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Range-Division Multiplexing for MIMO OFDM
Joint Radar and Communications

Oliver Lang , Member, IEEE, Christian Hofbauer , Member, IEEE, Reinhard Feger ,
and Mario Huemer , Senior Member, IEEE

Abstract—An orthogonal frequency-division multiplexing
(OFDM) waveform enables simultaneous radar sensing and
communications. In the multiple-input multiple-output (MIMO)
case with several transmit (Tx) antennas, multiplexing the
transmit signals is usually implemented using equidistant
subcarrier interleaving (ESI), thus allowing the separation
of the transmit signals in frequency domain. In this work, a
multiplexing technique denoted as range-division multiplexing
(RDMult) is analyzed, which allows separating signals radiated
by different Tx antennas along the range axis of a range-Doppler
map. This work also investigates the effects of RDMult on the
communication task. It turns out that RDMult heavily distorts the
channel statistics by introducing a repetitive pattern of deep fading
holes, which severely distort the transmission of data. To combat
this issue, this work proposes a communication system especially
designed for RDMult, including methods for data estimation,
channel estimation and synchronization. Simulations confirm the
effectiveness of these concepts in terms of bit error ratio (BER)
performance.

Index Terms—Communication, MIMO, Multiplexing, OFDM
Radar, Radar.

I. INTRODUCTION

JOINT radar sensing and communication systems are a field
of intensive research. Possible future applications include

automotive radar sensing and car-to-car communication [1],
[2], [3], [4], [5]. Orthogonal frequency-division multiplexing
(OFDM) is a prominent waveform candidate for such sys-
tems [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16]. Usu-
ally, multiple-input multiple-output (MIMO) radar systems with
multiple transmit (Tx) and receive (Rx) antennas in combination
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Fig. 1. a) Schematic sketch of the subcarrier allocation for ESI for the case
of 4 Tx antennas. Only a fraction of the available subcarriers are active at the
Tx antennas (gray blocks). b) Schematic sketch of the principle of RDMult.
Here, all subcarriers are active at every Tx antenna. A phase shift Δϕk , with
k denoting the Tx antenna index, is applied from subcarrier to subcarrier. This
causes a shift of the received signals along the range axis in the RDM.

with digital beamforming (DBF) are employed for detecting
the angular positions of objects. This requires multiplexing of
the signals radiated by different Tx antennas such that they
become separable in the receiver. Some possible multiplexing
techniques are discussed in [15], [16], [17], [18], [19], [20], [21],
[22], [23], [24], [25], [26]. For joint radar and communications,
the most popular multiplexing technique is equidistant subcar-
rier interleaving (ESI) [15], [24]. For ESI, the subcarriers are
equidistantly allocated to the Tx antennas such that a subcarrier
is transmitted on a single Tx antenna only, as exemplarily shown
in Fig. 1 a).

Extensions of ESI based on non-equidistantly allocated sub-
carriers and randomly allocated subcarriers are investigated
in [16] and [25], respectively. Both approaches employ com-
putationally expensive compressed sensing (CS) methods. A
further extension with dynamic allocation of the subcarriers is
presented in [26]. Unfortunately, this method comes with an
increased noise floor.

A multiplexing technique denoted as auto-correlation-based
code-division multiplexing (AC-CDM) is proposed in [22].
This multiplexing technique transmits the same data on all Tx
antennas and on all subcarriers but with unique time delays
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Fig. 2. Range-Doppler map for RDMult. The dots represent objects that appear
NTx = 4 times.

(implemented via phase rotations in the frequency domain).
These time delays shift the corresponding receive signals along
the range axis in the range-Doppler map (RDM), resulting in
NTx peaks in the RDM for each real object. Here, NTx denotes
the number of Tx antennas. In the receiver, the time delays
are undone for each Tx antenna, still one observes NTx − 1
ambiguous peaks for each main peak along the range axis of
the RDM. However, by choosing irregular time delays, one can
identify the ambiguous peaks in the receiver.

