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Abstract—Meta-surfaces intend to improve significantly the
performance of future wireless networks by controlling the
wireless propagation and shaping the radio waves according to
the generalized Snell’s law. A recent application of meta-surfaces
is reconfigurable intelligent surfaces which are practically limited
by the requirement for perfect knowledge of the user’s position.
For the case where the user’s position cannot be obtained, we
introduce randomly reconfigurable surfaces (RRSs) aiming to
diffuse the incoming wave. A RRS is defined as a reconfigurable
meta-surface that each of its elements induces a randomly se-
lected time-variant phase shift on the reflected signal. To facilitate
the performance analysis of a RRS-assisted system, first, we
present novel closed-form expressions for the probability density
function, the cumulative distribution function, the moments, and
the characteristic function of the distribution of the sum of
double-Nakagami-m random vectors, whose amplitudes follow
the double-Nakagami-m distribution, i.e., the distribution of the
product of two random variables following the Nakagami-m
distribution, and phases follow the circular uniform distribution.
We also consider a special case of this distribution, namely the
distribution of the sum of Rayleigh-Nakagami-m random vectors.
Then, we exploit these expressions to investigate the performance
of the RRS-assisted composite channel, assuming that the two
links undergo Nakagami-m fading and the equivalent phase
follows the circular uniform distribution. Closed-form expressions
for the outage probability, the average received signal-to-noise
ratio, the ergodic capacity, the bit error probability, the amount
of fading, and the channel quality estimation index are provided
to evaluate the performance of the considered system. These
metrics are also derived for the practical special case where one
of the two links undergoes Rayleigh fading.

Index Terms—reconfigurable intelligent surfaces, phase esti-
mation errors, double-Nakagami-m fading

I. INTRODUCTION

NOWADAYS, the need for higher data rate grows ex-

ponentially as the number of smart devices demanding

ultra reliable and low latency connection to mobile networks

keeps increasing following Edholm’s law [1]. Fifth generation

(5G) wireless networks enable massive communications and

are able to serve the users with a wide range of services such
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as autonomous vehicles, virtual reality applications, industrial

internet of things (IIoT), etc.

The upcoming advent of the sixth generation (6G) wireless

networks requires ultra low latency, coverage extension, im-

proved throughput and security leading to communications on

higher frequency bands like millimeter wave (mmWave) and

wireless optical communications [2], [3]. The main obstacles

of communications in these bands are the sensitivity to block-

age due to higher atmospheric attenuation, thus severe path

loss and limited coverage. One solution for the aforementioned

problem is the denser deployment of base stations (BSs) which

can fill coverage holes, reduce the path loss, and facilitate

higher rates, but with a higher cost and power consumption.

To this end, the development of a smart radio environment

(SRE) [4] is considered as an operational alternative due to

their ability to provide large spectrum bandwidth with lower

cost compared to the denser deployment of BSs.

A. Motivation

Until recently, the propagation medium in the field of

wireless communications has been perceived as a randomly

behaving entity between the communicating systems, which

negatively affects the quality of the received signal, due to

the uncontrollable interactions (reflections, scattering, etc.)

of the transmitted radio waves with the surrounding objects

[5]. However, in the future SREs, the wireless propagation

is envisioned to be controllable and the information to be

processed through the transmission. This is facilitated by the

ability of SREs to provide future wireless networks with

uninterrupted wireless connectivity using meta-surfaces.

A meta-surface is an artificial structure with engineered

properties, able to alter any impinging electromagnetic wave

according to its frequency in a desired way [6], [7]. Practically,

a meta-surface is a surface with small but not-negligible depth

that consists of a two-dimensional array of sub-wavelength

metallic or dielectric scattering elements. Specifically, by

changing the scattering elements impedance, the incident

wave can be transformed into specified waves. The difference

between a conventional surface, e.g., metallic plate, and a

meta-surface is the capability of the latter to shape the radio

waves according to the generalized Snell’s law of reflection

and refraction, i.e., the angle of the incident and the reflected

wave is not the same [8]. However, to fulfill the vision of the
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SREs, the properties of a meta-surface should be readjustable

to provide to the users the required quality of service (QoS).

Reconfigurable intelligent surfaces (RISs) have been intro-

duced as meta-surfaces connected with a controller whose

properties can be real-time altered according to the controller’s

signals and, thus, adjust to the network demands. In fact,

each RIS incorporates a lightweight gateway, which enables

it to receive commands and in collaboration with existing

beamforming and localization mechanisms, its properties are

adjusted by taking into account the users’ location and de-

manded services. By choosing properly the properties of the

RIS, it can implement a plethora of electromagnetic functions

such as reflection, steering, diffusion, absorption, etc [7].

However, in most of the existing studies, RISs utilize the

steering function, inducing real-time adjustable phase shifts on

the reflected signals aiming to focus the signal on a specific

user.

In most of the examined RIS-assisted systems, it is assumed

that the location of the user is perfectly known which can be

achieved either with localization mechanisms or with perfect

channel state information (CSI) acquisition. However, due to

the fact that RISs are considered as nearly passive circuits,

channel estimation units cannot be integrated into them, thus

in practical RIS-assisted systems perfect phase estimation

could be difficult. In [9], the communication through a RIS

whose phase errors follow the Von Mises distribution, was

investigated. This setup could represent imperfect phase es-

timation, quantized reflection phases, or both of them. The

composite channel was proved to be equivalent to a point-to-

point Nakagami-m fading channel by using the central limit

theorem (CLT). However, the CLT does not provide accurate

results for a RIS with small number of elements.

