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Time-Hopping Multicarrier Code-Division
Multiple Access

Lie-Liang Yang, Senior Member, IEEE

Abstract—A time-hopping multicarrier code-division multiple-
access (TH/MC-CDMA) scheme is proposed and investigated. In
the proposed TH/MC-CDMA, each information symbol is trans-
mitted by a number of time-domain pulses with each time-domain
pulse modulating a subcarrier. The transmitted information at the
receiver is extracted from one of the, say, M possible time-slot
positions, i.e., assuming that M -ary pulse-position modulation
is employed. Specifically, in this paper, we concentrate on the
scenarios such as system design, power spectral density (PSD) and
single-user-based signal detection. The error performance of the
TH/MC-CDMA system is investigated when each subcarrier signal
experiences flat Nakagami-m fading in addition to additive white
Gaussian noise. According to our analysis and results, it can be
shown that the TH/MC-CDMA signal is capable of providing a
near ideal PSD, which is flat over the system bandwidth available,
while decreasing rapidly beyond that bandwidth. Explicitly, sig-
nals having this type of PSD are beneficial to both broadband and
ultrawide-bandwidth communications. Furthermore, our results
show that when optimum user address codes are employed, the
single-user detector considered is near–far resistant, provided that
the number of users supported by the system is lower than the
number of subcarriers used for conveying an information symbol.

Index Terms—Code-division multiple access (CDMA),
frequency–time matrix, multicarrier (MC), multiuser detection,
Nakagami fading channels, power spectral density (PSD), time-
hopping (TH), ultrawide-bandwidth (UWB) radio.

I. INTRODUCTION

T IME-HOPPING (TH) is a type of spread-spectrum (SS)
scheme, which was initially proposed in the 1960s (see

[1], [2] and the references in them) in parallel with the other
two types of SS schemes, namely direct-sequence SS (DS-SS)
and frequency-hopping SS (FH-SS). However, over about
three decades since its invention, the TH-SS scheme had re-
ceived relatively less attention than the DS-SS and FH-SS
schemes, until Scholtz proposed a TH-assisted pulse-position-
modulation (PPM) scheme for ultrawide-bandwidth (UWB)
multiple-access communications [3], [4]. In TH-UWB commu-
nications [3], data is transmitted using extremely short time-
domain pulses with duration of less than 1 ns. Multiple users
in UWB systems are usually supported with the aid of the
TH techniques. Since UWB systems usually have a bandwidth
on the order of gigahertz, a typical characteristic of UWB
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channels is frequency-selective fading, which may result in
a huge number of resolvable multipath components at the
receiver [5]. Consequently, the receiver’s complexity of the
UWB systems might be extremely high, especially when carrier
modulation is invoked, and when the receiver uses RAKE-
like coherent combining. This is because, in UWB, the RAKE
receiver requires a very high number of fingers and each finger
requires corresponding channel estimation, in order to achieve
a high multipath combining efficiency.

In this paper, a time-hopping multicarrier code-division
multiple-access (TH/MC-CDMA) scheme is proposed, where
data is transmitted using relatively high-duration time-domain
pulses with the aid of M -ary PPM (MPPM). At the receiver,
information is extracted from one of the M possible time-slot
positions. In TH/MC-CDMA, each symbol is transmitted using
a number of time-domain pulses with each time-domain pulse
modulating a subcarrier. Since each subcarrier only occupies
a fraction of the system bandwidth, the time-domain pulses,
hence, have a relatively high duration. Consequently, even the
total system bandwidth is extremely high, the subcarrier signals
may be designed so that they are not too dispersive and only
a low number of independent multipath components appear at
the receiver. In TH/MC-CDMA system, diversity gain may be
achieved by combining the independently faded multipath com-
ponents or/and by transmitting the same information symbol
using several subcarriers, which are combined at the receiver. In
TH/MC-CDMA, the transmitter does not conflict the problem
of nonlinear fluctuation resulted from the high peak-to-average
factor [6], since, in the TH/MC-CDMA transmitter, the TH pat-
terns may be designed so that only one of the subcarrier signals
is activated at any time instant. However, fast-Fourier trans-
form (FFT)-assisted-MC demodulation technique can still be
invoked for demodulating multiuser TH/MC-CDMA signals.
In fact, in TH/MC-CDMA, single-user or multiuser detection
can be carried out after a single FFT-MC demodulation device.
In addition to the aforementioned advantages, the proposed
TH/MC-CDMA may provide some other advantages, which are
summarized in Section V associated with our conclusions.

In this paper, we investigate the design and performance
issues of TH/MC-CDMA systems. Specifically, a synchronous
TH/MC-CDMA communication scheme is considered, and
the parameter design in the TH/MC-CDMA system is in-
vestigated. It can be shown that, by appropriately selecting
the system parameters, the TH/MC-CDMA signal can ap-
pear a Gaussian noiselike flat power spectral density (PSD)
over the system bandwidth available. Furthermore, the PSD’s
out-band sidelobes of TH/MC-CDMA signals decrease much
more rapidly, in comparison to a corresponding single-carrier
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Fig. 1. kth user’s transmitter schematic for the TH/MC-CDMA.

TH-CDMA signals, which has the same system bandwidth as
the TH/MC-CDMA signals. In this paper, a single-user detector
is investigated, which is designed based on the frequency–time-
matrix principles. The bit-error-rate (BER) performance of the
TH/MC-CDMA system is evaluated, when the subcarrier chan-
nels are modeled as flat Nakagami-m fading in the presence of
additive white Gaussian noise (AWGN).

