based on an iterative
refinement of the cost function V (8). As set out futher
in Section this extra step provides an estimator,
which preserves the asymptotic behavior but empirically
improves the performance in the pre-asymptotic regime.

In the cost function V (0) in (I4), the weighted matrix
Q can be viewed as a metric specification. Consequently,
better the estimate Q is, the better a solution @ minimiz-
ing should be. Moreover, to keep benefiting from the
equivalence between the minimization problems in (14)
and (16), the matrix Q has to be doubled KP structured
as in (15). Thus, we proposed to iteratively substitute
R ((-)mt) in Q by R (6) obtained at the previous iteration.
Specifically, for a finite number Nj of iterations, we
solve, at the {-th iteration, the problem

—~1/2 — 2
Q, vec(R-A(04) ® B (65)) i 17)

0;11 = argmin '
0

— —\-T — =1 — —
where Q; = R(6/) ®R(6;) and with Q) = Q. This
yields the final structured estimate ﬁR_Kp,. = R<5Nn)~

Since we assume Nj; < oo, the existence of Oy, is always
ensured. In practice, we can use a more flexible imple-
mentation rather than imposing a fixed number of iter-
ations. For example, the stopping criterion can combine
a maximal number of iterations, Nj;, and a relative gap
between the estimates of two successive iterations pbelow
a defined threshold, &, i.e., T‘e”l — Gg”ls Etol rOph) The
proposed algorithm is summarized in the box Algorithm

il

Remark. The proposed algorithm differs from the one given
in [7] in several points. First, we leverage the entire family
of M-estimators, instead of the sample covariance matrix,
which brings robustness. Second, the intermediary estimate
Ry possesses the full structure (KP + linearly parameterized
factors) and not just the KP one. Last, we propose an optional
recursive step, which provides better results at low sample



support.

IV. AsymproTic BEHAVIOR OF THE PROPOSED METHOD
This section provides a statistical analysis of the pro-
posed estimator Rxpr = R (GK), where Ok is a minimizer
~ ~T =1
of with Q = Q = R;,; ® R, Specifically, we study
the consistency and the asymptotic distribution of the
estimate.

Theorem 1. Under the considered data model, the es-
timator Rkp; is consistent w.r.t. 0 'R.. In addition, if

EK satisfies the constraint (C), then EK LA 0. such that
R. 2 R(6,) = 0 'R, and 6, meet the constraint ©.
Recall that ¢ is the solution of ]E[lp(o|t|2)] = m with
t ~ CES, (0,1, 9) and Y(s) = su(s).

Proof. First, the consistency of R leads straightforwardly
to the one of Ry for 67 'R, and thus Q 2 O‘ZW;{Z,
which is a full-rank matrix. Then, in a similar man-
ner, we obtain Rgp;, % 6 R.. Moreover, if Ok satisfies
the constraint (C), then the continuous mapping yields
ox 5 0. -

Remark. Since the parameterization is linear w.r.t. 04 and
. . 04 L, 0 04

O3, this easily leads to 0. = GB: = 0 % L, 63: , where

0. is assumed to meet the constraint (C).

Theorem 2. Under the considered data model, the
asymptotic distribution of Rkp; is given by

VKvec (Ripr = Rc) 5 GCN (0,E, EK,yy,p) with

-_ 2 01 H -1pH , 91 —1pH H
E=0¢ PR(?(bebe)®PAFA P} + —PgF; P} ® (acall)

+@—ﬂymww¢¢wpﬁ

= (s)

where a. = vec(A.), b = vec(B.), Fa = PﬁW;lPA, Fp =
Py W;!Pp in which W, = Al ® A, and W, = B ® B..

Proof. The proof of Theorem[2]is quite standard, however
a few subtleties should be carrefully addressed. Here, we
describe the main steps for the considered case. In order
to apply the Delta method [41]], we perform a Taylor
expansion around 6. of the gradient of the cost function
V (0) evaluated in Ok, which satisfies the constraint (C):

0 IVO _ V() PV (0)
0 g, 20 lo, 9000"

(0x-0,)
Sk
with &g on the line segment connecting 6, and Oy, ie.,
dc € ]0,1[ such that & = cO. + (1 - C)EK [42, Theorem
5.4.8]. Thus the consistency of EK implies &y L 0.. On
one hand, the consistency of R yields

>V (0)

o 2 orPHWLIPT, £ H.,

H (&) =

&k

with P = P (Ps®Py), T. £ T(0,) = [05, 81, 1, ® 0|
and Wg_ = R ® R,. Note that the matrix Ho, is singular
and real-valued. On the other hand, we obtain similarly
as in [22, Section 4.2]

0.

