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Abstract

Blind super-resolution can be cast as a low rank matrix recovery problem by exploiting the inherent
simplicity of the signal and the low dimensional structure of point spread functions. In this paper, we
develop a simple yet efficient non-convex projected gradient descent method for this problem based on the
low rank structure of the vectorized Hankel matrix associated with the target matrix. Theoretical analysis
indicates that the proposed method exactly converges to the target matrix with a linear convergence
rate under the similar conditions as convex approaches. Numerical results show that our approach is
competitive with existing convex approaches in terms of recovery ability and efficiency.

1 Introduction

Blind super-resolution is the problem of estimating high-resolution information of a signal from its low-
resolution measurements when the point spread functions (PSFs) are unknown. Such problem arises in a
wide variety of applications, including seismic data analysis [25], nuclear magnetic resonance spectroscopy
[27], multi-user communication system [23], and 3D single-molecule microscopy [28]. In particular, when the
knowledge of PSFs is available, blind super-resolution reduces to the super-resolution problem [7] [§].

Without any additional assumptions, blind super-resolution of point sources is an ill-posed problem. To
alleviate this issue, it is common to assume that the PSFs belong to a known low-dimensional subspace.
Under this assumption and utilizing the lift technique, blind super-resolution of point sources can be formu-
lated as a matrix recovery problem. By exploiting low dimensional structures of the target matrix, a series
of works [15], 37, 211, 12| [31] theoretically studied under which conditions the target matrix can be recovered.
The author in [I5] considered the setting where the PSF is shared among all point sources, and established
the recovery guarantees for the atomic norm minimization (ANM) method. Yang et al. [37] further studied
the same method, but with multiple unknown PSFs. Li et al. [21I] provided robust analysis of blind 1D
super-resolution and later the work in [3I] generalized [21I] to 2D case. Recently, Chen et al. [I2] proposed
a nuclear norm minimization method based on the vectorized Hankel lift framework, which also appears in
[38, [40] but for matrix completion. Moreover, [12] established the corresponding exact recovery guarantees.
While strong theoretical guarantees have been built for blind super-resolution based on convex methods,
these approaches are computational inefficient for the high dimensional setting. Therefore it is necessary to
design efficient and provable algorithms to deal with the large-scale regime.

In the past few years, substantial progress has been made on designing and analyzing provable fast
algorithms for applications from science and engineering via non-convex optimization [20} [I3] [16], including
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matrix completion [I4], [42], phase retrieval [29], blind deconvolution [22], spectrally sparse signal recovery
[, [6], to name just a few. The goal of this work is to develop an efficient non-convex algorithm for blind
super-resolution problem.

1.1 Comparisons with Related Work and Main Contributions

Our work is closely related to [12] [5, [43]. As already mentioned, [12] proposed a convex approach called
Vectorized Hankel Lift (VHL) for blind super-resolution. Based on this framework, we develop an efficient and
provable non-convex algorithm for blind super-resolution of point sources. More precisely, we parameter the
vectorized Hankel matrix corresponding to a candidate solution in terms of the Burer—-Monteiro factorization
and develop a projected gradient descent method to directly recover the low-rank factors.

Our algorithm is inspired by the method in [5], where the projected gradient descent was developed for
spectrally sparse signal recovery problem based on the low rank structure of the Hankel matrix corresponding
to the target signal. Despite this, both the structures of sensing operator and target matrix in this paper are
substantially different from that in [5]. Therefore, the convergence analysis in [5] can not be easily extended
to our model.

Recently, [43] follows our work and develops an iterative hard thresholding method based on the frame-
work of vectorzied Hankel lift to solve blind super-resolution problem. It is worth pointing out that they
directly apply our result to bound the initialization error of their method. Furthermore, their proof idea is
inspired by the guarantee analysis of low rank matrix recovery over Riemannian manifold [6 36]. Therefore
the proof techniques are totally different with ours.

The main contributions of this work are summerized as follows. Firstly, we present a new non-convex
algorithm called projected gradient descent via vectorized Hankel lift (PGD—VHL) for blind super-resolution.
Numerical experiments show that PGD-VHL is competitive with convex recovery methods such as ANM and
VHL in terms of recovery ability, but is much more efficient. Secondly, we establish the recovery performance
of PGD-VHL. Our results show that PGD-VHL started from a spectral initialization converges linearly to
the target matrix under the similar sample complexity as convex approaches. Lastly, it is worth mentioning
that the theoretical guarantee of PGD—-VHL requires a slightly milder assumption on the low-dimensional
subspace than that for VHL in [12].

1.2 Organization and Notation

The rest of this paper is organized as follows. Section 2] gives the problem setup of blind super-resolution of
point sources. Section [ presents the PGD-VHL algorithm whose the exact recovery guarantee is provided
in Section [l Numerical evaluations are presented to illustrate the performance of PGD-VHL in Section
All proofs are deferred to Section[6l Finally, we conclude this paper and propose some future work in Section
@

Some notations used throughout this paper are presented as follows. Symbols for vectors, matrices and
operators are in bold lowercase letters, bold uppercase letters and calligraphic letters, respectively. In this
paper, vectors and matrices are indexed starting with zero. For a complex number z, its real part is denoted
by R(z). The transpose, complex conjugate, complex transpose, spectral norm and Frobenius norm of matrix
X are denoted as X, X, X", | X|| and || X |, respectively. The inner product of two matrices X; and
X, is defined as (X, X») = trace( X! X,). Moreover, we will refer to A © B and A ® B as the Hadamard
product and Kroncker product, respectively. We use @[] to denote the ¢-th entry of  and X (j,:) to denote
the jth row of X. Moreover, we use the MATLAB notation X (i : j, k) to denote a vector of length j —i 41,
with entries X 5, -, X, . The identity operator are denoted as Z. Let H be the vectorized Hankel lift
operator which maps a matrix X € C**"™ into an sn; X ng matrix,

Zo Ty o Tpy—1
w m e m
X . 1 2 2 Csnl Xng 1
HX)=| . o S , (1.1)
Tni—1 Lnpy e Tn—1



where x; € C® is the i-th column of X and ny +ne = n+ 1. We denote the adjoint of H by H*, which
is a linear mapping from C*"1*"2 to C5*". In particular, for any matrix Z € C*"1*"2 the i-th column of
H*(Z) is given by

H*(Z)el = Z Zjky
jtk=i
0<j<ni1—1,0<k<nz—1
where z;  is the (j, k)-th block of Z such that z;, = Z(js: (j + 1)s — 1, k). Letting D? = H*H, we have
D3 (X) = [womg -+ wp_1Tp_1],
where the scale w; is defined as

=#{(G RN +k=0,0<j<n —1,0<k <ng—1}.

Moreover, we define G = HD~!. The adjoint of G denoted G* is given by G* = D~'H*. Additionally, G and
G* satisfy

g'g=172, |9l =1 and g7 <1. (1.2)

We use G; to denote the matrix defined by

1 T
Gi = \/u_}l Z €;€L. (13)

jk=i
0<j<n1—1,0<k<n,—1

Then one has

n—1

G(X) =3 G (we]) =Y G o, (1.49)
1=0 1=0

where G; ® x; denotes the Kronecker product between G; and x;.

Throughout this paper, ¢, co, c1,- -+ denote absolute positive numerical constants whose values may vary
from line to line. The notation n = O(m) means that there exists an absolute constant ¢ > 0 such that
n <cm.

2 Problem formulation

The point source signal model can be represented as a superposition of r spikes
T
= dpd(t— ), (2.1)
k=1

where §(-) is the Dirac function, d € C and 7, € [0,1) are the amplitude and location of the k-th point
source, respectively. Let {gx(¢)}_, be the unknown point spread functions depending on the locations of
point sources. The observation is a convolution between z(t) and {gx(t)}}_,, that is,

dedt—Tk *gk de gk t—Tk (22)

k=1

After taking the Fourier transform and sampling, we obtain the measurements as

= dee g ), j =0, — 1. (2:3)



Let gr = [gr0] -+ grln— 1]}T be a vector corresponding to the k-th unknown point spread function.
The goal is to estimate {dy, 7 },_; as well as {gr}}_, from (Z3).