Regarding the fading model, Rayleigh fading model is

frequently considered for performance analysis [5], [10]–

[12] which is not a legit choice for a practical RIS-assisted

communication scenario due to the fact that RISs are carefully

deployed to leverage line-of-sight (LoS) links between the ter-

minals. In [13], a comprehensive theoretical framework for the

performance characterization of RIS-assisted communications

in different propagation scenarios was provided. Closed-form

expressions for the outage probability and the ergodic capacity

for different fading environments, were derived assuming

perfect phase estimation.

Concluding the state-of-the-art, most of the recent works fo-

cus on RIS-assisted systems without taking into consideration

the practical limitations of RISs, i.e., the requirement of perfect

CSI or perfect localization. In fact, if the user’s location cannot

be acquired, it would not be optimal to steer the incoming

wave to a random point. A possible strategy for such scenarios

could be to diffuse the incoming electromagnetic waves in

the half-space in front of the RIS which can be achieved by

changing the radiation pattern of the RIS randomly in every

coherence time. To the best of the authors’ knowledge, the

performance of a wireless communication network assisted

by a RIS, which utilizes the diffusion function, has not been

investigated in the existing literature. In fact, such a system

does not require any location or channel state information.

Besides, this network can be useful in multi-user systems

where the perfect phase adjustment of RISs may be difficult or

even impossible, especially as the number of users increases.

For example, perfect phase adjustment is impractical in

machine-type communication scenarios, where a large number

of randomly deployed nodes that occasionally transmit short

messages should be served with a random access protocol.

It should be highlighted that if a non-reconfigurable meta-

surface with fixed phase shifts is deployed in a Rayleigh fading

environment, where the phase follows the circular uniform

distribution, the same result can be achieved. However, if a

meta-surface with fixed phase shifts is used in environments

with different fading models, e.g., Nakagami fading, where

the phase does not follow the circular uniform distribution, the

signals are not diffused. To this end, by taking into account

that a RIS could not be placed in a location where the BS-RIS

and RIS-user links are characterized by Rayleigh fading, if the

location of the user cannot be acquired, a reconfigurable meta-

surface which induces random phase shifts should be utilized

to diffuse the impinging signal.

B. Contribution

In this paper, we introduce randomly reconfigurable surfaces

(RRSs), being defined as reconfigurable meta-surfaces whose

elements induce a randomly selected time-variant phase shift

on the reflected signal, in order to diffuse the impinging

signal. The proposed blind diffusion manipulation of the

impinging waves is intended as an additional capability of

a software-programmable meta-surface, when the positions of

the transmitter or the receiver are unknown or CSI derivation

loops are not possible. To investigate a RRS-assisted system,

we first utilize the distribution of the sum of double-Nakagami-

m random vectors, and provide exact closed-form expressions

for its statistical properties and the performance metrics of the

considered system. Specifically, the contributions of this work

are listed below:

• We investigate the distribution of the sum of double-

Nakagami-m random vectors, whose amplitudes follow

the double-Nakagami-m distribution, i.e., the distribution

of the product of two random variables (RVs) following

the Nakagami-m distribution, and phases are circular

uniformly distributed, and provide exact closed form

expressions for its statistical properties, i.e., the PDF, the

cumulative distribution function (CDF), the moments and

the characteristic function. These statistical properties are

also derived for the distribution of the sum of Rayleigh-

Nakagami-m random vectors which is a special case

of the former distribution, where the amplitudes of the

vectors follow the distribution of the product of a RV

following the Rayleigh distribution and one following the

Nakagami-m distribution.

• We utilize the derived expressions to investigate a prac-

tical RRS-assisted system where Nakagami-m fading

channel is assumed both between the BS and the RRS

and between the RRS and the user. We extract useful

metrics to investigate the performance of the considered

system, such as the outage probability, the average re-

ceived signal-to-noise ratio (SNR), which is proved to
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be proportional to the number of elements, the ergodic

capacity, the bit error probability (BEP) for both binary

and M -ary modulations, the amount of fading (AoF)

and the channel quality estimation index (CQEI). These

metrics are also provided for the practical special case

where one of the links undergoes Rayleigh fading, where

the derived expressions are significantly simplified. Also,

it should be highlighted that the performance achieved

in the RRS-assisted system can be considered as a lower

bound of the performance of a RIS-assisted system.

C. Structure

The rest of the paper is organized as follows: in Section

II, the statistical properties of the distribution of the sum

of double-Nakagami-m random vectors and the distribution

of the sum of Rayleigh-Nakagami-m random vectors are

provided. In Section III, a RRS-assisted system is investigated,

useful performance metrics are provided and numerical results

are provided to illustrate the performance of the considered

system. Finally, closing remarks and discussion are provided

in Section IV.

