Universidad

ucdm | Carlosllil -Archivo
de Madrid

This is a postprint version of the following published document:

Xiao, Y. H., Ramirez, D., Schreier, P. J., Qian, C. &
Huang, L. (2022, septiembre). One-Bit Target
Detection in Collocated MIMO Radar and Performance
Degradation Analysis. IEEE Transactions on Vehicular

Technology, 71(9), 9363-9374.

DOI: 10.1109/tvt.2022.3178285

© 2022 IEEE. Personal use of this material is permitted. Permission

from IEEE must be obtained for all other uses, in any current or
future media, including reprinting/republishing this material for
advertising or promotional purposes, creating new collective works,
for resale or redistribution to servers or lists, or reuse of any
copyrighted component of this work in other works.


https://doi.org/10.1109/tvt.2022.3178285

One-Bit Target Detection in Collocated MIMO
Radar and Performance Degradation Analysis

Yu-Hang Xiao, Member, IEEE, David Ramirez, Senior Member, IEEE, Peter J. Schreier, Senior Member, IEEE,
Cheng Qian, Member, IEEE, and Lei Huang, Senior Member, IEEE

Abstract—Target detection is an important problem in
multiple-input multiple-output (MIMQO) radar. Many existing
target detection algorithms were proposed without taking into
consideration the quantization error caused by analog-to-digital
converters (ADCs). This paper addresses the problem of target
detection for MIMO radar with one-bit ADCs and derives a Rao’s
test-based detector. The proposed method has several appealing
features: 1) it is a closed-form detector; 2) it allows us to handle
sign measurements straightforwardly; 3) there are closed-form
approximations of the detector’s distributions, which allow us to
theoretically evaluate its performance. Moreover, the closed-form
distributions allow us to study the performance degradation due
to the one-bit ADCs, yielding an approximate 2 dB loss in the
low-signal-to-noise-ratio (SNR) regime compared to co-bit ADCs.
Simulation results are included to showcase the advantage of the
proposed detector and validate the accuracy of the theoretical
results.

Index Terms—Multiple-input multiple-output (MIMO) radar,
one-bit analog-to-digital converter (ADC), Rao’s test, target
detection.

I. INTRODUCTION

Multiple-input multiple-output (MIMO) radar, which uses
multiple antennas at both transmitter and receiver, can provide
significant performance gains by exploiting waveform diver-
sity. With the increase of array sizes and the emergence of
resource-limited applications, one-bit sampling has become a
promising technique, as it provides, on one hand, cost and
energy efficiency, and, on the other, higher sampling rates.

During the past two decades, one-bit processing has been
studied for many problems, ranging from direction-of-arrival
(DOA) estimation [1]-[3], MIMO communications [4]-[7],
frequency estimation [8] to target tracking [9]. These works
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have shown that, with a rational design of signal processing
algorithms, the performance degradation is usually relatively
small. However, most of the existing algorithms in radar target
detection were derived without considering the quantization
effect [10]-[12]. The performance degradation caused by im-
perfect analog-to-digital converters (ADCs) has also not been
well studied in the literature.

The use of sign (or one-bit) measurements hinders the
application of standard detection techniques, such as the
generalized likelihood ratio test (GLRT), as in these cases, the
likelihood function is a product of () functions, and it does
therefore not admit a closed-form. Concretely, there does not
exist analytical solution of the maximum likelihood estimates
(MLE) of the unknown parameters, i.e., target reflectivity.
Even though numerical optimization methods can be used to
find the solution [13], they lead to detectors without closed for-
m, which translates into a complicated performance analysis.
An alternative to numerical methods was developed in [14],
which considered a simplified model. Concretely, it assumes
that the target reflectivity is known a priori. Nevertheless,
this assumption is unrealistic from a practical standpoint since
the reflectivity is fast-changing and generally needs to be
estimated. In this paper, to avoid the computation of the MLE,
we resort to Rao’s test, which only requires the computation
of the Fisher information matrix (FIM) and allows us to obtain
a closed-form statistic. This also frees us from requiring prior
information on the target reflectivity, as it has been implicitly
estimated by a second-order Taylor’s approximation of the
MLE [15].

A very important problem is to analyze the performance
degradation of the proposed Rao’s test with one-bit ADCs
compared to the co—bit case. It is worth mentioning that the
performance loss analysis has been visited several times in
the estimation literature. Despite the different backgrounds,
it is quite commonly suggested that for symmetric one-bit
ADCs, the performance loss is 7/2 (2 dB) in the low-signal-to-
noise-ratio (SNR) regime, while growing larger when the SNR
increases [6], [8], [9], [16], [17]. However, this problem has
attracted much less attention in the detection field. To the best
of our knowledge, only [13] proved a 2 dB loss for all SNRs
based on Wilks’ theorem [15], which contradicts the general
result in estimation papers. This is because Wilks’ theorem is
not generally applicable for one-bit quantized data, as will be
shown later.