Obviously, the problem of blind super-resolution is ill-posed without any additional assumptions, because
the number of unknowns in (23] is O(nr), which is larger than the number of samples n. To tackle this
issue, we follow the same route as that in [Il 15, B7, 12] and assume that all the Fourier samples of the
unknown PSFs {gx}}_, belong to a known low-dimensional subspace spanned by the columns of B € C"**
with s < n, i.e.,

gr = Bhy, (2.4)

where hj, € C*® denotes the unknown directional vector of gj in the subspace. According to the subspace
assumption (Z4) and using the lift trick [I], we can easily rewrite ([23)) as a set of linear measurements with
respect to the target matrix X% =Y, dphral ,

where a,, = [1, ek L. ,e_%LT’f'("_l)]T, b; € C? is the jth column vector of BH, e; is the j-th standard
basis of R™. The measurement model (23] can be rewritten succinctly as
y = AX7), (2.6)

where A4 : C**" — C™ is the linear operator. Let A* be the adjoint operator of A which is given by
A(y) = E?:_Ol y[jlbje]. Furthermore, define D = diag (\/wo,- - - ,/Wn_1). We have DA(X) = AD(X)
for any X. The measurements can be reformulated as

Dy = AD(X"). (2.7)

Note that once the data matrix X is reconstructed, the frequencies {7k }}_, can be retrieved through
spatial smoothing MUSIC [I8, 017, 39, 2], and the amplitudes {dj}}_; and coefficients {hy}},_, can be
estimated by solving an over-determined linear system. Therefore in this work we focus on the problem of
recovering X" from its linear measurements (0.

It has been shown that H(X?) is a rank-r matrix [I2] and thus the matrix H(X?) admits low rank
structure when r < min(sni, ny). Equipped with the low rank structure of H(X?), it is natural to recover
X" by solving the constrained least squares problem

min %pr _AD(X)|? st rank(H(X)) =r. (2.8)

Letting Z = H(X) = GD(X) for any X, it can be verified that (Z — GG*)(Z) = 0. To eliminate the rank
constrain in (Z38), we apply the Burer-Monteiro factorization [4] to parameterize Z as Z = LRM, where
L € C*" and R € C™*" are two rank-r matrices. Therefore, the optimization problem (28) can be
rewritten as

min - [|Dy — AG (LR")|| st. (T —GG")(LR") =o. (2.9)

Before introducing our algorithm, we make an assumption that Z% = #(X?%) is p1-incoherent which is defined
below.

Assumption 2.1. Let Z' = UXV" be the singular value decomposition of Z%, where U € C"1 %7 3 € R"™*"
and V€ C"*". Denote U" = [U}! - U};'I,JH, where U; = Uljs : (j +1)s — 1,:] is the j-th block of
U for j=0,---ny — 1. The matriz Z% is pui-incoherent if U and V obey that

pr

max ||UJHi < M7 and
1 0 n

2
0<j<n;— n Hﬁ):—l HEZVHQ =

<k<

for some positive constant pi1.



Remark 2.1. Assumption 2] is the same as the one made in [11, [{0] for low rank matriz recovery and
is used in [I2] for blind super-resolution. It has been established that Assumption [2] is obeyed when the
minimum wrap-up distance between the locations of point sources is greater than about 2/n.

Let p and o be two numerical constants such p; < g and o7 < o, and M be a convex set defined as

follows
L [ uro [uro
M { |:R] . OSJ'H%%I)ffl HLJ”F = n 7||RH2,00 —= n }7 (2'10)

where L; is the j-th block of L. Define

v ] - v

R" vzl

Since Z% is pi-incoherent, we have M?% € M. Therefore, we consider a penalized version of ([Z3) for
recovering the factorized matrices:

. 1 . 2 1 . 2 1 2
min. {f(M) = Dy - ag (LRH)H2+§H(I—QQ)(LRH)HF+EHLHL—RHRHF}, (2.11)

where M = [LH RH} " e Clsmtn2)x7 and the last term penalizes the mismatch between L and R, which
is widely used in rectangular low rank matrix recovery [34, [42] [16].
3 Algorithm: projected gradient descent

Inspired by [5], we design a projected gradient descent method for the problem (2IT), which is summarized
in Algorithm[Il The initialization involves two steps: (1) computes the best rank r approximation of HA*(y)

Algorithm 1 PGD-VHL
Input: A,y,n,s,r
Initialization:
20 = ﬁoio%H = PTHA* (y)
Lo— OS2 Ry — Vosi/?
M- [z Ry
(Lo, Ro) = Pp((Lo, Ro))
M, = [Lg RB'}H
while not convergence do
M1 =P (M —nV f(My)).
end while

via one step hard thresholding P,.(-), where A* is the adjoint of A and P,.(Z) is the best rank r approximation
of Z; (2) projects the low-rank factors of best rank-r approximated matrix onto the convex feasible set M.

. __H
Given a matrix M = [L" R"| " the projection onto M, denoted by [LH RH] , has a closed form solution:

g _ {LJ— if (| Llle < /7
=

”L;_Lj -/ EZ otherwise
J

for 0 <j<n;—1and

. [an it lefRl, < VB2
ewlt= SR /I otherwise
lexrlly  Vom



for 0 < k < no — 1. Let M; be the current estimator. The algorithm updates M; along gradient descent
direction —V f(M,;) with step size 7, followed by projection onto the set M. The gradient of f(M) is

computed with respect to Wirtinger calculus given by Vf = [VH f vH f] where
Vif=(GA* (AG*(LR") — Dy)) R+ ((Z - GG*)(LR")) R + ZL(LHL — R"R),
Vrf=(GA" (AG*(LR") - Dy))” L+ ((Z- gg*)(LRH))” L+ iR(RHR —L"L).

Indeed PGD-VHL algorithm can be efficiently implemented. To obtain the computational cost of V f, we
first introduce some notations. Let H, be the Hankel operator which maps a vector @ € C™ into an ny X ns
matrix,

xo x’ﬂg—l
Tni—1 e Tn—1

where z; is the i-th entry of . The adjoint of H,, denoted by H}, is a linear mapping from n; x na to n.
It can be seen that H} (L,RY') can be computed via r fast convolutions by noting that

(i)
_Z [H: (L[ sIRE 8]T)],
_ ; (L[, s] = Ry, s) [d],

where L,, € C"*" and R, € C"*". In addition, we can compute (H,(x)) R, by r fast Hankel matrix—vector
multiplications, that is,

(Hy (a) Z_ [+ HR [k, 5
k=
ng—l
=Y &n—1-j—kRyk:s|
k=0
= (@ * Ry[,s))[n — 1 — 4,

where & is a vector reversing the order of . Therefore the computational complexity of both (L, RH) and

(Ho(x)) R, is O(rnlogn) flops. Moreover, the authors in [I2] show that H(X) = PH(X), where H(X) is

a matrix constructed by stacking all {#,, (elTX )}i_, on top of one another, and P is a permutation matrix.
Therefore we can compute G*(LRY) and GD(X)R by using O(srnlogn) flops. Thus the implementation of
our algorithm is very efficient and the main computational complexity in each step is O(sr?n + srnlogn).

4 Main result

In this section, we provide a theoretical analysis of PGD-VHL under a random subspace model.