II. THE DISTRIBUTION OF THE SUM OF

DOUBLE-NAKAGAMI-m RANDOM VECTORS

We consider N double-Nakagami-m random vectors, Xk,

k ∈ {1, N}, with amplitudes hk and phases θk, i.e.,

Xk = hke
jθk . (1)

The amplitudes hk are independent and identically distributed

(i.i.d.) RVs, which follow the double-Nakagami-m distribution

with parameters m1, m2, Ω1 and Ω2, i.e., the distribution of

the product of two RVs following the Nakagami-m distribu-

tion, whose PDF is given by [14]

fhk
(z) =

4zm1+m2−1

Γ(m1)Γ(m2)

Å

m1m2

Ω1Ω2

ã

m1+m2
2

×Km1−m2

Å

2z

…

m1m2

Ω1Ω2

ã

,

(2)

where Γ(·) is the Gamma function [15]. Moreover, the phases

θk are uniformly distributed in [0, 2π].
Next, we define the vector H as

H =

N
∑

k=1

Xk. (3)

Theorem 1: The PDF of |H | can be expressed in closed-

form as

f|H|(r) =

m1−1
∑

k1=0

...

m1−1
∑

kN=0

N
∏

i=1

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!

×
4
Ä

m1m2

Ω1Ω2

ä
u+1

2

(u− 1)!
ruKu−1

Å

2

…

m1m2

Ω1Ω2

r

ã

,

(4)

where u = N(m1+m2−1)−∑N
i=1

ki, Kv() is the v-th order

modified Bessel function of the second kind [15], (n)k is the

Pochhammer symbol and k! is the factorial of k.

Proof: The proof is provided in Appendix A.

It should be highlighted that m1 and m2 are used inter-

changeably. In the following proposition, we present the PDF

for a special case, where the amplitudes of the vectors follow

the distribution of the product of a RV following the Rayleigh

distribution and one following the Nakagami-m distribution,

i.e., the distribution of the sum of Rayleigh-Nakagami-m
random vectors.

Proposition 1: The PDF of |H |, when H follows the distri-

bution of the sum of Rayleigh-Nakagami-m random vectors,

can be expressed in closed-form as

f|H|(r) =
4
Ä

m
Ω1Ω2

ä
Nm+1

2

(Nm− 1)!
rNmKNm−1

Å

2

…

m

Ω1Ω2

r

ã

. (5)

Proof: Without loss of generality, since in (4) m1 and m2

are used interchangeably, we set m1 = 1 and m2 = m and

(5) is derived.

Remark 1: From (5), it can be observed that the distribution

of the amplitude of the sum of Rayleigh-Nakagami-m random

vectors is a double-Nakagami-m distribution with PDF given

by (2) where m1 = 1, m2 = Nm, and replacing Ω2 with

NΩ2.

In the following theorem, the CDF of the amplitude of the sum

of double-Nakagami-m random vectors is derived in closed-

form.

Theorem 2: The CDF of |H | can be expressed as

F|H|(r) =

m1−1
∑

k1=0

...

m1−1
∑

kN=0

N
∏

i=1

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!

×
Å

1− 2

(u− 1)!

Å…

m1m2

Ω1Ω2

r

ãu

Ku

Å

2

…

m1m2

Ω1Ω2

r

ãã

.

(6)

Proof: The CDF of |H | is defined as

F|H|(r) =

∫ r

0

f|H|(x)dx. (7)

Also, from [16, 03.04.21.0010.01], it stands that
∫

xuKu−1(x)dx = −xuKu(x). (8)

Since xuKu(x) is not defined in 0, we utilize the following

limit, which we prove in Appendix B,

lim
x→0

xvKv(x) = 2v−1(v − 1)!, v ∈ Z, v > 0 (9)

and after some algebraic manipulations, (6) is derived.

Next, we provide the CDF of |H | for the considered special

case.

Proposition 2: The CDF of |H |, when H follows the distri-

bution of the sum of Rayleigh-Nakagami-m random vectors,

can be expressed in closed-form as

F|H|(r) = 1− 2

(Nm− 1)!

Å…

m

Ω1Ω2

r

ãNm

×KNm

Å

2

…

m

Ω1Ω2

r

ã

.

(10)

Proof: Setting m1 = 1 and m2 = m in (6), (10) is

derived.
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Next, we derive closed-form expression for the moments

of the amplitude of the sum of double-Nakagami-m random

vectors.

Theorem 3: The n-th moment of |H | can be formulated as

µn =

Å

Ω1Ω2

m1m2

ã
n

2
m1−1
∑

k1=0

...

m1−1
∑

kN=0

N
∏

i=1

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!

Γ
(

n
2
+ 1
)

Γ
(

n
2
+ u
)

Γ (u)
.

(11)

Proof: The n-th moment of |H | is defined as

µn =

∫ ∞

0

xnf|H|(x)dx. (12)

Using [15, 6.561/16] and after some algebraic manipulations,

(11) is derived.

Considering the even moments, the l-th moment of |H | with

l = 2n can be simplified as

µl =

Å

Ω1Ω2

m1m2

ãl m1−1
∑

k1=0

...

m1−1
∑

kN=0

N
∏

i=1

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!
l!(u)l.

(13)

In the following proposition, the moments of the considered

distribution are derived for the special case.

Proposition 3: The n-th moment of |H |, when H follows

the distribution of the sum of Rayleigh-Nakagami-m random

vectors, can be expressed in closed-form as

µn =

Å

Ω1Ω2

m

ã
n

2 Γ
(

n
2
+ 1
)

Γ
(

n
2
+Nm

)

Γ (Nm)
. (14)

Proof: Setting m1 = 1 and m2 = m in (11), (14) is

derived.

