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Abstract

Non-orthogonal multiple access (NOMA) and spectrum sharing are two potential tech-
nologies for providing massive connectivity in beyond fifth-generation (B5G) networks. In this
paper, we present the performance analysis of a multi-antenna-assisted two-user downlink
NOMA system in an underlay spectrum sharing system. We derive closed-form expressions
for the average achievable sum-rate and outage probability of the secondary network under
a peak interference constraint and/or peak power constraint, depending on the availability of
channel state information (CSI) of the interference link between secondary transmitter (ST) and
primary receiver (PR). For the case where the ST has a fixed power budget, we show that
performance can be divided into two specific regimes, where either the interference constraint
or the power constraint primarily dictates the performance. Our results confirm that the NOMA-
based underlay spectrum sharing system significantly outperforms its orthogonal multiple
access (OMA) based counterpart, by achieving higher average sum-rate and lower outage
probability. We also show the effect of information loss at the ST in terms of CSI of the link
between the ST and PR on the system performance. Moreover, we also present closed-form
expressions for the optimal power allocation coefficient that minimizes the outage probability
of the NOMA system for the special case where the secondary users are each equipped with a
single antenna. A close agreement between the simulation and analytical results confirms the

correctness of the presented analysis.
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I. INTRODUCTION

The commercial deployment of the 5G wireless communications network has already begun
in mid-2019 in many countries. The first phase of 5G mobile communications is expected to
be operating in the 3.6 GHz range. However, the amount of spectrum in the sub-GHz and
below 6 GHz range, which will support many crucial applications in 5G, is very congested [1].
With the advent of many new wireless communication applications and services, the number
of devices/users accessing the wireless spectrum is increasing very rapidly, resulting in the
problem of spectrum scarcity. On the other hand, it is well-known that the 3.5 GHz band
(along with some ISM and mmWave bands) are currently under-utilized, and therefore spectrum
sharing is considered as a potential solution to enhance the spectrum usage efficiency [2]-[4].
On the other hand, NOMA has also gained tremendous attention as a potential multiple access
technique for the next-generation mobile communications network, as it can provide massive
connectivity and can also enhance the spectral efficiency [5], [6].

In general, spectrum sharing between a licensed / primary network and an unlicensed /secondary
network can be accomplished in three ways: underlay, interweave and overlay [2]. In the case of
underlay spectrum sharing, the ST transmits simultaneously with the primary-user transmitter
(PT) using the band of frequencies originally owned by the primary network, in such a manner
that the interference inflicted by the secondary network on the primary network is below a
tolerance limit. In interweave spectrum sharing, a cognitive engine first determines the spectrum
bands for which the usage license is owned by a primary network and the secondary network
uses those licensed bands when primary activity is not detected in those bands. Determination
of these spectrum holes by the cognitive engine is termed as spectrum sensing. In the case of
overlay spectrum sharing, the secondary user transmits simultaneously with the primary user,
but compensates for the interference caused on the primary network by relaying a part of the
primary user’s message to the intended receiver(s). The fusion of NOMA and spectrum sharing
has gained particular attention in the past few years, as it has the potential to provide massive
connectivity and to further enhance the spectrum utilization efficiency in beyond-5G systems.

For the case of overlay spectrum sharing, many notable works analyzing the achievable
rate, outage probability, throughput and optimal power allocation have been presented for
different NOMA systems such as multi-user secondary network, energy harvesting STs, relay-

based cooperative systems and hybrid satellite-terrestrial networks [7]-[11].

On the other hand, there has also been particular research attention given to underlay spec-
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trum sharing NOMA systems. Different cooperative and non-cooperative NOMA-based spec-
trum sharing architectures were proposed in [12], including underlay, overlay and cognitive
radio (CR) inspired NOMA. It was shown in [12] that NOMA-based spectrum sharing outper-
forms its OMA-based counterpart in terms of outage probability. The outage probability analysis
of a NOMA-based underlay spectrum sharing system was presented in [13], where the power
transmitted by the ST was constrained by a peak tolerable interference power at PRs as well
as a peak power budget at the ST. In [14], the outage performance analysis of a relay-based
underlay spectrum sharing NOMA system, consisting of one ST, one detect-and-forward relay,
one PR and two SRs, was presented, where the power transmitted from the ST was constrained
by a peak interference constraint at the PR as well as a peak power budget at the ST. However,
in [14], it was assumed that the transmission from the relay does not cause any interference at
the PR (due to a large separation between them), and the signal received at the relay and the
two SRs were also assumed to be free from any interference from the primary network. The
analysis of outage probability for a relay-based spectrum sharing NOMA system considering the
relay-to-PR interference was presented in [15]. The outage probability and throughput analysis
of an underlay spectrum sharing hybrid OMA /NOMA system consisting of a PT, a PR, an ST
and two SRs was presented in [16], where the authors considered both primary-to-secondary
and secondary-to-primary interference. The power transmitted from the ST was constrained
by a peak interference constraint at the PR as well as a peak power budget constraint at the
ST. However, it is noteworthy that the closed-form expressions for the system throughput (or
the average achievable sum-rate) was not derived in [16]. The performance analysis in terms of
average achievable sum-rate, outage probability and asymptotic behavior (of outage probability)
of a NOMA-based cooperative relaying system in an underlay spectrum sharing scenario,
considering only the peak interference constraint, was presented in [17] (here the authors
assumed that the ST and relay do not have any power budget constraints). In [18], the analysis of
the outage probability for an underlay spectrum-sharing-inspired amplify-and-forward relay-
based two-user downlink NOMA system was presented, where the power transmitted from
the ST was assumed to be constrained by a peak power budget at the ST as well as a peak
interference constraint at the PR.

In summary, for the case of NOMA-based underlay spectrum sharing, most of the research
deals only with the outage probability analysis (as in [13[]-[16]], [18]) or consider only the peak
interference constraint at the PR (as in [17]). It is also noteworthy that only single-antenna

receivers were considered in [13]-[16], [18]. Motivated by this, in this paper, we present the
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TABLE I

DETAILS OF THE DIFFERENT SYSTEM CONFIGURATIONS ANALYZED IN THIS WORK.

Power budget | Interference
Case IL-CSI at ST
at ST constraint at PR
IntICSI Unlimited Peak interference | Instantaneous
IntSCSI Unlimited Peak interference | Statistical
PowIntICSI Limited Peak interference | Instantaneous
PowIntSCSI Limited Peak interference | Statistical
PowIntOneBit | Limited Peak interference | No CSI

average achievable sum-rate and outage probability analysis of a two-user downlink NOMA
system in underlay spectrum sharing (over Rayleigh fading wireless channels) where both of
the (secondary) users are assumed to be equipped with multiple antennas. We also consider
that only statistical channel state information (CSI) is available at the ST regarding the links
between the ST and the users, whereas, for the case of the link between the ST and PR, we
consider different scenarios, as explained in Table [II Hereafter, we will refer to the CSI of the
ST-PR link as the interference-link CSI (IL-CSI).