In this paper, we carry out the performance loss analysis
by comparing the theoretical probabilities of false alarm and
detection of the derived Rao’s test with 1-bit ADCs and the



GLRT with oco—bit ADCs. Since, both, Rao’s test and GLRT
are asymptotically optimal [15], [18], their performances can
be seen as the best-case scenario one can get with one-bit and
oco—bit ADCs. This motivates us to analyze the distribution
of the detectors under the null and alternative hypotheses. We
show that the proposed Rao’s test is exponentially distributed
in the null case. For the non-null distribution, we first provide
a near-exact result based on Imhof’s generalized non-central
x? distribution [19], which is followed by a non-central x?
approximation that is valid only in the low-SNR regime. For
the co—bit case, the GLRT has an identical null distribution
as its one-bit counterpart, whereas, in the non-null case, it is
non-central x2 distributed for all SNRs, with the non-centrality
parameter increased by a scale of 7/2. This proves that the
2 dB performance degradation is achievable only in the low-
SNR regime, which agrees better with the results in estimation
papers.

The contributions of this paper are summarized as:

1) The Rao’s test is formulated for one-bit detection in
collocated MIMO radar. Compared to the GLRT, it has
the advantage of being in closed-form, i.e., no iterative
algorithms are required. In addition, it does not need
prior information on the target reflectivity, as opposed
to [14].

2) We obtain near-exact null and non-null distributions of
the devised detector. For the performance comparison,
a low-SNR approximation of the non-null distribution
is also provided, which shows that Wilks’ theorem only
works in the low-SNR regime, but not in general for
one-bit quantized samples.

3) The performance of the detector is compared with the
oco—bit counterpart, which shows that the performance
loss of using one-bit ADCs is as low as 2 dB in the
low-SNR regime. Alternatively, this performance gap
could also be compensated by increasing the number
of samples by a factor of 7/2.

The remainder of this paper is organized as follows. The
signal model for one-bit detection in collocated MIMO radar
is presented in Section II. In Section III, a detector based on
Rao’s test is derived, with its null and non-null distributions
analyzed in Section IV. The performance degradation of using
one-bit ADCs with respect to ideal (co-bit) ADCs is studied in
Section V. Section VI provides simulation results to validate
the theoretical calculations. Finally, the main conclusions are
summarized in Section VIIL.

Notation

Throughout this paper, we use boldface uppercase letters
for matrices, boldface lowercase letters for column vectors,
and light face lowercase letters for scalar quantities. The
notation A € RP*? (CP*?) indicates that A is a p x ¢ real
(complex) matrix. The (4, j)—th entry of A is denoted by A,;,
whereas a; corresponds to the :—th entry of the vector a. The
Frobenius norm and trace of A are ||A||r and tr(A), and
vec(A) is the vectorization of the matrix A. The superscripts
()7L ()T, and () represent matrix inverse, transpose, and
Hermitian transpose operations. The operators E[a] and V]a]

denote, respectively, the expected value and variance of a,
Cla,b] is the covariance between @ and b, and ~ means
“distributed as”. The X?p and Xfc (62) denote, respectively, the
central and non-central Chi-squared distributions, where f
is the number of degrees-of-freedom (DOF) and §2 is the
noncentrality parameter. Finally, the operators Re(-) and Im(-)
extract the real and imaginary parts of their arguments, ¢ is the
imaginary unit, and sign(-) takes the sign of its argument.

II. SIGNAL MODEL

Consider a collocated MIMO radar system where there are
p transmit and m receive antennas, which are collocated. The
transmitter emits a probing beam towards the desired angle ¢.
Assuming the presence of a far field target, the received signal
at the input of the ADCs can be written as

X = Ba,(¢)af (¢)S+ N, (1)

where X € C™*", with n being the number of available
snapshots, and N € C™*" is additive white Gaussian noise
[20]-[24]. Here, [ is the unknown target reflectivity, i.e., a
complex amplitude proportional to the radar cross section (RC-
S), a;(¢) € CP*! and a,(¢) € C™*! stand for the transmit
and receive steering vectors,' respectively, and S € CP*" is
the known transmitted waveform with tr(SS) = n. After
one-bit quantization, the baseband signal becomes

Y = 9(X) = sign(Re(X)) + wsign(Im(X)), (2)

where Q(-) denotes the quantization operator.