Another interesting multiplexing technique is investigated
in [23], which also shifts the signal components radiated by
different Tx antennas within the RDM. This is achieved by
transmitting the same data on all Tx antennas and on all sub-
carriers, and in addition, employing a discrete Fourier transform
(DFT) matrix as precoding matrix. This precoding matrix shifts
the corresponding receive signals along the range and/or the
velocity axis of the RDM. In the receiver, the signal components
belonging to a specific Tx antenna can then be isolated by
inspecting only the corresponding area in the RDM.

This work focuses on a multiplexing technique denoted as
range-division multiplexing (RDMult).1 This multiplexing tech-
nique shares some similarities with AC-CDM and with the
approach in [23], however, there exist some distinct differences
in the details and in the focus of the analysis as discussed
later. The working principle of RDMult is sketched in Fig. 1
b). RDMult for MIMO OFDM radar systems is achieved by
applying a phase shift Δϕk from subcarrier to subcarrier at the
transmitter, with k = 0, . . . , NTx − 1 denoting the Tx antenna
index. This phase shift causes a shift of the received signal along
the range axis in the RDM. In the receiver, a separation of signal
components transmitted by different transmit antennas is simply
achieved by slicing the RDM along the range axis. This yields
separated measurements for every transmit-receive antenna pair.
A possible RDM is sketched in Fig. 2 for an exemplary set of
NTx = 4 transmit antennas. This RDM is split up intoNTx blocks
along the range axis, each one belonging to a specific Tx antenna.

As will be shown, the radar performance of a MIMO OFDM
radar system employing RDMult is comparable to that of a
MIMO OFDM radar system using ESI in terms of the signal-to-
noise ratio (SNR).

In this work, a detailed analysis of the implications of RDMult
on the communication task is carried out. This analysis will show

1The abbreviation RDMult is chosen in order to prevent any confusion with
the range-Doppler map, which is usually abbreviated as RDM.

that activating all subcarriers at each Tx antenna in every OFDM
symbol causes a subcarrier-dependent constructive or destruc-
tive interference of the transmitted signals at the communication
receiver. This effect is specific to MIMO systems and does not
occur in the single-input single-output (SISO) case. It will turn
out that for RDMult, these constructive and destructive interfer-
ences appear in a cyclic pattern along the subcarriers. Based on
a detailed investigation of this effect, this work proposes a joint
radar sensing and communication system especially designed
for the use in combination with RDMult. The communication
system includes methods for data estimation, channel estimation
and synchronization. The performance of the proposed commu-
nication system will be investigated via bit error ratio (BER)
simulations, which confirm the effectiveness of these methods.

RDMult shares some similarities with AC-CDM proposed
in [22]. In fact, the transmit signals coincide when
� choosing the parameter Nguard in [22] to be zero, and
� choosing the phase shift according to the design rule dis-

cussed in Section IV-A of this work.
Differences between [22] and this work include:
� In [22], the phase rotations applied in the transmitter are

undone in the receivers for all Tx-Rx combinations. This
increases the computational complexity compared to the
approach in this work.

� In contrast to [22], the work at hand contains a compre-
hensive investigation of the impact of the multiplexing
technique on the communication task.

As already stated, RDMult is also related to the multiplexing
technique investigated in [23], which shifts the signal compo-
nents radiated by different Tx antennas along both dimensions
of the RDM. The precoding matrix employed in [23] can be
translated to a phase shift from subcarrier to subcarrier as utilized
in this work. It will be shown, that the design rule for choosing
the phase shift in [23] differs from the one proposed in this work
(cf. Section IV-A). Moreover, the effects of this phase shift on
the communication task were not analyzed in [23].

This paper is organized as follows: Section II recaps the basics
of the OFDM waveform. Section III presents the derivation of
the multiplexing technique RDMult. A communication setup
utilizing this technique is proposed in Section V, and the per-
formance analyzed based on BER simulations in Section VI.
Finally, Section VII concludes this work.

Notation: Lower-case bold face variables (a, b,...) indicate
vectors, and upper-case bold face variables (A, B,...) indicate
matrices. We further use R and C to denote the set of real- and
complex-valued numbers, respectively, (·)T to denote transpo-
sition, (·)H to denote conjugate transposition, and (·)∗ to denote
complex conjugation. In denotes the identity matrix of size
n× n, and 0n×m denotes the zero matrix of size n×m. 1n

indicates a column vector of length n with all elements being
one. � represents the Hadamard division, and j represents the
imaginary unit.

