
1

Design of SCMA Codebooks Based on Golden
Angle Modulation

Zeina Mheich, Lei Wen, Pei Xiao and Amine Maaref

Abstract—In this paper, we propose to use golden angle
modulation (GAM) points to construct codebooks for uplink and
downlink sparse code multiple access (SCMA) systems. We pro-
vide two categories of codebooks with one and two optimization
parameters respectively. The advantages of the proposed design
method are twofold: 1) the number of optimization variables is
independent of codebook and system parameters; 2) it is simple
to implement. In the downlink, we use GAM points to build
a multidimensional mother constellation for SCMA codebooks,
while in the uplink GAM points are directly mapped to user
codebooks. The proposed codebooks exhibit good performance
with low peak to average power ratio (PAPR) compared to
the codebooks proposed in the literature based on constellation
rotation and interleaving.

Index Terms—Sparse code multiple access, codebook design,
golden angle modulation, mapping, PAPR reduction.

I. INTRODUCTION

The fifth generation (5G) of wireless networks is expected to
support connectivity to massive number of devices. Due to the
limitations of the available bandwidth for wireless networks,
non-orthogonal multiple access (NOMA) has emerged in the
few past years as a new multiple access technique to improve
spectral efficiency, and to provide massive connectivity in
5G. NOMA improves the spectral efficiency of wireless radio
access by enabling overloading i.e., the number of multiplexed
users can be larger than the number of resources. Proposed
NOMA techniques can be classed under three categories:
power-domain NOMA (PD-NOMA) [1], code-domain NOMA
(CD-NOMA) [2], [3], [4] and a combination of PD-NOMA
and CD-NOMA called power domain sparse code multiple
access [5].

Low-density signature (LDS) [2], [3] is an efficient CD-
NOMA that allows operating at overloaded conditions with
performance close to single user case with affordable com-
plexity. Due to the low-density property of signatures, only
few users will use the same resource in order to reduce the
interference and the data symbol for each user will be spread
on a few number of resources. Like low-density parity-check
coding, the low-density characteristic of LDS signatures allows
to use the message passing algorithm (MPA) for multi-user
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detection. In LDS, the constellation symbol is expanded to a
sequence of complex symbols by using a specific signature.
In [4], the authors propose a new NOMA technique called
SCMA which is a generalization of LDS. In SCMA, the
procedure of bit to modulation mapping and spreading are
combined together such that coded bits are directly mapped
to multi-dimensional sparse codewords selected from user-
specific SCMA codebooks. By using multi-dimensional sparse
codebooks, SCMA can benefit from shaping gains of multi-
dimensional constellations while still enjoying the properties
of LDS such as overloading capability and the possibility
of using MPA for multi-user detection due to the sparsity
of codewords. MPA detector performance is sensitive to the
distance between the dimensions of codewords interfering over
the same resource. SCMA codebooks have to be designed
carefully in order to introduce as much power diversity as
possible over the interfering users. Besides the efficiency of
the SCMA codebooks, the low-complexity of the design is
also required, for any codebook parameters.

A. Related works

The design of optimal SCMA codebooks is a challenging
problem. Nikopour et al. [4] and Taherzadeh et al. [6] are
the first who proposed a multi-stage suboptimal method for
the design of multiuser SCMA codebooks. Following this
direction, other sub-optimal design methods are proposed for
downlink SCMA systems e.g. [7], [8], [9] to increase the
coding gain or to lower the complexity of multiuser detection.
Cai et al. proposed in [7] a multi-dimensional codebook
design based on constellation rotation and interleaving. The
advantage of their design method is that it can be easy to
implement for any codebook and system parameters (number
of layers, codebook size, codebook dimension,· · · ). In [8],
Yu et al. proposed a design method of SCMA codebooks
based on star-quadrature amplitude modulation (star-QAM)
signaling. However, the rotation angles of user operators are
not explicitly given. Although most of the existing codebook
design methods for downlink provide codebooks with good
performance [7]–[11], their performance degrades significantly
in uplink. For uplink SCMA systems, fewer works exist
in literature about the design of SCMA codebooks. Bao et
al. proposed in [12] a performance criterion for the joint
design of multiuser codebook for uplink SCMA systems
over Rayleigh fading channels, based on the cutoff rate of
the equivalent multiple-input multiple-output (MIMO) system.
Their proposed codebooks exhibit better performance in uplink
than the codebooks proposed in [8] and [10]. However, the
design method in [12] requires to solve a complex optimization
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problem which becomes intractable for large number of users
and codebook dimension. To the best of our knowledge, there
does not exist in the literature a simple method to design
SCMA codebooks for uplink as in [7] for downlink.

