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Direction of Arrival Estimation of Wideband Sources
Using Sparse Linear Arrays

Feiyu Wang , Zhi Tian , Fellow, IEEE, Geert Leus , Fellow, IEEE, and Jun Fang, Senior Member, IEEE

Abstract—In this paper, we study the problem of wideband direc-
tion of arrival (DoA) estimation with sparse linear arrays (SLAs),
where a number of uncorrelated wideband signals impinge on an
SLA and the data is collected from multiple frequency bins. To boost
the performance and perform underdetermined DoA estimation,
the difference co-array response matrices for all frequency bins are
constructed first. Then, to merge the data from different frequency
bins, we resort to the Jacobi-Anger approximation to transform
the co-array response matrices of all frequency bins into a single
virtual uniform linear array (ULA) response matrix. The major
advantage of this approach is that the transformation matrices are
all signal independent. For the special case where all sources share
an identical distribution of the power spectrum, we develop two
super-resolution off-the-grid DoA estimation approaches based on
atomic norm minimization (ANM), one with and one without prior
knowledge of the power spectrum. Our solution is able to resolve
more sources than the number of antennas but also more than the
number of degrees of freedom (DoF) of the difference co-array of
the SLA. For the general case where each source has an arbitrary
power spectrum, we propose a multi-task ANM method to exploit
the joint sparsity from all frequency bins. Simulation results show
that our proposed methods present a clear performance advantage
over existing methods, and achieve an estimation accuracy close to
the associated Cramér-Rao bounds (CRBs).

Index Terms—Wideband direction-of-arrival (DoA) estimation,
sparse linear array (SLA), Jacobi-Anger approximation, atomic
norm minimization (ANM).

I. INTRODUCTION

D IRECTION of arrival (DoA) estimation using a sensor
array has been an active research area for decades, with

broad applications in a number of fields such as wireless com-
munication, acoustics and passive sonar [1]. Most of the con-
ventional DoA estimation techniques focus on the narrowband
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far-field scenario and are subspace-based methods, where mul-
tiple signal classification (MUSIC) [2] and estimation of signal
parameters via rotational invariant techniques (ESPRIT) [3]
are two of the most successful methods. Whereas MUSIC
works for any array configuration, ESPRIT requires a specific
shift invariant structure. Inspired by compressed sensing (CS)
theory [4], over the past few years, sparsity-inducing DoA
estimation techniques [5]–[7] have been introduced to exploit
the inherent sparsity in the angular domain and they work for
arbitrary array configurations. All these CS-based methods rely
on a fixed angular sampling grid that serves as the set of all
candidates of DoA values, and the DoAs of interest constitute
the support of the sparse signal to be recovered. The angular
resolution is limited by the grid spacing, which can be refined in
subsequent rounds. Recently, two pioneering super-resolution
(or off-the-grid CS) techniques have been proposed that recover
frequencies in a continuous domain; one method is based on
total variation minimization [8] and the other on atomic norm
minimization [9]. Both approaches theoretically guarantee that
the continuous-valued frequencies can be exactly recovered
provided the frequencies are well separated and there is no
noise. Note that although [8], [9] focus on frequency estimation,
they can equivalently be used for DoA estimation of narrow-
band far-field sources as well. Other related super-resolution
techniques include [10]–[16], which eliminate grid mismatch of
grid-based CS methods, and some theoretical advances in this
field are achieved [17]–[21]. Besides, super-resolution can also
be extended to the 2-D line spectrum estimation cases [22]–[24].

Apart from narrowband DoA estimation, DoA estimation
methods for wideband sources have also been studied for
decades. Conventional methods rely on a bank of narrowband
filters, which decompose the received wideband signal into
several narrowband signals, and then employ some combination
of narrowband signal processing algorithms to obtain the DoA
estimates. A simple subspace-based wideband method is the
incoherent signal subspace method (ISSM) [25], which applies
narrowband techniques, such as MUSIC [2] and ESPRIT [3],
independently to the outputs of the filter bank. Alternatively,
in the coherent signal subspace method (CSSM) [26], focusing
matrices are designed to combine the information from
different frequency subbands, leading to improved performance
compared to ISSM. The focusing schemes for the CSSM are
further developed in [27]. Some variants of the CSSM have also
been proposed, such as the weighted average of signal subspaces
(WAVES) method [28], the test of orthogonality of projected
subspaces (TOPS) method [29] and the subspace-based
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autofocusing approach [30], [31]. Based on CS theory [4], in
the past decade some wideband DoA estimation approaches
based on sparse signal recovery techniques have also been
developed [32], [33].

Most of the narrowband or wideband DoA estimation meth-
ods have been confined to the case of uniform linear arrays
(ULAs) and/or resolve up to N − 1 sources with an N -element
array. However, the topic of DoA estimation with more sources
than sensors has raised considerable attention [34]–[37]. An
efficient way to achieve this goal is to use a sparse linear array
(SLA) and to construct a new difference co-array with more
degrees of freedom (DoF) than that directly obtained from the
physical SLA. From the co-array perspective, the minimum
redundancy array (MRA) [38] and sparse ruler array (SRA) [39]
have been considered as optimal SLA designs, yet their antenna
locations cannot be computed in closed form. Hence, several
more tractable SLA configurations have been proposed in the
past decade, such as the nested array [35] and the coprime
array [36]. Based on these SLA configurations, most works focus
on developing DoA estimation algorithms under the narrowband
assumption [40]–[42]. For the wideband scenario, the DoA
estimation problem for SLAs becomes more involved. In [43],
a combined spatial smoothing MUSIC (SS-MUSIC) angular
spectrum is constructed to combine the information from all
frequency bins similar to ISSM. In [44], a focusing Khatri-Rao
(FKR) subspace-based approach is proposed, where the way to
calculate the focusing matrices is similar to that in CSSM, but
now extended to the difference co-array. Some DoA estimation
methods based on grid-based CS and sparse reconstruction are
also proposed for wideband sources [45]–[47], yet they suffer
from leakage effects when the sources are off the grid. To deal
with the issue of grid mismatch, in [48], the true difference
co-array response matrices from all frequency bands are approx-
imated as a summation of a presumed dictionary and a structured
parameterized matrix via a first-order Taylor expansion. Note
that for all the above methods, the number of sources to be
recovered should be less than the number of DoF of the dif-
ference co-array. Furthermore, coherent wideband processing
is desired to boost performance, but existing focusing-based
techniques often require accurate DoA knowledge that is not
readily available in practice.