R., = 4T7PH [alw;{} + aavec (R;") vec (R;l)H] PI.

£ N(0,R.) with

Furthermore, we can write, as in [7), Section VII]
VKPT, (6 - 6.) = PTH' (&) VKgy (6.)

which leads, by the Delta-method derived for complex-
valued parameters [43], to

VKPT. (6x - 6.) £ geN (0,8, EKypp)  (19)

where & = PIr.H! RLHL TP, can be simplified as
requested, by using Lemmal(I|in Appendix[A]with a; = 1
and a; = 0. The proof is concluded by performing a
Taylor expansion around 6, of vec (R (0)) = Pvec (GA 65)

evaluated in EK, which yields

vec (ﬁKPr - Rc) =P —89322;614

& (GK B GC)

with O—’GZ%GA 5 I'. and thus, by Slutsky’s lemma,
Sk
VKvec (Ripr = R) 5 GEN (0,8, EK,ypp) . (20)
|

Remark. The exhibited multivariate non-circular complex
Gaussian distribution is degenerate w.r.t the Lebesgue mea-
sure, since the matrix E is not full rank. This is due to the
fact that R is parameterized by 0 and then considering all the
elements of R brings redundancies.

Corollary 1. The estimator ﬁR_Kpr obtained with the
additional Step 3 is consistent and follows the same
asymptotic Gaussian distribution as in (20).

Proof. Theorems [I] and 2] are valid at each iteration,
which concludes the proof. u

Remark. While a covariance/scatter matrix is known to be
positive semi-definite (p.s.d.), this constraint is not enforced
on the estimate provided by Algorithm |1} However, due to
the consistency of Rgpy, the latter will be p.s.d. for sufficiently
large K with a probability arbitrarily close to one.

V. StatisTicAL EFFICIENCY OF THE METHOD

In this section, we examine how the proposed es-
timator is doing compared to the ultimate achievable
performance. Specifically, we compare the asymptotic
error covariance matrix E exhibited in the previous
section with the CRB depending on the assumed model
and the choice of the function u(-) in (12).

Proposition 1. Let us consider K i.i.d. centered CES dis-
tributed observations, denoted by y, ~ CES,, (0,Re, g),



k=1,...,K. The CRB for vec(R.), denoted by CRB,,, is
given by:

O1,ML
n

R ( - ";;L)(bebs) . (aeag)) Py

Proof. From (3)), the unconstrained FIM is given by

CRB,, =

1
—Pr (G;ML (beb?') @ PAF,' P +

< P;F;' P} ® (a.af))

@1

H
F(0.) = KT/p” (al‘jﬂwgi + (070 Dvec(R;") vec(R;) )Pre

where I'c =I'(6.). The matrix F (0.) is singular since the
mapping between 0 and R is many-to-one due to the
scale ambiguity. In order to obtain the CRB for estimators
of vec(R), we use the results of [35] with the CCRB,
which yields

-1
CRB,, = PL.CCRBy,[\'P" = PI.U(U'F(0.) U) U'L{'P"

where U € Ru+me)x(ma+ns=1) ig an orthonormal basis for
the nullspace of the gradient of the constraint (C) [35],
specifically

dc (0

LT)U - 0.

20

Without loss of generality, the matrix U can be chosen
structured as

U'U=1L,,,1 and

U= [UA 0 ] with Uy € R™X(1a=D

0 1, (22)

such that U Uy = I,,_;. By using Lemma [2/in Appendix
with ¢y = 07 > 0and ap = 07} —1> —a1/(np), we
can rewrite CRB,. as stated. [ ]

To recall, we considered the case, where there exists
a potential misspecification on the density generator
function of the statistical data model. Notably, the sam-
ples are truly drawn from an unknown centered CES
distribution CES,, (0,Re, g), but the assumed model is
provided by CES,, (0, R, gmod). Therefore, we introduce
the following mismatched analysis tools.