The remainder of this paper is organized as follows. In the
next section, the TH/MC-CDMA scheme is described and the
parameters of this scheme are investigated. Furthermore, in this
section, the PSD expression of the TH/MC-CDMA signal is
considered. In Section III, we analyze a range of probabilities,
including the probabilities of flag, null, and false alarm. In
Section IV, the BER performance of the proposed TH/MC-
CDMA system is investigated using simulations. Finally, we
provide our conclusions in Section V and indicate our further
research topics.

II. TH/MC-CDMA SCHEME

A. TH/MC-CDMA Signal

The transmitter schematic of the kth user is shown in Fig. 1
for the TH/MC-CDMA system. At the transmitter side, the
input binary data having a period Tb and a rate Rb is serial-
to-parallel converted to U parallel streams. During a frame
interval of Tf seconds, each stream transmits b = log2 M bits
referred to as a symbol. Hence, each frame transmits U sym-
bols in parallel and both the symbol duration and the frame
duration are Ts = Tf = UbTb seconds. Let the total number
of subcarriers invoked in the TH/MC-CDMA system be UL;
hence, each stream is transmitted on L subcarriers. Let the
TH address code of user k, 1 ≤ k ≤ K, be expressed as ak =
[a(k)

0 , a
(k)
1 , . . . , a

(k)
L−1], where a(k)

l ∈ GF(M), l = 0, 1, . . . , L−
1, and GF(M) denotes a Galois field obeying M = 2b. Fur-
thermore, let xk ∈ GF(M) be a b-bit symbol of one of the U

streams, say u, which will be transmitted by the L subcarriers
corresponding to the uth stream. Then, xk is signatured by the
kth user’s TH address code as

Yk = [yk(0), yk(1), . . . , yk(L− 1)] = xk · 1 ⊕ ak (1)

where 1 represents a unit vector of length L, yk(l), 0 ≤ l ≤
L− 1 are elements of GF(M), and ⊕ denotes the addition
operation in GF(M). As shown in Fig. 1, for each subcarrier
branch, there are M = 2b time slots within a frame duration
of Tf seconds. After the signature operation of (1), one of
the M time slots corresponding to each subcarrier branch is
then activated by one of the elements of Yk. Specifically, for
the uth stream transmitted by L subcarriers, the yk(l)th time
slot of the lth subcarrier will be activated for transmission,
while the other (L− 1) time slots of the lth subcarrier cease
transmission. After the above described TH operation, the
lth subcarrier branch modulates a subcarrier frequency fl for
l = 0, 1, . . . , L− 1 within the active time slot. Finally, as
shown in Fig. 1, the UL subcarrier-modulated signals are added
in order to form the transmitted signal. Specifically, for the uth
stream, the transmitted signal can be expressed as

sk(t) =

√
2PM

L

L−1∑
l=0

ψTh
(t− yk(l)Th)

× cos
(

2π(fc + fl)t + φ
(k)
l

)
(2)

where PM represents the transmitted power, the factor M is
due to the fact that only one out of M time slots is activated,
fc represents the carrier frequency, ψTh

(t) represents a pulse
waveform defined within [0, Th) and it is normalized so that∫ Th

0 ψ2
Th

(t)dt = Th, Th is the duration of a time slot, and
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Fig. 2. Pictorial representation of transmitted signals for a three-user TH/MC-
CDMA system using M = 8 time slots per symbol and L = 4 subcarriers. The
TH address codes are [1, 2, 4, 3] for user 1, [4, 3, 6, 7] for user 2, and [7, 5, 1, 2]
for user 3, while the 3-bit symbols transmitted are x1 = 3 for user 1, x2 = 5
for user 2, and x3 = 7 for user 3.

finally, φ
(k)
l is the phase introduced by the TH. Note that

(2) considers only one of the U parallel streams. The other
parallel streams can be considered in a similar way and have the
same transmitted signal form as (2), except that the transmitted
b-bit symbols and the subcarrier frequencies need to be changed
correspondingly. However, for synchronous TH/MC-CDMA
systems considered in this paper, the performance analysis
can be carried out when considering only one of the parallel
streams. Hence, unless otherwise mentioned, only one of the
parallel streams is considered for the sake of simplicity in our
forthcoming analysis.

B. Modulation Parameters

Let us assume a total Ws hertz of bandwidth that the TH/MC-
CDMA system can exploit. Let us also assume that the in-
put binary-data rate is Rb = 1/Tb. Below, we investigate the
constraints associated with the parameters M , L, and Wth of
the TH bandwidth, which is defined as the null-to-null band-
width per-subcarrier signal. The pictorial representation of the
transmitted signal in a three-user TH/MC-CDMA system using
M = 8 time slots per frame and L = 4 subcarriers is shown in
Fig. 2, where we assumed that xk in (1) are x1 = 3, x2 = 5, and
x3 = 7, and the TH address codes are, respectively, [1, 2, 4, 3]
for user 1, [4, 3, 6, 7] for user 2, and [7, 5, 1, 2] for user 3.

First, when the TH duration is assumed to be Th seconds,
then the frequency spacing between two adjacent TH tones
should not be less than Rh = 1/Th Hz, which is the constraint
assumed in this paper. Consequently, for a TH/MC-CDMA
system using UL subcarriers, we have the relationship among
the parameters Ws, U , and L expressed as

Ws ≈ ULRh =
UL

Th
. (3)

Second, we have known that the frame duration is Tf =
UbTb. Hence, the number of TH slots M obeys

M = 2b =
Tf

Th
=

UbTb

Th
. (4)

Upon solving Th from (3) and substituting it into (4), we obtain

M

b
=

TbWs

L
=

Ws

RbL
. (5)

As an example, let us assume that Ws = 4.096 MHz, Rb =
32 K bit/s, and L = 4. Then, using (5), we have 2b/b = 32,
which can be satisfied when we select the number of bits
per symbol to be b = 8, implying that M = 2b = 256. Fur-
thermore, if the number of parallel streams or the number of
symbols per frame is assumed to be U = 16, then the TH rate
can be derived from (3), which is Rh = 64 K hops/s.