B. Contributions

In this paper we present a new method to design SCMA
codebooks based on golden angle modulation [13] for down-
link and uplink SCMA systems. GAM is a recently proposed
modulation which can offer enhanced mutual information
(MI)- and PAPR- performance over a square-QAM design.
However, GAM has never been used to design SCMA code-
books. We propose θ-GAM and (θ, ρ)-GAM codebooks with
one and two optimization parameters respectively (θ and
(θ, ρ) respectively). The number of optimization parameters is
independent of the codebook and system parameters (number
of layers, number of resources, codebook size, codebook
dimension, etc.) which allows to design codebooks of high
rates, large dimensions and large number of users, in a simple
manner. The parameters θ and ρ can be adjusted to decrease
the peak to average power ratio and increase the normalized
minimum Euclidean distance of the proposed codebooks. Nu-
merical results show the efficiency of the proposed codebooks
compared to the codebooks in [7]. Moreover, the proposed
GAM based codebooks have lower PAPR than those proposed
in [7] and [8]. Mitigating the PAPR problem is of practical
interest when SCMA is combined with multicarrier techniques
such as OFDM for practical deployment, as large PAPR can
cause signal distortion and spectral spreading which increase
the bit error rate.

C. Notations

B, C, R, Z, N denote respectively the set of binary, complex,
real, integer, and natural numbers. We use x, x and X to
represent a scalar, a vector and a matrix respectively. The ith

element of x is denoted by xi and Xij is the element in the ith

row and jth column of X. The ith row of X is denoted by Xi

and its jth column is denoted by Xj . IN denotes an identity
matrix of size N × N . diag(x) is a diagonal matrix where
its ith diagonal element is xi. bxc denotes the floor function
of x and dxe denotes the ceiling function of x. The modulo
operator mod(a,m) returns the remainder after division of a
by m. |x| returns the absolute value of x.

II. SCMA CODEBOOKS FOR DOWNLINK

In this section, we present the SCMA system architecture
and the received signal model in the downlink. We review
briefly the design method of SCMA codebooks based on
constellation rotation and interleaving in [7]. It is followed by
introducing a new method to design SCMA codebooks based
on golden angle modulation.

A. SCMA encoding and multiplexing

We consider a downlink SCMA system where a transmitter
communicates with J users sharing K orthogonal resources,
e.g. K OFDMA sub-carriers, K time slots, · · · . Each user has

a multi-dimensional SCMA codebook of M codewords where
each codeword occupies K resources. An SCMA encoder for
user j is defined as a mapping

fj : Blog2(M) → Xj , (1)

where Xj ⊂ CK is the codebook of user j with cardinality
M . A vector b of log2(M) coded bits is mapped to a multi-
dimensional codeword x = fj(b) selected from Xj . Each
complex codeword x is a sparse vector with N < K non-
zero entries. The sparsity of the codewords enables to limit
the number of users colliding over the same resource which
in turns reduces the complexity of user detection. Let c denotes
the vector of non-zero complex symbols obtained by removing
the zeros from the codeword x. The vector c can be interpreted
as an N -dimensional complex constellation point belonging
to a multi-dimensional constellation Cj ⊂ CN . We define the
mapping from Blog2(M) to Cj ,

gj : Blog2(M) → Cj , (2)

such that c = gj(b). Then the SCMA encoder in (1) can be
redefined as fj :≡ Vj · gj where Vj ∈ BK×N is the binary
mapping matrix which maps the N -dimensional constellation
point to a K-dimensional SCMA codeword. The mapping
matrix Vj contains K −N all-zero rows. By eliminating the
K − N all-zero rows from Vj we obtain an identity matrix
IN of size N ×N . A row r ∈ {1, · · · ,K} containing a value
1 in Vj means that user j is using the rth resource. Hence,
the set of resources occupied by user j depends on Vj .

