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Abstract—This paper proposes a stochastic-robust constructive
interference (CI) precoding scheme for downlink multi-user
MISO systems, assuming that channel state information (CSI)
at the transmitter side (CSIT) is contaminated by Gaussian-
distributed uncertainties. Our objective is to minimize the total
transmit power under users’ quality-of-service constraints: for-
mulating CI at each user with high probabilities for a given target
signal-to-noise ratio (SINR). We first analyze the probability of
CI under imperfect CSIT. A series of approximations are then
developed, transforming the intractable stochastic CI constraints
into determined convex constraints. The non-convex stochastic-
robust CI power minimization (CIPM) problem is then converted
into second-order cone programming. We show that we could
create tightened or relaxed approximations by changing the
parameters, enabling us to find upper-bounds and lower-bounds
for the original stochastic CIPM problem. The best parameter
values corresponding to the tightest upper and lower bounds are
also discussed and obtained. Simulation results show that the
proposed methods reasonably approximate the stochastic CIPM
problem. Using the given parameter values, it can guarantee the
required probability of CI for each user under acceptable channel
uncertainties and outperform the existing robust CI precoding
in terms of both transmit power and feasibility rate. The small
gap between the upper and lower bounds also shows that the
proposed method does not cause too much performance loss.

Index Terms—MIMO, robust precoding, constructive interfer-
ence, imperfect CSI, optimization

I. INTRODUCTION

S one of the key enabling technology for multi-user
multi-antenna communication systems, precoding has
received extensive research interest in recent years [1], most of
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which in general have assumed perfect channel state informa-
tion (CSI) at the transmitter side (CSIT). However, in practical
wireless scenarios, CSIT is imperfect due to several effects
such as channel estimation errors, delay, frequency offset,
defective hardware components, etc. [2], [3]. Therefore, robust
designs that consider these uncertainties play an indispensable
part in the practical implementation of multi-user transmission.
In the literature, popular robust precoding designs include
the worst-case robust that guarantees the quality of service
(QoS) of each user in the worst case, which applies to FDD
systems with norm-bounded CSI errors (CE) [2], as well as
the stochastic robust that ensure the QoS for each user with
an outage probability tolerance, which applies to the TDD
systems with stochastic CEs [3].

The above robust designs are studied for traditional block-
level precoding algorithms, where the precoding matrix is
applied to a block of data symbol vectors. More recently, the
symbol-level constructive interference (CI) precoding, which
exploits the instantaneous multi-user interference instead of
suppressing it as done in traditional precoding, has received
increasing research attention due to its superior performance
over block-level precoding methods [4]. The main idea of
CI precoding is to design the transmit signal on a symbol
level such that for each user, the multi-user interference is
manipulated and enforced to lie in the constructive region of
the desired data symbol [5]-[7]. Early works on CI precoding
have focused on the adaptation of traditional linear precoding
methods by handling the interference more elaborately [8], [9].
Later, it was combined with optimization, and the concept of
symbol-level precoding is proposed [5], [10]-[14]. In [10], CI
is required to be strictly aligned to the desired data symbol,
which is shown to be sub-optimal later [13]. In [11] a relaxed
CI region is proposed for phase-shift keying (PSK) systems
achieving further performance improvements and is extended
to generic constellations in [14]. Due to CI precoding methods’
great potential for power saving, these works have focused
mainly on the CI power minimization (CIPM) problem. Re-
cently, topics such as SINR balancing [15], symbol error
rate (SER) minimization [16], CI security [17] and hardware
efficient CI [18] are also studied in literature.

Most of the works on CI precoding have assumed perfect
CSIT, while it is inevitable that inaccurate CSIT may cause
performance degradation. Therefore, the effect of CE needs to
be addressed for CI precoding. In [5], ellipsoid bounded CE is
considered for CIPM problem in multi-user multi-input single-
output (MU-MISO) systems, and a robust scheme is proposed
which aims to guarantee the SINR for each user in the worst
case. In [20], unpredictable CE caused by quantization is



studied for CI precoding and is also captured as ellipsoid
bounded uncertainties. In [21] and [22], stochastic robust
CIPMs are studied for single-cell and multi-cell systems,
respectively, which try to ensure the CI for each user with
a given outage probability. The main challenge is to handle
the intractable probabilistic CI constraints that arise in the
problems. In [21], three convex approximation methods are
proposed based on the idea of converting the probability of
jointly distributed randoms into that of independent randoms,
which does not work well due to a mathematical flaw in
the transformation (see equation (18) in [21]). In [22], an
approximation method is developed based on decoupling the
probabilistic CI constraint of each user into two independent
probabilistic constraints, which creates only a necessary con-
dition for the original constraints and cannot guarantee users’
outage requirements.