Considering the even moments for the special case, the l-th
moment of |H | can be simplified as

µl =

Å

Ω1Ω2

m

ãl

l!(Nm)l. (15)

In the following theorem, we derive the characteristic

function of the amplitude of the sum of double-Nakagami-m
random vectors.

Theorem 4: The characteristic function of |H | can be

expressed in closed form as

ϕ|H|(t) =

m1−1
∑

k1=0

...

m1−1
∑

kN=0

N
∏

i=1

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!

×
Å

m1m2

Ω1Ω2

ãu Å2
√
m1m2√
Ω1Ω2

− jt

ã−2u
24u

1 + 2u

× 2F1

Ç

2u, u− 1

2
, u+

3

2
,
jt
√
Ω1Ω2 + 2

√
m1m2

jt
√
Ω1Ω2 − 2

√
m1m2

å

,

(16)

where t ∈ R and j2 = −1.

Proof: The characteristic function of |H | is defined as

ϕ|H|(t) =

∫ ∞

0

ejtxf|H|(x)dx. (17)

Using [15, 6.621/3] and after some algebraic manipulations,

(16) is derived.

In the following proposition, the characteristic function is

derived for the considered special case.

Proposition 4: The characteristic function of |H |, when H
follows the distribution of the sum of Rayleigh-Nakagami-m
random vectors, can be expressed in closed-form as

ϕ|H|(t) =

Å

m1m2

Ω1Ω2

ãNm Å2
√
m1m2√
Ω1Ω2

− jt

ã−2Nm
24Nm

1 + 2Nm

×2F1

Ç

2Nm,Nm− 1

2
, Nm+

3

2
,
jt
√
Ω1Ω2 + 2

√
m1m2

jt
√
Ω1Ω2 − 2

√
m1m2

å

.

(18)

Proof: Setting m1 = 1 and m2 = m in (16), (18) is

derived.

III. APPLICATION IN INTELLIGENT REFLECTING

SURFACES

In this section, we introduce RRSs which induce randomly

selected time-variant phase shifts on the reflected signal in

order to diffuse the incoming wave, investigate a practical

RRS-assisted system and provide useful metrics to evaluate

its performance.

A. System Model

We consider a communication system consisting of a BS

with a single antenna, an RRS and a single user with a

single antenna. The transmitted signal by the BS is reflected

randomly from the RRS, consisting of N reflecting elements,

and then is received by the user. It is assumed that the direct

link from the BS to the user is blocked by obstacles, such as

buildings [13], which is a realistic assumption especially when

high frequency bands are used.

The received signal, Y , in the user can be expressed as

Y =
√

lp
N
∑

k=1

ejφkH1kH2kX +W, (19)

where X and W denote the transmitted signal and the additive

white Gaussian noise, respectively, and e is the basis of the

natural logarithm. The complex channel coefficients between

the BS and the RRS and between the RRS and the user are

denoted by H1k and H2k, respectively. Moreover, l, p, and

φk denote the equivalent path loss, the transmitted power,

and the phase adjustment performed by the RRS, respectively.

It is assumed that |H1k| and |H2k| are RVs following the

Nakagami-m distribution with shape parameters m1 and m2,

respectively, and spread parameters Ω1 and Ω2, respectively,

which are the same for all N elements [17].

The k-th element of the RRS induces a phase shift φk

which is uniformly distributed in [0, 2π] and is reconfigured

per period equal to the coherence time. Considering that the

sum of a circular uniform RV with a RV which follows an

arbitrary circular distribution results in a circular uniform RV

[18], θk = φk+arg(H1k)+arg(H2k) is uniformly distributed

in [0, 2π], where arg(·) denotes the argument of a complex

number. It is obvious that the distribution of θk does not
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depend on the distribution of arg(H1k) and arg(H2k). In this

case, CSI is not necessary at the RRS which highlights the fact

that the considered system is less complex than a RIS-assisted

system. It should be highlighted that if a non-reconfigurable

meta-surface with predefined phase shifts is used and Rayleigh

fading is considered where the phase follows the circular

uniform distribution, the equivalent phase will also follow

the circular uniform distribution. However, if a meta-surface

with fixed phase shifts is used in environments with different

fading models, e.g., Nakagami fading, where the phase does

not follow the circular uniform distribution, the signals are not

diffused. To this end, the utilization of RRSs is essential for

the signals to be diffused regardless of the fading.

Furthermore, in RIS-assisted systems, the RIS attempts

to cancel the phase introduced by the product of the two

complex channel coefficients with the use of the phase shift

φk. Practically, the phase correction is not perfect resulting in a

phase error θk which is frequently modeled as a RV following

the Von Mises distribution with concentration parameter κ [9].

If κ = 0, the distribution of the phase error θk is uniform

and for small values of κ the distribution is close to uniform.

When κ = 0, the phase errors are equally probable, thus

the performance achieved in the RRS-assisted system can be

considered as a lower bound of the performance of an RIS-

assisted system.

Therefore, the received signal in (19) can be expressed as

Y =
√

lp
N
∑

k=1

ejθk |H1k||H2k|X +W. (20)

We define the composite channel coefficient H as

H =

N
∑

k=1

ejθk |H1k||H2k|. (21)

Therefore, the PDF of the composite channel coefficient |H |
is given by (4), since H follows the distribution of the sum

of i.i.d. double-Nakagami-m random vectors [13], [17].