Like LDS, SCMA enables overloading such that the number
of users can be more than the number of resources J > K. The
overloading factor is defined as λ = J/K. An SCMA code

can be represented by S
(

[Vj ]
J
j=1, [gj ]

J
j=1; J,M,N,K

)
. The

whole structure of SCMA code S can be represented by a
factor graph matrix F = (f1, · · · , fJ) ⊂ BK×J where fj =
diag(VjV

T
j ). The resource k is used by user j if and only if

Fkj = 1.
In the following, we define two metrics (PAPR and nor-

malized minimum Euclidean distance) which affect the per-
formance and implementation of SCMA codebooks. The peak
to average power ratio of a codebook Xj is defined as

PAPR [dB] = 10 · log10

(
max1≤m≤M |xj(m)|2

E

)
, (3)

where |x| is the complex magnitude of x, xj(m) ∈ Xj is the
mth codeword of Xj and E is the average codeword power
given by E = 1

M

∑M
m=1 |xj(m)|2. The normalized minimum

Euclidean distance of a codebook Xj is defined as

d̃min =
dmin√
E
, (4)

where dmin = min{|xj(m) − xj(n)|},∀m,n ∈
{1, · · · ,M},m 6= n. Usually, a lower PAPR and higher d̃min
are targeted in the SCMA codebook design.

In the downlink, the received signal after the synchronous
layer multiplexing can be expressed as

y =

J∑
j=1

diag(h)xj + n, (5)
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where h = (h1, · · · , hK)T is the channel vector, hk ∼
CN (0, 1), xj is the SCMA codeword of user j and n ∼
CN (0, N0IK) is the complex additive white Gaussian noise.
At the receiver, MPA is performed for joint multi-user detec-
tion which achieves near optimal performance in the MAP
sense with lower complexity [4].

B. MD-SCMA codebooks based on constellation rotation and
interleaving

In this section, we recall briefly the design method of multi-
dimensional SCMA (MD-SCMA) codebooks proposed in [7]
for downlink SCMA systems. The advantage of this method
is that it allows to construct codebooks in a simple manner
and of arbitrary size and dimension. Simulation results for
a 2-dimensional codebook of size 4 on 1 × 2 SIMO down-
link Rayleigh channel, show the superiority of the codebook
constructed in [7] with respect to that in [6]. In this paper,
MD-SCMA codebooks will serve as benchmark due to their
simplicity of construction for any SCMA system parameters.

1) First step (construct the mother constellation/codebook):
We construct first a N -dimensional mother constellation of
M points with good properties (low PAPR, large minimum
Euclidean distance between codewords). In the second step,
all user codebooks are deduced from the mother constellation.
Let s = [s1, s2, · · · , sM ] denotes a row vector with elements
sm =

(
2m−1−M

)
·(1+i) for m = 1, · · · ,M . The two main

steps to construct the mother constellation can be summarized
as follows.
• Rotation: Build a matrix Ω of size N ×M with its nth

row is given by s · eiθn , where θn = (n − 1) π
MN , n =

1, · · · , N .
• Interleaving: Construct the mother constellation, rep-

resented by a matrix M by interleaving the rows
of even index of Ω. Let j ∈ {1, · · · , N}. if j
is odd, Mj = Ωj . If j is even, Mj = Π(Ωj),
where Π is the following interleaver: Let Ωj =
[Ωj,1,Ωj,2, · · · ,Ωj,M ] and j is even, then Mj =
[−Ωj,M2 +1, · · · ,−Ωj, 3M4

,Ωj, 3M4 +1, · · · ,Ωj,M ,−Ωj,M ,

· · · ,−Ωj, 3M4 +1,Ωj, 3M4
, · · · ,Ωj,M2 +1].

The interleaving of even dimensions reduces the PAPR
of the mother constellation.

2) Second step (construct multi-user codebooks): Based on
the factor graph matrix F, we construct a codebook for each
user. Let dr be the number of users colliding over the same
resource and ϕr = (r − 1) 2π

Mdr
+ 2π

M er, for r = 1, · · · , dr
where er is an arbitrary member of Z. We build a Latin matrix
L, by replacing the non-zero elements of F by eiϕr , where
the ϕr are chosen such that L is Latin. For each user u, we
define ∆u = diag(L̃u), where L̃u is the uth column of L
without zero elements. Then the codebook of user u is given
by Xu = Vu ·∆u ·M. Note that the performance of codebooks
depends on the choice of the Latin matrix.

In this paper, we propose two codebook design methods for
downlink and uplink SCMA systems respectively. Both meth-
ods consist of three main steps: 1) generating GAM points,
2) generating a matrix of indexes and 3) mapping. In the
downlink, these steps are used to build a mother constellation

from which all user codebooks are obtained. In the uplink,
these steps are used to construct directly user codebooks
without needing an intermediate mother constellation. The
codebook design steps are detailed in the following section
for the downlink case.