This paper proposes a new way of handling the proba-
bilistic constraint for downlink MU-MISO systems assuming
Gaussian distributed CE. The intractable stochastic robust
CIPM problem is transformed into a convex problem. We
show that such transformation is replacing the original fea-
sible set with a pie slice set. By adjusting the parameter,
different approximations can be realized. The best parameters
for the tightened approximation and relaxed approximation
are also discussed and developed, using which the lowest
upper-bound and the largest lower-bound can be obtained.
Simulation results show that the proposed method can reliably
meet users’ outage requirements under acceptable channel
errors and outperform the existing outage-guaranteed robust
CI schemes in terms of both transmit power and feasibility
rate. Besides, the performance gaps of transmit power, outage
probability, and symbol error rate between the upper and lower
bound are all shown to be small, which implies that the loss
caused by the proposed method is negligible compared to the
optimal solution.

Notation: Ik is the K x K identity matrix, Pr{-} denotes
the probability of an event, N' = {1,--- ,N}, T(x) =
[Re(x); Im(z)] is a column vector composed by the real part
Re(x) and the imaginary part Im(z) of a column vector
x, erf(z) = %foz e—t" dt is the error function, > stands
for component-wise greater or equal, f~!(-) is the inverse
function of f(-) and ® denotes an empty set.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider a single-cell multi-user MISO downlink trans-
mission, where a base station (BS) equipped with M transmit
antennas communicates with a total number of N single-
antenna users. We assume that the adopted modulation method
is unit-norm M-PSK, and d; € {exp(j(2m — 1)8)} ',
denotes the data symbol for the ith user with § = 7. To
guarantee the detection performance, a minimum signal to
interference noise ratio (SINR) of 4; is required by the ith user.
The channel between transmitter and receivers are assumed to
be block quasi-static and flat fading which remains invariant
in one symbol period. Thus the received signal at the ith user
can be written as

yi=hlz+2, (1)

where & € CM*1 is the transmitted signal vector from BS,

h; € CM*1 is the channel between BS and the ith user
and z; ~ CN(0,02,) is the additive complex Gaussian noise.
Imperfect CSIT is considered with h; being modeled as

hi = hest,i + e, (2)

where heg ; is the estimated CSI known at the transmitter
and e; ~ CN(0,X.,) stands for the channel error which
is modeled as a complex Gaussian random vector with
mean O and covariance X.,. Moreover, we assume Y., =
diag(o2, ;,...,02, ;) which indicates that the channel errors
for different transmit-receive antenna pairs are independent.
Our objective in this paper is to minimize the transmit
power while meeting the SINR requirement of each user using
CI precoding which is also known as CIPM problem [5].
Taking into consideration the imperfect CSIT, the real-valued
representation of CIPM precoding can be formulated as

P1(CIPM): min || (3a)
xT
st. (Cl): |(h; + &))" B&|/tanf
< (h; +&)T A% — /30, ,Yie N, (3b)
where @ = T(xz), & = T(dle;), hi = T(d hesi),

A = [I5,0;0,—1I), B = [0,I,;1I,0], and constraint
C1 stands for the conditions of distance preserve CI in PSK
systems [5], [23]. Let ¢, = [Xe,,0;0, X,,]/2, we can easily
derive that &; ~ N (0, X.,) utilizing the fact that |d;| = 1 and
€e; ~ CN(O, Eei)-