II. BASICS OF OFDM RADAR

At first, an overall description of the SISO OFDM waveform
and the standard signal processing chain for radar applications
is provided. Next, a detailed mathematical description of the
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Fig. 3. Visualization of the standard SISO OFDM radar signal processing. The analog front-end, the ADC, and the parallel-to-serial conversion are not shown
for the sake of brevity. The arrows ↓ / → indicate that the corresponding operation is applied on the columns/rows of a matrix, respectively.

SISO signal model is presented. This SISO signal model is then
extended to the MIMO case.

A. OFDM Waveform and Radar Signal Processing

The transmit signal of the OFDM waveform consists of or-
thogonal subcarriers [27]. The complex-valued amplitudes of
these subcarriers may contain the transmit information in form of
subcarrier symbols, e.g., quadrature phase-shift keying (QPSK)
symbols. In this work, the term subcarrier symbol is used as
a general expression for the complex-valued amplitudes of the
subcarriers. Dedicated realizations of these subcarrier symbols
in form of e.g., data symbols or pilot symbols are discussed later
in Section V.

In the following, FN ∈ CN×N denotes the DFT matrix of
sizeN ×N . The number of subcarriers is denoted asNc, and the
number of consecutively transmitted OFDM symbols is given
by Nsym.

The basic OFDM radar signal processing chain for the SISO
case is shown in Fig. 3. The matrix S ∈ CNc×Nsym contains
the transmit subcarrier symbols, where each row represents
a subcarrier, and each column represents an OFDM symbol
in the frequency domain. The time domain OFDM symbols
are obtained via inverse discrete Fourier transform (IDFT)
operations applied on the columns of S. These time domain
OFDM symbols are extended with a cyclic prefix (CP) of
length Tcp, modulated with the carrier frequency fc, and ra-
diated via a Tx antenna. The bandwidth B of the radiated
signals is given byB = NcΔf , whereΔf denotes the subcarrier
spacing.

The received signal consists in general of multiple reflections
of the transmitted signal. After removing the CP in complex
baseband (BB), the remaining samples of an OFDM symbol are
transformed into the frequency domain via a DFT. This step
yields the received subcarrier symbols. After an element-wise
division with the transmit subcarrier symbols, the distance infor-
mation is extracted by applying the so-called range IDFT along
the subcarriers.

A relative velocity of an object causes a phase shift from
OFDM symbol to OFDM symbol. Hence, the velocity informa-
tion can be recovered by applying the so-called Doppler DFT
along the Nsym OFDM symbols. This processing step yields the
desired RDM of size Nc ×Nsym.

The RDM features the following performance measures [8],
[12]: the range resolutionΔr, the maximum unambiguous range

rmax, the velocity resolution Δv, and the maximum unambigu-
ous relative velocity vmax. These performance measures are
given by

Δr =
c0

2B
Δv =

c0

2fcNsym (T + Tcp)
(1)

rmax = ΔrNc vmax = ±Δv
Nsym

2
, (2)

where c0 is the speed of light, and T = 1/Δf is the duration
of one OFDM symbol. It is worth noting that the processing
gain for the described radar signal processing chain is given by
Gp = NsymNc.

B. MIMO Signal Model

In the following, we briefly introduce the mathematical de-
scription of the MIMO signal model, which is based on the
model derived in [13]. The reader is referred to [13] for further
details and discussions. The MIMO signal model is developed
for multiplexing techniques in general and is not limited to
RDMult or ESI. The description starts with the case of one Rx
antenna. The extension to several Rx antennas is discussed later
on.

LetNpath denote the number of propagation paths between the
Tx antennas and the Rx antenna. Each one features a delay equal
to the round-trip delay time of the path. A relative velocity along
a propagation path causes a Doppler shift, which is accounted for
in the mathematical model by including the effect of inter-carrier
interference (ICI) and by including a phase rotation from OFDM
symbol to OFDM symbol. Note that this phase rotation is usually
referred to as common phase error (CPE) in the communications
society. Since the effects of the Doppler shift are accounted for by
ICI and by the CPE, the round-trip delay times are approximated
time-independent and given by τi,k = 2ri,k/c0, where 0 ≤ i <
Npath is the index of a propagation path, and where 0 ≤ k < NTx.
ri,k denotes the propagation distance of the ith path and of the
kth Tx antenna.