C. Proposed codebooks for downlink

In this section, we propose a design method of SCMA
codebooks for downlink systems. In the proposed method, the
elements of the matrix M representing the mother constel-
lation take values from the, recently proposed, golden angle
modulation [13]. In the following, the main features of GAM
which have an impact on the codebook design are provided
for the seek of completeness, including symbol positions in
the constellation and its advantages. We refer the reader to the
recent works [13], [14], [15] for more details and results about
GAM. The nth constellation point of GAM1 with Np points
is xn = rne

i2πϕn, where rn = cnorm
√
n, cnorm =

√
2P
Np+1 , P

is a power constraint2 and ϕ = 1−
√
5

2 is the golden angle in
rads. Figure 1 shows a GAM with 1000 points.

−1.5 −1 −0.5 0 0.5 1 1.5

−1

0

1

Figure 1. Golden angle modulation with 1000 points.

GAM has many features including [13]: 1) natural constel-
lation point indexing: GAM enables a unique indexing based
on signal phase, 2πϕn, or magnitude, rn, alone; 2) near-
ideal circular design which can offer enhanced MI-, distance-
, symbol error rate- and PAPR- performance over a square-
QAM design; 3) rotation (and gain) invariant: each signal
constellation has a uniquely identifiable phase and gain. These
attractive characteristics of GAM points motivate us to choose
the elements of SCMA codebooks from a GAM. First, the
complex amplitude of each point depends uniquely on its
index n, which provides power diversity between constellation
points. Second, with a careful mapping between GAM points
and the elements of SCMA codebooks, we could benefit
from the low-PAPR of GAM to construct low-PAPR SCMA
codebooks.

In the following, we present the steps used to construct
the N -dimensional mother constellation M of M points for
downlink SCMA systems using GAM.

1We consider here Disc-GAM [13].
2We set P = 1.
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1) Generate GAM points: Generate Np = N · M2 GAM
points xn = rne

i2π(ϕ+θ)n for n = 1, · · · , Np, where θ is an
arbitrary angle. Note that the original GAM in [13] does not
include a parameter θ; but has been added here to provide
an additional degree of freedom which could be optimized to
improve the codebook performance. These Np GAM points
are used to build M

2 N -dimensional complex points Mm for
m = 1, · · · , M2 . The remaining M

2 N -dimensional complex
points are obtained by symmetry: Mm+M

2 = −Mm for
m = 1, · · · , M2 . Since the complex amplitude of each point
depends on its index n, the point that is symmetric to a GAM
point with respect to the origin does not collide with any other
GAM point. The problem now is to map the Np GAM points
to the M

2 N -dimensional complex Mm for m = 1, · · · , M2 .
The proposed design method based on GAM requires only to
optimize θ independently on codebook parameters. We refer
to this design method as θ-GAM.

2) Matrix of indexes: Let T a matrix of size 2×Np. The
elements of the first row of T are dimension indexes while
the elements of the second row are codeword indexes. Hence
each column of T represents a pair of indexes (k,m), where
k = 1, · · · , N and m = 1, · · · , M2 . The elements of T are
generated as follows:

T1i =
⌈

i
M/2

⌉
(k index),

T2i = mod
(
i− 1, M2

)
+ 1 (m index),

(6)

for i = 1, · · · , Np.
3) Mapping: Each point xn of the Np GAM points should

be mapped to a pair (k,m) where k is the dimension index
and m is the codeword index. This is equivalent to mapping
the Np GAM points to the column of T. For example, if xn
is mapped to the column Ti, where T1i = k, T2i = m, then
the kth dimension of the mth codeword is equal to xn. We
propose Mapping 1 which aims to lower the PAPR and to
achieve power diversity between codewords and between the
dimensions of the same codeword.

Example: This section provides an example to clarify the
idea behind the codebook construction in steps 1-3. Suppose
that M = 4 and N = 2, which lead to codebooks of
size M = 4 where each codeword contains N = 2 non-
zero elements. Since codebooks are symmetric, the problem
reduces to the construction of two codewords M1 and M2.
The remaining codewords are such that M3 = −M1 and
M4 = −M2. Because M1 and M2 are two-dimensional
(N = 2), the maximum number of non-zero elements in both
codewords is equal to 4. The non-zero elements constituting
the codewords are supposed to be distinct in order to increase
the minimum distance between codewords. Thus, the number
of non-zero elements is Np = 4. The first step in the
construction of the mother constellation is to generate Np = 4
GAM points, xn = rne

i2π(ϕ+θ)n for n = 1, 2, 3, 4, used as
codeword elements for M1 and M2. In the second step, a
matrix of indexes T is constructed. In this example, T is given
in Table I.