The main contributions of this paper are summarized as follows:

o We derive closed-form expressions for the average achievable sum-rate and outage proba-
bility for the spectrum sharing NOMA system for all the five cases shown in Table

o For the special case where the secondary users are each equipped with a single receive
antenna, we derive an explicit analytical expression for the optimal power allocation co-
efficient that minimizes the outage probability of the spectrum sharing NOMA system
(except for the case of PowIntICSI). For the general case, where the users are equipped
with more than one receive antenna, the value of optimal power allocation coefficient is
obtained numerically.

o By comparing the performance of the spectrum sharing NOMA system with the correspond-
ing OMA system, we show that the NOMA system outperforms its OMA-based counterpart
by achieving lower outage probability and higher achievable rate. More interestingly, we
show a performance comparison among different system configurations of the spectrum
sharing NOMA system (as described in Table [I) to show the effect of loss of information

(in terms of CSI) on the overall system performance.

The achievable rate analysis of an underlay spectrum sharing OMA system consisting of one
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Fig. 1. System model for underlay spectrum sharing. Here U, and Uy are the secondary-user receivers.

PR, one ST and one SR, considering similar interference and power-budget constraints, was
presented in [19]. However, it is noteworthy that in [19], the analysis of outage probability was
not presented. Also, the consideration of a NOMA system with multiple-antenna-assisted users

makes the analysis of the system different and more challenging as compared to [19].

II. SYSTEM MODEL

Consider the system shown in Fig. |1 consisting of a secondary-user transmitter ST, a primary-
user receiver PR and two secondary-user receivers U, and Uy. It is assumed that the ST and
PR are each equipped with a single antenna, whereas U, and Uy are equipped with N, (> 1)
and N¢(> 1) antennas, respectively. The channel fading coefficient between the ST and the
PR is denoted by hp, whereas that between the ST and the i-th antenna of U,, and the ST
and the j-th antenna of Uy are denoted by h,,; and hy ;, respectively, where i € {1,2,..., Ny}
and j € {1,2,...,N¢}. We assume that h, ~ CN(0,Q, = dy*), hyi ~ CN(0,Q, = d,*) and
hei~ CN(0,Q = dJZ"‘) where dp, dy, and d; denote the distance between the ST and PR, ST
and Uy, and ST and Uy, respectively, and a denotes the path-loss exponent. Throughout this
paper, we assume that the ST has statistical channel state information (CSI) regarding the links

between the ST and U, and ST and Uf, i.e., the knowledge of (), O f and the corresponding
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distribution of these links, whereas the availability of the CSI regarding the ST-PR link, i.e., the
IL-CSI for different scenarios, is given in Table It is also assumed that d,, < d < dp, and we
therefore refer to U, and Uy as the near and far users respectively. We consider the scenario
where the secondary network (consisting of ST, U, and Uy) is deployed outside the coverage
of the primary-user transmitter, and therefore, we do not consider the interference at U, and
Uy caused by the primary-user transmitter.

In the case of NOMA, the ST broadcasts a power-division multiplexed symbol

“npt<gp)xn + 4/ afpt(8p>xfr

where x, and x; are the unit-energy symbols intended for users U, and Uy, respectively, a,
and a f are the power allocation coefficients for users U, and Uf, respectively (we assume that
anp < ayand a, +ay=1), gp £ |hp|?, and Pi(gp) is the total power transmitted from the ST. In
general, P;(gp) is a one-to-one mapping from the channel gain g, to the set of non-negative real
numbers R, . Note that the notation P;(g,) indicates that the ST has the perfect knowledge of
the channel gain g,; in the sequel, when we consider the case where the ST has no knowledge
or only statistical knowledge of the channel gain g, we will denote the power transmitted from
the ST simply by P;.

After receiving the signals, the user Uy, u € {n, f} first combines the signals using maximal-
ratio combining (MRC), and therefore, the channel gain between the ST and U, is given by
qu = hth,, where h, = M1 hup- - hyn,]T € CNoX1 The near user U, first decodes Xy
by considering the inter-user interference due to the presence of x, in the received signal as
additional noise. It then applies successive interference cancellation (SIC) to remove x; from
the received signal and then decodes its intended symbol x;,. On the other hand, the far user
Uy decodes xf directly considering the interference due to x, as additional noise. Assuming
the noise contributions at all receiver nodes to be distributed as CN(0,1), the instantaneous
signal-to-interference-plus-noise ratio (SINR) and instantaneous signal-to-noise ratio (SNR) at
Uy, to decode x¢ and x, are, respectively, given by

(w) afgnpt(gp) (s)
R A s LA ngnPi(8p)-

Similarly, the instantaneous SINR at Uy to decode xy is given by

w) _ 58P (gp)
f angfpt(gp) +1‘



KUMAR et al.: ON THE PERFORMANCE OF DOWNLINK NOMA IN UNDERLAY SPECTRUM SHARING 7

Since symbol x;, needs to be decoded only by Uy, the instantaneous achievable rate for U, is

given by

log, |1+ 75| = 10g,[1 + augyPi(gy)].

On the other hand, since x fi needs to be decoded by both users, the instantaneous achievable
rate for Uy is given by

afgminpt(gp)

1+
angminPr(gp) +1

4

min {log2 [1 + 'yy(zw)] ,log, [1 + ’y(w)} } = log,

where gmin = min{gy, s}
In contrast to this, for the case of OMA, the ST transmits /P:(gp)x» and /Pi(gp)xs to Uy
and Uy, respectively, in two orthogonal time slots. Therefore, the instantaneous SNR at U, and

Uy to decode the intended symbol is, respectively, given by

Gn = 8gnPi(8p),  Ff = 8rPr(8p)-

Throughout this paper, fy(-), Fx(:), F}l(-) and Fy(-) denote the probability density function
(PDF), cumulative distribution function (CDF), inverse distribution function (IDF), and comple-
mentary CDF (CCDF) of the random variable X, respectively.

Next, we will present the achievable rate, outage probability and optimal power allocation

for the spectrum sharing system.

III. SECONDARY PERFORMANCE FOR INTICSI

In this section, we assume that the ST has perfect instantaneous IL-CSI, and adapts its
transmission power such that the instantaneous interference caused by the ST at the PR is
less than a predefined threshold value I. In addition, we do not consider any power budget
limit for the ST. Such a scenario is relevant when the ST is one with unlimited power, such as

a base station.