In the following, DN (f) denotes a diagonal matrix defined
as

DN (f) =

⎡
⎢⎢⎢⎢⎣

1 0 . . . 0

0 ej2πf . . . 0
...

...
. . .

...

0 0 . . . ej2πf(N−1)

⎤
⎥⎥⎥⎥⎦ ∈ CN×N , (3)
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where f is a unitless place-holder variable. The analog-to-digital
converter (ADC) samples at the receiver after removing the CP
are stored in the matrix Ytf,ts ∈ CNc×Nsym , where ‘tf’ and ’ts’
stand for fast time and slow time, respectively. Each column
represents one time domain OFDM symbol. When neglecting
additive measurement noise, the matrix Ytf,ts is given by [13] as

Ytf,ts =

NTx−1∑
k=0

Npath−1∑
i=0

āi,kDNc

(
f̄Di

Nc

)
F−1

Nc
D∗

Nc
(τ̄i,k)

· SkDNsym(f̄Di
α). (4)

where

f̄Di
= −2vifc/(c0Δf) (5)

is referred to as normalized Doppler frequency [13], and where
vi denotes the relative velocity for the ith path. τ̄i,k = τi,kΔf
denote normalized time delays, and α = (T + Tcp)/T = 1 +
ΔfTcp is a factor that incorporates the overhead caused by the
CP relative to the duration of an OFDM symbol.

The subcarrier symbols for each Tx antenna in the fre-
quency domain are stored in the matricesSk ∈ CNc×Nsym . Matrix
D∗

Nc
(τ̄i,k) applies a phase rotation caused by the round-trip delay

times for each subcarrier. The magnitude and phase changes
during propagation are considered via āi,k = ai · e−j2πfcτi,k . A
CPE is modeled by DNsym(f̄Di

α), and the effects of ICI are

modeled by DNc(
f̄Di

Nc
).

As stated in [13], the standard OFDM radar signal process-

ing ignores the ICI term DNc(
f̄Di

Nc
). It is well-known that ICI

increases the noise floor in the RDM [13]. In this work, the ICI
term is neglected within the mathematical derivations as well,
since the noise floor is not the focus of this derivation. However,
the ICI term is included in all simulations. A simple inclusion of
the ICI term into the derivation would be possible by separating

it into two parts: DNc(
f̄Di

Nc
) = INc + (DNc(

f̄Di

Nc
)− INc). For the

first part, the normal derivation as presented is valid, while the
second part results in an additional noise term.

The incorporation of several Rx antennas can be achieved by
constructing a matrix in (4) for every Rx antenna, with a proper
adaptation of the parameters āi,k and τ̄i,k.

The MIMO signal model in (4) is the foundation of the
following derivation of the RDMult technique.

III. RANGE-DIVISION MULTIPLEXING

In this section, the multiplexing technique for OFDM radars
denoted as RDMult will be derived. This technique modifies
the transmit subcarrier symbols such that the signals radiated
by different Tx antennas can be separated along the range axis
within the RDM.

The derivation of RDMult starts with the signal model in

(4), where the ICI term DNc(
f̄Di

Nc
) will be neglected as already

discussed in Section II. A shift along the range axis in the
RDMult at the receiver is achieved by adding a phase shift from
one subcarrier to the next one prior to transmission. Let Δϕk

denote this phase shift for the kth Tx antenna. This means that
the first subcarrier of the first Tx antenna remains unaltered,

Fig. 4. Visualization of the transmitter signal processing chain for RDMult
for NTx = 4. The analog front-end and the parallel-to-serial conversion are not
shown.

the second subcarrier is rotated by Δϕ0, the third subcarrier is
rotated by 2Δϕ0, and so on. This procedure is repeated for all
Tx antennas and can be mathematically described by defining
Sk in (4) as

Sk = D∗
Nc

(
Δϕk

2π

)
S. (6)

Matrix S contains subcarrier symbols, which will be the same
for all Tx antennas. Fig. 4 visualizes the basic transmitter signal
processing chain for RDMult, including the manipulation in (6),
the transformation into the time domain, and the extension of
the time domain signals with the CP.