Proposition 2. With the considered misspecification on
the density generator function, the so-called pseudo-true
parameter vector 0y, which minimizes the KLD between
the true and the assumed models D (pyl|fo), is defined by

R(00) = 07'R. = A. ® (07'Bc) = R, (23)

where o is the solution of ]E[lpmod(altlz)] = m with t ~

CES (0,1, 9) and Yrmoed(s) = —sg;no 4(8)/gmod(s). To ensure
the uniqueness of 0y, we assume that 6y has to satisfy
the constraint (C). If the weight function u(-) of is of
the form u(s) = =g, (5)/8moa(s), thus 6y = 6,

Proof. The derivation to obtain is identical to [22]
Corollary 1]. n

Proposition 3. For the considered misspecification on
the data model, the MCRB for vec(R.), denoted by

MCRB,,, is given by:
MCRB, = ﬁPR L (b bH) @ P,F P + ZLP,F: P! ® (a aH)
Ic K p ete AT A n B B €

+ (02 _ ﬁ) (bebfj) ® (aeafj)) PrH

np (24)

Proof. We obtain the MCRB for vec (R.) from the CMCRB
for 0. by using the following relation

MCRB,_ = PI.CMCRB, I''P"
where CMCRBy, can be obtained from (8) and (9)

CMCRB,, = +U(U'C,U) UTGU(UTqu) U

K
in which
+ 1- H
€= TP (TR + = vec (R;Y) vee (R!) ) P

C, = ri{PH (mWI}} + (a1 — 1)vec (Rc‘l) vec (R;l)H) PT,

E] in Appendix [B| with

Similarly, by using Lemma

+ —_
o = a; +q:> 0 and ap = l:;+ I > —ay/m, we simplify
U UTClU U” and then obtain the intended expression
of MCRB;,.. ]

Theorem 3. Let us consider K i.i.d. centered CES dis-
tributed samples, denoted by y, ~ CES,, (0,R¢, g), k =
1,...,K. These observations are assumed to follow a
CES (0, R, gmod) in the estimation process. According
to the choice of the function u(-) in (12), we obtain the
following statements :

0 if graa() = ) and u) = -5 =, then Ry, and
ﬁR_Kpr are asymptotically efficient.
’ (s —
(if) if gmod(") # g(-) and u(s) = —ng(), then Rgp; and
gmod(s)

ﬁR_Kpr are asymptotically m-efficient.

(iii) if u(-) cannot be written as one of the above forms
(e.g., Huber’s M-estimator [18]), nothing more than
Theorem [T] and [2] can be elaborated on the asymp-

totic behavior of Rgp;.

Proof. For the case [(i)} this particular choice of function
u(-) coincides with the unstructured ML estimate as step
1. Thus, the coefficient ¢ is equal to ¢ =1 and 0, = ..
Consequently, the asymptotic error covariance in (18)
can be rewritten by substituting o1 and o, by 01, and
oo and finally coincides with CRB,, in . For the
case we note that the asymptotic error covariance
in coincides with the MCRB,, in (24). For the case
the function u(-) is not related to a p.d.f. of a CES
distribution. Thus, the mismatched framework can not
be applied; however the chosen M-estimator is well-
defined so the statistical characterization reported in
holds.

The parameter vector vec (R) being complex-valued,
the intended results are easily achievable by working on
the vector concatenating the real and imaginary parts of
vec (R) and noting that a2l = K, npEKop np- [}



Remark. Note that the case (i) of Theorem (3| is unrealistic,
and has a purely theoretical interest.

VI. RoBuUsT STRUCTURED ESTIMATOR OF THE SHAPE MATRIX

In this section, we consider the particular case of KP
structured shape matrix robust estimation. Indeed, one
may only require an estimate of the shape of the scatter
matrix, i.e., to capture the intrinsic structure of the matrix
without needing its scale. This occurs for scale-invariant
processings, i.e., involving a zero degree homogeneous
function of the scatter matrix. For instance, we can cite
the adaptive normalized matched filter detector [44] or
the MUSIC method. The proposed method for this case
is quite similar to the one introduced in Section
Likewise, we conduct a theoretical asymptotic analysis
of the proposed estimator.