III. PROPOSED ROBUST CI PRECODING

In problem P1, a user ¢ is assumed to be able to detect
the data symbol with a required accuracy when the SINR
requirement is satisfied, and vice versa. However, due to the
existence of e;, constraint C1 cannot be guaranteed definitely.
As a substitution, we require that CI should be satisfied with
a probability that is large enough, say greater than a given
threshold, i.e.:

pi £Pr{Cl} > p;,Vie N )

where 7; (0.5 < 1n; <1) is the probability required by user <.
Problem P1 is then transformed into the following stochastic
robust CIPM (SR-CIPM), whose objective is to minimize the
total transmit power while guaranteeing the CI constraint with
a certain probability for each user:

(5a)
(5b)

P2(SR-CIPM):  min ||Z|?
T

S.t. (C2) Pi 2 Th,VZ € N

Applying the definition of outage probability, if C2 holds, the
outage probability of the ith user satisfies:

P 2Pr{notCl} =1—p; <1—m 2v;,YieN. (6)

where v; denotes the outage tolerance, i.e. the maximum
allowed outage probability, of user .

Since C2 is a probabilistic constraint that is intractable,
problem P2 is not ready to be solved. In the following, we



transform the problem into a tractable convex optimization
problem by properly handling the constraints.

For constraint C1, we have the following equivalent trans-
formations for Vi € N:

(( 1 &)TBE| /tand < (h; + &)T A% — /30, (7)

o h; +¢&;)TBz/tand < (fz + e\ T Az — /Ao,
h; + el TBw/tan@ > —(h; +&)T Az + /30,

— V302, 20

h ~ V302, 20 ®)
B )T

where C = (A— 2T and D = (A+:2;)T. Defining two
sets A; = {éz € R2Nx1 ‘iZTCill +a Cel — \/’%Uzi > 0}
and B; = {&; € R2V*1 |z Dh; + 2" Dé; — \/Fio., > 0},

the probability of CI under any given & can then be rewritten
and lower bounded as

=

PI‘{éz S (Az N Bz)}
1-— Pr{él € /L} — PI‘{é2 S Bl}

pi(T)
>

€))

where A; and B; are the complementary sets of A; and B;,
respectively, and the equality holds when A; N B; = ®.

Let w = CT2 and b = 2" Ch; — \/3,0.,, we have the
following transformation:

Pr{é; € A;} = Pr{w"e; < —b}. (10)

Defining u wTé; and we obtain that u is the weighted
sum of 2N independenlt Gaussian random variables for which

we have u ~ N(0, || Z2w||?). Subsequently, we can calculate
Pr{u < —b}

Pr{é, S /_lz} as
Pr{éi S ./_tl}
! <1 bt (‘fﬁ ))
V2[Blw|
mazi

~T ~, J— A.
<1—erf<m Chjl ))(11)
V2(z2C"z|

Following the same way, we can also verify that
o1 T Dh; — /0.,
Pr{éieBi}:5 <1erf (m ﬁa”)) . (12)

N | =

~ 1
V2|2 D" &|
r ~T ~.7 2
Let (%) = M and p1; (&) = M
\fHEzCTEH V2|22 DTz

(9) can then be rewritten as

5 (enf g () + exf (s 2(#))) 2 g(u:(2)), (13)

where p,(2) = (pi1(Z),pi2(x)) € R% (13) indicates
that the probability of formulating CI at user ¢ with the
given transmit vector & is lower bounded by g(p,(Z)). This
stimulate us to formulate the following problem as a substitute
for P2

pi(ZT) >

P3:
s.t. (C3):

(14a)
(14b)

mjn||:i|\2
x

g(p;(2)) > i, Vi e N.

However, P3 is still non-convex. Therefore, further transfor-
mation is needed to solve the problem.

Since erf(-) is a monotonically increasing function, (14b)
can be equivalently transformed into the following constraints:

wi(2) t
/ (15)
{ ()‘1) =
where A; = (A\;1,\i2) € R? is an introduced auxiliary vari-
able. Recalling p,;(&)’s definition , w,(Z) = A; is equivalent
to the following inequalities,

~1/2 B . ~T
20112, (A — <h (A-
VIS (A - D al < B (A 22 )E e,
=1/2 B ~T B ~
] — <h, —_— 0.

where each inequality defines a convex quadratic cone.

