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Abstract—For MIMO Rayleigh channels, it has been shown
that transmitter correlations always degrade the performance of
general space-time codes (STCs) in high SNR regimes. In this
correspondence, however, we show that when MIMO channels
experience single-keyhole conditions, the effect of spatial corre-
lations between transmission antennas is more sophisticated for
general STCs: whenM > N (i.e., the number of transmission
antennas is greater than the number of receiving antennas),
depending on how the correlation matrixP beamforms the code
word difference matrix ∆, the PEP performance of general STCs
can be either degraded or improved in high SNR regimes. We
provide a new measure, which is based on the eigenvalues of
∆ and the numbers of transmission and receiving antennas, to
exam if there exists certain correlation matrices that can improve
the performance of general STCs in high SNR regimes. Previous
studies on the effect of spatial correlations over single-keyhole
channels only concentrated on orthogonal STCs, while our study
here is for general STCs and can also be used to explain previous
findings for orthogonal STCs.

Index Terms—Space-time codes, spatial correlations, MIMO,
keyhole fading.

I. I NTRODUCTION

It is well known that multiple-input and multiple-output
(MIMO) systems can achieve better spectral efficiency, with-
out requiring extra power consumption and bandwidth expan-
sion. In reality, however, individual antennas could be spatially
correlated due to insufficient antenna spacing [1]. The effect
of spatial correlation on general space-time codes (STCs) has
been extensively studied for Rayleigh fading channels, and
it has been shown that in asymptotically high signal-to-noise
ratio (SNR) regimes, the transmission correlations always
degrade the pair-wise error probability (PEP) performance[2]
[3], while only in the asymptotically low SNR regimes, the
transmission correlations may either improve or degrade the
PEP performance [2].

In MIMO channels, if the scattering environment is not-
so-rich, it is demonstrated in [4] [5] that MIMO channels
can experience single-keyhole conditions, where despite rich
local scattering and independent transmitting and receiving
signals, the system only has a rank-1 MIMO channel matrix.
A number of papers have studied the performance of single-
keyhole channels [6]–[11] and its extension: multi-keyhole
conditions [12]–[16].

In the literature, the effect of spatial correlation on the
performance of STCs over the single-keyhole channel has
only been investigated for orthogonal space-time block codes
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(OSTBCs). It was shown that the for OSTBCs, the spatial
correlations between transmission antennas always degrade the
PEP performance [11] [12]. Particularly, [11] investigated OS-
TBCs with linear precoding, and showed that the correlations
between transmission antennas can only degrade the perfor-
mance in single-keyhole conditions. While in [12], researchers
used majorization relations of the correlation matrices toshow
that for OSTBCs, the correlations always degrade the PEP
performance in multi-keyhole conditions, and this result is
also applicable to the single-keyhole case. However, when the
STCs are not orthogonal, the effect of the spatial correlations
on the PEP performance is still not clear in single-keyhole
channels. In this correspondence, we address this issue. Instead
of using majorization relations, which cannot be applied to
non-orthogonal STCs in single-keyhole channels, we provide
a new measure to exam if there exists a certain correlation
matrix that can improve the PEP performance of general STCs
in single-keyhole channels. We will prove that, very different
from orthogonal codes, when the number of transmission
antennas is greater than the number of receiving antennas, the
PEP performance of non-orthogonal STCscan be improved
by the transmission correlations in single-keyhole conditions,
even in the high SNR regimes. This depends on how the
correlation matrixP beamforms the code difference matrix∆.
The major results of this correspondence can be summarized
as follows:

• In the high SNR regimes, whenM > N (the number
of transmission antennas is greater than the number of
receiving antennas), depending on how the correlation
matrix beamforms the code word difference matrix, the
correlations can either degrade or improve the PEP per-
formance. Particularly we provide a new measure: let
0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λM be the eigenvalues of∆H∆

in ascending order, and̄λ be their average, if there is an
integerL such that

λ̄N

(

M
∑

i=L+1

λ−1
i

M

)N

<
Γ(M −N)Γ(M − L)

Γ(M)Γ(M − L−N)
, (1)

we can always find certain correlation matrices that can
improve the PEP performance. We also provide one form
of such matrices.

• In the high SNR regimes, whenM ≤ N (the number of
transmission antennas is smaller or equal to the number of
receiving antennas), the transmission correlations always
degrade the PEP performance.