Assumption 4.1. The column vectors {b; ?;01 of B are independently and identically drawn from a
distribution F' which satisfies the following conditions:

E[bbl'| =I,, i=0,---,n—1, (4.1)

1012 < =0, —1. .
oJnax [bild]® < po, i=0,---,n—1 (4.2)



Remark 4.1. Assumption[{.1]is a standard assumption in RIPless compressed sensing [10] and blind super-
resolution [10, [37, (21, [30, [12]. It implies the spectral flatness over point spread functions, which is satisfied
in OFDM signals [2] and noisy radar waveforms [26]. Assumption [J-1] holds with po = 1 by many common
random ensembles, for instance, when the components of b are Rademacher random wvariables taking the
values £1 with equal probability or when b is uniformly sampled from the rows of a Discrete Fourier Transform

(DFT) matriz.
Now we present the main result, whose proofs are deferred to Section

Theorem 4.1. Let pu > p1 and o = 01(S0)/(1 —¢) for 0 < e < 1/3. Let n < 000G seren B = 75, and

H
M = [LhH R“H] . Suppose X% obeys the Assumption[Z1) and the subspace B satisfies the Assumption[J1]
If

n > coe 2udus’r’r log? (sn),

with probability at least 1 — ¢1(sn)~2, the sequence { My} returned by Algorithm [0 satisfies

2o,

dist® (M, M*) < (1 —nB)" - —=, (4.3)
Hos

where cg, c1,ca are absolute constants, o1 = 01(Z%), 0, = 0,.(Z"), k is the condition number of Z*, and the

distance dist(M, M?) is defined as

i by — i i
dist(M, M*") = QQHEQI'I}Q:ITHM_M QHF

Remark 4.2. It is worth noting that our results require slightly milder assumptions than that in [T2]. The
theoretical performance in [T2)] is established based on an additional assumption, which requires a lower bound
of 2 norm of the row vector of B. However, the performance guarantee of PGD—-VHL is independent of this
assumption.

Remark 4.3. Compared with the sample complexity established in [12] for the nuclear norm minimization
method, which is n > cuopy - sr 1og4(sn), Theorem [{-1] implies that PGD-VHL is sub-optimal in terms of s
and r. The extra r factor is caused by the technical derivation. Since the convergence is established based on
the Frobenius norm and the Frobenius norm of the initial error is bounded by its spectral norm. Details can
be found in Section[6.1l. The extra s factor is introduced to ensure the initial error to be sufficiently small,
i.e., on the order of 1/(uos), which helps to derive the linear convergence rate of PGD-VHL. We admit
that it is an artifact of our proof because subsequent numerical experiments indicate that there approximately
exists a linear relationship between n and s or n and r.

Remark 4.4. Theorem [{-1] implies that PGD-VHL converges to M?" with a linear rate. Therefore, after
T = O((uopsrr)?log(1/€)) iterations, we have dist>( My, M") < e - dist®(My, M"). Given the iterates My
returned by PGD-VHL, we can estimate X7 by D~1G* (L7 RY).

Remark 4.5. As already mentioned, once the data matriz X* is recovered, the locations {7 }5_, can be
computed from it by spatial smoothing MUSIC algorithm [18, [17, (39, [12] and the weights {dy, hi}},_, can be

estimated by solving an overdetermined linear system [12].

Remark 4.6. Though we have mainly focused on the one-dimensional (1D) blind super-resolution problem,
the model and analysis are also applicable for higher dimensional case. Due to space limitations, we omit the
theoretical results but provide numerical simulations for two-dimensional (2D) blind super-resolution problem
in Section V.B.
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Figure 1: The phase transitions of VHL, ANM and PGD-VHL when n = 64. Top: frequencies are randomly
generated; Bottom: frequencies obey the separation condition A := ming; |7 — 7j| > 1/n. The red curve
plots the hyperbola curve rs = 20.

5 Numerical simulations

In this section, a series of numerical results are provided to illustrate the performance of PGD-VHL. We
conduct simulations on 1D signals and 2D signals separately. Moreover, we implement our algorithm with
2D MUSIC [3, [41] to solve the joint delay-Doppler estimation problem, which is an important issue arising in
orthogonal frequency-division multiplexing (OFDM) signals. The numerical simulations are executed from
MATLAB R2021b on a macOS machine with multi-core Intel CPU at 2.3 GHz CPU and 16 GB RAM. Our
code is available at “https://github.com/jcchen2017/PGDVHL”.

5.1 Simulation for 1D Signals

We begin by providing the numerical results for 1D signals. The data matrix X! € C**" is generated
by Y, dkhkaIk. Here the locations {74}}_; of the point sources are randomly generated from [0, 1),
the coefficients {hj}},_, are i.i.d. sampled from standard Gaussian with normalization, and the amplitudes
{dy}7_, are selected to be di, = (1410 )e~"?, where ¢y, is uniformly sampled from [0, 1] and ¢, is uniformly
sampled from [0, 27). Moreover, the columns of B are uniformly sampled from the DFT matrix. The stepsize
of PGD—VHL is chosen via backtracking line search.

The first experiment studies the recovery ability of PGD-VHL through the framework of phase transition
and we compare it with two convex recovery methods: VHL [12] and ANM [37]. Both VHL and ANM are
solved by CVX [19]. PGD-VHL will be terminated if |ly — A(X})[|, < 1075 or a maximum number of



iterations is reached. The tests are conducted with n = 64 and the varied s and r. We repeat 20 random
trials and record the probability of successful recovery in our tests. A trial is declared to be successful if
HXt — Xt HF / HXh HF < 1073. Figure[(a),d(b) and[dc) show the phase transitions of VHL, ANM and PGD—
VHL when the locations of point sources are randomly generated, and Figure[Il(d), [l(e) and [df) illustrate the
phase transitions of VHL, ANM and PGD-VHL when the separation condition A := minj. |7, — 7% > 1/n
is imposed. In this figure, white color means successful recovery while black color indicates failure. It is
interesting to observe that PGD—VHL has a higher phase transition curve than VHL whether the separation
condition is satisfied or not. Moreover, by comparing Figure [I{b) with (c), we observe that PGD-VHL is
less sensitive to the separation condition than ANM.

In the second experiment, we study the phase transition of PGD-VHL when one of r and s is fixed.
Note that in this test, the separation condition is not imposed for PGD-VHL. Figure 2(a) indicates an
approximately linear relationship between s and n for the successful recovery when the number of point
sources is fixed to be r = 4. The same linear relationship between r and n can be observed when the
dimension of the subspace is fixed to be s = 4, see Figure 2(b). Therefore there exists a gap between our
theory and empirical observation and we leave it as future work.

PGD-VHL PGD-VHL

5 6 7 8 9

2 3 4 4
Dimension of subspace: s Number of spikes: r

5 6 7 8 9 2 3

Figure 2: (a) The phase transition of PGD-VHL for varying n and s when r = 4. The red line plots the
straight line n = 2.5s. (b) The phase transition of PGD-VHL for varying n and r when s = 4. The red line
plots the straight line n = 2.57.

In the third simulation, we investigate the convergence rate of PGD—VHL for n = 1024 with fixed s or r.
The results are shown in FigureBl The y-axis denotes log (HXt - Xt HF/ HX“HF) and the z-axis represents
the iteration number. It can be clearly seen that PGD-VHL converges linearly as shown in our main theorem.
Also it is worth pointing out that PGD-VHL can be implemented in high dimensional regimes, where we
take n = 1024.

n=1024,r =4 n=1024,s =4
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Figure 3: (a) Convergence of PGD-VHL for varying s = 4,6,8 when n = 1024 and r = 4. (b) Convergence
of PGD-VHL for varying » = 4,6,8 when n = 1024 and s = 4.



In the fourth simulation, we conduct the tests to demonstrate the robustness of PGD-VHL to additive
noise. More specifically, we collect the measurements corrupted by the noise vector e = ¢ - ||y||, - w/ [|w|,,
where y is the uncontaminated observations, w is the standard Gaussian vector with i.i.d. entries and
oe denotes the noise level. In the tests, the noise level o, is taken from 1073 to 1, corresponding to the
signal-to-noise ratio (SNR) from 60 to 0 dB. For each oe, 10 random trials are conducted with s = r = 4.
As for the number of measurements, we choose n = 64 and n = 128 for comparison. PGD-VHL is set to
be terminated when HX“‘l — XtHF /11Xt < 107", In Figure [ the average relative reconstruction error
is plotted with SNR. It can be clearly seen that the relationship between the relative reconstruction error
and the noise level is linear for PGD-VHL. Moreover, the relative reconstruction error decreases with the
increase of the number of measurements.

