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Decode-and-Forward Based Differential Modulation
for Cooperative Communication System with
Unitary and Non-Unitary Constellations
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Abstract—In this paper, we derive a maximum likelihood the total transmit power. The destination requires knogsed
(ML) decoder of the differential data in a decode-and-forwad  of the channel coefficients of all links involved in coop@at
(DF) based cooperative communication system utilizingincoded ¢, decoding the data of the source. Whereas, in the DF
transmissions. This decoder is applicable to complex-vaad . '
unitary and non-unitary constellations suitable for differential protocol, the relay first d_ecodes the data transmltteq b_y the
modulation. The ML decoder helps in improving the diversity of ~source and then retransmits the decoded data to the destinat
the DF based differential cooperative system using an erreeous The destination requires knowledge of the channel gains of
relaying node. We also derive a piecewise linear (PL) decodef  the source-destination and relay-destination links faodéng
the differential data transmitted in the DF based cooperatie iha gata of the source. Since the retayinot decode the data

system. The proposed PL decoder significantly reduces the . L
decoding complexity as compared to the proposed ML decoder perfectly, therefore, erroneous relaying causes sigmifieecor

without any significant degradation in the receiver performance. floor in the performance of the destination receiver. This is
Existing ML and PL decoders of the differentially modulated the primary reason why the AF based cooperation has been

uncoded data in the DF based cooperative communication sysh  explored in much more detail as compared to the DF based
are only applicable to binary modulated signals like binaryphase system [7]-[9].

shift keying (BPSK) and binary frequency shift keying (BFSK), . . S .
whereas, the proposed decoders are applicable to compleziued Differential modulation is useful for the cooperative gyst

unitary and non-unitary constellations suitable for differential @S it enables the destination to decode the data of the source
modulation under uncoded transmissions. We derive a closed without any channel knowledge of the links involved in the co
form expression of the uncoded average symbol error rate (S8)  operation. Therefore, the differential modulation is Helpn

of the proposed PL decoder with M-PSK constellation in a  jy5roying the spectral efficiency of the cooperative comimun
cooperative communication system with a single relay and an . - . .

source-destination pair. An approximate average SER by igoring C"’_‘t'on system [10]=[15]. D_|fferent|al mod_u_la_1t|0n for a syat-
higher order noise terms is also derived for this set-up. It Wise DF based cooperative system utilizing uncoded trans-
is analytically shown on the basis of the derived approxima missions with one source-destination pair, a single redag
SER that the proposed PL decoder provides full diversity of pinary phase shift keying (BPSK) constellation is propdsed
second order. In addition, we also derive approximate SER of Rayleigh fading channels ifi L0, [12] and Nakagamichan-

the differential DF system with multiple relays at asymptoically . . -
high signal-to-noise ratio of the source-relay links. It isshown nels in [16], [17]. A maximum-likelihood (ML) decoder for

by simulations that the proposed PL decoder in the differenial  differentially modulatedinary frequency shift keying (BFSK)
DF cooperative system with more than one relay also achieves signal transmitted through multiple orthogonal regenesat

the maximum possible diversity. relays using the symbol-wise DF protocol in the uncoded
cooperative communication system is foundlin| [14]. This ML
decoder considers the possibility of erroneous transonissi
from the relay terminal and maximizes the probability dgnsi
Multiple-input multiple-output (MIMO) technology, pro- function (p.d.f.) of the received data in the destinatiomieal.
posed approximately a decade ago, revolutionized reséarchin this way, it improves the diversity order of the DF based
the field of wireless communications. By installing muléipl differential cooperative systeri [14]. A low complexity sub
antennas at the transmitter, benefits like diversity gaid agptimal piecewise linear (PL) decoder of thénary data is
spatial multiplexing can be achieved as compared to théesingalso obtained in[14], which performs close to the ML decoder
input single-output (SISO) systernl [1[.][2]. It is proposed iunfortunately, the ML and PL decoders of the differential DF
literature [3], [4] that a relaying node can cooperate with @operative system obtained in[14] are not applicable ¢ th
source node in order to support the transmissions of thesouhigher order complex-valued unitary and non-unitary celnst
node to the destination. Therefore, the cooperative syst@flons which are required for increasing the data rate ef th
utilizes distributed antennas to realize a virtual MIMOtsys  wireless communication system. In literaturel[18], difetial
which can provide benefits of a collocated MIMO systém [Shodulation is also used in bidirectional relaying usifgPSK
There are two main protocols, namely amplify-and-forwargbnstellation, however, no ML dow complexity PL decoders
(AF) and decode-and-forward (DF), proposed for the coogre obtained for this set-up.
erative communication systems| [6]. In the AF protocol, the |n this paper, we consider a cooperative system with one
relaying node scales the received data before transmitttog source-destination pair and a singleidirectional relay for
the destination node in order to satisfy a power constraiet o simplicity. Our main contributions are as follows. 1) We
_ o derive an ML decoder for the DF based differential coopera-
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significantly reduce the computational complexity in déngd

of the differential data, we derive a PL decoder for complex-
valued unitary and non-unitary constellations. 3) We dgeriv
a closed-form expression of approximate uncoded symbol
error rate (SER) of the proposed PL decoder withPSK
constellation. 4) It is analytically proved that the propds
PL decoder in the differential DF cooperative system with
one source-destination pair and a single relay achievesdec
order diversity. 5) An expression of the approximate undode _ _ .
SER of the differential DF cooperative system witiltiple F9- 1. Cooperative system with a single relay.
relays under asymptotic condition of error-free sourdayre

links is derived and it is shown by simulation that the praggbs additive white Gaussian noise (AWGN) with zero mean and

PL decoder achieves the maximum possible diversity. N..q4 variance. During the first phase, the data received in the
The rest of this paper is organized as follows: In Section Helay in then-th time interval can be written as
the system model is introduced. Section IIl derives optimal Ys.r[n] = hsrv[n] + es.[n] 3)
s,T — lbs,r S,T 9

and low-complexity sub-optimal decoders of the differaifyi whereh, , denotes the circular complex Gaussian channel gain
modulated unitary and non-unitary con_stellathns in the Df; ihe source-relay link with zero mean andl, variance, and
based uncoded cooperative system with a single relay. Jn [n] is the AWGN noise with zero mean ém\ds.r variance.