The receiver signal processing chain for RDMult is the same
as for SISO OFDM systems shown in Fig. 3. The model describ-
ing the receive signal for RDMult after removing the CP is given
by inserting (6) into the MIMO signal model in (4). Applying
the DFT to recover the received OFDM symbols in frequency
domain yields

Yf,ts = FNcYtf,ts

=

NTx−1∑
k=0

Npath−1∑
i=0

āi,kD
∗
Nc

(
Δϕk

2π
+ τ̄i,k

)
SDNsym

(
f̄Di

α
)
. (7)

The subscripts ‘f’ and ’ts’ denote the frequency domain and
slow time over the first and second matrix dimension, respec-
tively [13]. An element wise division by S yields

Zf,ts = Yf,ts � S (8)

=

NTx−1∑
k=0

Npath−1∑
i=0

āi,kD
∗
Nc

(
Δϕk

2π
+ τ̄i,k

)

· 1Nc(1Nsym)TDNsym

(
f̄Di

α
)

=

NTx−1∑
k=0

Npath−1∑
i=0

āi,kd
∗
Nc

(
Δϕk

2π
+ τ̄i,k

)
dT
Nsym

(
f̄Di

α
)
,

(9)

where the identity (DaMDb)�M = Da1
n(1m)TDb was

used, which holds for arbitrary matrices M ∈ Cn×m with non-
zero elements, and arbitrary diagonal matrices Da ∈ Cn×n and
Db ∈ Cm×m.

For the range IDFT and the Doppler DFT, usually windowed
IDFT/DFT operations are applied to reduce the side lobes. The
window function of length N shall be stored in a vector wN ∈
RN , and its ith element shall be denoted as wN [i]. The diagonal
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matrix withwN on its main diagonal shall be denoted asWN =
diag(wN ) ∈ RN×N . Then, applying the windowed range IDFT
yields [13]

Zr,ts = F−1
Nc
WNcZf,ts

=

NTx−1∑
k=0

Npath−1∑
i=0

āi,ku
∗
Nc

(
Δϕk

2π
+ τ̄i,k

)
dT
Nsym

(
f̄Di

α
)
(10)

with

uN (f) = FNWNdN (f) (11)

=

⎡
⎢⎢⎣
∑N−1

n=0 wN [n]ej2π(f−
0
N )n

...∑N−1
n=0 wN [n]ej2π(f−

N−1
N )n

⎤
⎥⎥⎦ ∈ CN . (12)

Finally, applying the windowed Doppler DFT yields

Zr,v = Zr,tsWNsymFNsym (13)

=

NTx−1∑
k=0

Npath−1∑
i=0

āi,ku
∗
Nc

(
Δϕk

2π
+ τ̄i,k

)
uT
Nsym

(
f̄Di

α
)
,

(14)

which represents the desired RDM.

IV. PROPERTIES OF RDMULT

In the following, three aspects of RDMult for the radar sensing
task are discussed.

A. Choice of Δϕk

The phase shift Δϕk determines how the signal of the kth
Tx antenna is mapped along the range axis. For the case of
NTx = 4 transmit antennas, one can show that the choice of
Δϕk = {0, π

2 , π,
3π
2 } yields 4 equally spaced areas along the

range axis as sketched in Fig. 2. Hence, these values represent
the primary choice for Δϕk in this work. In Appendix A, it is
proven that by choosing Δϕk = 2π p

Nc
for any p ∈ Z, objects in

the RDM are circularly shifted by p range bins. Moreover, this
circular shift does not induce any amplitude or phase changes
such that the values in the RDM can directly be used for DBF [4],
[28], [29].

For some applications, it may be beneficial to vary the values
of the phase shift Δϕk from RDM to RDM. Possible benefits
of doing so is the detection of objects violating the maximum
unambiguous range using tracking algorithms. However, such
special cases are beyond the scope of this work. Note that a
similar approach for detecting objects violating the maximum
unambiguous range is not possible for ESI.