We finally compare the running time for ANM, VHL and PGD—-VHL when the number of measurements
is varied, the number of spikes r is fixed to be 3 and the dimension of subspace s is also fixed to be 3. Note
that both VHL and ANM are solved by SDPT3 [32] based on CVX [I9]. We repeat 10 random trials for
each test. The average computational time for each tested algorithms are shown in Table I. The symbol
“—" indicates that the algorithm was terminated due to the lack of memory. It can be seen that PGD-VHL
significantly improve the running time compared with ANM and VHL when n is large.

Table 1: Running time comparison for 1D signals when s = r = 3.
Methods n =64 n =128 n = 256 n=>512

ANM 1.6278s 7.2992s 67.6007s —

VHL 62.2369s  748.3695s - —
PGD-VHL 1.3254s 4.4417s 19.3004s  57.4518s

—0- n=64
oo —a—n=128

Relative reconstruction error(dB)

0 10 20

40 50 60

30
SNR(dB)

Figure 4: Performance of PGD-VHL under different noise levels

5.2 Simulation for 2D Signals

In this part, we evaluate the performance of our algorithm for 2D signals. The data matrix is given by
X5 =3%"_, dihi(ar,, @a,,)" € C**™"2 and the samples are generated by

Here the two dimensional locations 7 := (711, T2k ) are uniformly sampled from [0, 1) x [0, 1), the amplitudes
{di}}_;, the coefficients {h}},_, and the subspace columns {b; }?;762_1 are generated by the same way as

the 1D case. Let XE =Y i die” 2™t (hyal ) be an s x ny matrix, where £ =0, ,no — 1. Let H(X?)

Tik

10



be the two-fold vectorized Hankel matrix of X* defined as follows:
HXG) o H(XG )
H(Xh) — : .. : ECSLlKlXLsz,
H(Xi(1—l) H(XEIQ)
where ’H(XE) € Cslr1xL2 ig the vectorized Hankel matrix defined in (LI). Here L; + Ls = n; + 1 and
K1 + Ky = ny + 1. It has been shown in [I2] that H(X?) is a rank-r matrix. Therefore, we can naturally
generalize our algorithm to the 2D case, and then use the two-dimensional PGD-VHL (PGD-VHL (2D)) to

recover X% from (5.I). The phase transition is shown in Figure Bl and the convergence rate of PGD-VHL
(2D) for different n; and ng is shown in Figure[fl Overall, the performance of PGD-VHL (2D) exhibits a

similar phenomenon to the 1D case.

) 1
0.8
0.6
0.4
0.2
0

2 4 6 8 10

Dimension of subspace: s

PGD-VHL(2D

10

N @ ©

Number of spikes: r

N

Figure 5: The phase transition of PGD-VHL (2D) for varying s and » when n; = 13 and ng = 9. The
locations are randomly generated. The red line plots the straight line sr = 25.

Convergence rate

nl=23,n2 =19
0he ——nl=33,n2=29
=N ——-nl =53,n2 =49

Log of reconstruction error
y b 6 b e
5
e

0 50 100 150 200 250 300 350 400 450 500
Iteration

Figure 6: Convergence of PGD-VHL (2D) for 2D signals with (n1,n2) € {(23,19), (33,29), (53,49)}. Here
we fix s =3 and r = 3.

5.3 Simulation for joint delay-Doppler estimation from OFDM signals

Furthermore, we evaluate the performance of PGD-VHL (2D) for the problem of joint delay-Doppler estima-
tion from OFDM signals. In this problem, the transmitted signal is divided into M blocks and N orthogonal
subcarriers are used in each block. Then the received samples in the n-th subcarrier and m-th block can be
formulated as [41]

ymln] = Zdk872z7'r(n~Af‘rk+m~Tfk)gm[n]7 (5.2)
k=1

11



where 7 is the number of propagation paths for communication channel, {7, fi}}_; are the delays and
Doppler frequencies, {di}%_; C C denote the channel coefficients, Af is the frequency spacing of ad-
jacent subcarriers, T is the duaration of each transmission block with Tf; < 1 as stated in [4I], and
{gm[n]}n=0,... N—1 denote data symbols in the m-th block. For sake of simplicity, we define ¢, = Afr, €
[0,1), Y = Tfr € [0,1). Concatenating y,,[n] in the vector y,, € CV and stacking y,, yield that

Y= (deawk ®a¢k> ©geCMY,
k=0

where g = [g1 -+ gM}T € CMN and g, = [gm[0] - gm[N — 1]]T € CN. As pointed in [2, [35], since
the waveforms in OFDM have a flat spectrum, g can be approximately represented as g = Bh, where B
should obey the isotropy and incoherence properties in Assumption [£Il Then the received samples can be
rewritten as

ylil = <bjeI, > dih(ay, © a¢k)T> (53)
k=1
for j=0,---,MN —1. Tt can be seen that (5.3) is a special case of (B.I]) where h is independent to the two
dimensional locations { (v, ¢r)}r_1-
In our numerical simulation, We set N =13, M = 9 and s = r = 4. Each row of B is generated from the
following distribution described in [15] [35], i.e.,

by =[1 e ... ezm(s—l)fk]T

for k = 0,...,MN — 1, where fi is chosen uniformly at random in [0,1]. The locations {(¥x, ¢r)}r_1
are chosen uniformly at random from [0,1) x [0,1), and the coefficient vector h is generated from standard
Gaussian with normalization. The data matrix ., _, dph(ay, ®ags, )" can be firstly recovered via PGD-VHL
(2D), then the locations { (¢, ¢x)}}_; are retrieved by 2D MUSIC and the channel coefficients {dj}}_, are
estimated by solving an overdetermined linear system [I2]. The results are presented in Figure[@ It is shown
that implementing PGD-VHL (2D) with 2D MUSIC can exactly recover delays and Doppler frequencies.

--+ Original
10 --© PGD-VHL (2D)

magnitude

Figure 7: Performance of PGD-VHL (2D) for joint delay-Doppler estimation problem.

6 Proof of Theorem [4.1]

The proof follows a well established route that has been widely used in non-convex optimization for low rank
matrix recovery [0, 42, B]. In a nutshell, the initialization provided in Algorithm [I] will be shown to lie in
a basin of attraction where the sequence returned by Algorithm [I] converges linearly to the true solution.
Despite this, the proof details are quite involved and substantially different. We first list two useful lemmas,
whose proofs are deferred to Section and

12



Lemma 6.1. Suppose Z% is i, -incoherent and n > coe 2K pd us?r? logz(sn). Then one has

2o,

Hos

dist?®(My, M*) <

with probability at least 1 — (sn)~ .
Lemma 6.2. Let {M;} be the sequence returned by Algorithm Q. Denote A, := My — M*Q;, where

Q:=arg _min ||M,- MQ|.

QQ"=Q"Q=1.
Let n < 9000(#5#01)2’ B = Z5. Then with probability 1 — (sn)~¢, one has
dist? (M, M*) < (1 —np)t dist?(My, M?)
fort=1,2,---.

Combining Lemma [6.1] and Lemma together, we complete the proof.

6.1 Proof of Lemma
We begin our presentation of the proof with a useful lemma whose proof is provided in Section [6.3

Lemma 6.3. Suppose that Z° is py-incoherent. Then with probability at least 1 — (sn)~°', the matriz
Zy = P-(GDA*(y)) obeys

~ log?
HZO—ZhHSCOQ Hopsrlog”(sn) 6.1)

n
where ¢g and ¢ are absolute constants.