In this paper, we focus on wideband DoA estimation with
SLAs. Similar to previous works [43]–[47], the difference co-
array response matrices for all frequency bins are constructed
to enhance the effective number of DoF of the array. But as
opposed to focusing, which generally requires an initial estimate
of the DoAs or the signal subspace, we resort to the Jacobi-
Anger approximation from the manifold separation technique
(MST) [49]–[52] in array processing, to transform the difference
co-array response matrices from the different frequency bins
into a single virtual ULA response matrix. This transformation
allows us to combine the data from different frequencies eas-
ily, while the transformation matrices constructed from MST
are signal independent and only depend on the corresponding
frequency bin. Furthermore, in contrast to existing methods,
we also consider the special case where all sources share the
same normalized power spectrum, which is the case for many

practical scenarios. This assumption allows us to resolve more
sources than the number of DoF of the difference co-array.
Accordingly, two super-resolution off-the-grid DoA estimation
approaches are proposed based on atomic norm minimization
(ANM), one with and one without prior knowledge of the
power spectrum. For the general case where each source has
an arbitrary power spectrum, we propose a multi-task ANM
method to exploit the joint sparsity from all frequency bins. The
corresponding Cramér-Rao bound (CRB) results for the three
cases are also derived. Simulation results show that, through
efficiently merging the information from different frequency
subbands, our proposed methods outperform the state of the art
and can achieve an estimation accuracy close to the associated
CRBs. Furthermore, under the identical normalized power spec-
trum assumption, the proposed methods are capable of resolving
more sources than the number of DoF of the difference co-array.
Note that in the literature of classical wideband DoA estimation
methods, although the data from multiple frequency bins are
combined and exploited, the number of resolvable sources still
does not exceed the number of antennas of the physical array (or
co-array). Also, in the classical theory of distributed compressed
sensing [53], even with multiple random dictionaries and a
joint sparsity pattern, practical algorithms cannot resolve more
sources than the number of measurements.

We noticed that in the recent paper [54], the authors also used
the Jacobi-Anger expansion for wideband DoA estimation with
an arbitrary array geometry. Different from our work, which
is based on the difference co-array, their work only considered
wideband DoA estimation based on the physical array directly.
This implicates that the proposed method cannot resolve more
sources than the number of physical antennas, while our method
can achieve this, and can even resolve more sources than the
number of DoF of the difference co-array with an additional
assumption about the signal power spectrum. Furthermore, the
method in [54] used a coherent annihilating filter to achieve
wideband DoA estimation, where an initial estimate of the DoAs
is required to compute the coefficients of the annihilating filter.
This means that the method is still signal dependent, while our
proposed method is totally signal independent.

The rest of the paper is organized as follows. In Section II, we
provide the signal model and basic assumptions. The joint data
model and additional assumptions are discussed in Section III. In
Section IV, we propose two super-resolution off-the-grid DoA
estimation approaches under the identical normalized power
spectrum assumption. A multi-task ANM method for the general
case is developed in Section V. A CRB analysis is conducted
in Section VI. Simulation results are provided in Section VII,
followed by concluding remarks in Section VIII.

II. SIGNAL MODEL

ConsiderK far-field wideband sources impinging on an SLA
with N antenna elements. For wideband processing, at each
antenna, the received signal is first sampled at Nyquist rate
and partitioned into length-M segments, and then an M -point
discrete Fourier transform (DFT) is applied to each segment to
compute M frequency subbands (equivalently a filter bank can
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be adopted). For simplicity, we start from the noiseless model
using an infinite number of data segments. The effect of the
noise and a finite observation time will be included later in the
algorithm development, CRB analysis and simulation results.
The noiseless version of the received signal for the nth antenna
and mth frequency can be written as

xn,m[l] =

K∑
k=1

an,m(θk)sk,m[l], n ∈ N , m ∈ M, (1)

where N � {1, . . . , N}, M � {1, . . . ,M}, l ∈ N+ denotes
the index of the segment, sk,m[l] represents the source signal
related to the kth source and mth frequency, θk ∈ [0, π) is the
DoA of thekth source signal, andan,m(θ) represents the channel
response at angle θ for the nth antenna and mth frequency. The
channel response can generally be expressed as

an,m(θ) � e−j2πdn cos(θ)/λm , n ∈ N , m ∈ M, (2)

where dn is the distance from the nth antenna to the first
antenna and λm is the wavelength corresponding to the mth
frequency fm. Here we have d1 = 0. Note that in the literature
on DoA estimation based on either the actual physical array or
the difference co-array, to obtain a well-featured Vandermonde
structure from the array manifold, dn should be constrained
as an integer multiple of the basic element spacing. In our
model, we assume arbitrary arrays and do not have such a basic
element spacing assumption on the antenna locations {dn}Nn=1.
For the nth antenna and themth frequency, theK source signals
{sk,m[l]}Kk=1 are assumed to be mutually uncorrelated.

Stacking the signals of all antennas for the mth frequency,
i.e, introducing xm[l] � [x1,m[l] x2,m[l] . . . xN,m[l]]T and
am(θ) � [a1,m(θ) a2,m(θ) . . . aN,m(θ)]T , we obtain

xm[l] =
K∑
k=1

am(θk)sk,m[l] = Am(θ)sm[l], (3)

where sm[l] � [s1,m[l] s2,m[l] . . . sK,m[l]]T , Am(θ) �
[am(θ1) am(θ2) . . . am(θK)] and θ � [θ1 θ2 . . . θK ]T . Com-
puting the output covariance matrixRm � E{xm[l]xHm[l]}, we
obtain

Rm = Am(θ)E{sm[l]sHm[l]}AH
m(θ)

= Am(θ)diag (γm)AH
m(θ), (4)

where E{·} represents the expectation operator, and γm =
[γ1,m γ2,m . . . γK,m]T withγk,m being the source power related
to the kth source andmth frequency, i.e., γk,m � E{|sk,m[l]|2}.
Vectorizing this expression, we obtain

r̃m � vec{Rm} = B̃m(θ)γm, (5)

where B̃m(θ) � (A∗
m(θ) ◦Am(θ)) denotes the new array re-

sponse matrix from the co-array perspective, with (·)∗ and ◦
standing for the complex conjugate and Khatri-Rao product,
respectively. Define the antenna locations of the difference co-
array as

D � {di − dj : i, j ∈ N}, (6)

and the cardinality of D as Nco, which indicates the DoF of the
co-array. Denote {ξn}Nco

n=1 as the elements of D and let Nco �
{1, . . . , Nco}. After averaging the repeated rows in B̃m(θ) and
the related entries in r̃m, we have

rm � Jr̃m = JB̃m(θ)γm = Bm(θ)γm, (7)

where J ∈ {0, 1/n : n ∈ N+}Nco×N2
is the corresponding

select-and-average matrix, and

Bm(θ) � JB̃m(θ) (8)

is the (non-redundant) co-array response matrix related to the
mth frequency. The kth column ofBm(θ) can be expressed as
bm(θk) = [b1,m(θk) b2,m(θk) . . . bNco,m(θk)]

T , with

bn,m(θ) � e−j2πξn cos(θ)/λm , n ∈ Nco, m ∈ M. (9)

The problem in this paper is to recover the continuous-valued
DoAs {θk}Kk=1, given {rm}Mm=1. In the next section, we will
introduce the joint data model for coherent wideband processing,
as well as additional assumptions.