A. Average achievable sum-rate
The average achievable sum-rate for the NOMA system is given by

afgminpt(gp)
angminpt(gp> +1

Pt(gp)Z

} @)

s.t. gpPi(gp) < L. 2)

Coum = max O]Eg”’g”’gf {log2 1+ a,8:Pi(gp)] +1og, |1+
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The optimal transmit power P;(gp) that maximizes Csum in (I) is given by I/gy. Therefore, the

expression for the average achievable sum-rate is given by
Csum = IEXn {]'ng (1 + anIXn)} + IE:Xmin {]'ng (1 + IXmln)} - IE'Xmirl {logz (1 + a”IXmin)} s (3)

Theorem 1. For the case of IntICSI, the average achievable sum-rate for the NOMA system is given by

C _ 1 1 < QP >Nn G3,2 ( QP ‘ =Ny, =Np, 1-=Np > + Nfz_l QIJW‘H(
S In2 | T(N,) \ Quayl 33\ Quan,I| 0 —N, —Ny = r(Nn)k!QnNHQ;g]Nn-i-k
Ny+l
32 (Qp [Nk —Nak 1N,k 1 a0/ Qp | -Na—k —Ny—k 1-Ny—k an—l Q,”"
«dgd2 (e _ S
383\ \QI| o  —Ni—k —Ny—k Atk 33\ Qayl | 0, —Nu—k, —Ny—k = T(Np)I!

7

,Nf*l, 7Nf*l, 17fol > 1 32 < QP ‘ 7Nf*l, 7Nf*l, 17Nf*l )
TN+ 733
0, —Np—I, —Ng-I aanH Qanl| 0 Ny, —Ns-I

1 3.2 (Qp
SO S— e (e
Q;\]fQLINf—i_l { 33 QI
(4)

where Q) = 0 Q¢ / (Qn + Q) and G(-) denotes Meijer’s G-function.

Proof. See Appendix |

On the other hand, for the case of OMA, the average achievable sum-rate is given by
Goum =05 ) Ex, {log,(1+1X,)}, ®)
ue{n,f}
where X, £ g,/ gp. We do not provide a closed-form analysis for the case of OMA, as the focus
of this paper is on the NOMA-based system. For the purpose of comparison, we will evaluate
the performance of the OMA-based system numerically.

Next we present the analysis of the outage probability for both NOMA and OMA systems.

B. Outage probability

We assume that the target data rates for users U, and Uy are the same, and are denoted by

Ttarget- 1herefore, for the case of NOMA, the outage threshold is defined as ¢ £ Dltarget _ 1,

Theorem 2. For the case of IntICSI, the outage probability for the NOMA system is given by
OpCu N
hami- 11 - (525 0)"] 0
wetny L Nl Ol
where &, = Gmax{# 1 } and Gy £_J0

uf—ane’ﬂ af—a0°
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Proof. See Appendix |

It is noteworthy that the term a - a,0 in the denominator of ¢ ¥ indicates that we require
ag > ay0, ie., a, <1/(1+ 0), otherwise both U, and Uf will fail to decode Xf and the outage
probability of the system will always be equal to 1. A similar phenomenon was observed in [17]
and [20].

For the limiting case where I — oo, it can be shown using the binomial expansion that

- Ne+k—1\_ Ntk ® N, +1—1 -
lPout:Z(‘”k( " )Tff+1 (Nf+")+2<—1)’( " >‘YnN"HI (No+1)
k=0 1=0

N N;
_ Zf: Y (—1)k! <Nf +kk - 1> <Nn +ll - 1>‘Y;\lf+k1(Nf+k)\FnNn+lI(Nf+Nn+K+l),
k=01=0

where ¥, £ Q,¢,/Qy. Using the preceding expression, it is straightforward to conclude that
Pout decays as min{N,, N f} for large values of I.
On the other hand, for the case of OMA, the outage threshold is defined as ® £ 22Marget _ 1
and the outage probability is given by
Pour=1— [] Pr(IXu>0). (7)
ue{n,f}
Here we do not provide a closed-form expression for the outage probability for the case of

OMA, but we will rather evaluate via simulation for the purpose of comparison.

C. Optimal power allocation

In this subsection, we attempt to find a closed-form expression for the optimal a,, denoted
by a;,, that minimizes the outage probability of the spectrum sharing NOMA system. By differ-
entiating (6), it can be observed that a closed-form expression for aj; is not possible in general.

However, in the following theorem we show that this is possible in the special case N, = Ny = 1.

Theorem 3. For the case of IntICSI with N, = Ny =1, ay, is given by

L 10,10, V(L 6) (1O + Q) {10, + Qy6(1+ 6)} .
= HA+0)Q —Qu} I(1+6){(1+6)Qf — Q,} ®)
Proof. See Appendix |

With simple algebraic manipulation, it can be shown that for the case when N, = Ny =1,
the value of a;, decreases with an increase in the value of I. For the case when N, > 1 and

Nf > 1, we find the optimal value of a, numerically.
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IV. SECONDARY PERFORMANCE FOR INTSCSI

In a practical system, it is often not possible to obtain instantaneous CSI at the transmitter
side. Motivated by this issue, we consider the scenario where the ST has only the statistical CSI
regarding the ST-PR link, i.e., only the information regarding (), and the distribution of 5, is
available at the ST (along with the statistical CSI of the ST-U,, links). In this case, the quality-
of-service (QoS) at the PR is protected through a statistical constraint which states that the
probability that the interference caused by the ST to the PR is above the interference threshold
I should be lower than a preset threshold J. Denoting the power transmitted from ST by F;,
we have

I
8p

Given that g, is an exponentially distributed random variable with mean value given by (), the
IDF of gy is given by F, 1(x) = =, In(1 — x). Substituting the expression for Fy, 1(.) into (),

the optimal transmit power to maximize the average achievable sum-rate is given by
Pf = —1/(QpInd). (10)

Next, we will provide analytical expressions for the average achievable sum-rate, outage
probability and optimal power allocation in spectrum sharing NOMA system for the IntSCSI

case.

A. Average achievable sum-rate

The expression for the average achievable sum-rate in NOMA is be given by
Coum = Eg, {log, (1 + angnP/)} + Eg,, {1085(1 4 gminP¥ )} — Egyy, {1085 (1 + angminPi) } - (11)

Theorem 4. For the case of IntSCSI, the average achievable sum-rate for NOMA is given by

Ns—1

7NI‘LI liN}’l 1

Coum = In2

1
3,1
X {G2/3 <Q p?

i G31 1
= Z;Ql P*)Nerl 2,3 th*

1 3,1< 1
T (N )N (@, P )Ne > \ Qaty P
—Np—k, 1-N,—k 1 G3l 1
0, —Nu—k —Ny—k antk =23\ Qa, Py

_Nf—l, 1—Nf—l ) 1 G3'1 < 1
- 2,3
0, —Np—I, —Ng-I ! Qa, P}

~Nj—1, 1-Nj

_|_
) FN) O & ROE(P) N

—Ny—k, 1—-N,—k > } n 1
0, —Nu—k —N,—k F(Nf)Q f

N
f

0, —Ng—1l, =N¢—I

it

(12)
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Proof. See Appendix [D} |

On the other hand, for the case of OMA, the expression for the average achievable sum-rate

is given by

Goum =05 Y Eg, {log2< _8ul )} (13)
wefnf} Q Iné

B. Outage probability

Following similar arguments as used in Section [lII-B| the outage probability for NOMA is
given by

aflt*gn ” uflt*gf
P — _ S 7 > P > P - >
out 1 Pr(l Elnpt* ; >0, an t &n >0 r 1 anpt*gf >0

0 1 1 0
=1-"Pr (gnZP*max{af_ane, aﬂ}) <gf_P*(af—an9))
H ‘Fgu <>
ue{n,f} P
1

=1- 7/00 xNu=1 oy <—x> dx
1 TN Jeu/py Pla.

ue{n,f}
T[Ny, &0/ (QuP)]
we{n,f} I'(Nu)

where the integral above is solved using [21, eqn. (3.381-3), p. 346] and I'[+, -| denotes the upper-
incomplete Gamma function.