By Lemma [6.3 and the assumption that n should be larger than coe~2x2udus?r? log? (sn), the event

fiop st log®(sn)
n

HZO—ZhH <c 01(Z%) < e0y(2Z%)

occurs with probability at least 1 — (sn)~¢, which implies that

0'1(20)

T —© and 01(20) <(1+¢)o < 20.

Ul(Zh) S

By the definition of M in (ZI0), it can be seen that Muéo € M, where @0 = arnginHM\O - MhQHF-

Thus we have
dist(Mo, M*) =min|Mo — MQ|
<[ -rral,
= [Pw (32 - 250 )
- aral,

= dist(Mo, M"?). (6.2)

13



To complete the proof, it suffices to control dist(M\o, M?"). A straightforward computation yields that

— (a) 1 H
dist?(My, M") < HMM — MiM" H
(Mo )_2(\/5—1)02Mh oo
(b) 1 b hHH
4(V2 - 1)a, 0 F
(o) 1
<. . 4HZ —Z”H
A(V2 - 1o 0
1
<— O ZhH
(V2 -1)g,
2r popstlog?(sn)
< : o]
(\/5_ 1)0r n
2o,
<
Hos

provided that n > coe~2k?uus?r? log®(sn), where step (a) is due to Lemma 5.4 in [34], step (b) has used
the fact o,.(M?) = v/20,., and the step (c) can be derived as follows.
Let Ay, By € C*™*" and Ay, By € C"2*" be four complex matrices. It is direct to obtain that

(A1 A, BiBY) + (A, AY, B,BY) = (A B, A!'B,) + (A} B,, A} B,)
>2R ((A1 AY, B1BY)). (6.3)

Then a simple calculation yields that
o~ o~ 2 o~ o~ o~ 2 ~ o~ o~ 2 ~ o~ o~ 2
| Mo M - M“M“HHF =2 DS V' - UEVHHF + |00 - UZ)UHHF + || - VZ)VHHF

Denote A; = ﬁof](l)/2, B, =UXY? A, = ‘702(1)/2 and By = VEY2. Applying (6.3) can be easily verified
that

~ o~ o~ 2 ~ o~ o~ 2 o~~~ 2
(Lo UEUHHF + VooV - VEVHHF <20V - UEVHHF.
Hence
o~~~ 2 ~ o~ o~ 2
R
~ 2
:4HZ0 —Z”H .
F
Thus we complete the proof of Lemma

6.2 Proof of Lemma

We first establish a regularity condition in the following lemma whose proof is provided in Section

Lemma 6.4. Let A = M — M'Q, where Q = arg min HM — MuQHF. Then one has
QQ"=Q"Q=I,
R n 2 B 2
VM), A)) 2 S IVFM)IIE+ 5 I Alle (6.4)

happens with high probability for all M such that HAHF

where 1 <

Or — Or
,u 08 5 — 9000(popsror)?? and B - 72

14



Let My = M, — nV f(M;). Under the condition of (6.4)), one has

() _
dist?(My 11, M*) < dist?(M,,,, M?)
—~ 2
< HMtH - M'Q, i
=[|A; — nVf(M)|}
= 1Al +7* |V F(My)[[F — 20R (A4, V(M)

(b) 2 2 2 2 2 2
<A+ 12 [VFM)|E —n? [VF(M)IIE — Bl A
—(1—nB) |A2,

where step (a) follows the same argument as (G.2]) and step (b) is due to ([G4]). Then a little algebra yields
that

dist? (M1, M) < (1 —nB)"+ dist? (Mo, M?)

2
ETO
S (1 - nﬁ)t-‘rl Ta
HosS

which completes the proof of Lemma

6.3 Proof of Lemma
Notice that GDA*(y) = GA*D(y) = GA* AG*(Z"). A simple computation yields that

o(Swroian)]

i=0

n—1
=9(Zﬁvww%ﬁm40

E [GA"AG" (2%)] = E

where the third equality is due to the isotropy property of {bi}?;ol. Let us first bound
HQA*AQ*(Zh) —E [QA*AQ*(Z”)] H

by the matrix Bernstein inequality [629). The matrix G.A*AG*(Z*) — E [GA*AG*(Z")] can be rewritten as

n—1
GA*AG*(Z%) — E [GA"AG"(2%)] =3 G ((b:b!' — 1,)G" (2% ese])
=0

:"2 G ® ((bib]! — 1,)G"(Z")e;)

Notice that {Y; ;’:_01 are independent mean-zero random matrices with

Vil = [|Gi @ ((bibf! — 1,)G"(Z")es) |
<G| - [|(bibf! — I,)G" (Z")ei|

15



1
<\/_U max{||b;|3,1} - ||G*(Z%) Jei|,

(a)
< Suo - max\/—_ Hg Zu eZHQ

(b) r
S SHo * &017
n

where step (a) follows from ([@2]) and step (b) is due to Lemma Moreover, letting w; = (b;b1 —
1,)G*(Z%)e;, we have

Z_: E[(Gi @ w)"(Gi @ w;)]

=0
n—1

n—1
E|> Yg“Yi]
=0

(GHG) - [lwi]]

i=0

n—1
<X lete e (i3]
)n 1

< Z o [[67(2%) e

(b)
D -y artoslsn)
n

where step (a) follows from ||G;|| < 1/,/w; and the fact E [||w1||§} < spo-||G*(27) ez||2, and step (b) is due

to Lemma [6.61 Moreover, the fact used in step (a) can be proved as follows:

E[uwini}:E[eZ( “(24)" <bib-“—rs>2g*<z“>ei}
= e/ (G*(Z")"E [(b:ib! - 1,)?] G (Z")e;
HE

[(
— el (G*(Z%) [|b I2 b; bH I } G*(Z)e;
(2"

(/LOS_ 1) HQ

< pos ||G*(2%)ei;

)

where the third line is due to ([@I). Similarly, one has

n—1
E ZYM“]
1=0

ZO IG:lI* - [|E [wiw']]]

n—1
2
IGilI> - E [ i3 ]
1=0
< sy -y AT loslsn)
n

—c1

Applying the matrix Bernstein inequality ([6.29]) shows that, with probability greater than 1 — (sn)~°!,

G4 AG* (2%) ~ B [GA" AG" (22)]| <ex/smoTogtom) /g - e log(sm) - 2o

16



log?
<cs Hopasr g(Sn)ol
n

provided n > copopsr log®(sn). Therefore, the event
|20 - z*|| =[P, (gan'g (7)) - 7|
<||P, (GAA*G*(Z7)) — GA*AG*(Z%)]|
+[|GATAGH (Z) - ZF||

< 2||GA*AG*(Z") - Z*|
< popsr log? (sn) o
n

occurs with probability at least 1 — (sn)~ . Finally we complete the proof.

6.4 Proof of Lemma
The proof includes two parts. We will show that

1 1 H 2
RUVI(M), A) > =0, Al + 5 ||p"sa (6.5)
and
2 2 2 1 yH 2
IVFD)E < 125(kopsron)? Al + o HM SAHF (6.6)
provided ¢ < % By the assumption
o 1
<—— < ——and fB=
S G000 (ot )2 = 20y 4P 75
we have
7 o Biane (1 oy 5 loy 2111HNHH
—= M Al < z=———— - 125 —— | ||A - — -0y || M%" SA
1 H 2
<Z A2 + = || aa AH
_nth+ sa|.

R(VI(M),A)).