III. JOINT DATA MODEL

A. Jacobi-Anger Expansion for Data Merging

In order to merge the data models in (7) for allM frequencies,
we make the following assumption.
� A1: We assume that all co-array response ma-

trices Bm(θ) can be transformed into a single
common virtual ULA response matrix V (θ) =
[v(θ1) v(θ2) . . . v(θK)], i.e.,Bm(θ) = GmV (θ), where
v(θ) � [e−jθNvirt . . . ejθNvirt ]T , Gm ∈ C

Nco×(2Nvirt+1)

denotes the corresponding transformation matrix which
depends on the mth frequency fm only, and (2Nvirt + 1)
is an odd number denoting the number of antennas in the
virtual ULA.

One way to achieve this is by focusing, which unfortunately
hinges on the unknown angles. To circumvent this obstacle,
we resort to the more accurate Jacobi-Anger expansion, which
provides a general infinite series expansion of exponentials of
trigonometric functions in the basis of their harmonics [49], [50].
Specifically, from the definition in (9), the (n, k)th entry of the
co-array response matrixBm(θ) can be written as

bn,m(θk) =

∞∑
nv=−∞

jnvJnv

(
2π

ξn
λm

)
ejθknv (10)

where Jnv
(·) is the Bessel function of the first kind of order nv .

Note that although (10) indicates an infinite sum, the amplitude
of Jnv

(·) decays rapidly as the value of nv increases beyond the
argument of the related Bessel function Jnv

(·) [50]. In practice,
the infinite series can hence be truncated by considering only a
limited number of modes as

bn,m(θk) ≈
Nvirt∑

nv=−Nvirt

jnvJnv

(
2π

ξn
λm

)
ejθknv

= gTn,mv(θk), (11)
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Fig. 1. The approximation error of the Jacobi-Anger expansion vs. the trun-
cated order Nvirt, where {ξ1, ξ2, . . . , ξNco} = {−5 d,−4 d, . . . , 5d} with
Nco = 11 and d = 0.04 m.

where gn,m � [g
(n,m)
−Nvirt

. . . g
(n,m)
Nvirt

]T , and g
(n,m)
nv � jnv ·

Jnv
(2πξn/λm). We can make the resulting truncation error

arbitrarily small by increasing the number of modes. Looking at
(11), the entry of the virtual ULA steering vector v(θ) for a large
order nv will have a marginal weight in the infinite series (10),
and thus has little impact on the composition of bm(θ). Based on
this fact, these terms with a large ordernv are negligible, contain
little additional information and hence although they increase the
number of virtual antennas, they do not increase the number of
DoF since the related columns in Gm will be very small. Yet,
the increased dimensions of the involved matrices will increase
the complexity of any DoA estimation method. Hence, there is
a trade-off between the accuracy of (11) and the computational
complexity of the considered methods. This trade-off is usually
determined by some rule of thumb. For example, in [50], the
lower bound on the mode orderNvirt is determined by the largest
argument of the involved Bessel functions, i.e.,

Nvirt ≥
2π

minm {λm} ·max
n

{ξn}. (12)

To better illustrate this point, we define the approximation error
of the Jacobi-Anger expansion as

AE(fm, Nvirt) � max
θ∈[0,π)

1

Nco
||bm(θ)−Gmv(θ)||22

where Gm � [g1,m g2,m . . . gNco,m]T is the correspond-
ing transformation matrix. Fig. 1 depicts the approximation
error of the Jacobi-Anger expansion vs. the truncated order
Nvirt, where we set {f1, f2, f3, f4} = {15, 17, 19, 20} kHz and
{ξ1, ξ2, . . . , ξNco

} = {−5 d,−4 d, . . . , 5d} with Nco = 11 and
d = 0.04 m. The choice of Nvirt by the rule of thumb in (12)
is also included. For a fixed truncated order Nvirt, we observe
that a higher frequency corresponds to a larger approximation
error. This explains why in (12) the truncated order Nvirt is
only determined by the maximum frequency, i.e. maxm{fm}
(or the minimum wavelength). If we chooseNvirt by the rule of
thumb, the maximum approximation error is around 10−2 for all
frequency bins. Further, when Nvirt = 80, which is a bit larger

than the one from the rule of thumb, we can have a marginal
approximation error as low as 10−4. Now, according to (11) and
(12), the kth column of the co-array response matrix Bm(θ)
can be expressed as bm(θk) = Gmv(θk), which corroborates
Assumption A1.

Under Assumption A1, we can rewrite (7) as

rm = GmV (θ)γm = Gmcm, (13)

where cm � V (θ)γm. Here we can see that the vector cm,
which conveys the DoA information, is independent of the
related frequency point fm. Furthermore, through this trans-
formation, all the cm, m ∈ M, share a single virtual response
matrix V (θ) with Vandermonde structure, which generates a
joint structure that can be used to merge the data from different
frequencies.

In the next subsection, we will introduce an additional as-
sumption on the signal power spectrum, i.e., {γm}Mm=1, which
occurs in some applications.

B. Identical Power Spectrum

In some scenarios, the following assumption can be adopted.
� A2: The normalized power spectrum profile of all the K

sources is the same, indicated across frequencies by p =
[p1 p2 . . . pM ]T with

∑M
m=1 pm = 1. As a result, γk,m =

αkpm, where αk is the total received power of the kth
source.