Using [22, eqn. (8.7.2), p. 178], it can be shown that

Nerk o Ny+1
Py — 1 Z (-D¥Y; [~ (N;+K) +r 2 (=1)"Yn [~ (Nut1)
" T(Ny) /= k(N +k) &= 1N, + 1)

- - i i ( —(Nf+Nn+k+l)
F(Nf)r(Nn) == kI Nf—Fk)(Nn-i-l) !

where Y, £ —£,QpIn5/Q)y,. From the preceding equation, it is straightforward to conclude that
Pout decays as min{N,, N f} for large values of I.

On the other hand, for the case of OMA, the outage probability is given by

Pout=1— ] Pr(Pfgu>09). (15)
ue{n,f}
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C. Optimal power allocation

Theorem 5. For the case of IntSCSI with Ny = Ny =1, aj, is given by

Q Qan(l"f’@)
o = f - : (16)
1+0)0 =0 (110){(1+0)0;— O}

Proof. See Appendix |

It is important to note that in this case, the optimal value of a, does not depends on I or ().
Next, we present the analysis for the spectrum sharing system where a power budget con-

straint also exists at the ST, along with a peak interference constraint at the PR.

V. SECONDARY PERFORMANCE FOR POWINTICSI

For the case when the ST is a battery-operated device, the power transmitted from the ST
is often constrained by a peak power budget at the ST. Therefore, in this section, we analyze
the performance of the spectrum sharing system where the power transmitted from the ST is
constrained by the peak interference caused at the PR as well as a peak power budget at the

ST.

A. Average achievable sum-rate

The average achievable sum-rate for the NOMA system is given by

Coum = max Eg o o < logy[1+a,8,Pi(gp)] +1og, |1+ f8minlt () , (17)
Pi(gp)>0 7" angminPr(gp) +1

s.t. gth(gp) <], (18)

Pt(gp) < Ppeak/ (19)

where Ppeqi denotes the peak power budget at the ST. Therefore, the optimal power to maximize

the average achievable sum-rate in NOMA is given by

. I
ppeakr if Sp S 5—

I
P{(gp) = min {P peaks } = Fpeak (20)
8p —, otherwise.

8p
Therefore, using (I7)-(20), the expression for the average achievable sum-rate for NOMA is

given by

Csum = Eg, 4, {1082[1 + angn P (gp)]} +Eg, ¢min {1082[1 + P/ (gp)gmin]} — Eq¢, ¢min {1082[1 + an P} (gp)gmin]} ,
(21)
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where P (gp) is given by (20). It can be shown that in general, it is very difficult (if not impos-
sible) to find an analytical expression for (21I)). Therefore, we present the analytical expression

for the special case where N, = Ny = 1.

Theorem 6. For the case of PowIntICSI with Ny = Ny = 1, the average achievable sum-rate for NOMA
is given by

Coum = ﬁ (T(a,0) + T(Q) — T(anQ)], 22)

where T(x) is given by

-1 1 -1
T(x)=—1]1—ex ex Ei +
( ) [ P (Qpppeak>] P (xppeak> (xppeak>
Q, —xI -1 Q, —xI 1 1
p : p . .
—exp| ———— | Ei +exp | —— Shi — Chi .
P (x QpPpeak> (xppeak)} P (x QPPpeak> { (xppeak> (xppeak> }]

(23)

Here Shi(-) and Chi(-) denote the hyperbolic sine and hyperbolic cosine integrals, respectively.
Proof. See Appendix |

On the other hand, the corresponding average achievable sum-rate for OMA is given by

Goum =05 Y By, {log, (1+guP;(gp))}- (24)
ue{n,f}

B. Outage probability

Following the arguments in Section [lII-B, the outage probability for the case of NOMA is

defined as

(o gl )
Pour =1 Pr<gn2 7 (gp) br ngPt*(gp) ‘ @)

Theorem 7. For the case of PowIntICSI, the outage probability for NOMA is given by

N¢—1 N, —1 1 =k
Pout =1— { [1 — exp ( =1 )] 1—[ F[Nu;‘;u/(QuPpeak)] n 1 fZ: Z Cnéf
ue{n,f}

Qpppeak F(Nu) 07}0 k=0 I1=0 k'l'Q%Q'];Ik—H

—(k+1+1)
1 Cn g
@h+ﬂﬂ+ﬂﬂ> }.Q®

Proof. See Appendix |

xT

1 &n Gy I
k141, | ==+ 25+

Fi 1 __ Ei

-1

Q pP peak

)
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As will be shown in Section the spectrum sharing system exhibits an outage floor for the
case when the ST has a limited power budget. Therefore, we will not analyze the asymptotic
behavior of the outage probability for such systems.

On the other hand, for the case of OMA, the outage probability is given by

C)
t uegf} Py (gp)

C. Optimal power allocation

It can be shown that for the case of PowIntICS], it is very complicated (if not impossible) to
tfind a closed-form expression for a;;, even for the case where N, = N F= 1. Therefore, for the

case of PowIntICSI, we find the optimal value of a4, numerically.

VI. SECONDARY PERFORMANCE FOR POWINTSCSI

For the analysis in this section, we assume that the power transmitted from the ST is con-
strained by the peak interference constraint at the PR as well as the peak power budget at the

ST. Additionally, we assume that only statistical IL-CSI is available at the ST.

A. Average achievable sum-rate
The average achievable sum-rate for the case of NOMA is given by
Coum = max Eg,¢; {108 (1 4 anPtgn) +10gy(1 + Prgmin) — 108, (1 + anPrgmin) } , (28)
t—
s.t. Pr(gyPr > 1) <9, (29)
P < Ppeak- (30)
Using (29), and (10), the optimal transmit power to maximize the sum-rate for NOMA is
given by
* . —1
Pt = min Ppeak, m . (31)
Therefore, using (28)-(31), an expression for the average achievable sum-rate for NOMA is given
by
Coum = Eg, {logy(1+auguP/)} + Egpy, {1085 (14 gminPi) } — Egpyiy {logy (1 + angminl)} - (32)

Note that is same as (1I), however, the definition of P/ in and are different.
Therefore, an analytical expression for is given by (12), with P;* given by (31).
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On the other hand, for the case of OMA, the average achievable sum-rate is given by

Gsum = 0.5 Z Eg, {log,(1+guPi)}, (33)
uc{n,f}
where P/ is given by (31).