6.4.1 Proof of (G35)

Let Vf1,V fs and V f3 be the matrices given by
(GA* (AG*(LR") — Dy)) R}

(GA* (AG*(LR") — Dy))" L]

((Z - 66")(& H»R]

((Z-GG*)(LR"))" L]’

1 [L(L"L - R"R)
Vis= [R(RHR LHL)}

o=

H

Vh=[

A straightforward computation yields that
We will bound these three terms separately. For the sake of simplification, let A = [AE AIH;{]H where
Ap=L—-L'QcC™* and Agp = R— R'Q € C"2*",
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Bounding R ((Vfi,A)) By applying Dy = AG*(Z"%), we can rewrite R ((Vf1, A)) as
R((Vf1,A)) =R (<QA*AQ*(LRH 'R, ALRM 4 LAHR>) . (6.7)
Notice that

LR" - 'R = (A + L*Q) (Ar + R'Q)" — L*R™"

= ALAY + AL(RQ)" + (L'Q)AY. (6.8)
=W =P

and
ALR" + LAY, =AL (AR + R'Q)" + (AL + L*Q)AY,
=28 AR + AL (RQ)" + (L'Q) AR
=20 + ®. (6.9)
Then R ((Vf1,A)) can be bounded as follows:

RV f1,A)) =R((AG" (@ + V), AG" (D +2P)))
= lAG" (®)II3 + 2[|AG" ()5 + 3R ((AG" (@), AG" (¥)))
> [|AG* (®)|5 + 2 | AG" (®)|5 — 3|(AG" (@), AG" ()|
>HAQ*( 15+ 2[1AG" ()5 = 3[|AG" (@)l - [ AG" (®)]|5
zz—HAg* )5 = 746" (®)]13

. 2 Te° 2
27 HAQ (@)ll2 = o Al (6.10)

)
)
)
(®

where the second line is due to (x,x) = ||:13||§ and R ((x,y)) = R ((y,x)) for any vectors x,y € C", the
third line is due to R ((z,y)) < | (z,y) |, and the last second line is due to a + 2b — 3v/ab > 2a — 7b for any

a,b > 0 and the last line is due to the fact || .AG* (\II)Hg < %UT ||A||§ Moreover the fact used in the last line
can be proved as follows:

IAG (®)[3 = [|4G" (ALAR)||;
< (JAIIG|I - AL Ak

1 2 2 2
<mos- 5 (IALIE +1Ax]E)

or || Allg, (6.11)

where the second line is due to ||A| < \/ios, ||G*]] < 1 and the last line is due to ||AH,2: < 5:(‘)’;. Plugging
(EI0) into (670) reveals that

62
RV, A) > 514G (®)]3 ~ oy A2 (612)

=~ w

Bounding R ((Vf2, A)) This term can be bounded as follows:

R ((Vf2, A)) =R ({(Z — GG*)(LR™), ALR" + LAY))

18



—R (<(z — GG")(LR" — L'R"), ALR" + LA;>)
=R (((Z ~ 6G")(@ + V), (& +20)))
> (T ~6G7) (®)[F +2I(Z - GG°) (®)If
3T - 66") (@) (T~ 66") (P)]le
> (T - 66%) @)~ 7T - 66%) ()], (613)

where the second line is due to (Z — gg*)(LthH) = 0 and the last line follows from the fact that a + 2b —
3vab > 3a — 7b for any a,b > 0. Combining ([G12) and (EI3) together, one has

RV A1, A) + ROV S, A) 25 AG" @)]3 oy AJE+ 2 (2 - o) (@) - 71T - 99°) (¥)]}

z%(||Ag*<<1>>||§+||(z_gg*><>|\) e AR T, (6.14)

where the last line follows from the fact that Z — GG* is a projection operator. Let T" be the tangent space
at Z" defined as follows

T:={UJ"+KV":JeC"" KeC™*}.
It can be seen that ® € T'. Therefore a simple calculation yields that
IAG* (®)|5 + I(Z - GG7) (@) [ = (GA"AG" (@), ®) + (B, ®) — (GG (®), D)
> | @[l - (G (T - A"A) G"(2), @)
=@ — (PG (T — A"A) G Pr(2), @)
>(1-e) ||z, (6.15)
where the last line follows from Lemma and the assumption on n. In addition, we have

1% <(IALlk | AR
1
S Al

4
52

“ Al (6.16)

where we use HA||,2: < 52%(02% < €20,.(Z"%). Hence plugging ([G15) and (6I6) into (6I14) yields that

72

R((Vf1,A)) + R((Vfo, A)) 27 (1= <) | B - QUTHAHi

7e2
I — —-on A2

NJll—‘ »-lklw

5(\!AL<R” U2+ rQail?) - o Al
+R((AL(R'Q)", (LFQ)A))
(— -5 ) o 1Al + R (AEEQ). () AR))
> s A+ R (ALLAQ). (RIQ"AR)) (6.17)
where the last line is due to e < 1.
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Bounding R ((V f3, A)) Denote
Isn
s=|" ]
We can bound R ((V f3, A)) as follows:
AR ((Vf3,A)) =R ((SMM"SM,A))
=R ((M"SM,M"SA))
=R (((A+ M'Q)"S(A + M*Q), (A + M*Q)"SA))
—|ARSAL + [[(MIQ)MSA|Z + 3R ((MIQHSA, AHSA)) + R ((M?Q)"SA, A"S(M*Q)))
:% [(MEQ)MSA|} + % |(MEQ)"SA +3AMSA|; ~ g |ARSA| + R((MIQMSA, ANS(M'Q))
=S| MFQPSA|: + 5 ||(M:QsA +3a%SA ;- T |ARsAl
+R(MPQMA, AT(MPQ))) — 4R ((AL(L'Q), (R'Q)"AR))
2% |(MEQ)"sAllr ~ g |ARSA|[f - 4 ((AY(L'Q), (R'Q)MAR)). (6.18)
The fourth equality is due to (M?Q)HS(M*Q) = 0. The last equality follows from
R((ALIL'Q), (RQ)"AR)) =R ((R'Q)"Ar, AL(L Q)
=R (((L'Q"AL, A%(RQ))).
Finally, combining (G.I8) with (617) yields that
R(VS(M),A) 250, AR + 4| msa| - T |arsal?

1 2 1 H 2
>_ oA —HMu SA‘ , 6.19
SEUNINE. F (6.19)

where the last line follows from that ||AHSAHE < ||A||;4: < £or ||A||§ and € <

1
- Mos 3°

6.4.2 Proof of (6.6])
Applying simple triangular inequality yields that

IVF(M)|F = Vi + V2 + Vfsllp
<2V +VEIE+2|Vs?
<A|VfiE+ 4|Vl + 2]V sz (6.20)

We will bound these three terms separately.

Bounding HVflﬂi For any
X = [x§ x4)" eclmimxr
such that || X ||z =1, we have
* * 2
(Vf1, X)|” =[(GA" (AG*(LR") — Dy) , Xy R" + LX)
2
~|(9A4" A" (LR" - L*R™"), X, R* + LX})|
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<(|(GA"AG* (LAYR), XL R")]
+ [(GA*AG* (AL(R'Q)™), X R"™)|
+ [(GA*AG* (LAY, LXY)|
+ (A" AG* (AL(R'Q)M), LX )| ). (6.21)
where we have used the fact LR" — LiR!" = LAIH% + AL (R'Q)". Apparently, the upper bounds of the

above four terms can be established similarly. We focus on the first term |<QA*.AQ*(LA§), X LRH>} and
its upper bound can be obtained as follows:

[(GA*AG*(LAY), X R")| = y<Ag* LAY), AG* (X, R"))|

<Z! (biel . G*(LAR))| - [(bie], ¢ (XL R")))|

—Zi ). LAR)| - [(G(bieD). X, R
=nZ (G b LAY - |(Gs &by X, YY), 622)

To complete the proof, it suffers to control ‘<Gi ® b;, LA%>| and ‘<Gi ® b;, XLRH>|. Notice that

G @b, LAR)| = {(ej @ bi)ef, LAY
Jjt+k=i
Z |(e] @ bI)L||, [lef Arll,
_]-Hc 4
ST el @ bHL [lef Arl;
j+k=i
2 2
> IRRL | [lef Ar;
j+k=i
ST B2 L2 [lef AR
k=i
<viios- | S IL; 12 |lef Axl;
k=i
<o - \/” TS e ag]s (6.23)

jt+k=i

Similarly one has

(G @b, X, R <yiios - | S I1XclI||el R

Jt+k=i
uro
<\/Jios - ,/ > Xl (6.24)