S_ection _IV, analyticgl performanC(_e analy_sis of the DF basqzﬂ’i; assumed that the channéls, andh. , remain constant
differential cooperative system with a single relay ahth over at least two consecutive time-intervals- 1 andn.
PSK constellation is performed. Differential modulaticor f From 1) and[(B), we have

the DF cooperative system with multiple relays is studied in B 1 , 4
SectiolY. The simulation and analytical results are diseds Ysrn] = ys,r[n = 1aln] + e [n], )
in Section VI. Section VII concludes the article. The adiclwheree! ,.[n] = e, [n] — es,[n — 1]z[n] ~ CN (0,2N5,,)

contains one appendix. is the AWGN noise andCA (i,n) denotes the complex
Normal distribution withy, mean andy variance. It can be
Il. SYSTEM MODEL seen from[(#) that for givem, .[n — 1] and z[n], ysr[n] ~

L . . - CN (ys.r[n — 1]z[n], 2N, ). By maximizing the conditional
et us consider a cooperative system containing one source . .
- ) T p,d.f. of ys [n] given thaty .[n — 1] andx[n]| are known in
one destination, and a single relay as shown in[Eig. 1. Eat%% relav. the ML decoder in the relav can be obtained
node contains one antenna and it can either transmit owveecel Y. . y ined as
the data at a time. The transmission from the source to the zr[n] = arg gime{ys,r[”]ys,r[” — 1z}, ()
destination is performed in two orthogonal phases. In tis¢ fir wherez,. [n] € A and Ixr[n]IQ = 1. In the second phase, the
phase, the source broadcastsoded data to the relay and therelay differentially encodes, [n] into v,[n] by using @) and
destination. The relay demodulates the data of the sourcetifinsmits it to the destination.
symbol-wise manner and transmits the demodulated symbols
to the destination in next phase. The source remains sitent i
the second phase in order to maintain orthogonality between
the transmissions [6]. The destination decodes the data of ) ] .
the source by utilizing an ML decoder in the second phase.!n this section, we will derive the ML and PL decoders of
We assume a differential cooperative system, where thg rellitary and non-unitary constellations in the differehtid
and the destination do not require knowledge of the chan/fQCPerative system.
coefficients of the source-relay, relay-destination, amarce-
destination links for decoding of the data transmitted by thA. ML Decoder of M/-PSK Data in the Destination
source. . . .. The data received at the destination from the relay in the
Let in the n-th time interval, the source needs to transmit . ;
; i n-th time interval will be
a symbolz[n] € A, whereA is aunit-norm M -PSK constel-
lation containing the following points{z1,z2, 23, ..., s} Yraln] = hr.ave[n] + eraln], 6)
Before transmission of[n], the source performs the followingwhereh,. 4 ~ CA 0,03)11) is the channel gain of the relay-
differential encoding: destination link ande, 4[n] ~ CN (0, N,.4) is the AWGN
vln] = v[n —1]z[n], n=1,2,3,.., (1) noise. It is assumed thdt. ; remains constant over at least
wherev[0] = 1 is an initialization symbol. Asz[n]|> = 1, two consecutive time intervals— 1 andn. From [1) and[{b),
therefore, [v[n]|*> = 1. The data received in the destinatiorwe have
during the first phase in the-th time interval will be Yr.a[n] = yraln — 1, [n] + e;’d[nL (7)
Ys.a[n] = hs av[n] + es aln], (2) wheree j[n] = e,a[n] — eraln — 1]z,.[n] is the zero mean
whereh, 4 represents the circular complex Gaussian chanmf®VGN noise with2N,. ; variance. Depending upon the erro-
gain of the source-destination link with zero mean a;rqu neous demodulation of the data of the source in the relay, the
variance, and; 4[n] is the signal-independent complex-valuedonditional p.d.f. ofy, 4[n] can be written as

IIl. OPTIMAL AND SUBOPTIMAL DECODERS IN THE
DESTINATION



TABLE |
VALUES OF T FOR DIFFERENT VALUES OFe USED INFIG.[2.

Pynaln] (Ylyr.aln = 1], 2{n]) 10T [10°]10°] 10" [ 10° 0°
= (1 =€) Py, 4in) Wlyr.aln — 1], 2. [n] = z[n]) T|£4.905317.303719.6148 1 11,9183 14,2210 £16.5236
+ €Dy, aln (y|yr d[n - 1] xr[ ] 7é ,T[TL]) ) (8)
where ¢ is the average probability of err 20
of the source-relay Ilink. It can be notice 15
from @ that py, ) (Ylyraln — 1], 2.0 = zn])  ~
CN (yraln — 1]z[n], 2N, 4). From [T) and[[1D9, Section ], i o
can be seen that, .. (y|yra[n — 1], 2, [n] # x[n]) denotes s
the p.d.f. of a Gaussian mixture random variable. With -
observation we have e o
Pyr.atn) WlYr.aln — 1], z:[n] # z[n]) s
= 41 i e_ﬁIy"‘xd[n]_y’f‘,d[n_l]IiP (9) —107 A
27N g(M — 1) B »
where it is assumed that[n] = z,, p € {1,2,..., M}, o ‘ L L ‘
zp € A, is the symbol transmitted by the source. By notic e A

_that Ysaln] ~ CN (ysaln —1]z[n],2Ns,q) and owing to Fig. 2. Plots of f(t) versust for different values ofe and 16-PSK
independence of, 4[n] and y, 4[n], an ML decoder can be constellation.

obtained by maximizing the joint conditional p.d.f. 9f 4(n]

R n|y, qn—1]z;
andy, 4[n] as follows: a = = 12 L, eMa vt alnlyr.aln 1] } g = (1 -

i#p,q
1 n|yYyrdan—1ljz n|yYy, qgn—1|x
&[n] = arg miX{N Re{ysd Jys,aln — 1]z} e)eNrd raRe{vhalnlyraln=1] p}+AI 1eN - e{yr’d[ raln =t q}’
Ref S andgz (1-— e)e g Re{ur.alnlyr.aln—1lwe} + 3=
+In (1—6)6 Td Vr.alnlyr.a Re{y aln]yr aln— lwp}
x ¢Mra e The LLR decoder of [(A1) is
M . used as follows to decide abouf or z,: Ay, 2 3 0. Since
s [nfl]mi} ) (10) ’ m

T2 e

=it a, g1,g92 > 0, it can be shown after some simple aIgebra that

atg1 g1
It can be seen fron{{10) that the proposed decoder requrpeg decision rulen( 92) >q 0is the same ahl( ) 2 0.
the destination to possess knowledge of the average piitpabi Hence, we have the following LLR decoder fro-(ll)

of error of the source-relay link which is a function of the (1 —e)et +

i - i i AS = f(t)=In e v (12)
average signal-to-noise ratio (SNR) of the source-relal. li p.q 11— N
The relay can estimate the average SNR of the source- relay L > M=1
link and feed forward it to the destination. The destinatioyhere ¢ = mRéyr,d[n]yT,d[n — 1 (zp - ffq)}- It
can calculate the value efby using the average SNR of thecan be seen from[(12) thatf(t) clipps to 7' =

source-relay link and use it for the ML decoding. Since statiZIn (M —1)(1 —¢)/¢) for very large and very small values
tics of a channel vary slowly as compared to the instantameddf . Further, it is shown in Tablg | and Figl 2 for 16-PSK
channel values, the destination requires less frequeratingd constellation that we can approximaf¢t) by a piecewise
of the average SNR value of the source-relay link. Furtf&) ( linear function as follows:

is applicable to thé/-PSK constellation, whereas, the existing N —T, ?f t<-T,
decoders of the differential cooperative systém [12]] [a¥] f@t) = feult) = ; ']t —TtS tTS T, (13)
, >T.