Our task is to identify the presence or absence of the
target based on the quantized observations Y. Let H; be the
hypothesis where there is target in the received data, while
Ho be the hypothesis where there is no target. Then, without
quantization, the standard target detection problem can be
described as the binary hypothesis test

Ho: X =N, 3)
Hi: X = Ba,(¢)af (¢)S + N,

whereas with one-bit ADCs, the target detection problem
becomes

Ho: Y =0Q(N),
Hl . Y == Q (5ar(¢)atT(¢)S + N) :

These two detection problems have been addressed in the
past. The works in [10]-[12] have studied the target detection
problem for MIMO radar without quantization in (3). Then,
[14] considered the MIMO target detection problem from sign
measurements, which can be viewed as a one-bit quantized
version of that in [10]-[12]. However, the reflectivity parame-
ter, 3, was assumed to be known, which is usually unrealistic
in practical MIMO radar systems. In this paper, we take 3 as
an unknown deterministic value, namely, no prior distribution
on [ is required. Mathematically, the above model can be seen
as a complex-valued version of the decentralized detection in
wireless sensors network in [13], where the authors proposed
a GLRT for real-valued measurements based on an iterative

“)

IThe steering vectors are known taking into account that ¢ and the array
geometries are known.



algorithm to seek the MLE of 5. However, detectors without
closed-form are less useful for performance analysis since only
Wilks’ theorem can be applied. In Sections IV and V, we will
show that Wilks’ theorem only works for the low-SNR regime
in one-bit detection. Therefore, to avoid the MLE computation,
in this work we derive a closed-form detector based on Rao’s
test, which allows us to perform a more detailed performance
assement.

IIT. DERIVATION OF RAO’S TEST

The common approach to solve the above hypothesis testing
problems with unknown parameters is to derive the GLRT.
However, for one-bit measurements, the likelihood function
is a product of @ functions, which does not admit a closed-
form expression, making the finding of the MLE of S also
nontrivial. This results in iterative detection algorithms, as
in [13], and poses challenges for the subsequent performance
analysis. Moreover, it can be seen in (4) that, after one-bit
quantization, all amplitudes are lost, which means that the
distribution of the sign measurements is independent of the
noise power under Hy, resulting a simple null hypothesis.

The aforementioned challenges motivate us to derive a de-
tector based on Rao’s test, as it does not require the MLE of the
unknown parameters when Hg is simple. Before proceeding,
and for notational simplicity, let us define Z = a,.(¢)a} (¢)S,
z = vec(Z), y = vec(Y), and

Zi = u; + 1;, Yi =i +18i. )
with ¢ = 1,..., N, where N = mn. Then, we have
Bz; = au; — bv; + 1(av; + bu;), (6)

where 5 = a+1b. Analogously to the real-valued case in [13],
we can write the log-likelihood function under H; as:

wvo =S (0[]

s (o[22, o

where

<1 —x? d 8

e ®

o2 is the noise variance and @ = [a,b,02]T. Note that
the log-likelihood under H( could be easily obtained as
L(y;[07,52]T). Due to the problem invariances, and as seen
in (7), the likelihood of the data depends only on the ratio
/02, instead of on 3 and o2, individually. Therefore, without
loss of generality, we can simply set 02 = 2 and focus on 3.
That is, the real and imaginary parts of the noise both follow
the standard Gaussian distribution, which yields 8,. = [a,b] .
Now, the only unknown parameter is § and it therefore

follows that Rao’s test statistic is given by [15]
9r9r,0>
®)

T
_ [ 9L(y;6y) 1 0L(y; 0,)
TR - ( aer o 6. 0> F (0’[‘,0) aer

where 6,0 = [0,0]7 and F(0,) is the Fisher information
matrix (FIM):

32ﬁ(y;0r)} .

F®,) =-E [ 90..00T

(10)
The derivation in this case differs from the Rao’s tests in [15]
in two aspects: 1) the data is one-bit quantized, which requires
the usage of the new likelihood function in (7); and 2) the
data is complex-valued, resulting in a two-dimensional Fisher
information matrix. The result is presented in the following
theorem.
Theorem 1: The statistic of Rao’s test is given by

tr(YZH)|?
7, - 200 <M I (1n
where M = pmn and the test is therefore
Hi
Ir 2 7, (12)
0
where v is a properly selected threshold.
Proof: See Appendix A. ]

IV. DISTRIBUTIONS OF THE PROPOSED TEST

In this section, we obtain approximate distributions of the
proposed detector, Tk, under the null and alternative hypothe-
ses. By computing the first and second order moments of the
real and imaginary parts of the random variable tr(YZ), a
joint Gaussian approximation is established. Then, the distri-
bution of Ty is computed via a generalized non-central x?
distribution. Since the computation of the first two moments
under H can be obtained from those under H;, we will first
address the non-null distribution.

A. Distribution under H1

Let us start by rewriting the test statistic as

Tr = wi + w3 (13)

where
_ Re(zy) o — Im(zy)
VM ? VM

We can now establish a bivariate Gaussian approximation for
the joint distribution of w; and wsy. The result is stated in the
following theorem.