C. Power Spectral Density

The PSD of the TH/MC-CDMA signals can be derived using
an approach similar to those in [7] and [8]. Specifically, for real
pulse-shape waveform of ψTh

(t), the PSD can be expressed as

ST (f)=
PM

2LTf

{
U∑

u=1

L−1∑
m=0

Ψ2(f−fum)+
U∑

u=1

L−1∑
m=0

Ψ2(f+fum)

}

(6)

where Ψ(f) represents the Fourier transform of the time-
domain pulse ψTh

(t), i.e., we have Ψ(f) = F{ψTh
(t)}. Ex-

plicitly, (6) shows that the PSD of the TH/MC-CDMA signal
is simply the sum of the basic pulse’s PSD Ψ2(f) translated
to all subcarrier frequencies and weighted by a constant of
PM/2LTf .

As an example, let us consider the Th-width pulse ψTh
(t) =√

2 cos(πt/Th)
∏

(t/Th) [9], where
∏

(t/Th) represents a rect-
angular waveform defined in [0, Th). The Fourier transform of
ψTh

(t) can be expressed as [9]

Ψ(f) =
2
√

2Th

π
× cos(πThf)

1 − 4T 2
hf

2
. (7)

Upon substituting (7) into (6) and considering Tf = MTh, the
corresponding PSD can be expressed as

ST (f) =
4PTh

Lπ2

{
U∑

u=1

L−1∑
m=0

cos2[πTh(f − fum)]

[1 − 4T 2
h (f − fum)2]2

+
U∑

u=1

L−1∑
m=0

cos2[πTh(f + fum)]

[1 − 4T 2
h (f + fum)2]2

}
. (8)

The PSD of (8) for TH/MC-CDMA signals is shown in
Fig. 3, when UL = 20 subcarriers are employed. As shown in
Fig. 3, the total system null-to-null bandwidth is about Ws =
1.1 GHz and the centered frequency is fc = 3.025 GHz. Note
that Fig. 3 only shows the PSD corresponding to the positive-
frequency band, which were computed from the first summation
of (8). According to (8), it is easy to know that the PSD
corresponding to the negative-frequency band has the same
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Fig. 3. PSD centered at 3.025 GHz for both MC and single-carrier-based TH
signals occupying a bandwidth of about 1.1 GHz, when 20 subcarriers of each
having a bandwidth of 100 MHz were assumed in TH/MC-CDMA scheme.

shape as that of the positive-frequency band but is centered
at the frequency fc = −3.025 GHz. In Fig. 3, we also show
the PSD of the single-carrier-based TH-CDMA signals, which
occupies an equivalent bandwidth of 1.1 GHz. As shown in
Fig. 3, TH/MC-CDMA signals have a flat Gaussian noiselike
PSD over the available frequency band and the transmitted
power is near-ideally distributed over the whole system band-
width. This PSD characteristic is very important to broadband
or UWB communications, since with the Gaussian noiselike
PSD, the resource of bandwidth can be exploited with the
highest efficiency. Furthermore, as shown in Fig. 3, the PSD’s
sidelobes of the TH/MC-CDMA signals decrease much more
rapidly than that of the corresponding single-carrier TH-CDMA
signals.

D. Receiver Model

We assume a free-space propagation channel with
Nakagami-m fading and AWGN. Consequently, when K
TH/MC-CDMA signals obeying the form of (2) are transmitted
synchronously over this type of channels, the received complex
low-pass equivalent signal can be expressed as

R(t) =
K∑

k=1

√
2PM

L

L−1∑
l=0

α
(k)
l ψTh

(t− yk(l)Th)

× exp
(
j
[
2πflt + ϕ

(k)
l

])
+ N(t) (9)

where N(t) represents the complex low-pass equivalent
AWGN with zero-mean and single-sided PSD of 2N0, while
α

(k)
l represents an independent identically distributed (i.i.d.)

Nakagami-m random variable with a probability density func-
tion (PDF) given by [10] and [11]

p
α

(k)
l

(R) =
2mmR2m−1

Γ(m)Ωm
e(−m/Ω)R2

(10)

where Γ(·) is the gamma function [12], m is the Nakagami-m
fading parameter, and Ω = E[(α(k)

l )2]. Furthermore, in (9)
ϕ

(k)
l , which takes into account of the phases due to both TH

and channel fading, is assumed to be an i.i.d. random variable
having a uniform distribution in [0, 2π).

Due to the TH characteristic, we assume that the receiver
is unable to estimate the fading amplitudes {α(k)

l } and the
phases {ϕ(k)

l }, in addition to achieving synchronization with
the received signal. The receiver schematic of the TH/MC-
CDMA system considered is shown in Fig. 4, which essentially
represents an energy-assisted detector. The receiver constitutes
a symbol-by-symbol or frame-by-frame detector. Specifically,
the received signal is first MC demodulated with respect to
each of the L subcarriers used for the transmission of the
M = 2b-ary symbol xk. Then, the output signal for each sub-
carrier branch is input to a matched filter, which matches to
the time-domain pulse ψTh

(t) transmitted within a time slot.
As shown in Fig. 4, the matched filter’s output is sampled and,
then, squared associated with each of the M time slots in a
frame, in order to generate a decision variable for detecting the
corresponding energy level. Since there are L subcarriers and
each subcarrier conveys M time slots, we are provided with a
total of ML outputs during a frame duration of Tf = UbTb s.
As shown in Fig. 4, the time slots of L subcarriers in the context
of each frame are analyzed in order to determine, which time
slots and, hence, which b-bit symbol xk was transmitted by
invoking the detection scheme described below.