B. Outage probability

Following arguments similar to those in the previous subsection, the outage probability for
NOMA is given by (14), where P/ is given by (3I).
On the other hand, for the case of OMA, the outage probability is given by

()
Pout =1 — H Pr (gu > P*) . (34)
ue{n,f} t

C. Optimal power allocation
Following the arguments in Section for the case where N, = N =1, ay is given by
PO, S A1 +0) (35)
T 00 110 {(1+0)0- 0,
Similar to case in Section [[V-C} a;; does not depends on Ppeax, I or Q.

VII. SECONDARY PERFORMANCE WITH ONE-BIT FEEDBACK

In this section, we consider the scenario where the ST does not have any CSI regarding the
ST-PR link. We rather assume that the PR has instantaneous CSI regarding the ST-PR link.
Also, we assume that the power transmitted from the ST is constrained by a peak interference
constraint at the PR, as well as a peak power budget constraint at the ST.

Based on the peak power budget at the ST, and the peak interference constraint at the PR,
the PR calculates a threshold value 7 for the channel gain g,. If the instantaneous channel gain
of the ST-PR link is less than 7, the PR sends a “1” to the ST via a low-bandwidth zero-delay
feedback link, and sends a “0” otherwise. For the case when ST receives a “1” from the PR, it
transmits its signal to U, and Uy with full power Ppek, otherwise it remains silent. Therefore,

the transmit power from the ST is modeled as

P k if g <T=
peakr p =
P = Ppeax (36)

0, otherwise.
Note that the power transmission scheme in ensures that the interference caused by the ST

at the PR is either less than or equal to the peak tolerable interference at the PR or zero.
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A. Average achievable sum-rate

The average achievable sum-rate for the case of NOMA is given by

Coum = Eg, ¢/ {108, (1 + anPi'gn) + 108y (1 + P gmin) — 108y (1 + 1P/ gmin) }

= Pr(gy < 7) []Egn {logz(l + aaneakx)} +Eg in {logz(l + Ppeakx)} —E¢ i {10g2(1 + aaneakx)H )

(37)
Following the steps in Appendix [D} an analytical expression for is given by
Np-1
o 1—exp(—1/Qp) 1 31 1 —Ny1—Njy n 1 y 1
- In2 T(Np)ON (anPoeat )N > \ QntnPocak [0-Nu~Na | " T(N,) QN (= kIO

1 G3 1 1 —N,—k,1-N,—k 1 G3 1 1 —N,,—k,1-N,,—k n 1
>< - 4 P 4
(Poear)NrE | 727 \ OPpeai | 0~ Na—k,—Nu—k alNntk 723\ Oy Poeaic | 0,—~Nu—k,—Ny—k F(Nf)QNf

f
,fol,lfofl 1 G3’1 1
-3 | a5 —
0,7Nf*l,*Nf*l aglf—i—l Qanppeak

~Nj—11-Ns-1
0,~N—1,—Ns—I

(38)

Nil 1 { - ( 1
X Gy
20 110 (Poear) ™™ |7 \ QPpeak

On the other hand, for the case of OMA, the average achievable sum-rate is given by

Coum =05 Y Eg, {log,(1+guPy)}, (39)
ue{n,f}

where P/ is given by (36).

B. Outage probability

Similar to Section [III-B} the outage probability for the case of NOMA is given by

arP;’ arP’
Poy =1 — Pr (ftg” > 0,a,P gy > 9) Pr (ftgf > 9>

anPign +1 anPt*gf+1 -
Cn ‘;If
=1—-"Pr < T)Pr > Pr >
(8p B ) (gn B PPeak gf R peak
- r Nll/ 1 QMP a.
:1_{1_exp (Qr)} T [ C}/z(\[ pe k)]_ (40)
P ue{n,f} (M)
On the other hand, for the case of OMA, the outage probability is given by
Q)
Pout =1 — 1__[ Pr (gu > P*) ’ (41)
ue{n,f} t

where P is given in (36).
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Following the arguments in Section for the case where N, = Ny =1, ay is given by

. Oy

Q,Q4(1+6) w

a, = —

1+00r =00 (140 {1+0)0,-0,}

Similar to case in Section a;, does not depends on Pyear, I, Qp or T.
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VIII. RESULTS AND DISCUSSION

In this section, we present the simulation and analytical results for the performance of the
spectrum sharing NOMA/OMA systems. Throughout this section, we assume d,, = 30m, df =
100m, dp = 200m, « =2, 6 = 0.1 and N;; = Ny = N. However, note that the analytical results
presented in this paper are also valid for the case when Nj, # Ny.

Fig. 2| shows a comparison between IntICSI and IntSCSI NOMA /OMA systems in terms of
outage probability, for different values of N. It is clear from the figure that the spectrum sharing
NOMA system significantly outperforms the corresponding OMA system for both IntICSI and
IntSCSI cases. It is important to note that for large values of I, the difference between the outage
probability of the NOMA system and the corresponding OMA system increases with an increase
in the value of N. It is also noteworthy that for large values of I, the difference between the
outage probability of the NOMA system for IntICSI and IntSCSI decreases with an increase in
the value of N, indicating that the impact of information loss becomes less significant for larger

values of N and I.

Fig. 3| shows the outage probability of the PowIntICSI system for both NOMA and OMA,
with different values of N and Pq. For both NOMA and OMA systems, the outage probability
tirst decreases for small values of I (which we refer to as the interference-constrained regime) and
then becomes saturated for large values of I (which we refer to as the power-constrained regime).
This occurs because the average power transmitted from the ST first increases with an increase
in the value of I and when the value of I is large, the average power transmitted from the
ST becomes constant, resulting in an outage floor. It is evident from the figure that the outage
probability of NOMA system is significantly lower than that of the corresponding OMA system.
More interestingly, for the NOMA /OMA system, the outage probability remains (almost) the
same in the interference-constrained regime for a fixed value of N, regardless of the value of

Ppeax, Whereas the effect of Ppeax becomes significantly evident in the power-constrained regime.

The outage probability of the PowIntSCSI NOMA /OMA system is shown in Fig. 4 for different
values of N and Ppeqx. Similar to the case of Fig. 3 the interference-constrained and power-
constrained regimes are clearly evident in Fig. [} with the NOMA system outperforming the
corresponding OMA system. However, different from the case in Fig. [3, the outage probability

of NOMA/OMA for a fixed value of N is exactly the same in the interference-constrained

regime, irrespective of the value of Ppeak- This occurs because the power transmitted by the ST
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is given by P;' = min{Ppear, —1/(QpInd)}; in the interference-constrained regime, this is equal

to —1/(QpInJ), which is independent of Ppeqk.