Define ¥; = {p € R?g(p) > n;} and S;(Ni) = {p €
R2|u = A;}, from (15) we can derive that
U= U SN\ (17)
Xi €C(n:)

where C(n;) = {t € R?|g(t) = 1;}. In other words, for any
Xi € C(n;), Si(\;) defines a subset of ¥,. For convenience,
in the following we use A; to denote any vector in C(n;),
distinguishing it from X; which denotes a vector in R?.

Using the definition of W,, it is straight to verify that a
vector & € RQM is feasible to P3 if and only if u,;(&) € ¥,.
Therefore, p; *(¥;) actually defines the feasible set for P3
and similarly p; ' (S;(\;)) defines a sub-feasible set. This
stimulates us to replace C3 with (16) which gives us the
following problem:

P4 :
st (C4): (1

min ||
x

6),Vi e N.

(18a)
(18b)

Since both objective function and constraints are convex, P4
is a convex problem that can be efficiently solved using off-
the-shelf optimization tools such as CVX. Besides, it is worthy
of noticing that the transformation from P3 to P4 is actually
using S;(\;) to replace ¥;. Therefore, how well S;(\;) ap-
proximates ¥; will decide how well the transformed problem
‘P4 approximate the original problem. Besides, we will show
that by properly choosing A;’s for each user in P4, we can
create both tightened approximations, with S;(\;) C ¥, and
relaxed approximations, with ¥; C S;(\;), for the constraint
C3 using C4. The corresponding optimum values of P4 are
then the upper and lower bounds of P3, respectively.
Considering that S;(;) is a subset of W;, this motivates us
to fix A; = A; which yields an upper-bound then according
to the above statement. However, in order to find the lowest
upper-bound through P4, X; should be chosen such that the
corresponding set S;(\;) would be the largest subset of W,
among all S;(X;)’s. As S;(A;) is a cone, the size of it can be



measured by the area it covers. Subsequently, the optimal 5\:
can be chosen through the following optimization,

<k

P

K3

arg _max S(S;(\;))
Xi€C(mi)

= arg max (00— A;1)(00— Ai2)
g(Xi)=n; - -
()\i,l + )\i,2) (19)

= arg mi
g(A)=n;

where S(S;(\;)) is the area that S;(A;) covers. Since g(\;)
is a symmetric function with respect to the two components
j\i,l and 5\@2, i.e. g ((5\@1,5\172)) = 9((5‘1'7275‘51))’ it (EOes
not change the result of (19) if we assume A;2 > A; 1.
Therefore, it causes no loss of generality if we let A\; =
(erf~'(t),erf ' (2n; — t)) where n; > ¢ > 2n; — 1 > 0. Then
we have

min (A1 + Xi2) =

(erf_l(t) +erf ™ (2m; — t))
g(Xi)=n;

min
ni>t>2n;—1

> 2erf ' (), (20)

where (20) is derived according to Jensen’s inequality since
erf "1 (t) is convex when ¢ > 0 and the equality holds when
t = n;. We can then derive that A} = (erf ™" (n;), exf " (n;)).
Conclusively, by setting A; = 5\: , the lowest upper-bound for
the optimal transmit power can be obtained through P4.

Furthermore, for V; € C(n;) we also have

Ai = (erf 1 (), exf (D) [z ezn, 1
= (erf™'(2m; — 1), ert 7 (2m; — 1)) £ AL

21
which indicates that S;(X;) C S;(Al) for ¥A; .Therefore,

Si(A)) € ¥; € Si(AL). (22)

Thus, P4 becomes a relaxed problem of P3 if we let \; = )\2
and its optimal value is then a lower bound of the optimal
transmit power. Moreover, it is easy to show that for V]
satisfying ¥; C S;(A}), we always have AL = Xl. In other
words, Si()\ﬁ) is the smallest set that contain ¥ among all
Si(Ai)’s. The proof is directive: suppose there exist A; with
i > erf ~1(2n; — 1) but satisfying ¥; C S;(\)). It is easy
to show that the point X; = (erf (27 —1),00) satisfies
g(X)) = n; and thus A, € U. However, X, ¢ S;(X}) which
is contradict with our assumption that ¥; C S;(\;) and thus
proves the above analysis. Therefore, by setting A\; = )\i, we
can obtain the best lower bound through solving P4.