This is for instance the case in a satellite communication sys-
tem where all sources use the same modulation format and pulse
shaping functions [55], which leads to an identical normalized
power spectrum for every source. Furthermore, unlike terrestrial
mobile communications, multipath has little effect on mobile-
satellite links in most practical operating environments [56].
In particular, in open areas such as farm land or open fields,
there are no obstacles on the line-of-sight (LoS) path between
the receiver and the satellite. In the latter scenario, the channel
is assumed to be flat block fading, i.e., the channel remains
constant over a certain amount of coherence time, and hence the
normalized power spectrum p is known a priori and identical
for every source. Another case is the scenario where a single
transmission is passing through a multipath channel, with large
delays between the different paths. Then, from the eyes of the
receiver, we have multiple uncorrelated sources impinging on
the array with the same normalized power spectrum but different
DoAs and attenuation factors, which leads to Assumption A2.
Defining α = [α1 α2 . . . αK ]T , we thus obtain γm = pmα.

Under Assumptions A1 and A2, we can rewrite (7) as

rm = pmGmV (θ)α =HmV (θ)α, (14)

where Hm � pmGm. Hence, aside from the frequency-
dependent termGm (orHm), the DoA-dependent components
of the model are the same for all frequencies, which is useful for
coherent wideband DoA estimation. On the other hand, it is still
challenging to jointly utilize rm from all frequencies in an effi-
cient manner, becauseGm (orHm) of sizeNco × (2Nvirt + 1)
is not invertible for large Nvirt.
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C. Problem Setups

In the following two sections, effective wideband DoA esti-
mation methods are developed for different cases depending on
whether the power spectrum profile is identical to all sources
or not, and whether it is known or not. The three cases (C1–
C3) of interest, along with the corresponding parameters to be
estimated, are summarized below:
C1 Assumption A2 holds and the power spectrum p is known.

The parameters to be estimated are θ and α.
C2 Assumption A2 holds and the power spectrum p is un-

known. The parameters to be estimated are θ, α and p.
C3 General case without Assumption A2. The parameters to

be estimated are θ and {γm}Mm=1.

IV. SUPER-RESOLUTION DOA ESTIMATION: IDENTICAL

POWER SPECTRUM

In this section, we assume Assumption A2 holds, which
means that all K sources share the same normalized power
spectrum p. Based on the joint data model derived in Section III,
we investigate super-resolution techniques to achieve wideband
DoA estimation. In the following, both the scenarios with and
without prior knowledge of the power spectrum p, are consid-
ered.

A. Known Power Spectrum (Case C1)

If the power spectrum p is known a priori, we can stack
the different vectors rm into r � [rT1 r

T
2 . . . rTM ]T and merge

the different equations (14) into r =HV (θ)α, where H �
[HT

1 H
T
2 . . . HT

M ]T . We can then develop an algorithm to
recover α under the ANM framework. Note that the term c �
V (θ)α is a linear combination of K complex sinusoids, and
hence it has a sparse representation over the atom set

A � {v(θ) : θ ∈ [0, π)}. (15)

As a penalty function catered to the structure of the atom set A,
the atomic norm of c over A is defined as

‖c‖A � inf{t > 0 : c ∈ t · conv(A)}, (16)

where conv(A) denotes the convex hull of A. Hence, we can
first recover c by solving the ANM problem as

min
c

λ1
2
‖r −Hc‖22 + ‖c‖A, (17)

where λ1 denotes the regularization parameter to balance the
tradeoff between the ANM and the data fitting error. Using an
approach similar to [9], [10], the ANM problem (17) can be
represented in an equivalent semi-definite programming (SDP)
form as

min
t,u,c

λ1
2
‖r −Hc‖22 + trace(T (u)) + t

s.t.

[
t cH

c T (u)

]
	 0, (18)

where t ∈ R+, and T (u) is a Hermitian Toeplitz matrix with
the first column being u. This SDP problem can be solved by
some off-the-shelf solvers such as SeDuMi and SDPT3 [57],

or some first-order fast algorithms such as the accelerated
proximal gradient method or alternating direction method of
multipliers (ADMM). Given c or T (u), DoA estimation can be
performed using, for instance, any subspace-based method. In
the simulations, root MUSIC [58] on T (u) is used to obtain
the final DoA estimates θ. Note that the choice of c versus
T (u) would not influence the DoA estimation performance.
About the choice of the regularization parameter, similar to other
regularization-based optimization problems, in our simulation,
we pick the best one through a trial-and-error process. For a more
practical implementation, cross validation [59] can be used to
determine the regularization parameter.

B. Unknown Power Spectrum (Case C2)

If the power spectrum {pm}Mm=1 is unknown, we can first
transform (13) into rmqm = GmV (θ)α, where qm � 1/pm.
Note that we consider only those frequencies for which pm
is not too small. Next, stacking the vectors rm as R =
blkdiag(r1, r2, . . . , rM ) and introducing q = [q1 q2, . . . qM ]T ,
we can formRq = GV (θ)α, whereG � [GT

1 G
T
2 . . . GT

M ]T ,
and blkdiag(·) denotes the block diagonal operator.

We now seek to jointly estimate the angles {θk}Kk=1 and the
unknown power profile {pm}Mm=1. The unknown vectors c �
V (θ)α and q can be solved from the following least squares
problem with atomic-norm regularization:

min
c,q

λ2
2
‖Rq −Gc‖22 + ‖c‖A

s.t. 1Tq = 1, (19)

whereλ2 denotes the regularization parameter for the data fitting
error and the linear constraint 1Tq = 1 is added to avoid the
trivial solution q = 0, with 1 and 0 denoting the vector/matrix
of ones and zeros respectively. As before, the ANM problem
(19) can be reformulated as an SDP problem as:

min
t,u,c,q

λ2
2
‖Rq −Gc‖22 + trace(T (u)) + t

s.t.

[
t cH

c T (u)

]
	 0, 1Tq = 1. (20)

Based on q and c or T (u), the power spectrum {pm}Mm=1 and
the angles {θk}Kk=1 can be readily obtained. For the simulations,
we use element-wise inversion to obtain the power spectrum and
root MUSIC [58] on T (u) to obtain the angles.