It is worth mentioning that OSTBCs can never satisfy the
condition in (1), therefore the transmission correlationsalways

http://arxiv.org/abs/1311.3387v3


2

degrade the PEP performance, which is consistent with the
findings in [11] and [12]. The above results for MIMO single-
keyhole channels are proved in Theorem 1 and Theorem 2.

Notations: In this correspondence,exp(·), Γ(·), and Q(·)
mean the exponential function, the Gamma function, and the
GaussianQ function, respectively;EX(·), X |Y , ‖·‖F , ‖·‖, |·|,
(·)T , (·)H , det(·), R(·), and trace(·) denote the expectation
over the density ofX , the conditional random variable of
X given Y , the Frobenius norm of a matrix, the norm of a
matrix, the magnitude of a complex number, the transpose, the
conjugate transpose, the determinant, the rank, and the trace of
a matrix, respectively;A

.
= B means thatA is equal toB in

the limit, andX ∼ Y means thatX is identically distributed
with Y .

II. CHANNEL MODEL

In the general MIMO channel, the signal model is given by

R =

√

γ̄

M
CH+W, (2)

where theT ×N matrix R represents the received signal,C

is theT ×M transmitted codeword matrix,̄γ is the average
signal-to-noise ratio (SNR), andW is the zero-mean additive
circularly symmetric complex Gaussian noise matrix with size
T×N , whose elements have unit variance per dimension. It is
assumed that the channel state information (CSI) is perfectly
known at the receiver and unknown at the transmitter.

When the communication channel experiences the single-
keyhole condition, the channel matrixH can be modeled by

H = P
1

2hgT . (3)

where the elements of the vectorh, i.e. hm’s (n = 1, ...,M )
represent the normalized channel gains fromM transmitting
antennas to the keyhole, and the elements of the vectorg, i.e.
gn’s (n = 1, ..., N ) represent the normalized channels from
the keyhole toN receiving antennas, and bothhm’s andgn’s
can be modeled as complex Gaussian random variable with
zero mean and unity variance. TheM × M matrix P is the
correlation matrix of the transmission antennas. WhenP = I

(the identity matrix), the model given in (3) reduces to the
case that transmitting antennas are spatially independent, as
studied in [10].

III. E FFECT OFTRANSMISSION CORRELATIONS ON

SPACE-TIME CODE PERFORMANCE

PEP, the probability of transmitting codewordC over T
time slots and deciding in favor of another codewordC′ at the
decoder, generally serves as a design criteria for STCs. When
signals transmit over a fading channel with channel matrixH,
the code words distance betweenC andC′ is defined by the
random variable‖∆H‖F , where∆ , C−C′ is the code word
difference matrix, and‖ · ‖F is the Frobenius norm. The PEP
of a Gaussian noise channel can be evaluated by averaging the
density of‖∆H‖F over theQ function as

P (C → C′|H) = Q

(

√

γ̄

M
‖∆H‖2F

)

. (4)

Using an alternative representation of theQ function, we have

P (C → C′|H) =
1

π

∫ ∞

θ=0

exp

(

− γ̄

M

‖∆H‖2F
2 sin2 θ

)

dθ. (5)

To find the PEP, we reconsider the code words distance

‖∆H‖F = ‖∆P
1

2hgT ‖F , (6)

it is clear that when spatial correlations present between the
transmission antennas, the code word difference matrix∆ is
modified by the correlation matrixP and becomes

∆′ = ∆P
1

2 . (7)

Therefore the single-keyhole channel with transmission corre-
lation P and code word difference matrix∆ can be viewed
as the single-keyhole channel with spatially independent trans-
mission antennas and code word difference matrix∆′. With
the above observation, the asymptotic form of PEP for single-
keyhole channel with correlation matrixP can be obtained by
using the result for independent transmission antennas over
the single-keyhole channel given by [10]: we only need to
replace the eigenvalues of∆ by ∆′ for the PEP expression.
For distinctρi’s, the asymptotic PEP is obtained as

P (C → C′)
.
=



















C1

(

∏R(∆′)
i=1 ρi

)−1

γ̄−R(∆′), if N > R(∆′);

C1

(

∏R(∆′)
i=1 ρi

)−1

(ln γ̄)γ̄−R(∆′), if N = R(∆′);

C3

∑R(∆)′

i=1
ln ρi

ρN
i

∏

j 6=i
ρi

ρi−ρj
γ̄−N , if N < R(∆′).