As an illustrative example, we depict the contour line of
g(p) as well as the above defined set when 7; = 0.9 in Fig. 1,
which shows straightly the relations of S;(X; ), ¥; and S;(AL).
We can also see from the figure that the larger »; is, the better
S;(A}) and S;(Al) approximate ;. Especially, when 7; — 1

we have X; = Al and S;(A)) = ¥; = S;(AL).

IV. NUMERICAL RESULTS

The performances of the proposed SR-CIPM are investi-
gated through Monte Carlo simulations. In each plot, 8PSK
modulation is considered with M = 6 and N = 4. Block
Rayleigh fading channel are assumed for all channels with
h; ~ CN(0,I,;) and symmetric assumptions among all users

Os@A) Ny, B SiA)
N A I B
Noogw =044 1 1
» 9(1)

\ s
\ LA

Y
N AN

71 11

Hy

Fig. 1. The contour plot of g(p) (dashed line) with set ¥;, S; (X]) and
Si (Xi) for ni = 0.9.

Average outage probability

10logyo(?)

Fig. 2. Probability of outage v.s. channel error variances, ¢, = 15dB.

with o’fi =14%% = mn = 16dB, v; = v, n; = 1—w
and X., = O’?I u for Vi € N. For clarity, the following
abbreviations are used through the section:

o Non-robust: the CI precoding scheme which does not
consider channel errors;

o Worst-case robust: the worst-case robust CI precoding in
[51;

o Robust SA2-SLP: the robust SA2-SLP scheme in [21];

e SR-CIPM: the solution to P4 with X = X};

o SR-CIPM-LB: the solution to P4 with X = )\é which
acts as a lower bound of the original stochastic CIPM.

For the worst-case robust scheme, CI is supposed to be
absolutely guaranteed when channel error is bounded by a ball
{eill| £2[1> < P55, (n:)} where @), (-) is the inverse of the
Chi-siquare cumulative distribution function with 2M degrees
of freedom. This assumption ensures that the probability of
e; being in the ball is exactly 7;. A maximum transmit power
Pmaz = (254:,)dBw is assumed to avoid unacceptable high
transmit powers and the non-robust CIPM precoder[5] with
power normalized to p,,q, would be used when the robust
schemes are infeasible. The performances of these schemes
under different o.’s and v’s are first simulated assuming
~¢n, = 15dB and illustrated in Fig.2, to Fig. 5.

In Fig. 2, we show the average outage probability versus
o, in the logarithm scale to investigate their ability to satisfy
users’ QoS requirements. We can see that the outage probabili-
ties of the non-robust scheme are much larger than the allowed



tolerances and deteriorate as o, increases. This rationalizes
the necessity of designing robust CI schemes to combat the
unavoidable channel uncertainties in real applications. And
as might be expected, the robust SA2-SLP method failed in
meeting the requirements either. For example, at . = —35dB,
its outage probabilities are 0.30, 0.26 and 0.22 for v = 0.1,
0.05 and 0.01, respectively, which are far above the allowed
tolerances. This is because its transformed constraints can
not accurately reflect users’ outage requirements, which can
also be observed in its slow reaction to outage requirements
variations. As v decreases rapidly from 0.1 to 0.01, its outage
probabilities remain almost the same. On the other hand,
our proposed schemes work well in most scenarios. In all
scenarios, the outage probabilities of SR-CIPM are slightly
below the allowed tolerances, while that of SR-CIPM-LB are
slightly above them, which agrees with our conclusion on the
upper and lower bound statements. However, when channel
uncertainty becomes too severe, say when o, exceeds —21dB
(for v = 0.01), —17dB (for v = 0.05) and —15dB (for
v = 0.1), SR-CIPM either failed to guarantee the outage
performances, which is due to the rapid degradation of the fea-
sibility rate as shown in Fig. 4. Nevertheless, its performances
are still very close to the required values. The worst-case
robust scheme yields the lowest outage probabilities, which
are far below the allowed tolerances, resulting in unnecessary
power consumption.