V. SUPER-RESOLUTION DOA ESTIMATION: GENERAL CASE

In this section we consider super-resolution wideband DoA
estimation for the general case, where the normalized power
spectrum of theK sources is not necessarily the same. Resorting
to the data model in (13), we can see that each cm,m ∈ M, is a
linear combination ofK complex sinusoids and is parameterized
by the same K DoAs. In addition, all cm, m ∈ M share a sin-
gle virtual response matrix V (θ) with Vandermonde structure,
which provides us a joint sparse recovery framework [60] to
merge the data collected from different frequency bins. As shown
in [60], [61], for matrixC � [c1 c2 . . . cM ], one can represent
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it by defining an atom set Ā as follows:

Ā � {v(θ)φH : θ ∈ [0, π), ‖φ‖2 = 1}. (21)

where φ ∈ C
M . Then, as a penalty function catered to the

structure of the atom set Ā, the corresponding atomic norm of
matrix C over Ā is defined as

‖C‖Ā � inf{t > 0 : C ∈ t · conv(Ā)}. (22)

Given {rm}Mm=1 and introducing the transformation matrices
{Gm}Mm=1, we can recover {cm}Mm=1 under a multi-task ANM
framework as

min
c1...cM

λ3
2

M∑
m=1

‖rm −Gmcm‖22 + ‖C‖Ā

s.t. C = [c1 c2 . . . cM ] (23)

whereλ3 denotes the regularization parameter for the data fitting
error. Note that this formulation can be seen as an extension of the
multi-task compressed sensing framework [62] to the continuous
domain. The multi-task ANM problem (23) can be represented
in an equivalent SDP form as

min
T ,u,{cm}Mm=1

λ3
2

M∑
m=1

‖rm −Gmcm‖22

+ trace(T (u)) + trace(T )

s.t.

[
T CH

C T (u)

]
	 0,

C = [c1 c2 . . . cM ] (24)

where T ∈ C
(2Nvirt+1)×(2Nvirt+1). Given C or T (u), any

subspace-based method could be used for DoA estimation. In
the simulations, final DoA estimation is performed by applying
root MUSIC [58] on T (u).

To avoid the high computational complexity of the SDP-based
approaches to solve (24), a fast iterative algorithm could be
developed based on ADMM [63]. This can be achieved in a
similar way as in [64].

VI. CRB ANALYSIS

In this section, we derive the Cramér-Rao bound (CRB) for
the wideband DoA estimation problem considered in this paper.
As is well known, the CRB is a lower bound on the variance
of any unbiased estimator [65]. For classical subspace-based
DoA estimation methods (both for narrowband and wideband
scenarios), it is always hard to rigorously prove an estimator is
unbiased or asymptotically unbiased, while the CRB can still be
used to evaluate the performance of any method. Here we also
use the CRB as a benchmark for evaluating the performance of
our proposed methods. In addition, the CRB results illustrate
the behavior of the resulting bounds, which helps us better
understand the effect of different system parameters, including
the noise power and the number of data segments.

We first specify the signal model considered in the CRB
analysis. The received signals are a superposition of several
harmonics corrupted by additive white Gaussian noise under

a finite observation time. More specifically, we consider model
(3) with the extra noise term as

xm[l] = Am(θ)sm[l] +wm[l], l ∈ L (25)

where wm[l] ∈ C
N is the additive noise vector, which is in-

dependent of the source signal, L � {1, . . . , L} and L de-
notes the number of segments. We assume that the source and
noise are distributed as wm[l] ∼ CN (0, σ2

mIN ) and sm[l] ∼
CN (0, diag(γm)) respectively, where σ2

m denotes the noise
power in the mth frequency bin, and CN (μ,Σ) denotes the
circularly-symmetric complex Gaussian distribution with mean
vector μ and covariance matrix Σ. We assume the received
signals from different segments and different frequency bins are
mutually uncorrelated, i.e.,

E{xm[l1]x
H
m[l2]} = 0, l1 �= l2, ∀m ∈ M, (26)

E{xm1
[l1]x

H
m2

[l2]} = 0, m1 �= m2, ∀l1, l2 ∈ L. (27)

Note that for our proposed algorithms, we do not rely on assump-
tions (26) and (27), which should be verified depending on the
application, and the additive noise wm[l] and the source signal
sm[l] are not restricted to be circularly-symmetric complex
Gaussian. Here we make these assumptions in order to facilitate
the CRB analysis.

Notice that the array response matrixAm(θ) is parameterized
by the DoA vector θ. For simplicity and notational convenience,
we, instead, analyze the CRB for the following new vectorψ =
[ψ1 ψ2 . . . ψK ]T where ψk is defined as

ψk � cos(θk), k = 1, . . . ,K. (28)

Note that also in co-array based CRB studies for narrowband
DoA estimation [66], [67], the CRB for ψ is investigated in-
stead of θ for the same reason. For notational convenience, in
the following, we use Am(ψ) to represent the array response
matrix of the mth frequency bin. From (2) and the definition of
{ψk}Kk=1, the channel response can be expressed as

an,m(ψk) = e−j2πdnψk/λm , n ∈ N , m ∈ M, (29)

which is the (n, k)th element of Am(ψ). Similarly, the
kth column of Am(ψ) can be written as am(ψk) �
[a1,m(ψk) a2,m(ψk) . . . aN,m(ψk)]

T .
Under the above definitions and assumptions, we can readily

verify that xm[l] also follows a circularly-symmetric complex
Gaussian distribution, i.e.,xm[l] ∼ CN (0,Rm), whereRm can
be easily derived as

Rm = Am(ψ)diag (γm)AH
m(ψ) + σ2

mIN . (30)

Stacking the received signals of all frequency bins into a vector
x[l] � [xT1 [l] x

T
2 [l] . . . x

T
M [l]]T , and resorting to (27), we have

x[l] ∼ CN (0,Rx), l ∈ L (31)

where

Rx � blkdiag (R1,R2, . . . ,RM ) (32)

From (26) and (27), it can be easily verified that

E{x[l1]xH [l2]} = 0, l1 �= l2. (33)
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Based on the distribution of the received signal shown in (31)–
(33), the corresponding CRB analysis can be conducted for the
three cases of wideband DoA estimation considered in this paper,
i.e., Cases C1–C3, respectively. The details of the derivation are
provided in the Appendix.

VII. SIMULATION RESULTS

For the simulations, we generate the received signal according
to the model presented in Section VI, which is a superposition of
several harmonics corrupted by additive white Gaussian noise
under a finite observation time. The signal-to-noise ratio (SNR)
in the simulation is defined as

SNR �
∑M
m=1

(∑K
k=1 γk,m

)
∑M
m=1 σ

2
m

(34)

An unbiased estimate for the covariance matrix Rm can be
obtained as

R̂m =
1

L

(
L∑
l=1

xm[l]xHm[l]

)
. (35)

For a fair comparison, we assume that the knowledge of the
number of source signals K is available to all algorithms in our
experiments. For the regularization parameter in our proposed
algorithms, we pick the best one through a trial-and-error pro-
cess.