(8)

For identicalρi’s, we have

P (C → C′)
.
=







C1ρ
−R(∆′)γ̄−R(∆′), if N > R(∆′);

C1ρ
−R(∆′)(ln γ̄)γ̄−R(∆′), if N = R(∆′);

C2ρ
−R(∆′)γ̄−N , if N < R(∆′).

(9)

whereρi’s are the eigenvalues ofP
H
2 ∆H∆P

1

2 , and

C1 =
Γ(12 +R(∆′))

2
√
πΓ(1 +R(∆′))

× NR(∆′)Γ(N −R(∆′))

Γ(N)
,

C2 =
Γ(12 +N)

2
√
πΓ(1 +N)

× NNΓ(R(∆′)−N)

Γ(R(∆′))
,

and

C3 =
Γ(12 +N)

2
√
πΓ(1 +N)

× (−1)N−1 × 1

Γ(N)
.

Although the asymptotic PEP for correlated transmission an-
tennas has been obtained, our main concern, how the trans-
mission correlationP affects the performance of space-time
codes, is still not clearly answered, especially for the case that
M > N . Actually, from the expressions in (8) and (9), there
is no clue about this. The major work of this correspondence
is to address this issue.

To investigate the effect of transmission correlations on
the PEP performance, we first present the following facts
and inferences about the correlation matrixP and the code
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difference matrix∆, let λi’s denote the eigenvalues of∆H∆.
Let νi’s denote the eigenvalues ofP and ρi’s denote the
eigenvalues ofP

H
2 ∆H∆P

1

2 , then we have
1) trace(P) = M , or equivalently,

M
∑

i=1

νi = M, (10)

whereνi’s are the eigenvalues ofP. This is because the
total transmission power is fixed.

2)
(

M
∏

i=1

νi

)(

M
∏

i=1

λi

)

=
M
∏

i=1

ρi. (11)

This is from the fact thatdet(P
H
2 ∆H∆P

1

2 ) =
det(P)× det(∆H∆)

In this correspondence, it is assumed that the code construction
achieves full rank, i.e.R(∆) = M . We now start to analyze
the effect of correlations on the PEP performance. We consider
the cases thatM ≤ N andM > N separately.

A. More Transmission Antennas than Receiving Antennas:
M > N

In this case, we first provide the following Lemma:

Lemma 1. Let λi be real for i ∈ {1, 2, ...,M} and λ̄ =
∑

M
i=1

λi

M
. Let Xi, i ∈ {1, 2, ...,M} be a set of i.i.d random

variables,Y be another random variable which is independent
with Xi’s, then we have

E

(

f

(

Y

M
∑

i=1

λ̄Xi

))

≤ E

(

f

(

Y

M
∑

i=1

λiXi

))

, (12)

wheref(·) is a convex function. The equal sign holds when
λi = λ̄ for all i ∈ {1, 2, ...,M}.

Proof: To prove (12), we first prove that (12) holds for
any fixed value ofY , i.e.

E

(

f

(

y

M
∑

i=1

λ̄Xi

))

≤ E

(

f

(

y

M
∑

i=1

λiXi

))

, (13)

wherey is any possible value that the random variableY can
take. It is easy to see that (13) implies (12).

We define

X , y

M
∑

i=1

λ̄Xi, (14)

W , y

M
∑

i=1

λiXi, (15)

and

Z , X −W. (16)

Base on the form ofX , it is easy to see that the conditional
random variablesXi|X , i ∈ {1, ...,M}, are identically dis-
tributed, which implies

E(X1|X) = E(X2|X) = · · · = E(XM |X). (17)

Therefore

E(Z|X) =

M
∑

i=1

λ̄E(Xi|X)−
M
∑

i=1

λiE(Xi|X)

= E(X1|X)

(

M
∑

i=1

λ̄−
M
∑

i=1

λi

)

= 0. (18)

Sincef(·) is convex, by Jensen’s inequality we have

E(f(X − Z)|X) ≥ f(E((X − Z)|X))

= f(X − 0) = f(X) (19)

Therefore

E(f(W )) = E(E(f(X − Z)|X)) ≥ E(f(X)), (20)

and consequently (12) holds.
Now we present the main result for the effect of correlations

on the PEP performance whenM > N :

Theorem 1. In the MIMO single-keyhole channels, whenM >
N , if we can find some integerL between1 andM −N − 1,
i.e. 1 ≤ L ≤ M −N − 1 such that

λ̄N

(

M
∑

i=L+1

λ−1
i

M

)N

<
Γ(M −N)Γ(M − L)

Γ(M)Γ(M − L−N)
, (21)

then there always exist certain correlation matrices that can
improve the PEP performance in the asymptotic high SNR
regimes. Here0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λM are theeigenvalues
of ∆H∆ in ascending order, and̄λ is their average.