A. Reminders on Robust Statistical Model

The class of CES distributions covers various statistical
models, due to the diversity of density generator func-
tions. However as studied previously, this may lead to
misspecifications if the density generator is improperly
chosen. Nevertheless, any CES distributions are related
to a common CAE distribution [18]]. It is worth noting
that this interesting property is only valid for centered
CES distributions. Let be y ~ CES,,(0,R,g), then the
normalized vector

y
z=—"—,y#0,
iyll”Y

follows a CAE distribution, denoted by z ~ CAE,, (R).
The r.v. z has the following p.d.f. w.r.t. spherical measure
which is the natural Borel measure on the unit m-sphere
CS™ [45]

p(z| R) o R ('R 7z) (25)

Note that, in this context of CAE distribution, the matrix
R is scale ambiguous, i.e., defined up to an arbitrary
scale factor. To avoid scaling ambiguity, we introduce
the matrix V = mR/Tr(R), which is referred to as the
shape matrix of z.

In addition, for CAE distribution with shape matrix V
parameterized by u € R", i.e.,, CAE,, (V(y)), the FIM can
be written as

|

where Ycag =

(26)

dvec (V([.l)) i Y dvec (V([,t))
—8yT CAE —ByT

m_ o1 -1 -1\
iV T m+1vec(V )vec(V ) ,
which is rank-deficient and Wy = VI @ V.

Formally, we consider a shape matrix, exhibiting the
same structure as Re

V.= nAe pBe

m LT ~
CTr (Re) R = (TI' (Ae)) (TI‘ (Be)) =A.®B. (27)

where the parameterizations in and are still
relevant for V. = V(0), if the following constraint are
met

1Vec (1,) Pa04 -1
(C1) 1 (0) =

0o {Tr(A) =n
Evec (InB)T POz -1

Tr(B)=p
which ensures that Tr (V (0)) = Tr (A) Tr (B) = np = m.

B. Algorithm

From a set of K i.i.d. zx ~ CAE,, (Ve),k=1,...,K with
K > m, we first compute a ML-type estimate of the shape
matrix, for which the full structure V (0) is not taken into
account. For this, two solutions can be deployed:

o the unstructured ML estimate, coinciding with
Tyler’s M-estimate [28], which is given by the so-
lution of the following fixed-point equation [[18]:

K H
A_m Zkzk
VRl oo

— such that Tr (V) =m (28)
=1z'V oz

The above solution can be obtained by an iterative
algorithm, in a similar manner as (12).

« the KP strucglred ML estimate, given in [8] and
denoted by Vkp. The latter is obtained using an
alternating optimization scheme, which converges
towards the global minimum of the related likeli-
hood function [§].

In the literature, Tyler’s M-estimate is said to be
distribution-free, since equation does not involve
any data-dependant function g. The latter can be used
as shape estimator for any centered multivariate dis-
tribution, but it is optimal, in the ML sense, for CAE
distribution.

Remark. Since VKP already possesses the KP structure, it
seems motre appealing than the unstructured V. In addition,
the constraint on the number of samples, i.e., K > m, can be
strongly relaxed for Vip [8]. However, the computational cost
of the latter is higher than the one of V.

Then, we apply Step 2 of Section to obtain an
unconstrained but structured Rgp,, for which we replace
R by V or Vip. Similarly as Algorithm [1} the addi-
tional/optional iteration of Step 3 is still valid. Finally,
we compute VKP, = mﬁKp,/Tr (ﬁ[(pr). The algorithm can

be summarized in a very similar manner as the box
Algorithm

C. Asymptotic Analysis

Similarly as Section [[V| we perform an analysis of the
asymptotic performance of Vg)_kpr.

Proposition 4. Let us consider K iid. centered CAE
distributed observations, denoted by zx ~ CAE,, (V.),



k=1,...,
given by:

K. The CRB for vec(V,), denoted by CRBy,, is

CRB,, = 1° 17)"(;9 (bebe ) ® [PAF;P + nacal — x|

1 _ ~ ~H -~
4 [PoF; Y + b, — xp] @ (aeagf))soRH (29)
where 3. = vec (Ae), b = Vec(]};e), F; = Piw;\PA,
T T

F; = PYW;'Py, Wy = A, ® A, W5 = B, ® B,
n=ulFlus,m =

ufT;F;uB, in which u}, = vec L) Pa/n,
T
ul = vec (Ip) Pg/p and with

Xa = PaFluqall +a.ulF'PY
_ ~H ~ _
x5 = PgF5'ugb, + beujF;'Py

Proof. We obtain the CRB for vec (V) by using the fol-
lowing relation

-1
CRB,, = PI.U; (U] Fcar (6:) Us) UJTHPH

where Uy € ROutm)x(a+m5-2) ig an orthonormal basis for
the nullspace of the gradient of the constraint [35],
specifically

dc1 (6 ul o0
U'U; = 1,40,-2 and LU1=[ 4

207 0 “5] o=t

Without loss of generality, the matrix U; can be chosen
structured as

Ul — |:I-(I)A [(]) ] WlthUA c ]RnAX(VIA—l),UB c IR”BX(”B—l) (30)
B

such that UgUA = I,,.1 and UEUB = I,,-1. By using
Lemma [3 in Appendix [C, we can rewrite CRBy. as
announced in (29). [ |