A. DoA Estimation for Identical Power Spectrum

In this part, for the first experiment we let Assumption A2
hold, i.e., we have γm = pmα, m ∈ M, while in the sec-
ond simulation we consider the case where Assumption A2
is slightly violated. The speed of the signal wave is assumed
to be c = 340 m/s and the wavelength corresponding to the
mth frequency fm is given by λm = c/fm. Here we consider
evenly-spaced frequency points {fm}Mm=1 over the frequency
range of the signal. In addition, we consider a 2-level nested
array of 4 antennas at locations{d1, d2, d3, d4} = {0, d, 2 d, 5d}
where we set d = 0.04 m (corresponding to a frequency of
f = c/(2 d) = 4.25 kHz) as the basic element spacing. Note that
under this setup, the co-array consists ofNco = 11 antennas. To
evaluate the performance, we calculate the mean square error
(MSE) for the DoAs as

MSE(θ) �
K∑
k=1

|θk − θ̂k|2 (36)

and the MSE for the parameter ψ, which is defined in (28), as

MSE(ψ) �
K∑
k=1

|ψk − ψ̂k|2. (37)

In the first example, we set the number of sources to K =
5 with DoAs given by {20, 53, 84, 127, 155}π/180. The fre-
quency range of the sources is from 4 kHz to 20 kHz with
M = 21, and the mode order of the Jacobi-Anger approximation
is set as Nvirt = 85. All sources share a common normalized
power spectrump, as shown in Fig. 2. The received signal power

Fig. 2. Real power spectrum of sources, M = 21.

is α = [1.3, 2.1, 0.5, 1.7, 0.9]T . Depending on whether the
power spectrum is known or not, we test the proposed methods
in (17) and (19), where the regularization parameters are set
as λ1 = 0.4 and λ2 = 1.3, respectively. The performance of
the multi-task ANM method, i.e. (23), is also evaluated with
λ3 = 0.1. Note that this method is for the general case, and
thus the identical normalized power spectrum assumption is not
exploited in the experiment. The SS-MUSIC [43] and the FKR
subspace approach [44] are also evaluated as benchmarks. To im-
plement the FKR subspace approach, we let fm0

, m0 ∈ M, be
the reference frequency and apply the rotational signal subspace
(RSS) focusing algorithm [27]. The focusing matrix Fm of the
mth frequency bin is DoA-dependent, which is obtained through
solving the following constrained minimization problem

min
Fm

‖Bm0
(θ̂)− FmBm(θ̂)‖2F

s.t. FHmFm = I (38)

Here Bm(θ) defined in (8) is the co-array response matrix
related to themth frequency, ‖ · ‖F denotes the Frobenius matrix
norm, and θ̂ is an initial estimate of θ. Its solution is given by
Fm = U (2)

m (U (1)
m )H , where the column vectors of U (1)

m and
U (2)
m are the left and right singular vectors of Bm(θ̂)BH

m0
(θ̂),

respectively. The initial angles θ̂ have a great impact on the
performance of focusing methods due to the focusing error. In
this simulation, the initial DoA estimates are set in a similar way
as in [29], [44], which consists of a perturbation of the true DoAs
by adding Gaussian random noise as θ̂ ∼ N (θ, σ2

θIK), where
σ2
θ denotes the estimation variance of the initial DoA estimates.

Here we consider the two cases σ2
θ = 0 and σ2

θ = 0.25, and
the reference frequency is chosen as fm0

= 4 kHz. To improve
the robustness, we also performed spatial smoothing for FKR
before the focusing procedure. Fig. 3 depicts the MSE of the
respective sets of parameters vs. the number of snapshots L,
where we set SNR = 10 dB and the results are averaged over
200 independent runs. Our proposed methods (17), (19) and
(23) are respectively referred to as the Known PS case (Case
C1), the Unknown PS case (Case C2) and Multi-task ANM
(Case C3). The CRB results for Case C1, Case C2 and Case
C3, as well as the MSE results from SS-MUSIC and FKR, are
also included (FKR 0 and FKR 1 represent the cases σ2

θ = 0
and σ2

θ = 0.25, respectively). From Fig. 3(a)-(b), we observe
that our proposed methods achieve a higher estimation accuracy
than the other methods when L > 100, both for parameter ψ
and θ. The Known PS and Unknown PS methods even reach
a better performance for a much smaller L. From Fig. 3(a),
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Fig. 3. MSE vs. the number of snapshots L, M = 21 and SNR = 10 dB. (The case of identical power spectrum).

Fig. 4. CRB results vs. the number of snapshots L, SNR = 10 dB. (The case
of identical power spectrum).

we also see that our proposed methods are not too far away
from the CRB. Our techniques even achieve a much higher DoA
estimation accuracy than FKR 0, where the true DoAs are used
in the simulations to construct the focusing matrices, i.e., θ̂ = θ.
This performance improvement is primarily due to the fact that,
through the DoA-independent coherent wideband processing,
the joint structural knowledge is well utilized in our proposed
methods. Furthermore, when Assumption A2 is incorporated,
Known PS and Unknown PS have a better performance com-
pared with Multi-task ANM especially for a small value of L.
Also, as expected, Known PS provides better DoA estimates than
Unknown PS but the gap is very small. To better understand the
benefits gained from the spectral diversity, we compute the CRB
results for a different number of frequency bins M , as shown
in Fig. 4, where the setup remains the same. These CRB results
imply that a performance improvement could be achieved when
the data from additional frequency bins are included.

In the second simulation, we illustrate that our proposed
method even works in the scenario where the number of DoF of
the co-array is less than the number of sources, and the half wave-
length spacing condition is violated. Also, in this simulation, we

aim to evaluate the robustness of our proposed method in the case
where Assumption A2 is slightly violated. In this extreme case,
each signal has a common center frequency of fc = 34 kHz
and a common bandwidth of 8 kHz. The number of frequency
bins is set to M = 32. The mode order of the Jacobi-Anger
approximation is chosen as Nvirt = 150, which satisfies (12).
We consider the case whereK ∈ [10, 19] uncorrelated wideband
sources impinge on the 2-level nested array mentioned above.
The DoAs of these sources are uniformly generated over [0, π)
with an additional constraint on the minimal separation, i.e.,
mini,j |θi − θj | ≥ π/20. The number of snapshots is set to
L = 5000, with SNR = 20 dB. The source power related to the
kth source and mth frequency, i.e., γk,m, is generated as