Theorem 2: The distribution of w = [wy,wz]? can be
asymptotically (n — oco) approximated by the a bivariate real
Gaussian distribution with mean

1 Yo (equi + divy)

w1 (14)

u,(8) = —= ) (15)
M Soiv (diug — cqv;)
and covariance matrix
o2 o
S8 =171 “12 16
(6) |:O'21 0.5:| ) ( )



where

a7

i=1

1 X

2 _ 2,2
02_1—M;(cv+d ) (18)
N
2
012—021—M21(01—d)1“)u (19)
with

C; = 1— QQ(an — b’l}i), dz =1- 2Q(G’Ui + bul) (20)
Proof: See Appendix B. ]

Theorem 2 shows that the detector Tg can be expressed as
a squared sum of two correlated Gaussian random variables.
To proceed, we need to use a linear transformation to convert
them into two independent Gaussian random variables with
different variances. First, let us define?

1= 207 (w — uy). Q1)

Then, we have

Th= (143 u,) S+ Su?u,). 22)

Using the eigenvalue decomposition of ¥,,, given by X, =
PTAP, where A = diag(A1, \2), the test statistic can be
rewritten as

Tk = (P14+ PSy u,)TA(Pl+ P, % uy,)

=XM1+ 1) 4 Ao (v2 + p2)?, (23)

with

pw=PSytu,, v=Pl~N(0,I). (24)

Thus, Tx is distributed as the weighted sum of two indepedent
non-central x? random variables with different centrality pa-
rameters, that is, a generalized non-central X2 distribution. By
integrating this probability density function (PDF) we could
compute the probability of detection of the proposed Rao’s test
in Theorem 1, but there are no general expression for this PDF.
Fortunately, the complementary distribution function of such
a random variable, i.e., the required integral for computing
the probability of detection, is given by Imhof [19], which is
summarized in the followmg lemma

Lemma 1: Let R = ZT Lkexz (07) be a weighted sum
of non-central x? random variables with different centrality
parameters and degrees of freedom. Then, its complementary
distribution function is given by

sin ¢ (u)
Pr{R >z} = - + 7r/0 el (25)
where
1 52k5 u 1
=3 g [h tan™" (kpu) + T+ k2 2] - 5% (26)

r=1

2For notational simplicity, hereafter we drop the explicit dependency on 3
of uw (B) and X4, (8).

and

,_.

(6rkyu)

1 l
Xexp{221+k2 2}. (27)

!
H (1+ k2u?) ™"
r=1 r=1

Then, we can use Lemma 1 with [ = 2, k; = )\, 51-2 =
w2, and h; = 1 to compute the probability of detection via

numerical integration [25].

B. Distribution under H,
Under Hg, we have

u, =0, Y= 127 (23)

which implies that w; and ws are ii.d. Gaussian random
variables, yielding

Tk ~ X3. (29)

Hence, Tk is exponentially distributed with parameter 1/2, the
probability of false alarm becomes

Pra(7) = Pr{Tr > v} = exp(—7/2), (30)
and the detection threshold can be obtained as
v = —2log(Pr). (31

V. ANALYSIS OF THE PERFORMANCE DEGRADATION

In this section, we study the detection performance degra-
dation of using one-bit ADCs with respect to oo-bit ADCs.
Since, both, Rao’s test and the GLRT are asymptotically
optimal detectors [18], their performances can be taken as the
best achievable results in either one-bit or co-bit scenarios.
Therefore, we can compute the performance degradation by
comparing the performance of the Rao’s test for one-bit case
and the GLRT for co-bit case. This aforementioned analysis
could be achieved by using a series of analytical tools such
as moment-based method [26] or the asymptotic expansion
method [27], [28], which could analyze the performance of
detectors in a very accurate manner. However, to make a trade-
off between the simplicity and accuracy of the expressions,
here, we choose Wilks’ theorem, which provides a simple
expression for the performance metrics and allows us to gain
insights.

A. oo-bit Case

Let us first study the performance of the GLRT, Tgrrr,
with oco-bit ADCs. In this case, there is no quantization error,
so the received signal is X. Then, we must solve the detection
problem in (3) whose GLRT can be obtained in a similar
manner to [12] and is presented next.

Theorem 3: The GLRT for the test in (3) is

N
|r(XZ)?

T =|1—- ———— 32

GLRT [ Mu(XXh)| £ s (32)
where ~ is a properly selected threshold.