B. Performance Evaluation

In this subsection, the performance of the considered system

is evaluated in terms of the outage probability, the average

received SNR, the ergodic capacity, the BEP, the AoF and the

CQEI.

Corollary 1: The outage probability can be obtained through

(6) as

Po = F|H|

Å…

γthr
lγt

ã

, (22)

where γt denotes the transmitted SNR and γthr denotes the

threshold which defines the outage.

If we consider the special case where one link follows

the Nakagami-m distribution and the other link follows the

Rayleigh distribution, the outage probability can be expressed

using (10).

In the following proposition, the average received SNR is

provided and is proved to be independent of m1 and m2, thus

it can be utilized for both considered cases.

Proposition 5: The average received SNR is given by

E[γr] = lNΩ1Ω2γt. (23)

Proof: The average received SNR can be obtained as

E[γr ] = lE
[

|H |2
]

γt, (24)

where E[|H |2] is the expected value of the channel gain which

can be derived as the second moment in (11), i.e.,

E
[

|H |2
]

=
Ω1Ω2

m1m2

m1−1
∑

k1=0

...

m1−1
∑

kN=0

N
∏

i=1

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!
u.

(25)

Using [16, 06.10.16.0005.01] and the fact that (1)n = n!,
n ∈ Z, n > 0, it is proven that

m1−1
∑

ki=0

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!
= 1. (26)

Moreover, using [16, 06.10.17.0002.02], it is proven that

ki(1 −m2)ki
= (1−m2) ((2 −m2)ki

− (1 −m2)ki
) . (27)

Using (26) and (27), it can be proven that

m1−1
∑

ki=0

ki(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!
= (1−m2)(m1−1). (28)

Utilizing (26) and (28) and after some algebraic manipulations,

(23) is derived.

Next, we provide the ergodic capacity of the considered

system.

Proposition 6: The ergodic capacity can be expressed as

C =
B

ln 2

m1−1
∑

k1=0

...

m1−1
∑

kN=0

N
∏

i=1

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!

× 1

(u− 1)!
G1,3

3,1

Å

lγtΩ1Ω2

m1m2

| 1, 1, 1− u
1

ã

,

(29)

where B denotes the bandwidth of the fading channel.

Proof: The ergodic capacity is calculated as the average

capacity and is given by

C = B

∫ ∞

0

log2
(

1 + lγtr
2
)

f|H|(r)dr. (30)

Transforming ln(1 + x) into Meijer’s G-function [16,

01.04.26.0002.01] and using [16, 03.04.26.0037.01] and [19],

the ergodic capacity can be evaluated as

C =
B

ln 2

m1−1
∑

k1=0

...

m1−1
∑

kN=0

N
∏

i=1

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!

× 1

(u− 1)!
G1,4

4,2

Å

lγtΩ1Ω2

m1m2

| 1, 1, 1− u, 0
1, 0

ã

.

(31)

Using [16, 07.34.04.0002.01] and [16, 07.34.03.0001.01], the

Meijer’s G-function can be simplified and (29) is derived,

which completes the proof.
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TABLE I
VALUES OF a AND b IN (33) FOR DIFFERENT BINARY MODULATIONS.

Modulation a b

BPSK 1 1
2

DBPSK 1 1

BFSK 1
2

1
2

NBFSK 1
2

1

For the considered special case, the ergodic capacity can be

expressed as

C =
B

ln 2(Nm− 1)!
G1,3

3,1

Å

lγtΩ1Ω2

m
| 1, 1, 1−Nm

1

ã

.

(32)

Next, we provide the BEP of the RRS-assisted sys-

tem for binary modulations, i.e., binary phase-shift keying

(BPSK), differential binary phase-shift keying (DBPSK), bi-

nary frequency-shift keying (BFSK) and noncoherent binary

frequency-shift keying (NBFSK). In this case, the BEP is given

by [20]

P b
e (H) =

1

2Γ(b)
Γ
(

b, al|H |2γt
)

, (33)

where a and b are modulation-dependent parameters which

are presented in Table I and Γ(·, ·) is the upper incomplete

Gamma function [15].

Proposition 7: The BEP for binary modulations is given by

P b
e =

1

2Γ(b)

m1−1
∑

k1=0

...

m1−1
∑

kN=0

N
∏

i=1

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!

× 1

(u − 1)!
G2,2

3,2

Å

alγtΩ1Ω2

m1m2

| 1− u, 0, 1
0, b

ã

.

(34)

Proof: Transforming Γ(b, x) into Meijer’s G-function [16,

06.06.26.0005.01] and using [16, 03.04.26.0037.01] and [19],

(34) is derived, which completes the proof.

For the considered special case, the BEP for binary modula-

tions can be obtained as

P b
e =

1

2Γ(b)(Nm− 1)!
G2,2

3,2

Å

alγtΩ1Ω2

m
| 1−Nm, 0, 1

0, b

ã

.