In TH/MC-CDMA systems, as described previously in the
context of the transmitter of Fig. 1, a user address is employed
as a unique signature sequence, in order to signal the time slots
conveying a b-bit symbol of the user considered, as shown in
(1). Following energy detection in terms of each time slot of
the L subcarriers, the sequence Yk of (1) can be recovered by
the receiver, provided that the channel is sufficiently good. By
performing the subtraction operation of the unique user address
ak of the kth user from Yk on a subcarrier-by-subcarrier basis,
we arrive at

xk · 1 = Yk � ak (11)

which allows us to recover the transmitted symbol xk of user k.
In (11), � represents the subtraction operation in GF(M) [13].

The detection operation of the TH/MC-CDMA system can
be understood by means of frequency–time matrices1 having
M rows and L columns, where the M rows correspond to
the M distinct time slots of a frame, while the L columns
represent the L subcarriers. We refer to the elements of
the frequency–time matrices as frequency–time elements. The
frequency–time matrix has the same feature as those shown in
Fig. 2, where we assumed that a range of the frequency–time
elements were activated by the transmitters of users 1, 2, and 3.
In order to make use of the frequency–time matrices for fa-
cilitating the detection at the receiver, the first step is to form
a received frequency–time matrix R based on the decision
variables. Specifically, let us assume that h is a decision thresh-
old. Then, whenever the energy-related decision variable, say
Rlm in Fig. 4, exceeds the threshold h, the corresponding
frequency–time element at row m column l is flagged by a

1The frequency–time matrix described here is inspired by the concept
of time–frequency matrix [14], which has been applied for describing the
detection of fast-frequency-hopping (FFH) signals.
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Fig. 4. Receiver block diagram of the TH/MC-CDMA scheme.

logical 1 (such as the markers in Fig. 2); otherwise, it is flagged
by a logical 0 (null).

The received frequency–time matrix R considered in this
paper has the same characteristics as that in [13]–[17]. Hence,
various single-user- or multiuser-based detection schemes
investigated in the aforementioned references can also be
employed in a similar way in this paper for detecting the
TH/MC-CDMA signals. In this paper, we consider only the
single-user detector, when the transmitted TH/MC-CDMA
signals experience Nakagami-m fading. Furthermore, in this
paper, we assume that optimum user addresses proposed by
Einarsson in [13] are employed. Note that the analyses in
[13]–[17] have been carried out by assuming noiseless channels
having an infinity SNR and/or random user-signature addresses.
The investigation concerning fading channels having limited
SNR value as well as using optimum user-signature addresses
is not available in the literature. Let us first give an example to
show the detection principles.

Let the transmitted frequency–time matrix associated with
three users be represented by Fig. 2. Provided that no chan-
nel impairments are imposed, all elements of the received
frequency–time matrix, say R, are received correctly, i.e., the
received frequency–time matrix R is the same as the trans-
mitted frequency–time matrix S of Fig. 2. Since the unique
TH address assigned to user 1 is a1 = [1, 2, 4, 3], the resul-
tant frequency–time matrix D1 obtained by subtraction of the
unique user address code a1 from R on a column-by-column
basis according to (11) is shown in Fig. 5. Let us employ a
simple majority-logic-decision (MLD)-based decoder, which
opts for deciding the particular 8-ary symbol corresponding to
the specific row having the highest number of nonzero entries,
for the sake of providing an estimate to the transmitted symbol
x1 of user 1. Hence, based on the frequency–time matrix D1

of Fig. 5, we infer that the transmitted symbol x1 = 3 has
been correctly decoded with the aid of unambiguous MLD.
Furthermore, it can be shown that the transmitted symbols
x2 = 5 by user 2 and x3 = 7 by user 3 can also be detected
correctly by using the same approach described above.

Fig. 5. Frequency–time matrix description for the detection of the 8-ary
symbol x1 = 3 transmitted by user 1 using the transmitted frequency–time
matrix of Fig. 2. Explicitly, by processing the frequency–time matrix of Fig. 2
using the first user’s address a1 = [1, 2, 4, 3] according to (11) on a column-
by-column basis, we obtain a unique complete row, which yields a unanimous
symbol decision of x1 = 3.

III. STATISTICAL ANALYSIS

In this section, we analyze some statistics of the TH/MC-
CDMA system, which include the PDFs of the decision vari-
ables and the probabilities of flag, null, and false alarm.

A. Decision Variable Statistics

The output variable of Fig. 4 matched to the subcarrier fl,
and the nth time slot can be expressed as

Rln =

∣∣∣∣∣∣∣
(n+1)Th∫
nTh

R(t)ψ∗
Th

(t) exp(−j2πflt)dt

∣∣∣∣∣∣∣
2

(12)
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for n = 0, 1, . . . ,M − 1; l = 0, 1, . . . , L− 1. Bearing in mind
that orthogonal subcarriers are employed, then, upon substi-
tuting the received signal of (9) into the above equation, the
decision variable can be expressed as

Rln =

∣∣∣∣∣
K∑

k=1

√
2EsTh

L
α

(k)
l exp(jϕ(k)

l )δ [yk(l), n] + Noise

∣∣∣∣∣
2

n = 0, 1, . . . ,M − 1; l = 0, 1, . . . , L− 1 (13)

where Es = PTs = PMTh represents the transmitted energy
per M -ary symbol, and the function δ[x, y] is defined by
δ[x, y] = 0 for x �= y and δ[x, x] = 1. Furthermore, in (13),
Noise contributed by N(t) in (9) is a complex AWGN, both
the real and imaginary parts have zero-mean and a common
variance of N0Th.