applicable to binary signaling only. Faw = 2, (1) reduces
to the existing ML decoder of the binary data[12],[14]From [10) and [(TI3), we get the followinguboptimal PL
However, the proposed decoder is computationally complelecoder in the destination if the direct link between therseu
Therefore, it is desired to have a low complexity decodehef t and destination is present:
DF based differential cooperative system, which can pevid Ap g = to+ feu(t), (14)
maximum possible diversity.

wherety = —Req y: 4[n]ys.aln — 1] (z, — z,) ;. The pro-
B. PL Decoder of M-PSK Data in the Destination posed PL decoder Is applied in a pair-wise manner to the con-
tellation points for taking a decision of the symbol trartsed

Letys aln] =0,vn, i.e., direct link between the source amiy the source. For example, for QPSK constellation comigini
the destination is absent, then a log-likelihood ratio ()L he following four signal pointsz,, zs, z3, 24, the proposed

basedsymbol-wise decoder can be obtained frofd (8) afdf (9 L decoder decides thaf,, k = 1,2, 3,4, is the transmitted
as follows: 0+ g1 symbol if Ay, > 0,VI € {1,2,3,4},k # I, whereAy; is
A =1In ( )
p,q

(11) calculated from[{14).
@+t g2 The total number of the real additions and real multipli-
where p,q = 1,2,.. M, z,2, € A =z, # uz, cations required by the proposed ML decoderl (10) and the



known to the receiver. Since it is not possible for the reseiv
to have perfect knowledge afn — 1], the differential decoder
of (I7) can utilize an estimate afin — 1].

From [2), [6), and[(1I5), we can write

Total number of real additions and real multiplications

z[n]
Ys,aln] = ys,aln — 1]m + els,d[n]v
zr[n]
Yr.aln] = yraln — 1]m + eralnl, (18)
: where ¢, ,[n] = eqaln] — esaln — Ay~
i e e e N (0,(L+ el feln - 1)) and
Fig. 3. Plots of the total number of real additions and realtiplications ¢! [n] = erdln] — erdln — 1]#@1]| ~
required by the proposed ML and PL decoders for differ®tPSK constel- ’ ) 9 Erin o
lations. aM(Qu+¢mmm/u4n—u|m@Q. The joint

nditional p.d.f. ofy, 4[n] andy, 4[n] can be maximized to
tain the following ML decoder of the differentidl-QAM
ata:

proposed PL decoddr (14) for decoding a symbol belonging(fg
the M-PSK, M > 2, constellation can be obtained after som
manipulations ag5M? + 20M and33(M — 1), respectively.
We have plotted the decoding complexity (the total number of ||

the real additions and real multiplications) of the probist. w[n] = arg max —In {1+ [2[n— 1]
and PL decoders for differedt/-PSK constellations in Fid] 3. 5

It can be seen from Fif] 3 that the decoding complexity of the ‘ysyd[n] — Ys,a[n — 1] — ’
proposed PL decoder increases linearly, whereas, the imhgcod —

2
complexity of the proposed ML decoder increases exponen- (1 + ﬁ) Ny,
tially with the size of theld/-PSK constellation. Moreover, the [ R A B
proposed PL decoder significantly reduces the computdtiona (1—¢) - (1+ = \I:\gn; i .
effort as compared to the proposed ML decoder¥6r> 4. +In T e © lorn—1]1%/70 + M —1
I+ o
C. ML and PL Decoders for Non-Unitary Constellations v atn)=v, aln—1) i |
The non-unitary constellations lik&/-QAM are useful for y i 1 . (1+ ‘IT‘ﬁfm )N"'d
increasing the data rate and coding gain as compared to the <&~ |, __ |z

o (117

M-PSK constellation in communication systems. Therefore, S
treatment of the differential modulation based coopeeativ (19)
communication system with non-unitary constellation is im

perative. For non-unitary constellation lik¢-QAM, |z[n]|? is  Since the destination does not have perfect knowledgerof
not necessarily equal to unity, therefore, we need to madfy 1] andz,.[n—1], it can utilize the estimated values ofin — 1]

to satisfy the average power constraint as andz,.[n — 1] in (I9) for decoding the currently transmitted
z[n] data of the source. The estimateigfn — 1] in the destination
vln] = v[n —1] zfn — 1| (15)  can be obtained by using the following differential decoder
where|-| denotes the absolute value. From (3) aind (15), we Yr.aln — 1] — yr.gln — Q]m‘z
have trln — 1] = arg mi .
ol RN T ) e
Ysrn| = ysrn — 1] ————= + €. .[n], (16) lern—2] ) °°7
| | fafn —1]] o
X
where €, .[n] = esnn] — espln — 1] ~ +In {1+ —— |7 . (20)
e | | o frln =2
CN (O, (1 + W)Ns,r)- As ys,r[N] ~
CN (ysrln — 1]| [I[i]11|7(1+ Im[:l”22)Ns,7‘)a therefore, It will be ;hown in Subsecuom through Fi@l 6 that use
the relay d ”é”l ‘ |z[n—1]| of the estimated value af[n — 1] in the relays and estimated
€ relay demodulatesn] as values ofz[n — 1] andz,.[n — 1] in the destination does not
B indin (1 |z|2 1/Ns, lead to error propagation in the performance of the destinat
a,[n] = arg minyin L+ o — 1] I P receiver for differentV/-QAM constellations.
2
, |z[n—1]] After some algebra, the PL decoder of the differenti&
% |yenin] = gorln — 1] T a7 QAM data can be obtained as follows:
frln =1 Ay 2 o + fou (), (21)

wherey is anM-QAM constellation. It can be seen from {17)
that the differential decoder assumes that — 1] is perfectly



where

_ 112 2
u0:1n<'“’[" 1|2+|xq|2>
jafn = 1% + |z

Ys,a[n] = Ys.aln — U ppy

. (1+ feal* /1ol = 1)) AV,

o X

Ys,a[n] = Ys.aln — U pra

(1wl feln— 10P) N

2o n = 1]1% + |z)?
u, =In 5 5
|lzp[n = 1] + [

2
Yr.aln] = yraln — sy
+ (1 4 |$q|2/|17r [n _ 1”2) Nr,d Fig. 4. Decision regions foi/-PSK constellation.
2
Yr.d[n] — yr.aln — 1]_|mr[np71]\ 29 system utilizing the DF protocol whéen, ; andh,. 4 are known
’ (22) in the destination, will be