(35)

Next, we provide the BEP of the RRS-assisted system

considering M -ary modulations with M ≥ 4, i.e., quadrature

amplitude modulation (QAM) and PSK. In this case, consid-

ering that Gray mapping is used, the BEP is given by [21]

Pe (H) = aM

τM
∑

k=1

erfc
Ä
√

bklγt|H |
ä

, (36)

where aM , τM and bk are modulation-dependent parameters

which are presented in Table II.

Proposition 8: The BEP for M -ary modulations can be

expressed as

Pe =
1√
π

τM
∑

k=1

m1−1
∑

k1=0

...

m1−1
∑

kN=0

N
∏

i=1

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!

× 1

(u − 1)!
G2,2

3,2

Å

bklγtΩ1Ω2

m1m2

| 1− u, 0, 1
0, 1

2

ã

.

(37)

Proof: Transforming erfc(x) into Meijer’s G-function

[16, 06.27.26.0006.01] and using [16, 03.04.26.0037.01] and

[19], (37) is derived, which completes the proof.

For the considered special case, the BEP for M -ary modula-

tions can be obtained as

Pe =
1√

π(Nm− 1)!

τM
∑

k=1

G2,2
3,2

Å

bklγtΩ1Ω2

m
| 1−Nm, 0, 1

0, 1
2

ã

.

(38)

Next, we present the AoF, a useful performance metric

for the analysis of wireless communication systems which

expresses the severity of the fading channel and is defined

as the ratio of the variance to the square average of the

instantaneous received SNR, i.e., [22], [23]

AoF =
E
[

γ2
r

]

− (E [γr])
2

(E [γr])
2

. (39)

In the considered RRS-assisted system, the AoF is calculated

in the following proposition

Proposition 9: The AoF is given by

AoF = 1 +
1 +m1 +m2 −m1m2

Nm1m2

. (40)

Proof: The proof is provided in Appendix C.

For the considered special case, (40) can be further simplified

as

AoF =
2 +Nm

Nm
. (41)

Next, we provide another useful performance metric, the

CQEI, which assesses the error performance of a communi-

cation system efficiently and is defined as the ratio of the

variance to the cubed mean of the instantaneous received SNR,

i.e., [24]

CQEI =
E
[

γ2
r

]

− (E [γr])
2

(E [γr])
3

. (42)

In the following proposition, the CQEI is extracted.

Proposition 10: The CQEI can be expressed as

CQEI =
1 +m1 +m2 +m1m2(N − 1)

N2m1m2Ω1Ω2lγt
. (43)

Proof: Considering that (42) can be written as

CQEI =
AoF

E [γr]
, (44)

CQEI can be directly derived from (23) and (40).

For the considered special case, (43) can be further simplified

as

CQEI =
2 +Nm

N2mΩ1Ω2lγt
. (45)

C. Numerical Results and Discussion

In this subsection, we illustrate the performance of the

considered system. Assuming that both the BS and the user

are located at the far field region of the RRS, the equivalent

path loss l is given by l = l1l2, where l1 and l2 denote the

path loss of the link between the BS and the RRS and the link
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TABLE II
VALUES OF τM , aM AND bk IN (36) FOR DIFFERENT MODULATIONS WITH M ≥ 4.

Modulation τM aM bk

M -QAM
√

M
2

2
log2 M

(

1− 1
√

M

)

3 log2 M

2(M−1)
(2k − 1)2

M -PSK max
Ä

M
4
, 1
ä

1
max(log2 M,2)

log2 M sin2
Ä

2k−1
M

π
ä

between the RRS and the user, respectively. The path loss of

each link is modeled as [25]

li = C0

Å

di
d0

ã−αi

, (46)

where C0 denotes the reference path loss at the reference

distance d0, di, i ∈ {1, 2} denotes the distance of the i-th link

and αi denotes the path loss exponent of the i-th link. We set

m1 = 3, m2 = 1, Ω1 = 1 and Ω2 = 1, which corresponds to

a scenario where there is a LoS link between the BS and the

RRS and a NLoS link between the RRS and the user. This

scenario is motivated by the mobility of the user and, thus,

the difficulty of establishing a LoS link [12]. Moreover, we

also examine the setup where m1 = 1 and m2 = 1 in order

to illustrate a performance lower bound which represents a

scenario where the RRS is randomly deployed, since there is

no LoS link. For both path loss links, we set C0 = −30dB,

d0 = 1m, and the path loss exponent for the link between the

BS and the RRS and the link between the RRS and the user is

set as α1 = 2.8 and α2 = 2.2, respectively [25]. Furthermore,

unless stated otherwise, the transmitted SNR is 110dB and

it is assumed that the sum of the two distances is constant,

i.e., d1 + d2 = d with d = 30m. It is also assumed that as

the number of elements increases, the size of the RRS also

increases due to the fact that the inter-distance between them

remains unchanged.

Fig. 1 illustrates the impact of the ratio of the transmitted

SNR to the outage threshold in the receiver and the number

of elements of the RRS on the outage probability. In this

figure, we set the distance between the BS and the RRS as

d1 = 25m and the distance between the RRS and the user

is set as d2 = 5m. It is observed that as the number of

elements increases the outage probability decreases, thus it is

clear that the QoS can be improved by increasing the number

of elements without increasing the power consumption of the

transceiver. Specifically, it can be observed that by doubling

the number of elements the same outage performance can

be achieved with 3dB smaller transmitted SNR. However, in

order to significantly improve the outage probability, the size

of the RRS must be noticeably large, as in this way more

electromagnetic power density will impinge upon the surface

and, thus, more energy will be focused on the user leading to

an increase of the received SNR.