Proof: See [12]. [ |

It is easy to show that (32) is a monotone transformation of
tr(XZ7)|2

Tt = X2 (33)

tr(XXH) ’



which is equivalent to Tg when X is replaced by the one-bit
quantized data Y and also noting that tr(YY#) = 2N. This
shows that the same detector can be applied to both one-bit
and co—bit quantized data.
Once we have the GLRT, we can use Wilks’ theorem [15],
which is presented next, to obtain its asymptotic distributions.
Lemma 2: Consider the binary hypothesis testing problem

Ho 10 = 0r07037
Hi:0 7’é 07'07987

where 6, € R9*! is the nuisance parameter vector and 0, €
R/*1. Then, the GLRT is asymptotically distributed as

2
X% under H,
—2log(T, ~ 34
og(ToLkr) {)@(62), under H, G
where
_ -1
5> =(0,, —0,,)" [F 1(91)]&,& (0., —0,,), (35

with 6, = [19;[1 , OZ]T being the true parameters in H;.

It is easy to see that the nuisance parameter is the noise
variance, i.e., @, = o2. Hence, since 8 = [a,b,02]T, it is
obvious that the DOF is f = 2. Moreover, the non-centrality
parameter of the non-null distribution is

6% = M|BJ?, (36)

which is derived in Appendix C.

B. One-bit Case

Since Rao’s test has the asymptotic performance of the
GLRT, intuitively, one could also apply Wilks’ theorem for T,
which would result in a similar non-central x? approximation.
Thus, the performance degradation could be easily attained
by a comparison between the non-centrality parameters [13].
However, unlike the oco—bit case, Wilks’ theorem does not
generally hold for one-bit quantized data due to the strong
non-linearity of the ADCs. More specifically, as shown in (19),
wi and ws in TR are correlated, which makes the non-central
x? approximation invalid, requiring the more sophisticated
generalized non-central X2 distribution. Nevertheless, we can
still provide a non-central x? approximation to the non-null
distribution in the low-SNR regime. The result is summarized
in the following theorem.

Theorem 4: When the magnitude of [ is of order
O(M~1/?), the distribution under #; of T can be approxi-
mated as

T ~ X3(59), (37)
where 011
5 = 22|, (38)
™
Proof: See Appendix D. [ |

Comparing (38) with (36), and taking into account that
the null distributions of TG rr and TR are identical, the

performance degradation in the low-SNR regime is about
10log,o(m/2) ~ 2 dB.

Remark 1: In many parameter estimation problems, e.g.,
[6], [8], [9], [16], [17], the authors have studied the perfor-
mance degradation by comparing the best achievable perfor-
mance of an estimator with the Cramér-Rao bound, showing
that the minimum achievable loss was also 2 dB in the
low-SNR regime. This matches our result in the detection
problem. Nevertheless, one remarkable difference is that in
the estimation case, the Fisher information is proportional to
the performance bound and differ by the ratio of 2/7 in the
low-SNR regime only. In our problem, the FIMs have a fixed
gap of 2/, but the detection performances are not, in general,
proportional to the Fisher information matrix. The underlying
reason for this phenomenon will be an interesting future work.

VI. NUMERICAL RESULTS

In this section, we carry out numerical simulations to
validate our theoretical findings. We first evaluate the accuracy
of the derived theoretical probabilities of false alarm and detec-
tion, which includes one-bit and co—Dbit scenarios, in the low-
SNR and high-SNR cases. Then, we illustrate the detection
performance and verify the 2 dB performance degradation.
All results are obtained from 10° Monte Carlo trials.

We consider a collocated MIMO radar system with uniform
linear arrays with half-wavelength inter-element spacing. Sim-
ilar to [29], [30], we choose the orthogonal linear frequency
modulation (LFM) signal as the transmitted waveform, which
is shifted towards the angle 6:

exp{£2n(l— 1)+ n(l — 1) + (k — 1)sin(0)]}

\/ﬁ b
(39)

Sk, =

where k =1,...,pand [ = 1,...,n. Unless otherwise stated,
the DOA 6 is fixed at —7/3. The noise is defined as white
Gaussian noise with zero mean and variance J?L =2, and
is generated from a complex Gaussian distribution with zero
mean and unit variance, which is scaled to achieve the desired
SNR, defined as:

_ 18]
SNR = 1010g10 -
ag

n

(40)

To quantify the approximation error between the theoretical
and empirical cumulative distribution functions (CDFs), we
shall also use the Cramér-von Mises goodness-of-fit test,
which is defined as [31]

2

1 & .
== ‘F(ci) — B, @41)
=1

where F(c;) is the empirical CDF and F(¢;) is the proposed
approximation.