For a given set of {α(k)
l } and for a given set of {ϕ(k)

l }, both
the real part and the imaginary part of the random variable
between the absolute-value sign of (13) are Gaussian random
variables having a common variance of N0Th. Hence, the
decision variable Rln represents a noncentral chi-square dis-
tribution [18] and the conditional PDF can be expressed as

pRln
(z) =

1
2N0Th

exp
(
−(s2 + z)

2N0Th

)
I0

(√
z

s

N0Th

)
(14)

where, by definition

s2 =

(
Q∑

q=1

√
2EsTh

L
α

(q)
l cosϕ(q)

l

)2

+

(
Q∑

q=1

√
2EsTh

L
α

(q)
l sinϕ

(q)
l

)2

(15)

=
2EsTh

L



(

Q∑
q=1

α
(q)
l cosϕ(q)

l

)2

+

(
Q∑

q=1

α
(q)
l sinϕ

(q)
l

)2



(16)

where we assumed that there were Q,Q = 0, 1, 2, . . . ,K users,
who share at the same time the nth time slot of the lth
subcarrier. Upon substituting (16) into (14) and letting R =
Rln/N0Th, the PDF of R can be expressed as

pR(y|γ) =
1
2

exp
(
−1

2
[γ + y]

)
I0(

√
γy), y ≥ 0 (17)

where the SNR of γ is a function of the random variables {α(q)
l }

and {ϕ(q)
l }, which is given by

γ = γc



(

Q∑
q=1

α
(q)
l cosϕ(q)

l

)2

+

(
Q∑

q=1

α
(q)
l sinϕ

(q)
l

)2


(18)

associated with γc = 2Es/LN0. Furthermore, in (17), I0(x)
is the zeroth-order modified-Bessel function of the first kind
defined in [12].

B. Probabilities of Flag, False Alarm, and Null

The probabilities of flag, false alarm, and null are necessary
for analyzing those systems applying threshold tests, such as the
TH/MC-CDMA of this paper and the FFH schemes [13]–[16].
Let h > 0 be a threshold set for making a decision, whether the
current frequency–time element (time slot of a given subcarrier)
is flagged. The probability of flag PG is defined as the proba-
bility of the event that the decision variable corresponding to a
frequency–time element exceeds the threshold h, which can be
expressed as

PG(γ) =

∞∫
h

pR(y|γ)dy. (19)

Assuming that there are Q ≥ 1 users sharing a given
frequency–time element, then, the corresponding average flag-
ging probability for a given value of Q ≥ 1 is given by

PG(Q) =

∞∫
0

PG(γ)f(γ)dγ =

∞∫
0

∞∫
h

pR(y|γ)f(γ)dydγ

=

∞∫
h

dy

∞∫
0

pR(y|γ)f(γ)dγ =

∞∫
h

pR(y)dy (20)

where f(γ) represents the PDF of the SNR γ, which is ex-
pressed in (18), while

pR(y) =

∞∫
0

pR(y|γ)f(γ)dγ (21)

represents the unconditional PDF of the variable R. As shown
in (18), γ is a function of {α(q)

l } and {ϕ(q)
l }. Due to the

inclusion of the sinusoid waveforms, it can be found that,
except for some special cases, it is not straightforward to derive
the exact analytical PDF f(γ), when Q > 1. Hence, it is not
straightforward to derive the exact PDF of pR(y) in (21) as well
as the flag probability PG(Q) in (20) for the case of Q > 1.
Below, we first consider the flag probabilities for some special
cases. Then, the computation of the flag probability for the
general case is investigated.

1) Case 1 (Q = 1): For the case of Q = 1, according to
(18), we have

γ = γcα
2
l . (22)

Since αl is a random variable obeying the Nakagami-m distri-
bution of (10), it can be shown that the SNR γ of (22) obeys the
distribution having the PDF given by [19]

f(γ) =
1

Γ(m)

(
m

γ̄c

)m

γm−1e−(m/γ̄c)γ , γ > 0 (23)

where γ̄c = Ωγc. Substituting the above equation into (21), the
unconditional PDF of R can be obtained from (15) of [20] by
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correspondingly setting U = 1, η = 0, which yields

pR(y) =
1
2

(
2m

2m + γ̄c

)m

exp
(
− my

2m + γ̄c

)

× 1F1

(
1 −m, 1,− γ̄cy

4m + 2γ̄c

)
(24)

where 1F1( ) is the confluent hypergeometric function, which
is defined as 1F1(a, b, x) =

∑∞
k=0((a)kx

k)/((b)kk!), b �= 0,
−1,−2, . . ., and (a)k = a(a + 1)(a + 2) · · · (a + k − 1),
(a)0 = 1 [12, pp. 504]. Finally, upon substituting (24)
into (20), we can obtain the flag probability, which can be
expressed as

PG(Q = 1) =
(

2m
2m + γc

)m−1

exp
(
− mh

2m + γc

)

×
∞∑

n=0

n∑
k=0

(
− γc

2m

)n

×
(

m

2m + γc

)k (1 −m)nh
k

n!k!
. (25)

2) Case 2 (m = 1): We have known that the fading am-
plitudes {α(q)

l } in (18) obey the Rayleigh distribution, when

m = 1. Hence, each term of α
(q)
l cosϕ(q)

l or α
(q)
l sinϕ

(q)
l in

(18) obeys the independent Gaussian distribution associated
with mean of zero and a variance of E[(α(q)

l )2]/2 = Ω/2.