In Fig. 2 and Fig. 4, we set d1 = wd and d2 = (1 − w)d,

where w ∈ [0.1, 0.9] to ensure that the terminals are located

at the far field region, and the average received SNR and

the BEP versus w are illustrated, respectively. For the BEP,

the modulation is assumed to be either BPSK or 4-QAM

with Gray mapping. It is observed that as the number of

elements increases, both the average received SNR and the

80 90 100 110 120
10−3

10−2

10−1

100

γt

γthr
(dB)

P
o

N = 32
N = 64
N = 128
N = 256

Fig. 1. Outage probability Po versus
γt

γthr
.

0.1 0.3 0.5 0.7 0.9
0

10

20

30

w

E
[γ

r
]

(d
B

)

N = 32
N = 64
N = 128
N = 256

Fig. 2. Average received SNR versus w.

BEP increases at a certain distance. Moreover, it should be

highlighted that the placement of the RRS plays an important

role and it becomes evident that it should be placed either

close to the BS or close to the user, since the path losses

are maximized when the RRS is placed in an intermediate

point between the BS and the user. Also, the fact that the

performance is slightly improved when the RRS is placed

close to the BS is justified as the exponent a1 is larger than

a2.

Fig. 3 depicts the impact of the transmitted SNR on the

ergodic capacity for different numbers of elements of the RRS.

The distances of the two links are set as in Fig. 1. It is observed
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Fig. 3. Normalized ergodic capacity C
B

versus γt.

that high transmitted SNR values are required for successful

information transmission. Moreover, increasing the number of

elements leads to better ergodic capacity, since the average

received SNR is proportional to the number of elements and

the QoS can be improved by the enlargement of the RRS

without consuming more power.

Fig. 5 illustrates how the AoF is affected by the number of

elements of the RRS. As the number of elements increases,

the AoF converges to 1. Especially for the case where m1 = 3
and m2 = 2 the amount of fading equals to 1 regardless of the

number of elements. As the number of elements increases, due

to the fact that phase shifts are circular uniformly distributed,

more non-coherent paths are created. Therefore, when a large

RRS with arbitrary phase shift is deployed between two

terminals, the AoF tends to 1, which coincides to the value of

the AoF for a single Rayleigh channel. Moreover, as the AoF

is hardly affected by the fading conditions for large number

of elements, it follows that the fading conditions have limited

impact on the performance of the considered system. It should

be highlighted that as m1 and m2 are used interchangeably,

the AoF is the same for the scenarios where the value of the

shape parameters of both links is interchanged, e.g., AoF3,1 =

AoF1,3.

Fig. 6 depicts the behavior of the CQEI as the transmitted

SNR increases. It should be highlighted that the performance

improves as the CQEI decreases. It is clear that as the number

of elements increases, the CQEI decreases without requiring

larger transmitted SNR and as a consequence the system

performance upgrades.

IV. CONCLUSIONS

In this work, we have introduced RRSs, being defined

as reconfigurable meta-surfaces whose elements induce a

randomly selected time-variant phase shift on the reflected

signal in order to approximate the diffusion function of a

RIS. We have utilized the distribution of the sum of double-

Nakagami-m random vectors in a RRS-assisted system where

the two links undergo Nakagami-m fading and equivalent

0.1 0.3 0.5 0.7 0.9
10−4

10−3

10−2

10−1

w

B
E

P

N = 32
N = 64
N = 128
N = 256

Fig. 4. BEP versus w for BPSK or 4-QAM modulation with Gray mapping.

32 64 96 128 160 192 224 256
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Fig. 5. AoF versus the number of elements N .
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Fig. 6. CQEI versus γt.
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phases following the circular uniform distribution are con-

sidered. We have derived closed-form expressions of useful

metrics such as the outage probability, the average received

SNR, the ergodic capacity, the BEP, the AoF and the CQEI. It

has been proved that the average received SNR is proportional

to the number of elements N and it can be observed that

large number of elements is required in order to improve the

system performance. Furthermore, we can enhance the system

performance by deploying the RRS in the vicinity of the BS or

the user. Finally, it has been illustrated that when a large RRS

with arbitrary phase shifts is deployed between two terminals,

the AoF tends to 1, which coincides to the value of the AoF

for a single Rayleigh channel.

APPENDIX A

PROOF OF THEOREM 1

The PDF of |H | is given by [26]

f|H|(r) = r

∫ ∞

0

ρJ0(rρ)Λ(ρ)dρ, (47)

where Jv() is the v-th order Bessel function of the first kind

[15] and Λ(ρ) can be expressed as

Λ(ρ) = Eh1...hN

[

N
∏

i=1

J0(hiρ)

]

=

N
∏

i=1

Ehi
[J0(hiρ)] . (48)

The expected value in (48) can be evaluated as

Ehi
[J0(hiρ)] =

∫ ∞

0

J0(zρ)fhi
(z)dz, (49)

since h1, ..., hN are independent. Transforming the Bessel

functions into Meijer’s G-functions [16, 03.04.26.0037.01],

[16, 03.01.26.0056.01] and using [19], (49) can be written

as

Ehi
[J0(hiρ)] =

1

Γ(m1)Γ(m2)

×G1,2
2,2

Å

Ω1Ω2ρ
2

4m1m2

| 1−m1, 1−m2

0, 0

ã

,

(50)

where G[·] is the Meijer’s G-function [15]. Using [16,

07.23.26.0004.01], (50) can be expressed as

Ehi
[J0(hiρ)] = 2F1

Å

m1,m2; 1;−
Ω1Ω2ρ

2

4m1m2

ã

, (51)

where 2F1(·, ·, ·, ·) is the Gauss hypergeometric function [15].