1+ |z, 2/ |20 — 1]2) Nyyg
d feu(u,) is gi ( i |CIPZ|$)/|Tr[1 : ) d’ PL decod fP:p’zq(thd’hhd) = Pe, (hs,a) (Pey (hy,a) + Peg (hr,a))
and fp (u,) is given in . The propose ecoder of , p (1 N (p (h, P, Pro(ho.as .
the M-QAM constellation given in[{21) provides decoding + Peu(s.d) (Pes (r.a) & Peo (r.a)) + Fer (hssas )
complexity which is linear inM. Therefore, the proposed PL ;‘Pe (;Lsd’hr a) + Peg(,h&d’h“d) +Pew(gs s Por.d) (24)
decoder of the\/-QAM constellation also reduces the decod/here the termste, (-),i = 1,2,...6 and £ ( ).J =

ing complexity as compared to the proposed ML decdder (15) If 1ho j rzn%l\;Ler; Igréaﬁgngcl)gglex valued Gaussian random

Remark: We utilize one-way relaying in this paper for Sm-  yariables, theny, 4 and-,. 4 will be Xi-square distributed with
plicity. The ML and PL decoders obtained in this paper canbe  the following p.d.f.s[[20]:

extended to the two-way relaying based differential DF system. _ 1
However, the extension can be more involved. Praa(7) = '_Ys.de .
B e 25
IV. PERFORMANCEANALYSIS OF THE DIFFERENTIAL Pry,a(7) = ——e e, (25)

'Yr,d
COOPERATIVESYSTEM WITH M -PSK CONSTELLATION wherey; 4 = gg 4/Nr.a andy, 4 = gf 4/N..q are the average

In this section, we will analyze the uncoded symbol erréNRs of the source-destination and relay-destinationsjink
rate of the proposed PL decoder of the DF based differentigspectively. The average uncoded PEP of decadjng place
cooperative communication system with-PSK constellation. of z,, can be obtained as

pivte = E{P/*"(hs,d, hr,a)}

A. Average SER of the Differential DF System with M-PSK B
A juerage < ¥ =[] Pt e, 2)an dra. (26)
Let z[n] = x5, x), € A, be theM-PSK symbol transmitted yhere £ {-} denotes the expectation. It is shown in Ap-

by the source and the destination wrongly decidesat= pendix[A that the closed-form average PEP of decodipg

g, 2q € A, is the transmitted/-PSK symbol. The probability in place ofz, in the DF based differential cooperative system
of error of the destination receiver can be expressed instergsing the)/-PSK constellation will be

of three mutually exclusive events. The conditional uncbde P =P, (P., + Poy) + Po,(Poy + Poy) + Po. + P,
pairwise error probability (PEP), given that the channéhga P 2+P ’ e ’ ! (827)
€9 €10

of the source-destination and relay-destination linkskamvn . . N
Y- where the termd>,,,l = 1,2, ..,10 are given in AppendikA.

”}Dii;j(?tm?:lor;’ S The constellation diagram of an arbitraty-PSK constella-

e s:d» r.d tion is shown in Fid.W. The decision boundaries correspupndi
=Pr{to =T < 0[t < =T, z[n|=z,} Pr{t < —=T|z[n]=zp}  to the symbok; are also shown. From equiprobability of the
+Pr{to+T <0t > T,z[n] =xp} Pr{t > T|z[n] = z,}  constellation points it can be deduced that

+Pr{to+t<0,-T <t<T|z[n] =z}, (23)
where PH-} represents the probability of an event. bgty = Prlerrof = Z Prierrora;] = Prierrofz,]. (28)
heal2/Noa and g = |hr.al2/Nya be the instantaneous-€t ¥» = 21 =1 M tRe transmitted symbol, then the SER of

SNR of the source-destination and relay-destination liek, the M-PSK constellation can be approximated by using the

spectively. It is shown in AppendikJA that the conditionapeareSt neighbors approezEEI[Zl i?bsectlon 5.1.5]as
uncoded PEP of the PL decoder in a differential cooperative P~ Pyl 4 Pyl (29)



where P21 and P*™1 are the average probabilities of error ~ _ 7.

of decod|ngz:2 and:cM, respectively, in place of the originally < €¢ "¢ dwdyr,adys,d, (31)

transmitted symbot; = 1. We can calculat#®2'! andP*»:!  where @Q () is the Q-function [[22, Eq. (2.3.10)]z, =

by using [27). Re{z,z*}, and z; = Re{z;z*}. It is difficult to solve the
integration in [[3D) analytically, therefore, the approaim

B. Diversity Analysis of the Differential DF System with A average SER of the PL decoder can be obtained numerically

Single Relay and M-PSK Constellation from (29) and [(3D). We can usg_{30) for analytically finding

Expression of the SER of the PL decoder given [in] (2#€ diversity of the PL decoder.
and [29) is very complicated and it is difficult to draw a Letus assume that the average SNR of all links involved in
conclusion from it. Therefore, we will derive an approximatthe cooperation is equal and approaching to infinity with the
SER of the proposed PL decoder willi-PSK constellation Same rate, i.e5s 4 = yr,a = ¥s,» =5 — 00, where¥y, ;- is the
by ignoring the higher order noise in this subsection. F@erage SNR of the source-relay link. Framl[23, Section,5.1]
simplicity, we assume that, is the transmitted symbol andit can be shown that fok/-PSK constellation and large values
the destination wrongly decides thag was transmitted. It Of 7, ¢ o =. Therefore, for large values of, T' o +ln7.
can be noticed that because of symmetry of thePSK Lemma 1. The following three inequalities are valid for
constellationP;”*"* = PZ***. By ignoring the higher or- integrals of the Q-function:

der noise terms infg and ¢, it can be shown after some l & Z + a1y 1< 1 [ _<z;;117w>2 ~14
manipulations thatty ~ N (Re{~s, dx*i},75d|:z|2) and 7/0 Vo e i = ﬁ/o ¢ e
t~N (RE{% ATET}  Yrd |:v| , wherez = z,, — x, andz, 1 /OO (—Z + (117) e 3y < = (—1)k+1 (Z/7)*

is the symbol transmitted by the relay. After many algebraic 7 Vbiy T = klak
manipulations, the average pairwise error probability o t 1 [  Z-an® -
proposed PL decoder can be obtained by ignoring the higher + 5 /s e e ady,

order noise as 1 oo 7
PErn s~ h(0,T) + B(LT) + BO.T) + B0.D), () 1 [T o < ”) e Y dy < n(2/7)"
0

where L e - " Vbiy ]

_ — 2¢7s,d —== 1 [ _Z-av 5
I ,T:l_e,—/ Q(*)e?dds. - T e dy, (32
1(7,T) = ( )%d ENee Ys,d +ﬁ e 17 e vdy, (32)

whereZ, ay,by,n > 0, anda > 1.
Lemmal[l can be proved with help of the Chernov bound
Q(z) < e=*"/2 2 > 0 [23, Section 4.1.1].