Consequently, both
∑Q

q=1 α
(q)
l cosϕ(q)

l and
∑Q

q=1 α
(q)
l sinϕ

(q)
l

obey the Gaussian distributions with zero-mean and a common
variance of QΩ/2. Hence, it is easy to show that the SNR
γ of (18) obeys the exponential distribution with the PDF
expressed as

f(γ) =
1

Qγ̄c
e−γ/Qγ̄c , γ > 0 (26)

where, again, γ̄c = Ωγc. Substituting (17) and (26) into (21),
it can be shown that, for this case, the unconditional PDF of R
can be expressed as

pR(y) =
1

2 + Qγ̄c
exp

(
− y

2 + Qγ̄c

)
. (27)

Finally, upon substituting (27) into (20), the flag probability for
the case of m = 1 can be expressed as

PG(Q|m = 1) = exp
(
− h

2 + Qγ̄c

)
. (28)

3) Case 3 (General): For the general case of an arbitrary
Q users sharing the same frequency–time element and com-
municating over Nakagami-m fading channels, first, we notice
that both

∑Q
q=1 α

(q)
l cosϕ(q)

l and
∑Q

q=1 α
(q)
l sinϕ

(q)
l consist

of the sum of i.i.d. variables in the form of α
(q)
l cosϕ(q)

l

or α
(q)
l sinϕ

(q)
l . Therefore, when the value Q is sufficiently

high, both
∑Q

q=1 α
(q)
l cosϕ(q)

l and
∑Q

q=1 α
(q)
l sinϕ

(q)
l can be

approximated by Gaussian variables having zero-mean and a
common variance of QΩ/2. Consequently, when Q � 1 and
when m is close to one, the general case can be approximately
viewed as the case of m = 1, and the flag probability can be
approximated by (28).

However, when the value of Q is low, such as Q = 2, 3, . . .,
and the value of m � 1, the practical flag probability may be
significantly different from that computed using the Gaussian
approximation. Below, the approach developed by Goldman
[21] is employed for deriving the flag probability of the general
case. We start from the decision variable of (13). Assuming
Q ≥ 1 users sharing the frequency–time element (n, l), then,
after the normalization of (13) using N0Th, the corresponding
decision variable R = Rln/N0Th can be expressed as

R =

∣∣∣∣∣
Q∑

q=1

√
γcα

(q)
l exp(jϕ(q)

l ) + noise

∣∣∣∣∣
2

(29)

where γc = 2Es/LN0, while noise = Noise/
√
N0Th repre-

sents a complex AWGN, both its real and image parts have
zero-mean and unity variance.

Let αq =
√
γcα

(q)
l and ϕq = ϕ

(q)
l . Since α

(q)
l obeys the

Nakagami-m distribution having the PDF of (10), it can be
shown that αq obeys the PDF

pαq
(R) =

2
Γ(m)

(
m

γ̄c

)m

R2m−1e(−m/γ̄c)R
2
, R ≥ 0

(30)

where γ̄c = Ωγc. Furthermore, the nth moment of αq is given
by [18]

E [(αq)n] =
Γ(m + n/2)

Γ(m)

( γ̄c

m

)n/2

. (31)

In [21], Goldman has investigated the statistical properties of
an n-dimensional Gaussian random vector N plus S (the sum of
M vectors), say X1,X2, . . . ,XM , which have random ampli-
tudes, and independent arbitrary orientations in n-dimensional
space. In this paper, the problem we are attempting to solve is
that of computing the PDF of R, where R is expressed in (29)
and the probability PG(Q) = Pr(R > h). According to (29),
our problem can be formed as

S =
Q∑

q=1

Xq =

(
Q∑

q=1

αq cosϕq,

Q∑
q=1

αq sinϕq

)
(32)

N =
(
nR

oise, n
I
oise

)
(33)

R = |S + N|2 (34)
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where nR
oise and nI

oise represent the real and image parts of
noise, respectively. Upon extending the (25) and (27) in [21] and
remembering that, for our case, the corresponding parameters
are n = 2, M = Q, and σ2 = 1, we obtain

pR(y) =
1
2

exp
(
−y

2

) ∞∑
i=0

(−1)i
L

(0)
i (y/2)µ(2i)

Q

2ii!
, y ≥ 0

(35)

PG(Q) = Pr(R > h)

= Pr(
√
R >

√
h) = exp

(
−h

2

)

×
[

1 − h

2

∞∑
i=1

(−1)i
L

(1)
i−1(h/2)µ(2i)

Q

2iii!

]
(36)

where L
(α)
n (x) represents the Laguerre polynomials, which is

defined as [12]

L(α)
n (x) =

n∑
m=0

(−1)m

(
n + α

n−m

)
xm

m!
. (37)

In (35) and (36), µ(2i)
Q ≡ E[|S|2i] can be determined by the

recurrence relations [21]

µ
(2i)
j =

i∑
k=0

(
i

k

)2

µ
(2k)
j−1 v

(2i−2k)
j (38)

for j = 2, 3, . . . , Q. For the Nakagami-m distributed variables
{αq}, we have the following initial values for the above recur-
rence equation:

µ
(2k)
1 =E[|X1|2] = E[|(α1 cosϕ1, α1 sinϕ1)|2k]

=E[α2k
1 ] =

Γ(m + k)
Γ(m)

( γ̄c

m

)k

(39)

v(2k)
q =E[|Xq|2] = E[|(αq cosϕq, αq sinϕq)|2k]

=E[α2k
q ] =

Γ(m + k)
Γ(m)

( γ̄c

m

)k

, q = 2, 3, . . . , Q.

(40)

Furthermore, the Laguerre polynomials L(α)
i (x) in (35) and

(36) can be expressed in terms of the Confluent Hypergeometric
function 1F1(·, ·, ·) using the relation [12, pp. 780]

Lα
i (x) =

(
i + α

i

)
1F1(−i, α + 1, x). (41)

Fig. 6. PDF of the normalized decision variable R for the general case of
(35) or (42) associated with the fading parameter of m = 7 and the m = 1
case of (27), where the m = 1 case represents the Gaussian approximation of
the general case.