Each column of the matrix T corresponds to a couple of
indexes (k,m), where 1 ≤ k ≤ N is the dimension index
and 1 ≤ m ≤ M/2 is the codeword index. The third step

Mapping 1 Mapping for downlink
1: for k = 1 : N do
2: if k is odd then
3: for i = 1 : M2 do

4: Map the
(

(k − 1)M2 + i

)th

column of T to
xk+N(i−1).

5: end for
6: else (k is even)
7: for i = 1 : M4 do

8: Map the
(

(k − 1)M2 + i

)th

column of T to
x
k+N

(
M
2 −i
).

9: end for
10: for i = M

4 + 1 : M2 do

11: Map the
(

(k − 1)M2 + i

)th

column of T to
-x
k+N

(
M
2 −i
).

12: end for
13: end if
14: end for

k-index 1 1 2 2

m-index 1 2 1 2

Table I
EXAMPLE OF A MATRIX T.

consists of mapping each symbol in the set {x1, x2, x3, x4} to
a column of the matrix T. The output of the proposed mapping
is given in Table II.

k-index 1 1 2 2

m-index 1 2 1 2

mapping x1 x3 x4 −x2
Table II

OUTPUT OF THE PROPOSED MAPPING.

We observe that, for a given dimension k, the elements
of two distinct codewords xi and xj cannot be consecutive
in the constellation i.e., |j − i| 6= 1. In this way, the power
diversity for a fixed dimension between codewords increases
since GAM points xn are increasing in power as n increases.
For example, the element of the first dimension in M1 and M2

are x1 and x3 respectively. The mapping proposed in step 3, is
such that |j− i| = N . It starts from the first dimension k = 1,
and maps the symbols x1, x1+N , x1+2N , · · · to elements of
first, second, third,· · · codewords respectively. In general, for
a dimension k, It maps the symbols xk, xk+N , xk+2N , · · · to
the elements of the

(
(k − 1)M2 + 1

)th
,
(
(k − 1)M2 + 2

)th
,(

(k − 1)M2 + 3
)th
, · · · codewords respectively (see lines 2-

5 in Mapping 1). Then, an interleaving is applied for the
dimensions of even indexes to lower the PAPR and increase
further power diversity between codewords. We use the same
interleaver in [7] and [8] (see section II-B1). The interleaving
in Mapping 1 appears in lines 6-12. �

After obtaining the mother constellation M, the codebook
for each user is constructed after applying a constellation
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operator to M. For the sake of simplicity, we use the rotation
angles (ϕr) given in [7] to construct multi-user codebooks
based on the mother constellation and the factor graph matrix.
However, in general, these rotation angles could be optimized.
The performance of the proposed codebooks, based on a
mother constellation and the constellation operators given in
[7], degrades in uplink. In the next section, we propose an new
design method which is not based on a mother constellation.

III. SCMA CODEBOOKS FOR UPLINK

A. Signal model

In the uplink, the received signal after the synchronous layer
multiplexing (e.g., via the timing advance mechanism) can be
expressed as

y =

J∑
j=1

diag(hj)xj + n, (7)

where hj = (hj1, · · · , h
j
K)T is the channel vector between user

j and the receiver, hjk ∼ CN (0, 1), and n ∼ CN (0, N0IK).

B. Proposed codebooks for uplink

We propose a simple method to construct good codebooks
for uplink SCMA systems with arbitrary parameters. The
proposed method consists of the following steps:

1) Generate GAM points: Generate Np = J ·N · M2 GAM
points xn = rne

i2π(ϕ+θ)n for n = 1, · · · , Np, where θ is an
arbitrary angle. These Np GAM points are used to build M

2
N -dimensional complex points Mm, m = 1, · · · , M2 , for each
user. The remaining M

2 N -dimensional complex points are
obtained by symmetry: Mm+M

2 = −Mm for m = 1, · · · , M2 .
The problem now is to map the Np GAM points to the M