Lemma 2: If Z = In#, a2 # 0, ag iS an arbitrary real-

1 T rd
« / 0 ( + 29V, d> T dyy g
Yr,d |.I'| vV Vr,

1 o T —Ysd
+;7_/ NM)E T e
M_lwsd |:E|\/’75d

T+ ziyrg\ —2md valued constant, ant, > 0, then
X Z e Tddyrg |, o1 [ _zmaew? 4 c1
% d |9C| VVrd lim — e v e vdym —, (33)
i2a =% Jo gl
R R A O Lo 1 e
= — €)— ———]e s s . _lz—a3y _ C
2 Vs,d |z | /Ys,d s,d lim — —e Toy e dy= 727 (34)
o , ey Joo Y Y
1 T— z¢Vra\ —21nd and
X — Q AR dr.a o 42 .
Yr.d 2| \/Vr.d lim — e e de ~ 73, (35)
1 / <—T - Zq’Ys.,d) e—;:z v Yo Jo g
1 %5, %] \/Vs.d ' wherec;, ¢2, c5 are positive constants.
1 Lemmal2 can be proved by applying [24, Eq. (3.471.9)]

(

_Jr.d
( ZzWrd) e Trd d7r,d> ,
|| v Vr,d
'st'yrd ~/st O[de 0/ 27T/7rd|x|

T w—zq7y
. eé%ﬁ@(—w—mﬂezzzz
-7 |Z| \/¥s.d

L7, T

Tr,d

X e_mdwd% ads.d,

L7, T) =

9 00
Wsd')/rd/»ysd ofde 0 \/27T’}/Td|l'|

M

T (v-wivma)® .
y / Q(w)zeé rd e%s,j
-T |x|\/75=d i=1

i#q

in the left hand side of[(33),[(B4), and{35), then using
the relationsK,(z) ~ +/m/(2x)e %,z >> 0 in (@3,
Kip(x) = /m/(2z)e™® in @4), ande ~ 2 and K, (z) ~
L) (32)7", 2 — 0 in @8), wherekK,(-) is the modified
Bessel function[[25, Section 9.6.1] and(-) is the Gamma
function [25, Eq. (6.1.1)]. We have also used the fact that
varies extremely slowly as comparedidor ¥ — oco. There-
fore, for diversity related calculations1y can be assumed
constant relative tgy.

Let us consider the QPSK constellation for proving the
diversity of the proposed PL decoder for simplicity. For GPS
constellationz, = Re{z,z*} is negative, and; = Re{x;z*}
can be negative, zero, or positive. Therefore, by using Lem-
masl and12 in[(31) it can be shown that



Cq

lim (3, T)x =+ f1(7), by the destination in the-th time interval, andV,, 4 is the
T Z5 variance of the AWGN noise of the link between theth
alilnmlz (¥, T) < = +f2(7), (36) relay and the destination. Since the destination does nat ha

_ perfect knowledge of[n — 1] andx,,, [n — 1], it can utilize the
where ¢y, c; are constants andh (), f2 (7) are functions estimated values af[n—1] andz,, [n—1] in (@0) for decoding
containing summation terms each decaying at rate higher thae currently transmitted data of the source. The estimate o

y2 for 7 — oo, xm[n — 1] in the destination can be obtained by using the
By observing the fact thaf(x) is a decaying function of following differential decoder:
, we have x 2
’ OT(1—€) [® [~T—z7\ _» ) . yrmvd[”—ll—yw-,d[”—ﬂm‘
I;(3,T) Si__z/ Q <7q) e vdy & [n — 1]=arg mi -
Varlel? Jo <\ RlVA (1+ ) Vo
© 1 _1(Toz)? "
X —e 2 EPr e Tdy. (37) 2
/0 Nal +In 1+L22 . (41)
By using Lemmag]1]2 id(37), it can be shown that [Zm{n = .” _
lim I;(5,T) o o f5(3) (38) Moreover, the PL decoder for the differentiaf-QAM data
o0 b 2 AU and N relays can be obtained after some algebra as
N
where ¢ is a positive constant ands (3) is a function A A g 42
containing summation terms each decaying at rate higher tha, . P 1O mz::l Je(tm), (42)
~~2 for ¥ — co. Similarly, it can be shown that e[ — 1]|2 tlz |2
lim I,(y,T 5, 39 up =In 1
Jim 143, T) o< f1.7) 55 <|x[n —1P+ |:cp|2>
where f4 (7) is a function containing summation terms each Ys.aln] — ys.aln — 1] =r2 °
decaying at rate higher thayr 2 for 7 — oco. + 7 - [zl 1]
It can be seen from (30)[(B1Y_{36].{38), afdl(39), that (1 +|zg? / Jx[n — 1]|2) Niaq
the average probability of decoding asx, by a PL decoder 9
decays asj 2 at ¥ — oo and, therefore, the proposed PL Ys,a[n] = Ys.aln — U pp

decoder achieves a second order diversity. - (1 P el - P N )
Ty xrin — ) s,d

V. DIFFERENTIAL DF SYSTEM WITH MULTIPLE RELAYS Zm[n — 1)) + |2g)?

Let us consider a general case df, N > 1, relays Um =In e — 17+ [2, ]
cooperating along with the direct transmission. It is assdim i 5
that the relays and the source ude+ 1 time intervals, in Yro.dlP] — Yo, a0 — 1]“*1”
order to transmit the daterthogonally to the destination. +

(1+ leal?/ Izl = 1)) N,

A. ML and PL Decoders for M/-QAM Constellation e |2
Yrodl] = Yr,,aln — 1 iy

It can be shown after some algebra that for the differential - - ’ (43)
M-QAM data andN relays the ML decoder will be (1 + |2p|2 /T [0 — 1] ) N, 4
2 .
Yo.aln] = ys.aln — 1]y | T Wy < T,
#[n] = arg max{ — - a1l fee(um) £ Um, B =Ty < U < Tom, (44)
TEX (1 —+ —‘z[lf:‘l]P) Ns,d Tm, if Uy > Tm7
N _|y7~m,d[n]*y”n,d[n—l]—[—]—‘xm‘7‘171‘|2 andTm = =ln ((M_ 1)(1 —Em)/Em).
| (1—em) (F—ELE— |
+2 I 1yl € B. ML and PL Decoders for 1/-PSK Constellation
m= . n—1]12 - . -
1 |2 [n—1]| By Substltutlng|:1:| = |I[TL]| = |Im[n]| = 11in @) and

after some manipulations, the ML decoder for th&-PSK
constellation with multiple relays can be obtained as

) 1 :
(E[TL] = arg mne]ix{mRe{yS’d[n]ys’d[n — 1];5}

T4 2
[ 7= 8y, =1 iy |
0 M 1 B ( lz512
m
M ‘1‘2 €
-l

|2 [n—1][?