γk,m = sinc

(
fm − fc
2000 + νk

)
× 10 + 5 (39)

where sinc(f) � sin(πf)/(πf), and νk is a random variable
which is uniformly distributed on (−Δ,+Δ) with Δ ∈ R+.
Clearly, the value of Δ is to measure the “gap” between the
identical power spectrum assumption and the real data model,
and if Δ = 0, then there is no model mismatch regarding to
Assumption A2. The power spectrum of (39) with different
values of νk is shown in Fig. 5(a). Note that although the
power spectrum profile is not strictly identical to all sources
here, we still use the formulation proposed in Section IV-B with
λ2 = 0.5 to recover the matrix T (u), which contains the infor-
mation of the angles {θk}Kk=1. The success rate is introduced
to evaluate the recovery performance, which is computed as
the ratio of the number of successful trials to the total number
of independent runs, where {νk}Kk=1 are randomly generated
according to Δ for each run. A trial is considered successful
if the maximal estimation error between the estimated DoAs
{θ̂k}Kk=1 and the true DoAs {θk}Kk=1 is smaller than π/150, i.e.,
maxk |θk − θ̂k| < π/150. In Fig. 5(b), we plot the success rates
of our proposed method vs. the number of sourcesK, with differ-
ent values of Δ. Fig. 5(c) depicts the MUSIC spectrum of T (u),
the estimated DoAs and the groundtruth DoAs for a specific run
of the experiments in Fig. 5(b), for Δ = 0 and K = 13. From
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Fig. 5. (a) Power spectrum generated from (39) with different νk . (b) Success
rates vs. the number of sources K, M = 32, L = 5000 and SNR = 20 dB. (c)
MUSIC spectrum, estimated DoAs and groundtruth DoAs,Δ = 0 andK = 13.

Fig. 5(b) and Fig. 5(c), we can see that, for Δ = 0, although the
basic element spacing is larger than half the largest wavelength,
and the number of DoF of the difference co-array would be
less than the number of sources, i.e., d > maxm{λm/2} and
Nco < K, our proposed method can still resolve up to K = 17
sources. Note that with Assumption A2, we can merge (14) from
M frequency bins and construct a joint transformation matrix
G (or H), which is of size (MNco)× (2Nvirt + 1). When the
rank of matrixG (orH) is larger thanNco, which always holds
with a large M , this indicates that we have the capability of
resolving more sources than the DoF of the difference co-array.
Furthermore, ambiguities due to spatial aliasing can also be

Fig. 6. (a)–(e) Real power spectrum of 5 sources, M = 21.

removed when the information from multiple frequency bins
is involved, which allows our algorithms to work even if the
half wavelength spacing condition is not satisfied. The issue of
aliasing-free wideband DoA estimation was also discussed and
investigated in [32].

Also, from Fig. 5(b), as expected, a large “gap” between
Assumption A2 and the real data model (or a large Δ) would
impair our capability of resolving more sources than the number

Authorized licensed use limited to: TU Delft Library. Downloaded on August 23,2021 at 09:18:59 UTC from IEEE Xplore.  Restrictions apply. 



WANG et al.: DIRECTION OF ARRIVAL ESTIMATION OF WIDEBAND SOURCES USING SPARSE LINEAR ARRAYS 4453

Fig. 7. MSE vs. the number of snapshots L, M = 21 and SNR = 10 dB. (General Case).

Fig. 8. MSE vs. the number of snapshots L, M = 21 and SNR = 10 dB. (Arbitrary array and nested array).

of DoF of the difference co-array. However, we can still resolve
the sources when K ≤ 14 with a large probability, even if the
model mismatch has been included. To some extent, this verifies
the robustness of our proposed method against model mismatch.

B. DoA Estimation for the General Case

In this simulation, we consider the general case without
identical power spectra, obviating Assumption A2. We use the
same array configuration as in the first simulation of the pre-
vious subsection, where {d1, d2, d3, d4} = {0, d, 2 d, 5d} and
d = 0.04 m. The speed of the signal wave is assumed to be
c = 340 m/s. Here we set M = 21 and consider evenly-spaced
frequency points {fm}Mm=1 over the frequency range of the
signal. The frequency range of the sources is from 4 kHz to
20 kHz. The mode order of the Jacobi-Anger approximation
is chosen as Nvirt = 85, which satisfies (12). We consider the
case where K = 5 uncorrelated wideband sources impinge on
this 2-level nested array. The DoAs of these 5 sources are
given by {20, 53, 84, 127, 155}π/180. The power spectrum of
each source, i.e., γ̄k � [γk,1 γk,2 . . . γk,M ]T , k = 1, . . . ,K, is

shown in Fig. 6. Our proposed method for this general case is
the multi-task ANM formulation (23), where the regularization
parameter is set to λ3 = 1.9. The CRB as well as the estima-
tion results from the SS-MUSIC and FKR subspace approach
are used as benchmarks. For the FKR subspace approach, the
focusing matrix of the mth frequency bin is obtained through
(38) and the reference frequency is chosen as fm0

= 4 kHz.
Fig. 7 depicts the MSE vs. the number of snapshots L, where

we set SNR = 10 dB and the results are averaged over 200
independent runs. From Fig. 7(a), it can be observed that the
proposed method approaches the CRB closely. Also, for the
estimation of both ψ and θ, from Fig. 7(a)-(b), we see that our
proposed method has a better estimation performance than the
other methods.

C. DoA Estimation With Arbitrary Arrays

In the array configuration of the previous two subsections,
the antenna locations are constrained to be an integer mul-
tiple of the basic element spacing. While this constraint is
essential for many traditional DoA estimators, our modeling
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and algorithm design do not incur the assumption of basic
element spacing. In this simulation, we assume arbitrary antenna
locations and fix them to {0 d, 2.1 d, 5.9 d, 8.7d}, with d = 0.04
m. Under this setup, the set of antenna locations of the corre-
sponding difference co-array, which is defined in (6), is D =
{±8.7 d,±6.6 d,±5.9 d,±3.8 d,±2.8 d,±2.1 d, 0d}. Now the
cardinality of D is 13, which indicates the number of DoF
of the co-array. Furthermore, the number of sources is set to
K = 5 with DoAs given by {20, 53, 84, 127, 155}π/180, the
frequency range of the sources is from 4 kHz to 20 kHz with
M = 21, and the mode order of the Jacobi-Anger approximation
is set as Nvirt = 140. We here adopt the setup in Section VII-A
with identical normalized power spectra for all sources. Both the
scenarios with and without prior knowledge of the power spec-
trum are considered (Case C1 and C2), with the regularization
parameters λ1 = 0.4 and λ2 = 1, respectively. For comparison,
we also consider a 2-level nested array with 4 antennas to
collect the data and estimate the DoAs. In that case, the antenna
locations are given by {d1, d2, d3, d4} = {0, d, 2 d, 5d}. Fig. 8
plots the MSE as a function of the number of snapshots L,
where we set SNR = 10 dB. In Fig. 8 (a), the corresponding
CRB results for different scenarios are also included. We can
see that the arbitrary array significantly outperforms the nested
array, given the same number of antennas. This performance
improvement is primarily due to the fact that the difference co-
array constructed from the array with arbitrary physical locations
has more DoF than the regular nested array. A similar concept
was considered in [68], where temporal off-the-Nyquist-grid
sampling is introduced, which yields more lags or differences
for covariance estimation. And as before, Known PS provides
better DoA estimates than Unknown PS yet with a small gap.