Fig. 5| depicts the outage probability performance of the PowIntOneBit NOMA /OMA systems

for different values of N and Ppeq. It is clearly evident from the figure that the NOMA

system outperforms its OMA-based counterpart, by achieving a lower outage probability. How-
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tOneBit system. Here markers with dotted lines rep-
resent the simulation results, whereas the solid lines

represent the analytical results.

ever, different from the case in Figs. |3 and @ for a fixed value of N, the outage probability
of NOMA/OMA systems with larger value of Ppeax is higher in the interference-constrained
regime. This occurs because when the value of Ppeai is large (for a fixed N), the value of
=1/ Ppeax becomes small and therefore, the probability of receiving a feedback “1” at the
ST becomes smaller (c.f. (36)), which in turn leads to a higher probability of the ST being
silent. Therefore, different from the other cases, having a higher peak power budget is not
always beneficial in the interference-constrained regime for the case of the PowIntOneBit system.
However, in the power-constrained regime, having a large Ppeax is always advantageous, as is
evident from the figure.

Fig. [6| shows a comparison of the outage probability for PowIntICSI, PowIntSCSI and Pow-
IntOneBit NOMA systems with Ppeac = 50 dB. It is evident from the figure that in the power-
constrained regime, the outage probability for all the three NOMA systems for a fixed value
of N converges to the same outage floor. In the interference-constrained regime, the effect of
information loss in terms of IL-CSI between PowIntICSI and PowIntSCSI systems is not very
significant. However, in the case of PowIntOneBit system, the effect of information loss in terms
of IL-CSI becomes significantly dominant in the interference-constrained regime, especially for
large N.

Fig.[7]shows a comparison of the average achievable sum-rate for IntICSI and IntSCSI NOMA
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and OMA systems. It is evident from the figure that the NOMA-based system outperforms the
corresponding OMA-based system in terms of achievable sum-rate for large values of N. It is
noteworthy that in contrast to the behavior in the case of outage probability, the performance
degradation in IntSCSI system as compared to IntICSI system in terms of achievable rate due

to information loss is significant even for large values of N.

In Fig.|8| the average achievable sum-rate for the PowIntICSI NOMA /OMA system is shown
for different values of N and Ppeqx. Interestingly, the difference between the sum-rate of the
NOMA systems with Ppeac = 45 dB and 50 dB is less significant in the interference-constrained
regime, whereas the performance difference between the two systems becomes significant in

the power-constrained regime.

Fig. O] shows the average achievable sum-rate for PowIntSCSI NOMA and OMA systems
for different values of N and Ppeak. It is noteworthy from the figure that for a fixed N in the
interference-constrained regime, the sum-rate for the NOMA /OMA system is exactly the same
for both Ppe,
Also, as explained for the previous figure, the achievable rate for both NOMA and OMA systems

k = 45 dB and 50 dB, because of the same reason as explained previously for Fig.

saturates in the power-constrained regime, due to the fact that the power transmitted from the

ST is constant and independent of the value of I.

Fig.[10|depicts the average achievable sum-rate performance of the PowIntOneBit NOMA and
OMA systems for different values of N and Ppeqx. For a fixed value of N in the interference-
constrained regime, the sum-rate of the NOMA/OMA system with larger Ppek achieves lower
sum-rate as compared to the NOMA/OMA system with smaller Pyeqx, because of the same
reason as explained previously for Fig. |5l Therefore, having a higher peak power budget in
the PowIntOneBit NOMA /OMA system is not always beneficial in the interference-constrained
regime. However, in the power-constrained regime, a larger value of Ppeq results in a higher

achievable sum-rate.

Fig. [11] shows the achievable sum-rate performance of PowIntICSI, PowIntSCSI and PowlIn-
tOneBit NOMA systems for the case when Ppeax = 50 dB. It can be noticed from the figure
that in the interference-constrained regime, there is a significant performance degradation due
to the information loss in terms of IL-CSI, whereas in the power-constrained regime, there is

no effect of information loss in terms of IL-CSI.
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IX. CONCLUSION

In this paper, we presented the performance analysis of a multi-antenna-assisted NOMA-
based underlay spectrum sharing system over Rayleigh fading channels. We derived closed-form
expressions for the average achievable sum-rate and outage probability for the downlink NOMA
system under a peak interference as well as a peak power budget constraint with different CSI
availability at the ST regarding the link between ST and PR. Our results confirm that for a large
number of antennas at the secondary users, the performance difference between the system with
instantaneous IL-CSI and statistical IL-CSI in the interference-constrained regime is negligible
in terms of outage probability, whereas this difference is significant in terms of achievable sum-
rate. On the other hand when no IL-CSI is available at the ST, the NOMA and OMA systems
both suffer from a significant performance degradation in the interference-constrained regime
for a large number of antennas, in terms of outage probability as well as achievable sum-rate.
However, in the power-constrained regime, the effect of information loss in IL-CSI is negligible
for both outage probability and achievable sum-rate. We also derived closed-form expressions
for the optimal power allocation to minimize the outage probability of NOMA systems for the

special case when the secondary users are each equipped with a single antenna.

APPENDIX A

PROOF OF THEOREM]

Given that channel gains for all of the wireless links are exponential distributed, the PDF and

CDF of g,(u € {n, f}), are respectively given by

xNu—1 —x
fou(x) = Wexp (Qu> , (43)

and

N e k
Fg,(x) =1—exp <ij> ;g) T <(;Cu> . (44)

fo,(x) = SpeXp (:) : (45)

Now, the PDF of gmin can be obtained by

Somin (%) = fou ()1 = Fo ()] + fo, (x)[1 = Fg, (x)]

Nq—1
1 f1  Nutk—1 <_x) 1 Ny=1  Ny+1-1 _
= —— Z ——exp| = |+ ———= Z exp(). (46)
T(N,)ON (=) KOk 9) F(Nf)gjjf = 9
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Also, the PDF of X, = Su/§p can be obtained as

F) = [ f (vf, (ty

xNu—1 1 > ] N, Nu—1 ( X 1 )(Nqul)
N, u
_ u ex 7_’_7 d = — 7+7 ’ 47
I'(N, QN”Q,,/ Y p[ ( a,) Y o, \Qu #7)

where the integration above is solved using [21, eqn. (3.351-3), p. 340]. Similarly, the PDF of
Xmin 2 Smin/ &p can be given by

FXin (%) = /0 ) Yfemin (YX) fg, (y)dy

1 N1 Ny+k—1 Nk 1
= " ex + = d
oarn, & wey b oG )
1 Nﬂ —1  Np+l-1

1
+ / y exp[—( —|—>y}dy
I(Np)Q,' 0, 1:0 noy, Q- Q
Nf—1

B Nn+k 1I’(N +k+ 1) 1 —(Nn+k+1) N,—1 fo‘Hilr(Nf + ! + 1) X 1 _(Nf+l+1)
N T'(N,)k!QN" OO Q SRR 0O " O O oo, '
k=0 n)RR i R ApR2p P 1=0 F(Nf)l.Qf QLQ, P