Proof: When the transmission antennas are independent,
we have

‖∆H‖2F = ‖g‖2
M
∑

i=1

λi|hi|2. (22)

Since the exponential function is convex for real numbers, by
applying Lemma 1 we have

E

(

exp

(

−‖g‖2
M
∑

i=1

λi|hi|2
))

≥ E

(

exp

(

−‖g‖2
M
∑

i=1

λ̄|hi|2
))

,

(23)

which implies that when the transmission antennas are inde-
pendent, the PEP can be bounded as following:

PI(C → C′) ≥ Γ(12 +N)

2
√
πΓ(1 +N)

× NNΓ(M −N)

Γ(M)
λ̄−N γ̄−N .

(24)

Now suppose that the eigendecompostion of∆H∆ is
UVUH , we consider the following class of correlation ma-
trices for whichP

1

2 has singular value decomposition as

P
1

2 = US
1

2DH , (25)

whereD is a unitary matrix and the diagonal matrixS with
Si,i = νi satisfies the power constraint:

∑M

i=1 νi = M . It
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follows that

‖∆P
1

2hgT ‖2F = ‖V 1

2UHUS
1

2D
H
hgT ‖2F

= ‖V 1

2S
1

2DHhgT ‖2F
∼ ‖V 1

2S
1

2hgT ‖2F

=

R(P)
∑

i=1

ρi

N
∑

n=1

‖gn‖2‖hi‖2, (26)

where

ρi = νiλi (27)

for all ρi’s. Now we can have a correlation matrixP such that

ν1 = ν2 = · · · = νL = 0, (28)

and

νL+1, · · · , νM > 0. (29)

If we pose another constraint onνi such that the non-zero
eigenvalues ofP

H
2 ∆H∆P

1

2 are identical:

ρL+1 = ρL+2 = · · · = ρM , (30)

we have

ρL+1 = ρL+2 = · · · = ρM = M

(

M
∑

i=L+1

1

λi

)−1

. (31)

In high SNR regimes, the PEP respective toP
H
2 ∆H∆P

1

2

becomes

PP(C → C′) =
Γ(12 +N)

2
√
πΓ(1 +N)

× NNΓ(M − L−N)

Γ(M − L)
M−N

(

M
∑

i=L+1

1

λi

)N

γ̄−N . (32)

ThereforePP(C → C′) < PI(C → C′) if (21) holds, i.e.
the correlation matrixP defined in (25) improves the PEP
performance.

B. Same or Less Transmission Antennas than Receiving An-
tennas:M ≤ N

Now we consider the case that the number of transmission
antennas is the same as or less than the number of receiving
antennas, i.e.M ≤ N .

Theorem 2. In the MIMO single-keyhole channels, when
M ≤ N , the spatial correlations between transmission an-
tennas always degrade the PEP performance in the high SNR
regimes.

Proof: If P is rank deficient, because we assume that
∆H∆ is full rank, we have

R(P
H
2 ∆H∆P

1

2 ) < R(∆H∆), (33)

from the PEP given in Equation (8), we can see that this
will result in a reduction of the diversity order, hence the
PEP performance is degraded. IfP is of full rank, it means

∏M
i=1 νi 6= 0, and by applying the AM-GM inequality, we

have

M
∏

i=1

νi ≤
(

∑M
i=1 νi
M

)M

= 1, (34)

therefore
M
∏

i=1

ρi ≤
M
∏

i=1

λi. (35)

Note that the equality only holds whenP is an identity
matrix. Therefore the PEP is always degraded by transmission
correlations for the case thatM ≤ N .