A. Null Distribution

First, we study the null distribution of the proposed Rao’s
test for one-bit ADCs and the GLRT for oco-bit ADCs. Con-
cretely, we used these distributions to compute the probabili-
ties of false alarm, Py,. Fig. 1(a) depicts P, for m =p =4
as a function of the threshold for the approximation in (30),



100 p

’s
1071 F S B

Pta

Threshold

(a) Rao’s test (one-bit data)

10° ry T T
b \.. - = = Theoritical 1
N === Simulated n=128 |
’q% Simulated n=32
sy === Simulated n=8
~°°Q~
107! e“\:.. B
&
-~s:
B
B
10721 ° E
\:;
NS
_3 | | | | I I N
10 0 2 4 6 8 10 12 14
Threshold

(b) GLRT (co-bit data)

Fig. 1. Probability of false alarm versus threshold for m = p = 4 and
n = §,32, and 128.

which is valid for large N or, equivalently, n. This figure
also shows the empirical probabilities obtained using Monte
Carlo simulations with n = 8,32, and 128, which allows us
to see the accuracy of the proposed approximation for values
of n as small as 32. Additionally, we have also computed
the approximation errors, €, between the approximated and
empirical CDFs, which are given by ¢ = 1.75 x 107> for
n=28 ¢e=99x1078 for n = 32, and ¢ = 7.38 x 1078
for n = 128. This confirms the asymptotic nature of the pro-
posed approximation, which is due to the asymptotic Gaussian
approximation.

In Fig. 1(b), for the same scenario as before, we examine the
accuracy of the null distribution of Tgrr. The approximated
and empirical distributions also agree very well with each
other, with approximation errors as small as € = 3.40 x 1075
forn =8, € = 2.52 x 1076 for n = 32, and € = 3.06 x 1077
for n = 128.

B. Non-null Distribution

This section studies the accuracy of the approximations of
the probability of detection, including (25) and (37) for Rao’s
test and (34) for the GLRT. We first examine the accuracy of
the distributions for one-bit data, namely (25) for the general
case and (37) for the low-SNR regime. The results are shown
in Fig. 2, where the experiment parameters are m = p = 4,
n = 32,128, and 256, and SNR = —23 dB for Fig. 2(a) and
SNR = —13 dB for Fig. 2(b). The approximation errors are
also summarized in Table I, which shows that the analytic
result in (25) works very well for both cases, while (37)
is accurate in the low-SNR regime. This is because (37) is
obtained on the premise of a low SNR, and hence loses validity
as the SNR increases. However, it is very simple and can be
used to compare performance with the co—bit detector.

In Fig. 3, we check the accuracy of the non-null distribution
in (34), which corresponds to the GLRT with oco-bit ADCs.
Due to the fact that (34) is derived without making any
assumptions about SNR, it is likely to perform well in both
high and low SNR environments. As a result, we study both
regimes with m = p = 4 and n = 64. Concretely, we
have considered SNR = -13dB, SNR = -16dB, and
SNR = —23dB, which yield the errors ¢ = 8.53 x 1077,
e =3.89 x 1075, and € = 4.16 x 104, respectively. These
results confirm that the derived non-null distributions are able
to accurately predict the detection performance and enables
us to compare the performance of one-bit and co-bit ADCs
theoretically, as done in Section V.

C. Performance Degradation

In this section, we study the probability of detection, for a
fixed probability of false alarm, of the proposed detector Tg
and verify the prediction of 2 dB performance degradation.
It is worth mentioning that [14] has also considered the one-
bit MIMO radar detection problem, but adopted a simplified
model whereby the reflection parameter [ is known. The
likelihood ratio test (LRT) in [14] is:

N
Tir = Zlog (Q [=ri(au; — bv;)])

N
+ Z log (Q [—si(av; + bu;)]) + 2N log(2), (42)
i=1

However, it should be noted that in real-world applications
(B can hardly be known. Therefore, the above LRT is only
used as a (genie-aided) benchmark, but cannot be applied in
realistic conditions.

Fig. 4 depicts the probability of detection versus the SNR
for Py, = 1073, m = p = 4 and n = 32,256, and 2048. This
figure shows that the performance of the detector in the one-
bit case is 2 dB away from the case of co—bit quantized data,
which matches very well with the theoretical prediction. Note
that this approximation also holds for moderate SNRs, despite
it was derived for low SNRs. In addition, the distances between
Tk and Tig are roughly 2 dB when SNR is low but narrows
to 1 dB as P, approaches 1. This is because for large SNRs,
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ERRORS OF DIFFERENT APPROXIMATIONS METHODS AT DIFFERENT SNRS.
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form =p=4 and n = 32,128, and 256.

the estimate of 3 is more accurate and the prior information
has therefore less impact on the detection performance.
Comparing (38) with (36), it is easy to see that the 2dB
performance degradation can also be compensated by a /2
multiplication of the number of samples. In Fig. 5, we plot
the probability of detection versus number of samples n, in
logarithmic scale, for an experiment with m = p = 4 and
several SNR values. To better illustrate the performance gap,
a copy of the curve of the GLRT with oo-bit ADCs is shifted
by log(mw/2) a 0.45. It can be observed that the curve of the
proposed Rao’s test matches perfectly the shifted one, proving

Fig. 4. Probability of detection versus the SNR for Py, = 10 Sm=p=4
and n = 32, 256, and 2048,

that performance loss can also be compensated by /2 =~ 1.57
times amount of samples.