Using [16, 07.23.17.0046.01], the hypergeometric function can

be expressed as a finite sum and (51) can be rewritten as

Ehi
[J0(hiρ)] =

(m1)m2−1

(m2 − 1)!

m1−1
∑

k=0

(1−m1)k(1 −m2)k
(2−m1 −m2)kk!

×
Å

4m1m2

4m1m1 +Ω1Ω2ρ2

ãm1+m2−k−1

.

(52)

Considering that all N vectors have the same m1, m2, Ω1 and

Ω2, using (47) and (52) and after some algebraic manipulations

similar to [27], the PDF of |H | is given by

f|H|(r) = r

Å

(m1)m2−1

(m2 − 1)!

ãN m1−1
∑

k1=0

...

m1−1
∑

kN=0

Å

4m1m2

Ω1Ω2

ãu

×
∫ ∞

0

ρJ0(rρ)

Ç

1
4m1m2

Ω1Ω2
+ ρ2

åu

dρ.

(53)

It should be highlighted that u ∈ Z, u > 0, since m1,m2 ∈
Z. Utilizing [15, 6.565/4] in (53) and after some algebraic

manipulations, (4) is derived and the proof is completed.

APPENDIX B

PROOF OF (9)

Using L’Hospital’s rule and [16, 03.04.20.0005.01], it stands

that

lim
x→0

Kv(x)

x−v
= − lim

x→0

Kv(x)

x−v
+ lim

x→0

xv+1

v
Kv+1(x). (54)

Thus, the following expression stands

2v lim
x→0

xvKv(x) = lim
x→0

xv+1Kv+1(x). (55)

Using (55) and considering that v ∈ Z, v > 0, the following

expression can be derived

lim
x→0

xvKv(x) = 2v−1(v − 1)! lim
x→0

xK1(x). (56)

An approximation of Kv(x) as x → 0, if Re{v} > 0, where

Re{·} denotes the real part of a complex number, is given by

[28]

Kv(x) ≃
1

2
Γ(v)

Å

1

2
x

ã−v

. (57)

Hence, the following limit can be derived

lim
x→0

xK1(x) = 1. (58)

Utilizing (56) and (58), the proof is completed.

APPENDIX C

PROOF OF PROPOSITION 9

To prove (40), E
[

γ2
r

]

should be calculated, since E [γr] can

be obtained from (23). The second moment of the received

SNR can be obtained as

E[γ2
r ] = l2E

[

|H |4
]

γ2
t , (59)

where E[|H |4] can be derived as the fourth moment in (11),

i.e.,

E
[

|H |4
]

= 2

Å

Ω1Ω2

m1m2

ã2 m1−1
∑

k1=0

...

m1−1
∑

kN=0

N
∏

i=1

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!
u(u+ 1).

(60)
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Utilizing the proof of Proposition 5, (60) can be written as

E
[

|H |4
]

= 2

Å

Ω1Ω2

m1m2

ã2 m1−1
∑

k1=0

...

m1−1
∑

kN=0

N
∏

i=1

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!
u2 − 2N

Ω2
1Ω

2
2

m1m2

.

(61)

The first term in (61), termed as T , considering the definition

of u can be written as

T1 = 2

m1−1
∑

k1=0

...

m1−1
∑

kN=0

N
∏

i=1

(m2)m1−1−ki
(1−m2)ki

(m1 − 1− k)!ki!

×
(

(N(m1 +m2 − 1))
2 − 2N(m1 +m2 − 1)

N
∑

i=1

ki

+

(

N
∑

i=1

ki

)2
é

Å

Ω1Ω2

m1m2

ã2

.

(62)

The first and the second term in (62) can be calculated utilizing

the proof of Proposition 5. Using [16, 06.10.17.0002.02] and

(27), it is proven that

k2i (1−m2)ki
= (1 −m2) ((2−m2)(3−m2)ki

−(3− 2m2)(2−m2)ki
+ (1−m2)ki

) .
(63)

Using (26), (28) and (63), it can be proven that

m1−1
∑

ki=0

k2i (m2)m1−1−ki
(1 −m2)ki

(m1 − 1− k)!ki!
= (1 −m2)

×
Å

(2 −m2)
m1(m1 + 1)

2
− (3 − 2m2)m1 + 1−m2

ã

.

(64)

Utilizing (26), (28) and (64) and after some algebraic manipu-

lations, the third term in (62), termed as T2, can be calculated

as

T2 = 2

Å

Ω1Ω2

m1m2

ã2

N

Å

(m1 − 1)(m2 − 1)

2
(2 − 2m2

+m1(m2 − 2)) + (N − 1)((1−m2)(m1 − 1))2
)

.

(65)

Using (65) and after some algebraic manipulations, (40) can

be derived which completes the proof.
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