Fig. 3 illustrates the average transmit power consumption of
these schemes. As shown, the proposed SR-CIPM consumes
much less transmit power than the worst-case robust. Partic-
ularly, the power increasing of SR-CIPM is slower than the
worst-case robust scheme, making the gain more prominent
in a relatively high CE regime. Moreover, the gain increases
when v getting larger, with the maximum gains achieved
around o, = —27dB which are about 8dB, 10dB and 11dB
for v = 0.01, 0.05 and 0.1, respectively. This trend indicates
that the proposed scheme is more adaptive to changes of
v. Please note that the gain is narrowed when o. becomes
too large, which is because of the maximum transmit power
limitation other than the scheme itself. We can also observe
that the power consumption of SR-CIPM is very close to
that of SR-CIPM-LB in all cases. Considering the upper and
lower bound property of the two schemes, this indicates that
our approximating methods do not cause obvious performance
loss compared with the potential optimal solution. Besides,
their gap becomes smaller when v decreases, verifying our
analysis that our approximation becomes more accurate when
1n — 1. Fig. 3 also shows that robust schemes’ transmit power
increase as o, increases or v decreases. Fig. 4 shows the
feasibility rate of robust schemes. We can see that they all
decrease rapidly when o, exceeds specific values and become
less feasible as v decreases. However, compared with the
worst-case robust scheme, the proposed methods can tolerate
much higher channel uncertainties. Besides, SA2-SLP shows
a good feasibility performance, which is due to its failure to
reflect the outage requirement accurately.

To investigate how different conservatism levels in satis-
fying the CI constraints affect the users’ performance, we
also depict the average symbol error rate (SER) of these

40
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Fig. 3. Transmit power v.s. channel error variances, v, = 15dB.
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Fig. 4. Feasibility rate v.s. channel error variances, ¢, = 15dB.

schemes in Fig. 5. As shown, the SER performance of the
non-robust scheme degrades rapidly as CE increases. While
the SER of robust schemes remains below that of CIPM with
perfect CSIT until o, exceeds a certain threshold. Considering
the high outage probability of SA2-SLP, this indicates that
v can be set relatively large when o, is smaller than the
threshold. However, we can also observe that the schemes
which yield lower outage probabilities can tolerate higher
channel uncertainties. Besides, a trend that the SER firstly
decreases and then increases with o. can be seen in SR-
CIPM, SR-CIPM-LB, and the worst-case robust schemes. The
decrease is because more residuals are created to combat
the increasing uncertainty. However, at high o, regimes, the
maximum power limitations and the decreased feasibility rate
begin to take effect, which causes an increase of SER. In all
scenarios, the SER of SR-CIPM-LB is slightly above that of
SR-CIPM. And the performance gap between the two schemes
decreases as v decreases, further qualifying our approximation
method and their upper and lower bound property.

Fig. 6 further illustrate the SER performances under dif-
ferent SINR target with o0, = —23dB. Apparently, an error
floor can be seen at high SINR for both non-robust and robust
schemes due to imperfect CSIT. However, the error floor of the
proposed schemes and the worst-case robust scheme is lower
than that of SA2-SLP and the non-robust scheme, which is due
to their ability of achieving lower outage probabilities. Further-
more, from Fig. 5 and Fig. 6, we can also see that as the outage
tolerance v decreases, the SER of the proposed schemes also
decrease obviously while that of SA2-SLP remains almost the
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Fig. 6. Bit error rate v.s. target SINR, 0. = —23dB.

same. This again implies that the proposed schemes can reflect
users’ requirements more accurately, which enables the system
to change the performance by controlling the value of v.

V. CONCLUSION

In this paper, we propose a stochastic robust CI precoding
for MISO downlink systems with contaminated CSIT. The
CIPM problem is formulated into an outage-constrained prob-
lem by considering CEs. Based on a detailed analysis of the
probabilistic constraints, we transform them into determined
and convex constraints through approximations and change
the intractable problem into SOC programming. We show that
by properly selecting the parameters, the performance loss
caused by transforming the constraints can be negligible. Our
simulation results also show that the proposed scheme can
reliably guarantee the outage requirement with much lower
power consumption than the worst-case robust scheme and
works more steadily under different channel uncertainty levels.
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