C. Examples and Simulations

In this Section, we provide an example and perform Monte
Carlo simulations for Theorem 1 and Theorem 2.
Example We consider some pair of codewords for which

∆H∆ =





2 −.95 + .029i −.95− .029i
−.95− .029i 2 −.95 + .029i
−.95 + .029i −.95− .029i 2



 ,

(36)

the eigenvalues areλ1 = 0.1, λ2 = 2.9 and λ3 = 3.
Suppose there are three transmission antennas (M = 3) and
one receiving antenna (N = 1), then there exist anL = 1
such that

λ̄N

(

M
∑

i=L+1

λ−1
i

M

)N

= 2

(

1/2.9 + 1/3

3

)

= 0.45, (37)

and

Γ(M −N)Γ(M − L)

Γ(M)Γ(M − L−N)
=

Γ(3− 1)Γ(3− 1)

Γ(3)Γ(3− 1− 1)
= 0.5. (38)

By Theorem 1, there exist some correlation matrices that can
improve the PEP performance. One of such matrices can be
given by

P1 = ν1u1u1
H + ν2u2u

H
2 + ν3u3u

H
3

=





1 −.5− .0144i −.5 + .0144i
−.5 + .0144i 1 −.5− .0144i
−.5− .0144i −.5 + .0144i 1



 .

(39)

where

ν1 = 0, (40)

ν2 =
M
(

∑M

i=L+1
1
λi

)−1

λ2
= 1.525, (41)

ν3 =
M
(

∑M
i=L+1

1
λi

)−1

λ3
= 1.475, (42)

and u1, u2, u3 are the eigenvectors of∆H∆. From the
simulations, we can see that the transmission correlations
defined byP1 can bring about1.5 dB gains for the PEP
performance, which is illustrated by the square line in Fig.
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Independent Transmission Antennas
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Transmission Correlation P
2

Fig. 1. Effect of transmission correlations on MIMO single-keyhole channel
for the case thatM > N (for Theorem 1): in the asymptotically high SNR
regime, transmission correlations may either improve or degrade the PEP
performance. In this simulation, the correlation matrixP1 (satisfies the new
measure in (21)) improves the PEP performance, while the correlation matrix
P2 (does not satisfy the new measure in (21)) degrades the PEP performance.

1. Now we consider another correlation matrixP2 that has
the same eigenvectors as that ofP1 but different eigenvalues:
ν1 = 1.8, ν2 = 0.7 andν3 = 0.5:

P2 =





1 .4 + .0577i .4− .0577i
.4− .0577i 1 .4 + .0577i
.4 + .0577i .4− .0577i 1



 . (43)

For this correlation matrixP2, which does not satisfy the
new measure given in (21), we can see that the transmission
correlations degrade the PEP performance, as illustrated by
the PEP curve (marked by circle) in Fig. 1.

Now we keep everything unchanged except that there are
four receiving antennas (N = 4). By Theorem 2, all the corre-
lation matrices are expected to degrade the PEP performance
in the high SNR regimes, and this is confirmed in Fig. 2: both
P1 andP2 degrade the PEP performance .

It is worth mentioning here that when the STC is orthogonal
(i.e., all the eigenvalues of∆H∆ are identical), Theorem 1
will never be satisfied since Lemma 1 implies that the trans-
mission correlations always degrade the PEP performance for
orthogonal codes, which is consistent with the results in [11]
and [12], where majorization was used to show this property
for orthogonal code in the MIMO single-keyhole channel.
Finally, we compare the effects of transmission correlations
on PEP performances for the single-keyhole and Rayleigh
channels in Table I. We can see that transmission correlations
play different roles on the PEP performances in the two types
of fading channels.

IV. CONCLUSION

In this paper, we investigated the effect of transmission
correlations on the PEP performance of general STCs over
single-keyhole channels. We proved that, in the asymptotically
high SNR regimes, whenM ≤ N , the transmission correla-
tions always degrade the PEP performance; whenM > N ,

18 20 22 24 26 28 30
10

−9

10
−8

10
−7

10
−6

10
−5

10
−4

SNR

P
E

P

 

 
Independent Transmission Antennas
Transmission Correlation P

1

Transmission Correlation P
2

Fig. 2. Effect of transmission correlations on MIMO single-keyhole channel
for the case thatM ≤ N (for Theorem 2): in the asymptotically high SNR
regimes, transmission correlations always degrade the PEPperformance. In
this simulation, bothP1 andP2 degrade the PEP performance..

depending on how the correlation matrixP beamforms the
code word difference matrix∆, the PEP performance of gen-
eral STCs can be either degraded or improved. This property
of the MIMO single-keyhole channel is more sophisticated
than that of the MIMO Rayleigh channel. We also provided a
new measure in (21) to exam if there exists certain correlation
matrices that can improve the performance of general STCs in
high SNR regimes and we provided one form of such matrices
if applicable. Our new measure on the general STCs can also
be used to explain previous findings for OSTBCs.
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