VIII. CONCLUSION

In this paper we have studied wideband DoA estimation with
SLAs. We resorted to the Jacobi-Anger approximation to trans-
form the difference co-array response matrices of all frequency
bins into a single virtual ULA response matrix, which allows us
to combine the data from different frequencies easily. In contrast
to existing methods, we introduced an optional assumption
that all sources share the same normalized power spectrum.
Under this assumption, two super-resolution off-the-grid DoA
estimation approaches are developed based on ANM, one with
and one without prior knowledge of the power spectrum. Sur-
prisingly, these methods can even resolve more sources than the
number of DoF of the difference co-array. For the general case
where each source has an arbitrary power spectrum, a multi-task
ANM method is developed to exploit the joint sparsity from all
frequency bins. Simulation results show that, through efficiently
merging the information from different frequency subbands, our
proposed methods outperform the state of the art and can achieve
an estimation accuracy close to the associated CRBs.

APPENDIX

DERIVATION OF CRAMÉR-RAO LOWER BOUNDS

In the following three subsections, we will provide the corre-
sponding Cramér-Rao bound (CRB) analysis for the three cases

of wideband direction of arrival (DoA) estimation considered in
this paper, i.e., Cases C1-C3.

A. CRB for Case C1

In Case C1, we assume Assumption A2 holds, which means
that all K sources share the same normalized power spectrum
{pm}Mm=1 and we can write γk,m = αkpm. We further assume
that prior knowledge of {pm}Mm=1 is available. Hence, the
parameters describing the distribution of the received signal
xm[l] are ψ, α and {σ2

m}Mm=1. We define the complete set of
parameters to be estimated in Case C1 as

ξ(1) �
[
ψT αT σ2

1 . . . σ
2
M

]T
. (40)

Since the random vector x[l] follows a circularly-symmetric
complex Gaussian distribution, we can resort to the Slepian-
Bangs formula [69], [70] to compute the Fisher information
matrix (FIM). According to the Slepian-Bangs formula, and the
fact that the x[l], l ∈ L, are mutually uncorrelated for different
segments l, i.e., (33), the (i, j)th element of the FIM Ω(1) is
given by

Ω
(1)
ij = L · trace

(
R−1
x

∂Rx

∂ξ
(1)
i

R−1
x

∂Rx

∂ξ
(1)
j

)
(41)

where ξ(1)i denotes the ith entry of ξ(1).
We first compute the partial derivative of Rx with respect to

ψk. From the definition of am(ψk), we have

∂am(ψk)

∂ψk
= −j · 2π

λm
·Dam(ψk) (42)

where D � diag(d1, . . . , dN ). Combining the above equation
with (30) and (32), we have

∂Rx

∂ψk
= blkdiag

(
∂R1

∂ψk
,
∂R2

∂ψk
, . . . ,

∂RM

∂ψk

)
(43)

where

∂Rm

∂ψk
= γk,m ·

(
∂am(ψk)

∂ψk
aHm(ψk) + am(ψk)

∂aHm(ψk)

∂ψk

)
=
j2πγk,m
λm

(
am(ψk)a

H
m(ψk)D −Dam(ψk)a

H
m(ψk)

)
Similarly, we can obtain the partial derivatives with respect to
the other parameters as follows

∂Rx

∂αk
= blkdiag

(
∂R1

∂αk
,
∂R2

∂αk
, . . . ,

∂RM

∂αk

)
(44)

∂Rx

∂σ2
m

= diag(im)⊗ IN (45)

where

∂Rm

∂αk
= am(ψk)a

H
m(ψk) · pm (46)

and im denotes themth column of IM . After obtaining the FIM
Ω(1), the CRB matrix can be calculated as [65]

CRB(1)(ξ(1)) =
(
Ω(1)

)−1

. (47)
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B. CRB for Case C2

As Case C2 relies on Assumption A2, but now {pm}Mm=1 is
unknown and to be estimated. The distribution of xm[l] is now
characterized by the unknown parameters

ξ(2) �
[
ψT αT pT σ2

1 . . . σ
2
M

]T
. (48)

Similar to the discussion in the previous subsection, we resort to
the Slepian-Bangs formula to obtain the FIM Ω(2). The partial
derivative of Rx with respect to ψ, α and σ2

m, m ∈ M, has
already been computed in (43), (44) and (45), respectively. Here
we only need to consider the partial derivative ofRx with respect
to p. From the definition ofRx in (32), we have

∂Rx

∂pm
= diag(im)⊗

(
Am(ψ)diag(α)AH

m(ψ)
)
. (49)

Similarly as before, after obtaining the FIM Ω(2), the CRB
matrix can be obtained as

CRB(2)(ξ(2)) =
(
Ω(2)

)−1

. (50)

C. CRB for Case C3

For the general case without Assumption A2, we have an
arbitrary power spectrum for each source signal. Thus, the
complete set of parameters corresponding to the distribution (31)
is

ξ(3) �
[
ψT γT1 . . . γTM σ2

1 . . . σ
2
M

]T
. (51)

Apparently, if only one frequency bin is available, the prob-
lem reduces to the narrowband case. For such a scenario, sev-
eral closed-form CRB expressions for potentially undetermined
DoA estimation have been derived [66], [67], [71]. For the
wideband case, we define the narrowband CRB for the mth fre-
quency bin with respect toψ as CRBm(ψ) ∈ C

K×K ,m ∈ M.
Resorting to the block diagonal property ofRx and the inversion
of a partitioned matrix, the closed-form CRB expression for the
wideband case can be expressed as

CRB(3)(ψ) =

[
M∑
m=1

(CRBm(ψ))−1

]−1

(52)
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