Theorem 4. Under the considered CAE model, the pro-
posed shape matrix estimator V(R)_Kpr is a consistent,
asymptotically efficient and Gaussian distributed esti-
mate of V., for both V or VKP as Step 1.

Proof. The consistency is a direct result of Theorem

with ¢ = Tr(R.) /m since vZ2 V. [18] and VKP AN
Ve [8], respectively. In order to obtain the asymptotic
distribution of vec VKpr), we reuse Theorem [2| and its
proof, giving the asymptotic distribution of vec (ﬁKpr).
The derivations are all the same, except the expression
of Re, which is given, in this case, by

Re = 41"HPHW‘1EVW‘1P1“C.

where Wy, = VI ® V, and Ey denotes the asymptotic
covariance matrix, up to a factor K, of either V or Vgp.
For the first case, the expression of Ly can be found in
[18, Section VI.C.]. For the second one, the matrix Ly is
given by , derived for the KP structure only, i.e., the

Kronecker factors are simply Hermitian. We recall that
VKvec (ﬁKpr -0 'R ) > QCN( =, E'.Kn,,,np)

where & = P H! R H!IT'P" with Ho, = 2I7PYW{/!PT..
Finally, the Delta-method on Vgp, = mRgp,/Tr (RKpr),
leads to

VKvec (Ve = Ve) 5 GEN (0, WEW!, WEWIK,,,,) .

1
with W =1- ~Vevec (D)7. After some calculus, we can

show that WEW" = KCRB,, for both V or Vip as Step 1,
which concludes the proof. With the optional Step 3, the
above results are valid at each iteration, which leads to
the desired outcome on the performances of Vrkp;. ™

VII. SIMULATIONS

In this section, we illustrate the results of the previous
theoretical analysis for a KP structured scatter matrix,
whose Kronecker factors are Hermitian Toeplitz. Specif-
ically, we set its first row according to {Ac};, = p!!, € =
1,...,n with p = 0.8+ 03i and {Be}, = p 1,6 =1,...,p
with p; = 0.5 + 0.3i. The minimal parameterization for
the Toeplitz structure consists in stacking the real and
imaginary parts of the first row of the matrix.

A. Matched scenario study with CES distributions

We generate 5000 sets of K i.i.d. t-distributed samples
v ~ Cta(O,Re), k = 1,...,K with d = 3 degrees of
freedom and n = p = 3. We consider the matched
scenario, i.e., assumed model is the correct one with
8mod(-) = g(*). We compare the performance of the pro-
posed estimators Rry.kpr with the related CRB. For Rgxp;
(i.e., with optional Step 3), the implementation uses as
stopping criterion a combination of Nj; = 10 iterations at
most and a threshold of ¢, = 107 for the relative gap
between the estimates of two successive iterations. We
also display the intermediate estimate Rint in Step 2, as
well as the estimate, obtained with Q R, T® R, L for a
theoretical purpose.

In Fig. [1} the asymptotic covariance of the proposed
structured estimate reaches the CRB, i.e., the asymptotic
efficiency of the algorithm is empirically verifying The-
orem [} The unbiasedness, as well as the consistency,
can also be indirectly observed in Fig. 1| Furthermore,
for a very low number of samples (around the limit of
existence, i.e., K = m + 1), the use of the additional Step
3 sometimes seems to underperform the case without
Step 3. The latter is probably due to the missing p.s.d.
constraint on the estimate. Aside from this small effect,
we notice an improvement brought by Step 3 in Fig.
We can also note that doing recursions to refine Q
behaves almost the same as using Q = R;” ®R;!, where
R, refers to the true scatter matrix. Finally, we see the
importance of the weighting matrix Q for achieving
statistical efficiency. Indeed, the intermediate estimate
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Fig. 2: Efficiency simulation for scatter estimate
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ﬁint obtained with Q = I,2 is only consistent but not
asymptotically efficient.