2 N . 1
—In (1 + L (40) + Z In <(1 — Em)em e{yy,, aln)Yry, aln—1]z}
|| ’ 2

n — 17

— - |N
\wm[n—uﬂ) rm,d

T, FT

wherex,, [n] is the demodulated symbol in the-th, m = €m M o Re(y?, a1y aln—1la:}
1,...,N, relay in then-th time interval,¢,, is the average +M— Z e
probability of error of the link between the source and the i=Laire

th relay, v, 4[] is the signal received from the:-th relay (45)



Similarly, the PL decoder for th&/-PSK constellation can be wherec = 3zl % The average asymptotic approximate

obtained from[(4R) as SER_ of the proposed PL decoder with multiple relays can be
Ay ~to+ XN: fou(tm), (46) obtained from[(209) andZ(llBl). It canlbe seen frém (51) that

where ty = Re{y;d[n];n;;[n 1 (e - Iq)}’ - 7 Fer™ o o5 (L N FhFirt’ (52)

Nr}n,dRe y:m’d[n]yrm,d[n — 1] (xp — :vq)}, and fp(t,n) is Hence, asy — oo, N )

given in [43). Pt oc SN (53)

C. Asymptotic SER Analysis of the PL Decoder with Multiple Therefpre, nge bpmp(;)ze_’f? PL _dlecoder aghieves divi\;"h?ity of
Relays and 1/-PSK Constellation N+1lina ased differential cooperative system

) - - error-free relays. LetN = 1, then it can be seen froni_(53)
_ Let us assume asymptotically thad.,,, — oo and?ys.a = hat the PL decoder with a single error-free relay achieves
Vrm.d = 7, Wherey, . andy;,, 4 are the average SNRs of thehe second order diversity. We have analytically proved in
links between the source and theth relay anqibetween the gpsectio T¥B that the PL decoder with a single erroneous
m-th relay and the destination, respectively. Sifice,, — o0, rejay also achieves the second order diversity. Therethee,
em — 0 andTy, — oo, i.e., them-th relay becomes error-free .o qeq pL decoder avoids loss in the diversity because of
under this asymptotic condition. Hence, the asymptotic SERan erroneous relaying node. It is shown in SubsedfionVI-B

the proposed PL decoder with multiple relays can be obtaingd Fig.[® by simulations that the PL decoder with> 1
by assuming that all the relays are error-free. The contitio oohaous relays also achieves diversity of + 1.

uncoded PEP of the proposed PL decofet (46) WitiPSK
constellation andV error-free relays will be
Pemp,mq (hs,dv hrm,d)

VI. ANALYTICAL AND SIMULATION RESULTS

Simulations are performed withi/-PSK and M-QAM
al constellations. The channels of all links are assumed to be
= Pr{t0+2tm <0, —00<tim < oolz[n]=ap, Tm[nl=ay - Rayleigh fading and constant over multiple consecutiveetim
=t (47) intervals.

By using the results of quadratic forms in complex Gaussign .
y using ; . P %\ Performance of the Proposed Decoders for Unitary and
variables[[26] in[(4l7), we have X .
é_a‘i@)% ook+N(2|i.|2 _ B)kak Non-Unitary Constellations
PIr s (h g, by, a)=e\" 7)Y N 2N+n+k+1k|t It is assumed thats.a = ¥s,, = r,a = 7, i.€., all links
k=0n=0 ' involved in cooperation have equal average SNR value. We
o [N _(2|:7:|2 +5) (48) have showny on x-axis in Figs[b{]7. Moreover, we have
" 4 s considered a DF based uncoded cooperative communication

5System with asingle relay and one source-destination pair
for simulation results shown in Figg&] 51 7. In Figl 5, we

: . - lotted the performance of the proposed ML (10) and
where,  , is the instantaneous SNR of the link between th ave p . )
m-th relay and the destination. The distributiongfcan be L (I4) decoders for differential QPSK, 16-PSK, and 32-PSK

: constellations. It can be seen from Fig. 5 that the ML and
obtained from{(25) and [20, [,Eﬂv (2'1'1103] as PL decoders work approximately similar for all constetias
Dy (7) = We_g (49) and SNR values considered in the simulations. We have
i plotted the performance of the proposed ML and PL decoders
By using the series expansion of the generalized Laguely using the estimated values efn — 1] and z,[n — 1]
polynomial [24, Eq. (8.970.1)], we cankiipvﬁplifﬂ%) as in (I7), (I9), and[(21) for differential 8-QAM, 16-QAM, 32-
- g8z ) 5, & . n QAM, and 64-QAM constellations in Fidl] 6. It can be seen
Pt (hsa, hi,.a) = e Z Z ZN+ Cn—i from Fig. [8 that the proposed ML and PL decoders also
k=0 n=0 =0 work approximately similar for allAM/-QAM constellations

2z - B)F (212> + ) v considered in simulations. The SER versus SNR performance

The average uncoded PEP of the profsed PL decoder viifnthe Proposed ML decoder by assuming that — 1] is
M-PSK constellation andV error-free relays can be ob-Perfectly known in the relay and[n — 1] and, [ — 1] are
tained by averagind (50) over,. From [49), [5D), and[24 perfectly known in the destination is also plotted in Hig. 6.

where LS () is the generalized Laguerre polynomial[2
pg. 775],3 = 2Re{z;z}, andy, = 7ea + Zi:ﬂw,d’

Eq. (3.381.4)], the average PEP will be " We call this decoder as ‘genie added ML decoder’. It can
I ) s k+N 7 be seen from Fid]6 that there is no error propagation in the
P — — Ntno performance of the proposed ML and PL decoders due to

PV + 1)y~ 1;) 7;) ; utilization of the estimated values of the previously traitted

(51) A cooperative set-up with a singkgroneous relay and one

N4n+k+2i+171151 1 N+k+i+1 . . .. . K .
2 kil ("y +¢) source-destination pair is considered in [Elg. 7 for simoiet
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DF based uncoded cooperative system with the proposed
PL decoder having knowledge of the instantaneous SNR
of the source-relay link and AF based uncoded cooperative
system[[18]. The total average transmit power per time vader

is kept the same in the DF and AF schemes. It can be seen from
Fig.[d that the uncoded DF based differential cooperatige sy
tem with the proposed PL decoder outperformsddree rate