In Fig. 6, we repeat the experiment described in Fig. 5
except that we fix n = 64 and increase the size of the array.
We chose to set m = p, which is a standard configuration in
collocated MIMO radar. It is observed that the gap between
the curves of the one-bit and oco-bit detectors narrows to
log(m/2)/2 = 0.23. This is because the detection performance
is proportional to M = pmn = pn, thus increasing the array
size is twice as effective as increasing the number of snapshots.
The result indicates that, given the same SNR and sample
support, a one-bit system with \/m/2 ~ 1.25 times array size
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of the GLRT with oo-bit ADCs, proving a loss of 2 dB in
the low SNR regime, which enlarges for increasing SNRs. We
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s;vip[si(av; + bu;))
Z 43
Q[—si(av; + bu;)] ’
can achieve comparable performance to an co-bit system
and
D. Complexity Analysis
The proposed one-bit detector has a relatively low computa- 9L(y; 6r) _ Z rivig[ri(au; — bu;)]
tional cost. As demonstrated by (12), the detection algorithm ob Q[—ri(au; — bu;)]
. Siu av; + bu;
+ Z 1()0 ( 1 )] , (44)

requires just 4N + 3 multiplication and 4N — 1 additions. In
comparison, the detector in [14] must evaluate the @ function,

which requires significantly more computational resources
Table II compares the time required to evaluate the derived

Rao’s test and the LRT in [14]. It can be observed the
computation of the detector is incredibly rapid and requires
significantly less time than the LRT. This is an additional

benefit of our detector.

VII. CONCLUSION

In this paper, we derived a novel detector based on Rao’s test
for target detection in MIMO radar with one-bit ADCs. The
proposed method has a closed-form expression and does not

Q[si(avi + bu;)]

where (-) is the standard Gaussian probability density func-

tion.
Substituting @ = 0 and b = 0 into (43) and (44), we have

2 Zi\;l (rius + sivi)

8[.:(3{; 91‘) <
90, lg—6., V7| Xisy(siu—rivy)
_ /2| Re(z"y)
- 2] Retey @

In addition, using the derivatives in (43) and (44), we can

require complicated numerical optimization of the reflectivity.



compute the FIM in (10), element by element, as follows

9 N N 2
F171(0T70) = ;E (Z riu; + Z Si'Uz')
i=1 i=1
9 N N
="FE Z s2v? + eru?] = Ztr(ZZ™)
T
i=1 i=1
(46)
Similarly, we have
2
F32(0r0) = ~tr(ZZ"), (47)

and

2
Fi2(0,0) = ;E

N N
<Z S;V; + Z ’f’iUZ')
=1 N =1 N
X <Z S;U; — Z’/‘Z‘UZ‘>‘|
i=1 i=1

9 N N
=—E Z s2vu; — Zr?vzm] =0, (43
m
i=1 i=1
which yields )
F(0,0) = —tr(ZZ™)1,, 49)
T

where I, is the 2 x 2 identity matrix.
Substituting (45) and (49) into (9), the statistic becomes

tr(YZH)|?
TR ="
R w(zzH) (50)
and the proof follows by noting that
w(ZZ") = tr (ar(¢)ay (¢)SS"a; (9)a;’ (¢))
= [lac(¢)|1*lar (6)[*u(SS™) = M, (51)
where we have used ||a;(¢)||? = p, ||la-(¢)||> = m and
tr(SSH) = n.
APPENDIX B

PROOF OF THEOREM 2
For this proof, we need the following lemma, which is a
multivariate version of the central limit theorem [32].
Lemma 3: Let s = vazl qi» where qi,...,qy € R? are
mutually independent random vectors with zero mean. Then,
as N — oo, s is asymptotically Gaussian distributed with zero
mean and covariance matrix C if

el o

lim
N—oo
1=

(52)

First, we shall compute the first and second order statistics
and then study whether (52) holds. For notational simplicity,
let us define

N N

t1 =VMw, = Z il + Z 83V (53)
i=1 i=1
N N

tg =V MU)2 = Z S;U; — ZTZ"UZ'. (54)
i=1 i=1

The first order moments of ¢; and ¢y are given by

N N
E tl] = Z Cil; + Z dﬂ]i, (55)

i=1 i=1

N N
E tg] = Z diui — Z CiU;. (56)

i=1 i=1

where

c; = E(ri) = 1 —2Q(au; — bv;), (57)
d; = E(s;) =1 —2Q(av; + bu;). (58)

For the second order moments, we can first compute the
following expectations:

Elrirj] = {Cicj A (59)
1, L=,
did;, 1#]
E[s;s;] = { » iE (60)
1, =7,
E[Tisj] = czd] (61)
Then, we have
E[t1te] = chul chvl Zczul Zd U;
—Zd vZchvz—FZd vlzd U;
N
Zl—c uzvz—l—Zl— Yuv;
- N
=E[t]E[t] + > (¢ — & )usvi,  (62)
i=1
and
N
E[t]] = B2[ty] + t(ZZ") = Y (cfu? + djv}),  (63)
i=1
N
E[t3] = E*[ta] + e(ZZ") = Y (cFv} +uid?) . (64)

1

K2

Combining all results above and using the fact that tr(ZZ) =
M, we obtain the first and second order statistics of w in (15)
and (16).