Hence, (35) and (36) can also be expressed as

pR(y)=
1
2

exp
(
−y

2

)∞∑
i=0

(−1)i 1F1(−i, 1, y/2)µ(2i)
Q

2ii!
, y≥0

(42)

PG(Q)= exp
(
−h

2

)

×
[

1 − h

2

∞∑
i=1

(−1)i
(i + 1)1F1(−i, 2, h/2)µ(2i)

Q

2iii!

]
.

(43)

The PDF of (35) or (42) associated with the Nakagami-m
fading parameter m = 7 and the PDF of (27) corresponding
to the case of Rayleigh fading are drawn in Fig. 6, when
the number of users sharing the same frequency–time cell is
Q = 1, 2, and 3. Note again that (27) represents the Gaussian
approximation of the general case when m > 1. From Fig. 6,
we observe that the PDF curve of m = 7 becomes closer to
the PDF curve of m = 1, when the value of Q increases. This
observation implies that when the value of Q is sufficiently
high, Gaussian approximation of the random variable (S + N)
in (34) may be invoked for deriving the flag probability. We
note, furthermore, without verification that the Gaussian ap-
proximation becomes more accurate if m is closer to one.

Above, we have discussed the computation of the flag
probability when Q ≥ 1 users activate a given frequency–time
element. When a frequency–time element is not activated by
any users, i.e., when Q = 0, the corresponding flag probability
in fact represents the false-alarm probability, which can be
expressed as

PG(0) = PF =

∞∫
h

pRln
(y|γ = 0)dy (44)
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where pRln
(y|γ = 0) is given by (17) conditioned on γ = 0,

which can be expressed as pRln
(y|γ = 0) = 0.5e−y/2, y ≥ 0.

Hence, it is readily shown that

PG(0) = PF = exp
(
−h

2

)
. (45)

Finally, the null probability of a frequency–time element,
which is defined as the probability of the event that a
frequency–time element is not flagged, can be expressed as

P̄G(Q) = 1 − PG(Q) (46)

where PG(Q) is given in (25), (28), (36), or (43), respectively,
for Q �= 0, while it is given in (45) for Q = 0.

C. Error Probability

The difficulty of analyzing the error probability for the
TH/MC-CDMA system is that the number of users sharing
a given frequency–time element is a random variable, which
ranges from zero to K when assuming that K users are sup-
ported. It can be shown that even the values of M , L, and K are
moderate, the number of combinations required for the error-
probability analysis might be extreme. Therefore, in this paper,
the results in Section IV were mainly obtained by simulations.
However, when the optimum user addresses [13] are employed,
we can have some observations, which are analyzed as follows.

When the optimum user-address-assignment scheme is em-
ployed, the kth user’s unique TH address can be expressed
as [13]

ak = (λk, λkβ, λkβ
2, . . . , λkβ

L−1) (47)

where λk is an element of GF(M) assigned to user k, and
β is a fixed primitive element of GF(M). Assuming that the
number of time slots M per subcarrier is higher than the number
of subcarriers L of conveying the same M -ary symbol. When
optimum user addresses are employed, the TH/MC-CDMA
scheme has the following properties [13]. 1) The maximum
number of user address codes available is equal to M and 2) two
transmitted signals with different address codes will coincide at
most once in a frame duration. Furthermore, based on the afore-
mentioned properties resulted from using the optimum user
address codes, we can readily prove the following observation.

Observation 1: Let us assume that the detection scheme
described in Section II-D is employed for detecting the TH/MC-
CDMA signals. When without background noise, i.e., when
the SNR per symbol Es/N0 → ∞, the transmitted symbol
can always be correctly detected, provided that the number of
users supported by the TH/MC-CDMA system does not exceed
the number of subcarriers conveying an M -ary symbol, i.e.,
provided that K ≤ L. The above observation is based on the
fact that there are no other completely flagged rows in the
receiver frequency–time matrix, in addition to the complete row
having L entries flagged by the reference user. This is because,
when using optimum user addresses, the maximum number of
entries of an interfering row cannot exceed (K − 1) ≤ (L− 1).

Fig. 7. Bit-error probability versus the SNR per bit Eb/N0 and versus the
threshold h performance for the TH/MC-CDMA systems supporting K = 1
user, when communicating over Nakagami-m fading channels having the
fading parameter m = 1.2. The Galois field GF(M = 8 = 23) corresponding
to 3-bit symbols was used and that each 3-bit symbol was transmitted by L = 4
subcarriers.

When noise exists in a TH/MC-CDMA system, we can be
implied that the detection might be in error, even when the
number of users supported by the TH/MC-CDMA is lower than
the number of subcarriers conveying an M -ary symbol, i.e.,
when K ≤ L. This is because the noise might generate false
alarm or result in null. However, as shown in our results in
Section IV, when there exists noise, the above observation can
be stated: When noise exists, the TH/MC-CDMA signals are
near–far resistance, provided that K ≤ L. Let us now show the
performance examples in the next section.

IV. EXAMPLES OF PERFORMANCE RESULTS

In this section, the performance of the TH/MC-CDMA
systems using optimum user address codes is evaluated and
compared for a range of parameters. Specifically, in our in-
vestigation, the optimum user address codes were generated
according to (47) associated with using the Galois fields of
GF(M = 8), GF(M = 32) and GF(M = 64). The correspond-
ing primitive polynomials used for generating the user address
codes were p(x) = x3 + x + 1 for GF (8), p(x) = x5 + x2 + 1
for GF (32), and p(x) = x6 + x + 1 for GF (64), respectively.