Jjt+k=i
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Plugging ([6.23)) and ([@.24]) into ([622) yields that

n—1
(gArAG (LAl XoRY)| <2223 [ 37 (el axlly - [ 30 IIXalilz

i=0 \| j+k=i j+k=i
<pos - pro - [Arlle - [ XLl
Using the same argument, one has
[(GA*AG* (AL(R'Q)"), XL R")]
[(GA*AG* (LAY, LX)
[(GA"AG (AL(RFQ)"), LX) <

pos - pro - [[Aplle - | Xzlg,
pos - pro - [|Agllg - | Xl
pros - pro - [| ALl - | X gl -

Hence we can obtain

2 2
(V1 XD <(pousro)? - (| ARl I XLl + 1AL IXLle + | ARIE 1X Rl + ALl | Xr]F)
=(nopsro)? - (| ALlle + [ARIE? - (1 XLlle + [ XrllF)?
<A(popsra)? ||Allf,

where the last line is due to ||X||,2: = ||XL||,2: + HXRH,Q: = 1. Thus we have

IVfillg = sup [(Vfi,X)]
[ X]lg=1

< Apopsra)” | A (6.25)

Bounding HVfQH,Q: For any X € C(sm#m2)x7 quch that || X || = 1, one has
[(Vf2. X) | <[((Z - GG")(LR"), XL R" + LX}})|
_ ’<(z — GG*)(LR" — L*R"), X RM + LX1'1>‘
<|@- oo @rt - LR - |Ixe R+ x|,
R
We bound both terms separately.

e Bounding HLRH — LhRuHHF. It can be bounded as follows:

|LRY - LR"| = |k + ALRQM,
<L |AR]E + || B AL
< (1 +e)or |Arle + vVori |AL
<(1+e)or V2 |Alg,
where we have used the fact ||L|| < [|AL] + HL“H < lALlle +vor < [[Allg+ o1 < (1 +¢)y/ar.

e Bounding HX LR+ LXB||_. Tt can be bounded as follows:

Ie-
|XLRY 4 XY, < IR Xl + 12] | Xzl
<A +e)vor(IXclle + 1 XrllE)
<V2(1 +¢)\/ar.
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Combining together and simple computation yields that

IVfallf = sup [(Vfs, X))

X [lg=1

<4(1+e)io?- Az (6.26)

Bounding HVng,% Recall that

Isn1
s=\" ]

A straightforward computation yields that

VAR =55 (ILEL - B+ | R RRR)7)

—[lsmnrtsa;

:1—16 |s(van® - mEn)ys M+ SM“M“HSMHi

<! HS (MM — Mo SMH2 41 HSM“M”HSMH2
HMH [Rravas M”M“HH |M“H ||p s+ ) H

é_HMH HMMHJFAMN”JFAAHH HM”H -HM”HSAHF

<SIa (2 a7 Al + AT + 5 HM“H2 ar”

where step (a) follows from M SM* = 0. Notice that | M3 < \/201(27) and | M| < ||M — MuQHF +
HMhH < % + +/201. Thus we have

3 g0, H
IVfsllf < 2 +¢2al N Lo | M SA
8 oS
3 2
<S40 (4+52)al : |\A||§ + Zal HM“HSAHF
19
SZUI ||A||F+ 1 HM“H (6.27)

where the last line is due to € < 1

Finally, plugging (6.29)), (IB:QEI) and EZ17) into ([E20), we obtain that

19
IV A2 <4 - A(juopisro)? | A2+ 4- 4(1 + )02 |A|F+2(

H
ot Al + aluMh SAH)

19 1
< (64(u0usr)2 +16(1+ )t + 7) ot Al + Zo1 HM”HSAHF
P 2 1 uH 2
<125(uopsrar)* A + 501 HM SAHF, (6.28)

(1+s)01

where the second line is due to o < < 207 and the last line follows from ¢ < % < 1.
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6.5 Auxiliary Lemmas

Lemma 6.5 ([33], Theorem 6.1). Assume {X;}"_; are independent random matrices of dimension ny X ng
and obey E [X;] =0 and || X;|| < B. Define

o? = max{ E
<c (\/02 log(ny + ng) + Blog(ny + ng)) (6.29)

zn: Xl-XiH]
1=1

zn: xH Xi]
1=1

Then the event

n

X,

i=1

holds with probability at least 1 — (n1 + na) =, where ¢,c1 > 0 are absolute constants.

Lemma 6.6 ([12], Lemma I11.13). Suppose Z° is u;-incoherent. Then one has

G*(Z)e; rlog(sn
Z” i ., fEartonn)

max ”g ( ) ”2 < (Zh)
0<i<n—1 VWi n
Lemma 6.7 ([12], Corollary IT1.9). Under Assumption 1 and Assumption 2, let T be the tangent space of
Z", then the event

top srlog(sn)
n

PrG(A*A—-T)G*Pr| <c

occurs with probability at least 1 — (sn)~¢ for some universal constant ¢ > 0.

7 Conclusion

In this paper, we propose a non-convex method called PGD-VHL for low rank vectorized Hankel matrix
recovery problem in blind super-resolution of point sources. Our theoretical analysis shows that PGD-VHL
converges to the target matrix linearly when the number of samples is larger than O(s*r2log?(sn)). The
performance of PGD-VHL has also been demonstrated by our numerical simulations. For future work, it
is interesting to study the recovery performance of PGD—-VHL in the presence of noise and the behavior of
vanilla gradient descent method for blind super-resolution.

8 Acknowledgment

The authors would like to thank the anonymous reviewers and the Associate Editor for their useful comments
which have helped to improve the quality of the present work. The authors also thank Ke Wei for helpful
discussions.

References

[1] Ali Ahmed, Benjamin Recht, and Justin Romberg. Blind deconvolution using convex programming.
IEEE Transactions on Information Theory, 60(3):1711-1732, 2013.

24



2]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Alan Barbieri, Giulio Colavolpe, Tommaso Foggi, Enrico Forestieri, and Giancarlo Prati. OFDM versus
single-carrier transmission for 100 Gbps optical communication. Journal of Lightwave Technology,
28(17):2537-2551, 2010.

Christian R Berger, Bruno Demissie, Jorg Heckenbach, Peter Willett, and Shengli Zhou. Signal process-
ing for passive radar using OFDM waveforms. IEEE Journal of Selected Topics in Signal Processing,
4(1):226-238, 2010.

Samuel Burer and Renato DC Monteiro. A nonlinear programming algorithm for solving semidefinite
programs via low-rank factorization. Mathematical Programming, 95(2):329-357, 2003.

Jian-Feng Cai, Tianming Wang, and Ke Wei. Spectral compressed sensing via projected gradient
descent. SIAM Journal on Optimization, 28(3):2625-2653, 2018.

Jian-Feng Cai, Tianming Wang, and Ke Wei. Fast and provable algorithms for spectrally sparse signal
reconstruction via low-rank Hankel matrix completion. Applied and Computational Harmonic Analysis,
46(1):94-121, 2019.

Emmanuel J Candes and Carlos Fernandez-Granda. Super-resolution from noisy data. Journal of
Fourier Analysis and Applications, 19(6):1229-1254, 2013.

Emmanuel J Candes and Carlos Fernandez-Granda. Towards a mathematical theory of super-resolution.
Communications on pure and applied Mathematics, 67(6):906-956, 2014.

Emmanuel J Candes, Xiaodong Li, and Mahdi Soltanolkotabi. Phase retrieval via wirtinger flow: Theory
and algorithms. IEEE Transactions on Information Theory, 61(4):1985-2007, 2015.

Emmanuel J Candes and Yaniv Plan. A probabilistic and RIPless theory of compressed sensing. IEEFE
Transactions on Information Theory, 57(11):7235-7254, 2011.

Emmanuel J Candes and Benjamin Recht. Exact matrix completion via convex optimization. Founda-
tions of Computational Mathematics, 9(6):717, 2009.