(48)
The integration above is solved using [21, eqn. (3.351-3), p. 340]. Using ({#7), an analytical

expression for the first expectation in (3) is be given by
1 0o
Ex, {logy(1+au1X,)} = 15 [ In(1+aul) i, (x)dlx

MO (14 )
= xM Tt In(14+a,lx) [1+ =x dx
QN 1n2 Jo (1 aulx) Qy

N, QN o
=— ntp / xN”_lG;'g <an1x
QN'T(N, +1)In2 Jo , 1,0

1 Q Nu Q, |-N,, —Ny,, 1-N,
E ) G (e : (49)
I'(Ny)In2 \ Qua,l P2\ Oua,l| 0, —N,, —N,

where the integration above is solved using [23, eqns. (7), (11), (21), and (22)]. Similarly, us-

ing {#8), an analytical expression for the second expectation in (3) is given by

Ex_. {log,(1 4 IXmin)}
-1 —(Np+k+1)
1 | T(N.+k+1) Ny ko1 1\
" In2 [ L C(N KON Ok, / o () (0 * 0) dx

No=l T(N;+1+1 00 —(Npt+1)
+ ) (N ) NN N1+ Ix) —i—i dx
Nf i 0 Q' O

=0 T(Np)IO, L0, p
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Ng—1 Nn+k )
_ 1 fz Oy / Nutk-1512 (Ix 11 > cll <pr’—Nn—k) dx
In2 | & r(Nn)k!QnNnQ§ 0 22 1,0) 11\ O 0
Ne+1
e O o 11 Q, | -Ns-
+ P / N1 G2 <1x )GH <pr' ! >dx
i=0 T(Np)1Q, of /0 ’ Lo/ 0
Qp | =Ny—k, —Ny—k, 1-N,—k Ny+l Q, | =Ng=L, =Ny—=I, 1=Ng—I
L ONetk 32 (p n—k, —Nn—k, n QNrtles2 (2o
1 NE 085 <QI 0, -Nak, —Nn_k> Nt 653 (QI 0, Nyl —Nf—’>
" In2 T (Ny KIOQN O [Na-+k L Ny oyt [N+
k=0 (N It Q™ QO TN i=0 (NI Q1Y

(50)
The integral above is solved in a similar fashion as in (49). An analytical expression for the
third expectation in (3) can be obtained by replacing I with a,I in (50). Therefore, using
and (50), an analytical expression for (@) is given by (4); this concludes the proof.

APPENDIX B

PROOF OF THEOREM 2]

We first define the non-outage event for NOMA as the event where x ¥ and x, are decoded
successfully at Uy, and x; is decoded successfully at Uy. Therefore, the outage probability for
the NOMA system is given by

Pout = 1 —Pr ('}’r(zw) > 0,9 > 9) Pr (v(w) > 9)

I I
zl_pr(wzglanlgnz(;)pr MEQ
1+ anlgn/gp Sp

IX IX
- 1—Pr(afn >0, apIX, ZG)Pr <aff 29)

1+4+a,1X, 1+anIXf
=1-"Pr angmax #,i Pr XfZL .
I afg—and’ ay I(af — and)
Using the relations ¢, = 6 max {af—]ianﬂ’ %} and ¢ §= af%”g, the expression for Pyy: can be
written as
Pour=1-Pr( X, > Cn P > g = Cu
out = 1 —I'r n_T rXf_T =1- H fXM T ’ (51)
ue{n,f}

where Fyx, (-) is evaluated as

Cu) ° N, Q) /°° N1 ( Qu>_(Nu+1) < Oyl )Nu
F — | = x)dx = X X+ — dx=1—( ———F—~— .
X“ ( I gu/lfx“( ) Qp Jeur Q,p Qul + Qpéy

(52)
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Substituting the expression for Fx, (,/I) from into (5I), the closed-form expression for

Pout becomes equal to (6); this concludes the proof.

APPENDIX C

PROOF OF THEOREM 3]

For the case where N, = Ny =1, the outage probability is given by

Qy

Pout=1— T[] .
ue{n,f} QM + QP(CM/I)

Assuming, 1/(af —ay0) >1/ay, ie., & =1/(1—a, — a,0), we have

Using the fact that a, < 1/(1+6) (see Section [III-B), we have
a]Pout

s =0 = [(Qf + Q) {(1+0)ay — 1} = 200 {(1 + 0)a, — 1} = 0.

The preceding equation is quadratic, leading to the following two solutions:

1 1 20,6
= , + :
146 1+6  I[(Qu+Qf)(1+86)

Since, a, < 1/(1+ 0), neither of the above optimal values is feasible. Now assuming that

an

1/(af —ay0) < 1/ay, ie., &, =1/a,, we have

o 200000 {—mf — 0 + 20, (1+0) (1 + Qp0) — a21(1+6)(—Qy + O + Qfe)}

Since a, < 1/(1+0), we have
aIl—)out -
da, 0

= I’Q,0,Q0 {—IQf — Q0 + 2a, (14 0) (1Qf + Qp0) — azI(1+0)(—Qy + Qf + Qfe)} =0

= @21(1+0)(—Qu + Qf + Qp0) — 2a,(1+ ) (IQf + Qpb) + [Qf + Q0 =0

10, 40,0 \/(L+0)(IQ) +Op0) {10 +Qp0(1+0)}
== a4, = +
{(1+60)Q — O} I(14+6){(1+6)Qr — Qy}
Define
W . 10,400 V(L0 (IO + Qp0) {1 + Qy6(1 +6))
AT 00, -0, " I+ 0){(1+0)0; — O}
(

7

1 00/ (1) 1 (IO + Q0)
(1 + 9) - (Qn/Qf)

= TE0) - (Q/0y) T A8 - (/) \ P+ 68

{10, +0Q,0(1+06)}
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£ 21+ 2+ 2

For the case 1+ 0 > O, /Qy, 21, 23,23 > 0 and 27 > 1/(1+ 0). Therefore, a,(}) >1/(1+9).
On the other hand, if 1+6 < OQ,,/Q £ 21, Z>, Z3 < 0 and a,gl) < 0. Therefore, the only feasible
solution for the optimal value of a, is
L 10,10, V(L 6) (1O + Q) {10, + Qy6(1 4 6)}
T T A+ 0)0,— Q) I+ 0){(1+6)Q — O}

This concludes the proof.