Fig. 7 shows the BER performance of the TH/MC-CDMA
system versus the SNR per bit Eb/N0 and versus the
threshold h when communicating over the Nakagami-m fading
channel having the fading parameter of m = 1.2. The TH/MC-
CDMA system was assumed to support only a single user. It
was also assumed that the Galois Field GF(8 = 23) correspond-
ing to 3-bit symbols was used and that each 3-bit symbol was
transmitted by L = 4 subcarriers. It is clear from Fig. 7 that an
inappropriate choice of the detection threshold h may lead to
significant increase of the BER. For any given threshold h, the
BER decreases, as the SNR per bit increases. By contrast, for
any given SNR per-bit value, there exists an optimal choice of
the threshold h, which minimizes the BER. Furthermore, from
Fig. 7, we observe that the optimum threshold value slightly
increases as the SNR per-bit value increases. This property may



740 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 56, NO. 2, MARCH 2007

Fig. 8. BER versus SNR per-bit performance for the TH/MC-CDMA system
using parameters of M = 32, L = 4 when communicating over Nakagami-m
fading channels having the fading parameter m = 1.5.

Fig. 9. BER versus SNR per-bit performance for the TH/MC-CDMA system
using parameters of M = 64, L = 4 when communicating over Nakagami-m
fading channels having the fading parameter m = 1.5.

be used for predicting the optimum thresholds at different SNR
values. Hence, in our further investigations, we assumed that
the optimum threshold was employed, whenever the detection
threshold h was invoked.

Figs. 8 and 9 show the bit-error probability of the TH/MC-
CDMA systems, when communicating over the Nakagami-m
fading channels associated with the fading parameter m = 1.5.
In our simulations of these figures, we assumed that each
symbol was transmitted by L = 4 subcarriers that the number
of users supported were K = 1, 2, 3, 4, 5, 6, and 7, and that the
number of time slots per frame was M = 32 for Fig. 8 and
64 for Fig. 9, respectively. From the results of Figs. 8 and 9,
we observe that, for a given SNR per-bit value, the BER
increases when the TH/MC-CDMA system supports more users
or when the multiuser interference increases. It can also be
seen that an interfering user imposes higher interference on the
TH/MC-CDMA system having low M value than on the system

Fig. 10. BER versus SNR per-bit performance for the TH/MC-CDMA system
using parameters of M = 32, K = 1 when communicating over Nakagami-m
fading channels with various fading parameters of m = 1, 1.5, and 3 and when
each 5-bit symbol was transmitted by L = 2, 4, and 6 subcarriers, respectively.

having high M value. The study in [13] and [17] has shown
that when the number of users supported is not higher than the
value of L, and when there is no background noise, the desired
signal can always be decoded correctly, i.e., the desired signal
can be decoded with BER of zero. When background noise
exists, which is the case for both Figs. 8 and 9, we observe that
if K ≤ L = 4 users is supported the BER decreases without
error floor as the SNR per-bit value increases. By contrast,
when the number of users supported is higher than L = 4, we
can clearly observe the error floors in these figures. Hence, for
synchronous TH/MC-CDMA systems using optimum address
codes, the considered single-user-based detector is near–far
resistance, provided that the number of users supported by the
system does not exceed the number of subcarriers conveying
an M -ary symbol. Note that the error floors due to multiuser
interference can be removed with the aid of multiuser detections
[15]–[17], which constitutes our future research issues of the
TH/MC-CDMA systems.

In Fig. 10, we show the influence of the fading parameter
m and the number of subcarriers L on the bit-error probability.
Note again that the case of m = 1 corresponds to the Rayleigh
fading channel while that the cases of m = 1.5, 3 represent the
channels, such as Rician fading channels [10], that are less
faded than the Rayleigh fading channels. From the results, we
observe that for the TH/MC-CDMA scheme, assuming a given
SNR per-bit value, the BER decreases when m or L increases.
Furthermore, as shown in Fig. 10, the SNR gain corresponding
to a low m value, such as m = 1, is more significant than
that corresponding to a high m value, such as m = 3, when
increasing the number of subcarriers L. For example, at the
BER of 10−3, for m = 1, the SNR gain is about 9.5 dB when
we use L = 4 subcarriers instead of L = 2 subcarriers. By
contrast, for the case of m = 3, the SNR gain is only about 3 dB
when increasing the number of subcarriers L from two to four.
Hence, in TH/MC-CDMA systems, when the wireless channels
experience severe fading, a high number of subcarriers may be
employed for conveying the same information symbol, in order
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to achieve a high-diversity gain, and, ultimately, to achieve a
low bit-error probability.

V. CONCLUSION

We have proposed and investigated a novel multiple-access
scheme, namely the TH/MC-CDMA scheme, which is based
on the TH, MC modulation, and CDMA techniques. From our
analysis and results, we find that TH/MC-CDMA is capable
of providing a range of advantages. First, TH/MC-CDMA
signals have a flat Gaussian noiselike PSD over probably a
very wide bandwidth. The PSD outband sidelobes decrease
much more rapidly than that of a corresponding single-carrier
TH-CDMA signal. Second, in TH/MC-CDMA, due to the TH
characteristic, each subcarrier is only activated for a fraction of
the frame time duration. Hence, the nonlinear fluctuation due
to the high peak-to-average factor in conventional MC systems
can be significantly mitigated. Furthermore, in TH/MC-CDMA
receiver, the processing rate is on the order of the TH rate Rh.
For a given system bandwidth, the TH rate Rh is inversely
related to both the number of parallel data streams U and the
number of subcarriers L conveying the same data symbol, i.e.,
Rh ∝ 1/UL. Hence, the detection is significantly less demand-
ing than the demodulation during each chip interval, which
would be necessary in DS-CDMA. In the TH/MC-CDMA
systems supporting broadband or UWB communications, rel-
atively low-rate parallel digital signal-processing techniques
may be employed for implementing the transceivers. Addition-
ally, the TH/MC-CDMA systems are in general less susceptible
to the near–far problem than DS systems due to the TH charac-
teristics. The multiuser detection and performance character-
ization in TH/MC-CDMA systems constitute the subject for
future work.
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