Jinchi Chen, Weiguo Gao, Sihan Mao, and Ke Wei. Vectorized Hankel lift: A convex approach for blind
super-resolution of point sources. arXiv preprint arXiv:2008.05092, 2020.

Yudong Chen and Yuejie Chi. Harnessing structures in big data via guaranteed low-rank matrix es-
timation: Recent theory and fast algorithms via convex and nonconvex optimization. IEEE Signal
Processing Magazine, 35(4):14-31, 2018.

Yudong Chen and Martin J Wainwright. Fast low-rank estimation by projected gradient descent:
General statistical and algorithmic guarantees. arXiv preprint arXiv:1509.03025, 2015.

Yuejie Chi. Guaranteed blind sparse spikes deconvolution via lifting and convex optimization. IEEFE
Journal of Selected Topics in Signal Processing, 10(4):782-794, 2016.

Yuejie Chi, Yue M Lu, and Yuxin Chen. Nonconvex optimization meets low-rank matrix factorization:
An overview. IEEE Transactions on Signal Processing, 67(20):5239-5269, 2019.

James Everett Evans, DF Sun, and JR Johnson. Application of advanced signal processing techniques to
angle of arrival estimation in atc navigation and surveillance systems. Technical report, Massachusetts
Inst of Tech Lexington Lincoln Lab, 1982.

JE Evans. High resolution angular spectrum estimation technique for terrain scattering analysis and
angle of arrival estimation. In 1st IEEE ASSP Workshop Spectral Estimat., McMaster Univ., Hamilton,
Ont., Canada, 1981, pages 134-139, 1981.

25



[19]

[20]

[21]

22]

[23]

28]

[29]

Michael Grant and Stephen Boyd. CVX: MATLAB software for disciplined convex programming, version
2.1. http://cvxr.com/cvx, March 2014.

Prateek Jain, Purushottam Kar, et al. Non-convex optimization for machine learning. Foundations and
Trends(®) in Machine Learning, 10(3-4):142-336, 2017.

Shuang Li, Michael B Wakin, and Gongguo Tang. Atomic norm denoising for complex exponentials
with unknown waveform modulations. IEEE Transactions on Information Theory, 66(6):3893-3913,
2019.

Xiaodong Li, Shuyang Ling, Thomas Strohmer, and Ke Wei. Rapid, robust, and reliable blind de-
convolution via nonconvex optimization. Applied and computational harmonic analysis, 47(3):893-934,
2019.

Xiliang Luo and Georgios B Giannakis. Low-complexity blind synchronization and demodulation for
(ultra-) wideband multi-user ad hoc access. IEEE Transactions on Wireless communications, 5(7):1930—
1941, 2006.

Sihan Mao and Jinchi Chen. Blind super-resolution via projected gradient descent. arXiv preprint
arXiw:2110.02478, 2021.

Gary F Margrave, Michael P Lamoureux, and David C Henley. Gabor deconvolution: Estimating
reflectivity by nonstationary deconvolution of seismic data. Geophysics, 76(3):W15-W30, 2011.

Leandro Pralon, Gabriel Beltrao, Alisson Barreto, and Bruno Cosenza. On the analysis of PM/FM noise
radar waveforms considering modulating signals with varied stochastic properties. Sensors, 21(5):1727,
2021.

Xiaobo Qu, Maxim Mayzel, Jian-Feng Cai, Zhong Chen, and Vladislav Orekhov. Accelerated NMR
spectroscopy with low-rank reconstruction. Angewandte Chemie International Edition, 54(3):852-854,
2015.

Sean Quirin, Sri Rama Prasanna Pavani, and Rafael Piestun. Optimal 3D single-molecule localization
for superresolution microscopy with aberrations and engineered point spread functions. Proceedings of
the National Academy of Sciences, 109(3):675—679, 2012.

Yoav Shechtman, Yonina C Eldar, Oren Cohen, Henry Nicholas Chapman, Jianwei Miao, and Mordechai
Segev. Phase retrieval with application to optical imaging: A contemporary overview. [FEE signal
processing magazine, 32(3):87-109, 2015.

Mohamed A Suliman and Wei Dai. Blind two-dimensional super-resolution and its performance guar-
antee. arXiv preprint arXiw:1811.02070, 2018.

Mohamed A Suliman and Wei Dai. Mathematical theory of atomic norm denoising in blind two-
dimensional super-resolution. IEEE Transactions on Signal Processing, 69:1681-1696, 2021.

Kim-Chuan Toh, Michael J Todd, and Reha H Titiincii. SDPT3—a MATLAB software package for
semidefinite programming, version 1.3. Optimization methods and software, 11(1-4):545-581, 1999.

Joel A Tropp. User-friendly tail bounds for sums of random matrices. Foundations of computational
mathematics, 12(4):389-434, 2012.

Stephen Tu, Ross Boczar, Max Simchowitz, Mahdi Soltanolkotabi, and Ben Recht. Low-rank solutions
of linear matrix equations via procrustes flow. In International Conference on Machine Learning, pages
964-973. PMLR, 2016.

26



[35]

Edwin Vargas, Kumar Vijay Mishra, Roman Jacome, Brian M Sadler, and Henry Arguello. Joint
radar-communications processing from a dual-blind deconvolution perspective. In ICASSP 2022-2022
IEEF International Conference on Acoustics, Speech and Signal Processing (ICASSP), pages 5622-5626.
IEEE, 2022.

Ke Wei, Jian-Feng Cai, Tony F Chan, and Shingyu Leung. Guarantees of Riemannian optimization for
low rank matrix recovery. SIAM Journal on Matriz Analysis and Applications, 37(3):1198-1222, 2016.

Dehui Yang, Gongguo Tang, and Michael B Wakin. Super-resolution of complex exponentials from
modulations with unknown waveforms. IEEE Transactions on Information Theory, 62(10):5809-5830,
2016.

Zai Yang, Jian Li, Petre Stoica, and Lihua Xie. Sparse methods for direction-of-arrival estimation. In
Rama Chellappa and Sergios Theodoridis, editors, Academic Press Library in Signal Processing, Volume
7, pages 509-581. Elsevier, 2018.

Zai Yang, Petre Stoica, and Jinhui Tang. Source resolvability of spatial-smoothing-based subspace
methods: A hadamard product perspective. IEEE Transactions on Signal Processing, 67(10):2543~
2553, 2019.

Shuai Zhang, Yingshuai Hao, Meng Wang, and Joe H Chow. Multichannel Hankel matrix completion
through nonconvex optimization. IEEE Journal of Selected Topics in Signal Processing, 12(4):617-632,
2018.

Le Zheng and Xiaodong Wang. Super-resolution delay-Doppler estimation for OFDM passive radar.
IEEE Transactions on Signal Processing, 65(9):2197-2210, 2017.

Qinging Zheng and John Lafferty. Convergence analysis for rectangular matrix completion using Burer—
Monteiro factorization and gradient descent. arXiv preprint arXiv:1605.07051, 2016.

Zengying Zhu, Jinchi Chen, and Weiguo Gao. Low rank vectorized Hankel lift for matrix recovery via
fast iterative hard thresholding. arXiv preprint arXiv:2109.11414, 2021.

27



	1 Introduction
	1.1 Comparisons with Related Work and Main Contributions
	1.2 Organization and Notation

	2 Problem formulation
	3 Algorithm: projected gradient descent
	4 Main result
	5 Numerical simulations
	5.1 Simulation for 1D Signals
	5.2 Simulation for 2D Signals
	5.3 Simulation for joint delay-Doppler estimation from OFDM signals

	6 Proof of Theorem 4.1
	6.1 Proof of Lemma 6.1
	6.2 Proof of Lemma 6.2
	6.3 Proof of Lemma 6.3
	6.4 Proof of Lemma 6.4
	6.4.1 Proof of (6.5)
	6.4.2 Proof of (6.6)

	6.5 Auxiliary Lemmas

	7 Conclusion
	8 Acknowledgment