2
N -dimensional complex Mm and J users.

2) Matrix of indexes: Let T a matrix of size 3 × Np.
The elements of the first row of T are dimension indexes,
the elements of the second row are codeword indexes and
the elements of the third row are user indexes. Hence each
column of T represents a triplet of indexes (k,m, u), where
k = 1, · · · , N , m = 1, · · · , M2 and u = 1, · · · , J . The
elements of T are generated as follows:

T1i =
⌈

i
J·M/2

⌉
(k index),

T2i = mod
(⌈

i
J

⌉
− 1, M2

)
+ 1 (m index),

T3i = mod
(
i− 1, J

)
+ 1, (u index),

(8)

for i = 1, · · · , Np.
3) Mapping: Each point xn of the Np GAM points should

be mapped to a triplet (k,m, u) where k is the dimension
index3, m is the codeword index and u is the user index. This
is equivalent to map the Np GAM points to the column of
T. For example, if xn is mapped to the column Ti, where
T1i = k, T2i = m,T3i = u, then the kth dimension of the mth

codeword belonging to the codebook of user u is equal to xn.
We propose Mapping 2 which aims to lower the PAPR and
to achieve power diversity between codewords and between

3The resource corresponding to each dimension for each user is determined
from the factor graph matrix.

the dimensions of the same codeword. Figure 2 illustrates
an example of the mapping between GAM points and the
elements of SCMA codebooks.

Mapping 2 Mapping for uplink
1: for k = 1 : N do
2: if k is odd then
3: for i = 1 : J · M2 do

4: Map the
(

(k − 1) · JM2 + i

)th

column of T

to xk+N ·(i−1).
5: end for
6: else (k is even)
7: Let t = [k, k + N, k + 2N, · · · , k + qN ], where
q =

⌊
Np−k
N

⌋
∈ N.

8: for u = 1 : J do
9: for i = 1 : M4 do

10: Map the
(

(k−1) ·J ·M2 +(i−1) ·J+u

)th

column of T to −xs where s = t(M2 −i)·J+u
.

11: end for
12: for i = M

4 + 1 : M2 do

13: Map the
(

(k−1) ·J ·M2 +(i−1) ·J+u

)th

column of T to xs where s = t(M2 −i)·J+u
.

14: end for
15: end for
16: end if
17: end for

Example: We consider an SCMA system of J = 6 users
sharing K = 4 resources and using codebooks of size M = 4.
Each user occupies N = 2 resources only and each resource
is used by 3 users. The codebook construction for each user
consists of three steps. The first step consists of generating Np
GAM points used as codeword elements. In this example, each
codeword contains N = 2 non-zero elements. Thus the total
number of non-zeros elements is equal to Np = JN M

2 = 24,
assuming that codebooks are symmetric. The second step after
generating Np = 24 GAM points xn for n = 1, · · · , Np, is to
build the matrix of indexes T. In this example, T is given in
Table III.

k 1 1 1 1 1 1 1 1 1 1 1 1
m 1 1 1 1 1 1 2 2 2 2 2 2
u 1 2 3 4 5 6 1 2 3 4 5 6
k 2 2 2 2 2 2 2 2 2 2 2 2
m 1 1 1 1 1 1 2 2 2 2 2 2
u 1 2 3 4 5 6 1 2 3 4 5 6

Table III
EXAMPLE OF A MATRIX T.

Each column of T represents a triplet of indexes (k,m, u).
The third step is to map each GAM point xn (or its opposite -
xn) to a triplet (k,m, u). The output of the proposed Mapping
2 is given in Table IV. The principle of Mapping 2 is similar
to that of Mapping 1. First, we intend to provide power
diversity between the elements of the codeword of the same
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codebook for a fixed dimension. We observe that for a given
dimension k, the elements of two distinct codewords xi and
xj belonging to the same codebook (same index u) cannot be
consecutive in the constellation i.e., |j− i| = JN . Second, the
mapping should be fair in the sense that all codebooks should
have similar average power. This is achieved by interleaving
even dimensions and by limiting the maximum difference
|j − i| between the elements at the same dimension k of two
codewords xi and xj having the same index m and belonging
to different codebooks to |j − i| = (J − 1)N . Note that the
interleaver appears through lines 6-15 in Mapping 2 and is the
same used in Mapping 1.

k 1 1 1 1 1 1
m 1 1 1 1 1 1
u 1 2 3 4 5 6

map. x1 x3 x5 x7 x9 x11

k 1 1 1 1 1 1
m 2 2 2 2 2 2
u 1 2 3 4 5 6

map. x13 x15 x17 x19 x21 x23

k 2 2 2 2 2 2
m 1 1 1 1 1 1
u 1 2 3 4 5 6

map. -x14 -x16 -x18 -x20 -x22 -x24
k 2 2 2 2 2 2
m 2 2 2 2 2 2
u 1 2 3 4 5 6

map. x2 x4 x6 x8 x10 x12

Table IV
OUTPUT OF THE PROPOSED MAPPING.