To conclude the derivation, we prove that (52) holds. Define
q; as

1 Jurh 4 s .
q; = \/7|:U74 74/:|7 2_17"'7N7 (65)

where

!/ /
7‘1':7'7’,_61', Si:

S; — di. (66)

Then, s = Zi\; q; in Lemma 3 corresponds to w in (14) and
C =3,(f). It is shown in [33] that

N 3
Y E[ca <
i=1

HC_mHi ZN:(]EIIqu4)3/4, (67)
=1



and since ||[C~1/2 Hi is bounded, a sufficient condition for (52)
is

R 1\3/4
Jm 3 (Ellail*)™ =0 (68)
To proceed, we further expand || q;||* as
u? + o) + s2)]°
oo = L o) )

Recalling that r;,s; € {£1}, we have the following upper
bounds:

B[] <s B[] <3 ESZ<1 0
which yield
N 3/4 3N L2132
> (Elad!)” < ( ) ZN3/2 {u Y } . an

=1 i=1
Since the right-hand-side of (71) is a sum of N terms that are
of order N~ 2, it approaches 0 as N — oo, which completes

the proof.

APPENDIX C
DERIVATION OF (36)
In the co—bit case, the parameter space is 8 = [a,b, 02|
where o2 is a nuisance parameter and the relevant parameters
are collected in 6, = [a, b]”.
By dropping the constant terms in the log-likelihood func-

tion, it becomes

E}

X — BZ|[}
L(X;0,,0%) = —Nln(o?) — TF (72)
The FIM can be computed as:
2
F—_FE [a‘CT}
0000
2M 0 2h— 2Ma
—E| 0 2 —Qﬁim (73)
oh—2Ma _ 2g12Mb  2||X— ﬂZ||F N
ot ol ab o
where
h = Re[tr(XH Z)], g = Im[tr(X*Z)]. (74)
Now, taking into account that

the FIM becomes
2M

2L 00
F=1|0 i—M 0 (76)
0o o X
Therefore, we have
_ —1 2M
[F(61)]5,6, = =3I (77)

and the non-centrality parameter in (36) can be computed as

_ -1
52 = (0?”1 - OTO)T [F 1<01)} 0,.,0, (07“1 - 07“0)
2 2
- u2L 79)
O-n
where [F~1(61)], , is the block of the inverse FIM cor-

responding to the parameters in 6,.. Recalling that we have
set 02 = 2 in Section III, we obtain 62 = M|3|?, which
concludes the derivation of (36).

APPENDIX D
PROOF OF THEOREM 4

Since we have assumed that 3 is of order O(M _%), we
can apply a Taylor’s approximation to the () function around
0, allowing us to write

¢ =1-2Q(au; — bv;) = \/Z(aui —bvy) +O(M™h),

(79)
di =1 —2Q(av; + bu;) = \/z(cwi +bu;) + O(M™1).
(80)
Then, 07 and 012 become
2 2 2 3
or=1- 4 2 [a®(uf +v]) + 2ab(uv} — udvy)
+20%uiv?] + O(M~2), (81
9 N
o3 =1- e 2 [b%(uf + v) + 2ab(udv; — uv?)
+2a*uiv}] + O(M™?), (82)
and
2+ 2 g2v2 2
o12 = 3 ; [(a — b)) (uf —v;) — 4abuivi} U;V;
+O(M™2). (83)
Recalling again that a and b are of order O(M~z), the
covariance matrix of w = [w1,ws]? becomes
S, =L+0WM™). (84)

Then, the weighted sum in (23) has identical weights given
by the eigenvalues of 3,,(3), which are \; = 1+ O(M~1).
Additionally, the means of w; and wsy can be approximated
as:

N 1
ey oY)

i=1

iw

—a+0O(M

(85)

s



and

N
2 2 2 -3
Blug] = |/ 1770 20 + o) + OO )
2M
=/ Z=b+O(M3). (86)
77
Therefore, Tk = w? + w3 is the sum of squares of two

uncorrelated Gaussian random variables with means a+/2M /m
and b\/2M /7 and unit variance, which results in 7k that
follows a non-central x? distribution with DOF 2 and non-
centrality parameter

52 = 2M 2, 87)
T

This completes the proof of Theorem 4.
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