APPENDIX D

PROOF OF THEOREM [4]
Using (43), an analytical expression for the first expectation in (II) can be given by

Eg, {1082(1 +angnPy)}

1 /oo Np—1 * ( X>
= x " In 1+a Pl x) ex — | dx
T'(N,)QN*In2 Jo (L anbyx) exp Qy

1 © X
_ Ny—1,1.2 v 1,1\ ~1,0 _
_—/ NGy (anPt X ’ L0 ) Goi |l &= |0 ) dx
0 (211

T'(N,)QN" In2
—N,, 1-N;,
N ) . (53)

0, —Npg,

B 1 31 1

 T(N.)QY" (a,PF)NeIn2 > (QnanP;“
The integral above is solved using [23, eqns. (7), (11), (21), and (22)]. Using (46), an analytical
expression for the second expectation in can be given by

Egin {logz(l + gminPY )}
Nf*l

1 1 * Ny+k—1 * —X
= el n(1+p 4
T(Ny)ON In2 k; k!Q?/o * n(l+Fx)exp | 5 | dx
1 Nt N —x
+ / M In(1 4 Prx) exp () dx
F(Np)Qy In2 = ' o O
_ 1 Nfz_:1 1 G3’1 ( 1 —N,—k,1-N,—k >
T(Ny) Q" In2 (= KIOQK(Py )Ntk 23 \ QP} | 0,~Ny—k—~Ny—k
1 Nt 1 1 | —Nj=L1-Np-I
Mo T Mok (QP ) :
F(Nf)folnz =0 NQL(PF)™ ’ ¥ 1 0,~Nj—1,—Nj—I

(54)
The integrals above are solved using [23} eqns. (7), (11), (21), and (22)]. An analytical expression
for the third expectation in can be obtained by replacing P} by a,P/ in (54). Therefore,
using and (54), an analytical expression for is given by (12); this completes the proof.
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APPENDIX E

PROOF OF THEOREM 5]

Using the relation T'[1, x] = exp(—x), the expression for the outage probability for the case
when N, = Ny =1 is given by

¢
Pout =1 —exp{— (Pfgn + Pt*{)f> }

Assuming 1/(af —ay0) >1/ay, ie., & =1/(1 —a, —a,0), we have

0Pout ox —0(Q + Q) (Qn +Qf)(1+0)0
9, P\ Pl aa®) Qs [ QP (—1 + ay + a,0)2

Since a, < 1/(1+6), this implies that

—6(Q + Q)
P {Pt*(l —an — a20) Q0,0 } 7 0.

Therefore,
(Qn + Qf)(l +6)6

all—)ou’c
M _ ) — =0.
aan QanP:(_l+an+lZn0)2

It can easily be noticed that the only feasible solution for the above equation is a, = $oo.

On the other hand, when 1/(af —a,0) < 1/ay, ie., &, =1/a,, we have

da,  F QuPiay, ' QP (1— ay —an) QuPa2 QP (1 —an—an0)? [

Since a, < 1/(1+6), this implies that

Xp { — i + i #0

Therefore, using the constraint 0 < a, < 1/(1+ 0), we have

a]Pout
day,

= a;(1+0){(14+60)Qf — O} —2a,Qp(1+0) + Qr =0

=0

— a1, = .
T 1+0)Qr - Qu (1+9){(1+9)Qf—0n}
Define
[OF
@ Qf Qan(l +6) B 1 1+0)0;
a,’ = + =

000 (o {a+00,-0,] (040 - ©u/0) 150~ (/0

22+ D>
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For the case when 1+60 > Q,/Qy, 27, 23 > 0and 27 > 1/(1+6), leading to a,(f) >1/(1496).
On the other hand, if 1+6 < Q,/Q Iz 21, &> < 0, leading to a,(}) < 0. Therefore, the only

feasible solution is given by

0, Qf(1+6)

TP L, S .
(1+60)Qs — Qy (1+9){(1+9)Qf—0n}

This completes the proof.

APPENDIX F

PROOF OF THEOREM 6]

Given that N, = N¢ =1, we have g, = |h,1]? and gf = |hf,1|2. The expressions for the PDFs
of g, and gmin are respectively given by

—X

= gee (o) S =gee (g )

Solving the first expectation in (2I), we have

Eg, g1 {log,[1 + anguPi (gp)]}

I
y:pea x=00
- /y peak / 108, (1 + A Ppeak) fo, () fo, (y)dx dy

=0
—f—// * /7 log, <1+an )fgn( )fg, (y)dx dy

I
1 y= eak x=eo —X y
Qnﬂp / P /x:O log, (1 + @ PpeaX) exp <Qn> exp <Qp> dx dy
1 y:oo X=00 X —X _y
—1—7/ / lo <1+a I>ex () ex <> dx d
Ql’lQp y= Ppleak x=0 gz n y p Ql’l p Qp y
1 yfip L y X=00
peak
70710;’ ™) [/ exp <Qp> dy |:/x:0 In(1 + a5 Ppearx) exp (Qn> dx}
y=00 xX=00 x —x —y
—_—— In{l1+a I> ex () ex <> dx d
QnQp In2 /]/:Ppiak /x:0 < n y p Q, p Q, Yy
S 1—ex - ex ! Ei !
1r12 p Qpppeak p anQaneak anQaneak
L B Y B W e ot e
QPoca)  Qp — a0l VPoca) P\ P ) \ a0 Prcar

In2
Qp —a,Oyl 1 1
p n=4n . .
+exp| —==—=—+— | xsShi| ——— | —Chi | ———
p (anQnQPPpeak) { (anQaneak> (ﬂnQaneak> }]

+

+
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2 T(a, ). (55)

Similarly, the analytical expression for the second expectation in can be obtained by replac-
ing a,Q), by ), and the analytical expression for the third expectation in (21) can be obtained
by replacing (2, by Q) in the preceding equation; this completes the proof.

APPENDIX G

PROOF OF THEOREM[7]

Using and (25), it follows that

Pout =1 —Pr (g” = Pt*é({;p)> (gf - P*Z’ ))

G Sf I 8n o Gn 8 L &f I
=1—<{Pr > Pr > Pr < +Pr|{s&=>", = > = ¢, >
<gn P peak> (gf ¥ peak 8 g peak 8 I 8p I 8 P peak

4
Xq X2
(56)
Solving for X; yields
X I /oo fo, (x)dx [1 exp( ! )]
1= u 8u -
ME{VZ f} Eeak QPPpeak
= 1—exp< ) / Nu= exp<_x>dx
Preak ) | uetn,py T(Nu) QN“ fe”ak =
[Nuf‘ju/( u peak)]
= |1—ex . (57)
i P <Qpppeak>_ uel{—n];f} F(NM)

The integral above is solved using [21, eqn. (3.381-3), p. 346]. Similarly, solving for X, yields

gn 8f érf I
X, =Pr ,9p >
(gp I g I gp ppeak

S GE S RS R

& oo @ ()

oo &) (G B ) () B () o
|

N¢—1
1 S~ Nu—1 gngf o0 k+1 1 Cn é'f) ]
_ I xTrexp | — [ — + x| dx
Qp k; EO KOOI /prk P <Op Qul — Oul
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— +

Ne=1nN,— I xk —(k+1+1)

1 NN & & I e 1 & &

= [ lk+141, (5 +25+ + :
QP kgé) l;) <QP Ol Q”I> < )

Ppeak | KIINOLOFTEH
(58)

The integral above is solved using [21, eqn. (3.381-3), p. 346]. Therefore, using (56)-(58), an
analytical expression for is given by (26); this concludes the proof.
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