�

It should be noted that in the proposed mapping for uplink,
user indexing u ∈ {1, · · · , J} is independent from the factor
graph matrix of the SCMA system. As an improvement of this
mapping, we could sort user indexes such that two consecutive
users u and u+ 1 have the least possible number of common
resources. Furthermore, the proposed mapping can be easily
extended to irregular SCMA systems, where users do not
necessarily occupy the same number of resources [16].

In both downlink and uplink cases, we could add a second
degree of freedom to the design, denoted by ρ, which serves to
adjust the amplitude of GAM points. In this case the Np GAM
points are given by xn = cnorm

√
n+ ρ · ei2π(ϕ+θ)n, for n =

1, · · · , Np. We refer to the codebooks obtained by optimizing
both parameters θ and ρ as (θ, ρ)-GAM. The parameters θ
and ρ allow to adjust the PAPR and the normalized minimum
Euclidean distance of the codebooks.

IV. NUMERICAL RESULTS

This section provides a numerical evaluation of the per-
formance of the proposed (θ, ρ)-GAM codebooks in both
downlink and uplink Rayleigh fading channels. The average
bit error rate (BER) performance of the codebooks is evaluated
for the uncoded scenario with 6 MPA iterations. We construct
N -dimensional SCMA codebooks for two regular SCMA

−1.5 −1 −0.5 0 0.5 1 1.5

−1

0

1

Figure 2. Mapping of GAM points to SCMA codebooks in uplink. J = 2,
N = 2, M = 8, θ = 0 and ρ = 0. Square and triangle marks are the elements
of first and second codebooks respectively. Empty and filled marks represent
the first and second dimensions respectively. Red, blue, black and green
represent first, second, third and fourth codewords respectively (remaining
four codewords are obtained by symmetry). Note that this example does
not correspond to an overloaded system and is provided here for illustration
purpose only.

systems. In the first, the factor graph is given by

F =


0 1 1 0 1 0
1 0 1 0 0 1
0 1 0 1 0 1
1 0 0 1 1 0

 ,
which represents a system with 6 users sharing 4 resources
where the number of resources used by each user is equal to
N = 2. In the second, F is given in [7, eq. 3] and it represents
a system with 8 users sharing 6 resources where the number of
resources used by each user is equal to N = 3. The proposed
codebook design method in this paper, could be used to design
codebooks for large factor graph obtained, for example, using
copy-and-permute operation of a protograph [17].

The parameters θ and ρ of the GAM codebooks are chosen
off-line to maximize the average BER performance depending
on the system model (channel estimation could be done using
pilot-aided training). In order to reduce the complexity of
the joint optimization of θ and ρ, we propose to perform
alternating optimization of θ and ρ. Hence, we choose first
θ∗ which provides the best BER performance for ρ = 0 (i.e.
θ∗ gives the best BER performance for θ-GAM codebooks).
Then, we fix θ = θ∗ and we choose ρ∗ which maximizes
the BER performance. This alternative optimization between
θ and ρ does not guarantee the optimality of θ∗ and ρ∗, but
decreases the complexity of the joint optimization of θ and ρ.

The benchmark codebooks used to compare the perfor-
mance of the proposed GAM-based codebooks are MD-SCMA
proposed in [7] which are based on constellation rotation
and interleaving. This is because the objective of the design
method in [7] is to design codebooks in a simple manner for
any SCMA systems without a number of optimization vari-
ables depending on system parameters. The codebook design
methods based on optimizing mutual information or cut-off
rate are not practical for any SCMA system as they have a
number of optimization variables increasing with the number
of users, resources and codebook size. Since the main objective
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of the proposed GAM-based codebooks is to provide a simple
construction mechanism which is independent of the SCMA
system parameters, MD-SCMA serves as a good benchmark.
In addition to MD-SCMA, we also compare the performance
of GAM-based codebooks to star-QAM codebooks proposed
in [8]. However, star-QAM codebook construction requires to
optimize a number of rotation angles which depends on the
number of users and resources. In this section, the considered
factor graph matrices are not too large, which makes the search
for good rotation angles possible (it is time consuming when
the size of codebooks increase).