To illustrate the interest of our method in high dimension
context, we consider the same simulation as before but
with n = 11 and p = 9, leading to a scatter matrix of
size around 100 X 100. In Fig. [2 we can see the same
behavior as previously, i.e., the asymptotic efficiency of
:che method. Furthermore, the asymptotic covariance of
Rypr is almost equal to the CRB at only 140 samples.
This comes from the KP structure, which strongly re-
duces the effective dimensions of the estimation problem
compared to the apparent dimensions. Thus, for K > m
samples (limit of existence), the asymptotic regime can

10
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Fig. 3: Efficiency simulation for scatter estimate in mis-
matched scenarios (n =p = 3)

be rapidly achieved.

B. Mismatched study with CES distributions

In this part, we consider model misspecifications. We
generate samples as in the first simulation. Two scenarios
have been considered for the simulations.

(S1) the assumed p.df. is a t-distribution but with a
different degree of freedom, dmoq = 20.

(S2) the assumed model is a Gaussian distribution, which
would be the most common hypothesis.

For the second scenario, we also display the performance
of the estimator given by [7], since the latter addresses
the Gaussian case. To draw the comparison, we define
the Pseudo Mean Square Error (PMSE) w.r.t R, by

PMSE (Rie) = E [vec (R - R.) vee (R ~ R |-

In Fig. |3} we can notice the asymptotic m-efficiency of
the different estimators, since the asymptotic covariance
of the proposed estimate under mismatched models
reaches the corresponding CRB. In addition, the esti-
mator of [7] is outperformed by our method, since the
intermediate estimate Ry, possesses the full structure
(KP structure + Toeplitz factors) and not only the KP
one as in [7].

C. Numerical results for CAE distribution

We generate 5000 sets of K iid. CAE distributed
observations z; ~ CAE,, (Ve), k = 1,...,K, where
Ve = mRe/Tr (Re).

We compare the performance of proposed estimators for
both V or Vkp as Step 1 with the corresponding CRB
and the constrained Tyler’s estimate proposed in [24]
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Fig. 4: Efficiency simulation for shape estimate

and in order to obtain a KP structured estimate, where
the Kronecker factors are also Toeplitz structured, we
intertwine Algorithm 3 into Algorithm 7 of [24]. Note
that the Hermitian Toeplitz constraint on the factors is
taken into account through a circulant embedding. The
size of this circulant matrix is a tunable parameter, with
the constraint Ly, > 2n -1 = Lg‘in for the factor A
(respectively Lg > 2p — 1 = L™ for B).

In Fig. the asymptotic covariance matrix of all
proposed estimates reaches the corresponding CRB. The
unbiasedness, as well as the consistency, can also be
indirectly observed in Fig. 4} The benefit of using a KP
structured Step 1 with Vip is significant, notably at low
sample support. This was to be expected, since Step 1
estimate, Vip, is already KP structured. In addition, we
can note that constrained Tyler’s estimate almost equally
performs with respect to the proposed estimate, which
uses Vp. For sufficiently large L4 and Lg, the latter also
seems to achieve the CRB, while no theoretical guarantee
can be easily drawn from this algorithmic approach. For
low L4 and Lg, this estimator seems to be asymptotically
biased.

Table [I] summarizes the average calculation time of
the different algorithms. It results that the proposed
algorithms are an interesting and time-efficient alterna-
tive to Constrained Tyler’s estimates, while guaranteeing
asymptotic performances.

D. MIMO channel covariance estimation

We consider the problem of MIMO channel covariance
estimation from training data. In this case, the channel
covariance matrix exhibits the KP structure [3], [46]

Ry = A, ® B, (31)

11

where A, € C™ (respectively B, € C¥®) refers to the
transmit (receive) covariance matrix. In addition, we
assume that the transmit and receive arrays are linear
and uniform, such that A and B are Toeplitz structured
[47]. We consider a setup similar as the one in [47], where
matrices A and B are given by:

[Ac]y = 0.9 exp (jzn(k - l))
. (32)
[Bc]iy = 0.7 exp (%n(k - l))

We set 7yrain = 6 training symbols per frame, which are
assumed to be transmitted at one antenna at a time, the
other ones being quiet. The K samples are drawn for
a CAE distribution with a shape matrix given by Rg,.
This could also be interpreted as preprocessing (normal-
ization) of CES distributed data. For the comparison, we
consider the unstructured estimators, such as the SCM
and Tyler’s estimate [28]; the KP-structured Tyler-based
estimate Vip [8] and the full structured estimators such
as the SCM-based one [7], Constrained Tyler [24] and
finally our estimator Viy,. In this filtering problem, we
use the SNR-loss [48] to evaluate the performance of the
different methods. We recall that the latter is defined by:

—~1

|tHR t

(t7R; ™) (tHii*leiflt)

p(R) = (33)

e
11>

in which the steering vector t is chosen such that t =
T
[1 ... 1] erm

\
10? |
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Fig. 5: SNR loss vs number of samples

On Fig. we can see that the unstructured esti-
mates are strongly outperformed by the ones, which
take the structure into account. Taking the full struc-
ture into account provides better results compared with
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Algo w/o Step 3 Algo. w/ Step 3 Algo w/o Step 3 Constr. Tyl Constr. Tyl
(Step 1: [28]) (Step 1: [28]) (Step 1: [8]) Lmin 4 5 Lmin 50
50 0.0097s 0.040s 0.062s 0.0462s 0.17s
100 0.012s 0.029s 0.096s 0.061s 0.23s
500 0.014s 0.030s 0.33s 0.21s 0.67s
1000 0.016s 0.024s 0.58s 0.40s 0.89s

TABLE I: Average calculation time
(Matlab R2016b, CPU i5-6440HQ@2.60GHz, 16GB RAM)

KP structure only, even with a Gaussian-based model.
Finally, our method yields the same performance as
Constrained Tyler, while being an interesting trade-off
between asymptotic performances and computational
cost.

VIII. CoNncLusION

In this paper, we addressed robust estimation of KP
structured scatter and shape matrices, with potential
linearly structured Kronecker factors. Firstly, we have
derived a two-step estimation procedure, yielding a
structured estimate of scatter matrices. Besides, with a
slight modification of the algorithm (iterations of the
last step), we have noticed a faster convergence towards
the asymptotic regime. Secondly, we have conducted a
theoretical asymptotic analysis of the proposed method
in terms of consistency and asymptotic Gaussianity.
Thirdly, we have analyzed the statistical efficiency of the
method for CES distributions depending on the choice
made in the first step of the algorithm. This analysis also
covers possible model misspecifications. Fourthly, we
have studied the counterpart for shape matrices, where
we have shown that the method is consistent, asymp-
totically Gaussian distributed, and efficient. Finally, nu-
merical results corroborated the theoretical analysis and
assessed the interest of the proposed algorithms.

APPENDIX A
SIMPLIFICATION OF THE PSEUDO-INVERSE

This appendix introduces a lemma, which is required
for the proof of Theorem

Lemma 1. Let ay and ap be two scalars such that o, >
0 and ap > —ay/(np). For any admissible 01 such that
Ry = R(61) = A1 ® By, let us introduce the matrices
I, = l[GB1 @I, I, ®6A1] and Wg, = RlT ® Ri. We have
the following equality

H t
PT, (r?PH [alw;{} + apvec (R ) vec (Ry) ]Pl‘l) ripi=
1 H —1 1 1 H
Pr (}E (blbl )®PAFA PZI + nT“lPBPl; Pgl ® (alal )
( a1 + 2npay

npay (ag + npaz)) (blblf[) ® (amllq)) Pr’!

where a; = vec (A1) and by = vec (By).

Proof. From Pr"W!Pr = W5l@W,! with Wy, = AT®A,
and Wy, = BI ® B1, we can obtain

H
ripH [alw;{} + apvec (RIl) vec (Rl_l) ] PT; = G+ y,p)

where
G = palFA + pzazFAGAl elef /\FAGAl GgleIg
0 nalFB + I’ZZO(QFBegl egngl

G Gop
0 Gxnl’

II>

VAFA0,, )
0

and A = (a1 + npay).

0
Y = (\/XFBB&)’ Ya= (
The matrix G is invertible, such that
G1-[Gi -GiGnGy
0 G,,
in which G} and G;, are given by the Sherman-
Morrison formula

1

1 -1 a
-1 _ HgH) _ -1 2 H
G, = ;;(0111:14 + paaFaBy, 9A1FA) = pay Fy - Aoy 04, 6A1
1 -1 1 a
-1 - _2
G, = ” (OélFB + nayFp0p, GEF?) = noy FB1 T A 6316?1

Indeed, since a, # —a1/(np), the matrices Gi1 and Gy, are
full-rank. Furthermore, we verify that 1+ y! Gy, =0,
we can then apply [49, Theorem 6], which yields