AF based differential cooperative system utilizing unabde
transmissions. For example, a SNR gain of approximately
1 dB is obtained by the differential DF system as compared
to the differential AF system at SER& 2. Full-diversity

ML and PL decoders of higher order unitary and non-unitary
constellations in the differential DF system are not avdda

in literature. Therefore, we have plotted the performantce o
a sub-optimal decocﬂrthat does not have any information
of the SNR of the source-relay link in Fi@l 7. Since the
sub-optimal decoder does not have knowledge of the SNR
of the source-relay link, itvrongly assumes that the relay

is error-free, whereas, the relay actually performs emose
transmissions. It can be seen from Hiy. 7 that the sub-optima
decoder performs poorer to the proposed PL decoder at all
SNRs considered in the figure. Moreover, the sub-optimal
decoder looses diversity due to the erroneous transmsssion
of the relaying node.

B. Analytical Performance of the Proposed PL Decoder

We have plotted the analytical approximate average SER
versus SNR plots of the QPSK, 16-PSK, and 32-PSK constel-
lations in the differential cooperative communicationteys
having one source-destination pair and a single relay in@ig
It is assumed that, 4 = 7s» = Jr,a = 7. The approximate
values of the average SER are calculated in closed-form by
using [2T) and[{29), and by numerically solving the integral
in (30) and then usind (29). It can be seen from Elg. 8 that the
simulation results follow the analytical results satistaity at
all SNR values. Moreover, there is no significant degradatio
in the analysis by ignoring the higher order noise terms for a
constellations considered in the figure. We have also mlotte
the simulated and analytical performance of the diffeednti
cooperative system with one relay under the condition that
Vs.d = Yrd = 7, Ysr — 00, €., the channel between the
source and relay is error-free for QPSK, 16-PSK, and 32-PSK
constellations, in Fig18. It can be seen from Hiyj. 8 that the
proposed analysis closely justifies the simulated behasfior
the DF based differential cooperative system with erreefr
relay.

In Fig.[3, we have plotted the analytical approximate asymp-
totic SER of the differential cooperative system with a #ng
source-destination paify = 2, 3 relays, QPSK constellation,
Ys.d = Yrd = 7, andys, — oco. The analytical asymptotic
SER versus SNR values are calculated frbm (29) (51). We
have also plotted the simulated SER versus SNR plots of the
proposed PL decoder fav = 2,3, QPSK constellation, and
Vs.d = Vs,r = Yr,d = 7. It can be noticed that the analytical
asymptotic SER obtained fror (29) and](51) is a lower bound

of the SER of the PL decoder with erroneous relays. From

In Fig.[d, we have plotted the SER versus SNR performance
of the differentially modulated 8-PSK constellation in the The sub-optimal decoder can be obtained by puttirg 0 in (@0).
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VII. CONCLUSIONS

We have derived optimal and low complexity decoders
for differentially modulated complex-valued constelbeis in
an uncoded cooperative communication system utilizing the
DF protocol and multiple relays. Moreover, we have also
derived expressions of the approximate average symbal erro
rate of the proposed PL decoder. It is proved by analysis
and simulations that the proposed PL decoder achieves the
maximum possible diversity.

APPENDIXA
DERIVATION OF UNCODED AVERAGE PEPWITH A SINGLE
RELAY

® % By considering the erroneous decoding in the relay, we can
write

Fig. 8. Analytical (A SER obtained in closed-form by usig127) ahd](29)

and* SER obtained by numerically solving the integrals fréml (aey [30), Pri{to =T <0ft < =T, x[n] = z,} Pr{t < —T'|z[n] = z,}

15 20
SNR [dB]

and ignoring the higher order noise) and simulated- performance of the — Pr{to —-T < 0|t < T x[n] = }
proposed PL decoder withs ¢ = Jrq = ¥s,r = 7 aNd 5,0 = Yr.d = ’ P
7, s,» — oo, where 0 dB 7 < 36 dB. An uncoded cooperative system x (L —e)Pr{t < —T|z[n] = zp,z,[n] =z, }
with a single relay is considered in the simulations and yesisl —l—ePr{t < —T|:E[n] = 2,2, [n] 4 xp})
=P, (hs,d) (Pe, (hr,d) + P, (hr,d)) : (54)
; ! ! ; ™ Similarly, we have
107 ~ E g Prito+T < 0|t > T,z[n] =x,} Pr{t > T|z[n] = z,}
] ] =Pr{to+T <0t >T,z[n] =xz,}
wt o , o x (1= OPr{t > Tlan] = 2y, [n] = ;)
107 : , , : NZZ: , +ePr{t > T|z[n] = zp, z[n] # 2,})
g ] =P, (hs,d) (Pes (hr,d) + Peg (hr,d)) : (55)
107 J
S : N For givenhs 4, hy 4, x[n], andz,[n], to andt follow quadratic
il o ' U] form of Gaussian variates. Therefore, from|[26, Section V]
s ﬂ N we have P, (hsa) = 1= g(cp, by, Vs.a), Pey(hra) = (1 =
10k N=3 ] E)Q(bzh Cp, ’77“,11)’ Pe4 (hs,d) = g(b;m Cp; 787d)' and Pes (hT,d) =
: : : | ] (1 - E)g(Cp, va FYT,d)' where
0 2 4 6 1;0 12 14 1 1;8 50 ; 1 > Kk ’ykak
—=12 a4 .
SNR [dB] g(ai, aj,’}/b) éie*’Yb(Zlm\ —) Z Z #
Fig. 9. Analytical—<>— performance of the proposed PL decoder withy, = h=0n=0
Np.d = 7, 7s,r — oo and simulated{+ performance of the proposed PL % I'(k—n+1,2T) (- ai”Yb) (56)
decoder with¥s 4 = %4 = ¥s,» = 7, where 0 dB< 5 < 21 dB and 27 (k —n)! " g 7’

N =2,3.
a;,aj, and v, are variablesI'(-,-) denotes the incomplete
Gamma function [[25, Eq. (6.5.3)]L,(:) is the Laguerre

Fig.[d, it can be seen that for a fixed number of relays, tR@lynomial [25, pg. 775]b, = 2(2|z|* + ;2 + z,7*), and
SER versus SNR plot of the PL decoder with erroneous rela§s= 2(2|7|* — 2,7 — 2,7%).