Tables V and VI provides some parameters (PAPR in dB,
d̃min) of the MD-SCMA codebooks in [7], the star-QAM
codebooks proposed in [8] and the proposed (θ, ρ)-GAM
codebooks, optimized for the 1×2 single-input-multiple-output
(SIMO) downlink Rayleigh channel and the single-input-
single-output (SISO) uplink Rayleigh channel respectively
without a channel code. This work could be extended to coded
systems as well as to the MIMO and MISO scenarios. We
should also note that the codebook design method in uplink
is not based on a mother constellation, which means that the
PAPR and the minimum Euclidean distance may not be the
same for all user codebooks. In Table VI we list the minimum
and maximum values for each parameter. We provide also in
these tables good values of θ and ρ 4. Note that the values of
θ∗ are not those which maximizes the normalized minimum
Euclidean distance but are chosen to provide the best BER
curves for the uncoded scenario based on the channel model.
For example with θ = −0.007 we can achieve a normalized
minimum Euclidean distance d̃min = 1.4142 in the downlink
when N = 2,K = 4, J = 6,M = 4; however the best
BER performance is obtained with θ = 0.0635. Figures 3
and 4 show d̃min as a function of θ when N = 2 for different
values of M , in downlink and uplink respectively. Obviously,
we observe that d̃min is a periodic function; thus the search
space for the optimum value of θ could be reduced within a
period.

Figure 5 shows the BER performance of the 2-dimensional
and 3-dimensional MD-SCMA codebooks in [7], the star-
QAM codebooks proposed in [8] and the proposed (θ, ρ)-
GAM codebooks in 1 × 2 SIMO downlink Rayleigh fading
channel. We observe that the proposed (θ, ρ)-GAM codebooks
provide lower PAPR than [7] and [8] without noticeable
degradation in performance. Moreover, introducing the pa-
rameter ρ does not provide any improvement in performance
(ρ∗ = 0); thus we could only consider θ-GAM codebooks in
downlink. The PAPR reduction using GAM codebooks comes
from the fact that star-QAM and MD-SCMA codebooks both
assume that the elements of each dimension of a codebook are
aligned in the constellation. For example, in the MD-SCMA
codebooks, the elements of each dimension of a codebook are
the elements of a (rotated) PAM constellation. This constraint
increases the PAPR. The proposed GAM-codebooks do not
assume this constraint which reduces the PAPR.

4These values are denoted by θ∗ and ρ∗, but this does not mean that these
values are the optimal ones. In fact they represent the best values chosen by
simulations from a finite set.

Figure 6 shows the BER performance of the 2-dimensional
and 3-dimensional MD-SCMA codebooks in [7], the star-
QAM codebooks proposed in [8] and the proposed (θ, ρ)-
GAM codebooks in SISO uplink Rayleigh fading channel. The
performance of the codebooks in [7] and [8] degrades signif-
icantly in the uplink. The proposed (θ, ρ)-GAM codebooks
show very good performance with lower PAPR and better
normalized minimum Euclidean distance than MD-SCMA
codebooks and star-QAM codebooks. Star-QAM codebooks
suffer from high PAPR which does not lend itself to practical
implementation when SCMA is combined with OFDM. The
performance of optimized star-QAM based codebooks [12]
with N = 2 and M = 4 is also provided for comparison
in Figure 6. It can be observed that optimized star-QAM
based codebooks and (θ, ρ)-GAM codebooks exhibit similar
performance. Note that the 2-dimensional 4-ary optimized
star-QAM based codebooks provide the best performance in
uplink among several codebooks proposed in the state-of-the-
art as reported in [12, Fig.3]. This shows the efficiency of the
proposed (θ, ρ)-GAM codebooks 5. Moreover, we observed
that (θ, ρ)-GAM codebooks are noticeably better (in terms
of BER performance) than θ-GAM codebooks only when
M = 4.

V. CONCLUSION

We proposed a new generalized design method of SCMA
codebooks based on GAM for uplink and downlink SCMA
systems. The proposed design method involves one or two
optimization parameters independently on system parameters.
Numerical results for 2- and 3- dimensional codebooks show
that one optimization parameter is sufficient to design code-
books for downlink, while up to two optimization parameters
are required for uplink. Numerical results demonstrate that
GAM-based codebooks can achieve better performance and
lower PAPR than MD-SCMA codebooks, based on constella-
tion rotation and interleaving.
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