(G + YB1Y§1)+ =G ' -kk'G!'-G'h'h+xkh (34)

, 1 [-64 1[04 ] .
with k = n«/X[ 9311], h = p_\/z[—ﬂz;] ,x = K'G'h'
and where in the vector case xt = X—Hz [49].
The intended result is obtained after simpliyi)gz'ﬂtion of
PT1 (G + 7,111 ) THPY with @), »

AprPENDIX B
SimPLIFICATION FOR THE CCRB or CES DISTRIBUTIONS

This appendix introduces a lemma, which is required
for the proof of propositions [I| and

Lemma 2. Let aq and ap be two scalars such that aq >
0 and ar > —aq/(np). For any admissible 01 satisfying the



constraint and such that Ry = R(01) = A1 ® By, let us
introduce T'1 = [631 ®l, I,® 6,41] and the matrix

C= alw;{} + apvec (Rl_l) vec (Ril)H

We have the following equality

T+H -1 |Ln Lp
u(u'tfpiceru) U _[L?z L | where

1
L = = (F' + 104,60}, ~ Flus0), - 0, F;)
1

__K r_ 1o or
L= (04,03, - <Fitua0},

1 —ay nx-—1
Lp=—F!'+[— + —— 63,6}
27 ey B \agA npay ) BB,
. dc(@) 1 " )
with uy = 20, = ;PAvec (I,), k= u,F, ua and U given
in 22).

Proof. Starting from the block decomposition of the ma-
trix T'PYCPT; exhibited in the proof of Lemma |1} we
obtain the following non singular matrix

J= Ju Ji =UT1“?PHCP1"1U,
Jor Ja

whose the inverse can be computed by the Schur com-
plement

J_lz[ —Ig]_l -1 -1 _tgll_lllzj—%zl —1]
Jn)nS; 2» 10)aS) Ty
with

1 o

-1 _ G—l _ an 6 H
i =Gyl = —F;! - 20,0
22 22 nay By /\0(1 1Y By

. B 1
S;=Jn - 112]221]21 = P“lUZx (F/n - ZFAn eAegFi)UA

By noting Z4 = U}F4, U4 and using the Sherman-
Morrison formula, we obtain
a1 _ -
S = o (Z3! +xZ,' U} Fa, 0404 F, UaZ}')
Finally, the proof is concluded by exploiting the follow-
ing relation [35| Corollary 1]

-1 41 _
U, (UJFA,Us) UL =F, - —F uquF,.

AprrEnDIX C
SimrLIFICATION FOR THE CCRB or CAE DISTRIBUTION

This appendix introduces a lemma, which is required
for the proof of Theorem

Lemma 3. For any admissible 01 satisfying the constraint
(C1) and such that Ry = R(01) = A1 ® By, let us introduce
I = [631 L, I,® 6,41] and the matrix

C =Wyl - ovee (R} vee (R7")
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We have the following equality

u, (U{F{{PH CPI, U1)71 u; = [L(;l L‘;] where
Ly = % (Fil +x04,0) - Filua0) - 04,u1F!)
Ly = % (F;! + 105, 0}, — F;'ug}, - 05, ulF;")
with v} = vec (L) Pa/n, ul = vec (I,,)T Py/p, x =

Tp-1 _ Tl ' .
u,F, ua, k1 = ugFy ug and Uy given in (30).

Proof. Starting from the block decomposition of the ma-
trix T'PP'CPT; exhibited in the proof of Lemma [1f with
A =0, we obtain the following non singular matrix

0 Jx»

whose the inverse can be computed by
-1
0
-1 _ Jn
=[5

1 -1
(ZA - UL, 04,00 UA)

J= [J“ 0 ] =u'riPAcrryu,

with

-1
11

(3! ++Z;' UL FA,04,0), Fil UsZ}!)

-1
22

-1
1
(zB - ;UgFgl 05,0}, Fy UB)

(e i N S

- (Z5' + <125 ULF5, 05, 0 Ff UpZ;')
where Z, = U};FAlUA and Zp = UgFBlUB. Finally, the
proof is concluded by exploiting the following relations
[35, Corollary 1]

-1 _ 1 _ _
U, (UJFA,Us) UL =F,! - —F,luaujF;!

-1 _ 1 __ _
Uy (UjF3,Up) Uj =F;! - K—lFB}uBu};FB}
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