decays at the same rate as that of the PL decoder with errofVhereas, Pt < —Tlx[n] = zp, z,[n] # z,} leads to the
free relays at high SNR considered in the figure. The diyersgumulative distribution function (c.d.f.) of the quadaGaus-

is defined as slope of the SER versus SNR plot [27]. Therefofé@n mixture random variable which can be obtained by
from Fig.[9, it can be noticed that the proposed PL decoder@a_rgmallzmg the c.d.f. of the quadratic Gaussian random
a given number{ = 2, 3) of error-free and erroneous relays/ariable [26, Eq. (27)] over;, i # p as follows:

achieves the same diversity. We have analytically proved in  Pr{t < —T'|z[n] = xp, z,[n] # z,}

Subsectiom V=C that the diversity (slope of decay of the SER 1 M o k I .
versus SNR plot) of the proposed PL decoder witherror- = N ) e el *?)%

free relays isV + 1. Therefore, from Fig.19 and the discussion 2(M -1) =0 k=07n=0 4%kl
above, it can be noticed that the proposed PL decoder with F(k%—pn +1,27) b

N > 1 erroneous relays also achieves diversity /f+ 1. : Ln(——%), (57)

n(k —mn)!
The x-axis in Fig[ P depicts the average SNR of the source- 2 (k —n)! 8
destination link. . where b, = 2(2|z|*> + 2}z + ;%) and ¢; = 2(2|z|* —



xfx — 2;7*). From [53), [(BB) and(37), we have, (h,q) =
M

7T Zg(bi,ci,%d). Similarly, we can obtairP. (h,q4) =
s
M

- Zg(ci, bi,vr.a). Next, we can write

=1
i#Ep

Pr{to+t<0,-T <t <Tlz[n] =z}

= (1—e)Pr{to +t < 0,-T <t< T|z[n]=xp, z,[n]=x)}

+ePritg+1<0,-T <t < T|z[n] = zp, 0] # xp} .
(58)

It can be shown after some algebra that

Pr{to +t<0,-T<t< T|x[n] = Zp, IT[TL] — xp}
T —w
= / Dt|z,[n)=a, (w)/ Dty (2)dz dw

0 —w
:/ pt|mT[n]::Ep(w)/ Pto (2)dz dw
T

+

T
/pt|xr[n]:xp(w)Ft0(_w)dw
0

1

1
= :Pe7(hs,d, hy.a) + :Pes (hs,d, hr,a),  (59)

where Fi, (z) is the c.d.f. ofty and py,, -0, (z) is the
p.d.f. of t given thatz,[n] = xz,. By change of variable
in (89), using [[26, Egs. (15),(27),(29)], series expansidn
the incomplete Gamma function

S
|

1
yk

' )
0 .

T(v,y) = (v—1)le7" (60)

E
Il

and then using []24, Eq.
Pe7 (hs,dv hr,d)

(3.381.1)],
Cp,b by ,c k,n
(1 =9 Z Dkfnppnsl,lppil,ml,l

k,n,my,
1,iq

and Peg (hs,a, hr.a) = (1 =€) [ZZDZ%C%"—’C—l

=0n=0

xy(—n+k+1,2T)— Y DroDEDE"

ma,l Tir,ma,l |
k,n,m1,
l,iy
where ,Daua] . o~ rd (2|x|2 %)a 'Vrd Ln(_M)
k12F (k—n)lam
k,n _ 211 i k—ii—1 .
D’Ll mil (ml — l)' il 4” 11 (k —n + i + 1,4.T),
a;\ gty @iVs,d
@iy 1, —vs,a(202?~%) % Ysa Li(——%>%)
Dml_,l - 26 ( 8 ) 14 (ml l)!QL ) and
oo k oo ma mlfl
Z Z Z Z Similarly, we have
k,n,my, k=0n=0m1=0 (=0 i;=0

l,iq

we can obtain

11

Prito +t < 0,-T <t <T|z[n] = zp, z,[n] #

0
= /Tpt|xr[n];ézp(w)Fto(_w)dw

zp}

T
+/ DPtlw, [n)a, (W) Fiy (—w)dw
0

1
ZPEQ (hs,du hr,d) +

(hs,du hr,d)a (61)

1
~P.
€ 10
wherepy|q, (n)£e, () is the p.d.f. oft given thatz,[n] # z,.
Sincet is the quadratic Gaussian mixture random variable,
the p.d.f. oft can be obtained by marginalizing|,, (-, ()
overx;,i # p as

M oo 12127, 4 | CiVrd
20t —5 g
yyyel )
i=1 k=0 n=0
i#Ep
Uk 'Yrdb1 CiYr,d
_ k'(k n)'2n+kL (—=%1), v>0,
Ptla, [n)#z, (V) = ( Lot +b)
8
1222
i=1 k=0 n=0
(- lTkp " b;
el r, (<) v <0
(62)
From [60), [6l), [(@R), (126, Egs. (27),(29)], and _[24,

Eq. (3.381.1)] we can obtain P, (hs.d, hra) =
S S DL DD and By ) —
z#; k?sl
M oo
ZZZD“’“T‘ L (n 4 k4 1,2T,)
1 1 k 0n=0

Z Z DY CIDf;;fol’;m , is the

i=1 k,n,mq,
i#p 1,1

mcomplete Gamma function [25, Eq. (6.5.2)].

A close examination of the term#,, (-) and P, (-,-)
of (24) reveals that the 2-D integration ih_{26) is separable
After some algebra and using[_[24, Egs. (3.381.4)
and (8.970.1)], we haveP,, 1 — g1(bp, cp, ¥s.d),
Pe, = (1 = €)g1(cp, bp, Vs,a)s Pey

where ~ (-, ")

- ﬁ Zgl(c’i;bia;}/s,d)l Pe4 - gl(Cpabp;'_Ys.,d)' Pe5 - (1 -

el M
6)91 (bp7 Cpuﬁ/s,d)v Peg = ﬁ Zgl(biu Ciuﬁs,d)v gl(a, b7 '7):
%
—n+1,2T, e _ b
I;Jr;JZO k'4k —n)2n e "2 51812 (2l - 8
_i_’]}‘/) io—k— 1I‘(22—|—k—|—1) 1—6 Z Bknm
keynymy L,

i1,12,13

(1—¢) ZZZBZnCZ2" k=1

k=0n=01i2=0

Z Bb ,Cp Bcp "
k,n,is~mq,l,i3

k,n, mi, i,

i1,42,13

k,n
11,Mm1, l’

% BUmer phs

ma,l,i3

k n
’Ll sma,l |

xy(k—n+1,2T,,)



= ci,bi bp'rCT-' k,n o
Peg - M= 12 Z Bknm may,liz T i1,ma Ll P€1o =
i=1 k,n,mq,l,
i#D  iq,i9,i3
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B, 27 (-4 1,2)
kn,iz /y P}
i=1 k=0 n=012=0
i#p
b )Ci CP7bp k.n
# Z knzg 777,17[,7;3 il | where E
P
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