The approach in [23] uses a different design rule for the
phase shift Δϕk. There, a DFT matrix is utilized as precoding
matrix. In the context of this paper, this precoding matrix can
be translated into a phase shift from subcarrier to subcarrier
of Δϕk = 2π k

NTx
, which not necessarily fulfills the constraint

derived in Appendix A. Hence, depending on the choice of Nc

and NTx, the approach in [23] may introduce distortions of the
amplitude and phase values in the RDM.

B. Beampattern

For phased arrays, a phase shift applied from Tx antenna
to Tx antenna allows steering the main signal energy towards
a specific direction. The average signal energy in a specific
direction is quantified by the beampattern, which is usually
nonuniform along the angular domain for phased arrays. For
RDMult, a similar phase shift is applied from subcarrier to
subcarrier. The beampattern observed in simulations for RDMult
is approximately uniform for reasonable values of Nc and the
Tx antenna spacing.

C. Computational Complexity

An important practical aspect is the computational complexity
required for implementing RDMult. Compared to a traditional
SISO OFDM radar, RDMult requires adding a phase shift from
subcarrier to subcarrier. This can easily be implemented in the
so-called mapper, which converts the transmit binary data into
symbols, e.g., QPSK symbols. The computational overhead de-
pends on the concrete implementation of the mapper, but it can be
considered to be minimal. This is especially true for the choice of
Δϕk = {0, π

2 , π,
3π
2 }. For QPSK subcarrier symbols, this phase

shift can be implemented by rotating the subcarrier symbols,
without changing the QPSK symbol constellation. A similar
argumentation holds for higher-order symbol constellations such
as 16-QAM.

D. Comparison to ESI

ESI is the currently most prominent multiplexing technique
for MIMO OFDM radar systems. An important aspect of ESI is
a reduction of the maximum unambiguous range rmax by a factor
of NTx (when compared to a SISO OFDM system) due to the
reduced number of active subcarriers per Tx antenna. The same
reduction of rmax is observed for RDMult due to the separation
of the range axis into NTx areas, cf. Fig. 2.

Processing gain: A significant difference between these mul-
tiplexing techniques is given for the processing gain. Since for
RDMult, all subcarriers are active at each Tx antenna in every
OFDM symbol, it features a processing gain of Gp = NsymNc.
This corresponds to the same processing gain as for SISO OFDM
radar systems. In contrast to that, the processing gain for ESI
is given by Gp = NsymNc/NTx and thus, it is lower than for
RDMult.

Average power per active subcarrier: For the sake of a fair
comparison, it is assumed that the average transmit power is
the same for ESI and RDMult. However, the average power per
active subcarrier is not the same due to the different number of
active subcarriers. This is indicated in Fig. 5, where exemplary
power values of the subcarriers for RDMult and ESI are plotted
for the case of NTx = 4 and for QPSK symbols. Although
the average transmit power is the same for both multiplexing
techniques, the average power per active subcarrier for ESI is
NTx = 4 times larger than for RDMult.
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Fig. 5. Exemplary power values of the subcarrier symbols plotted over the
subcarrier index for RDMult and for ESI for the case of NTx = 4 and QPSK
symbols. The underlying time-domain signals for RDMult and ESI have the
same average power.

SNR in the RDM: First, the situation for ESI is analyzed.
There, only the active subcarriers play a role for deriving the
RDM for a specific Tx/Rx antenna combination. All other sub-
carriers are not considered for the evaluation of this RDM. This
leads to the following situation. On the one hand, the average
power per active subcarrier for ESI is increased by a factor of
NTx. On the other hand, ESI has a decreased processing gain by
a factor of NTx compared to RDMult. Both effects cancel each
other out, such that for the same average transmit power, ESI
and RDMult attain approximately the same SNR in the RDM.
As a further consequence, also the SNR at the output of the DBF
is approximately the same for both multiplexing techniques.

Degradation due to ICI: The ICI due to a potential relative
velocity of the objects causes a degradation of the SNR [13].
Simulations not shown in this work, as well as the analysis done
in [22], show that the SNR degradation due to ICI for RDMult
is the same as for ESI.

Computational Complexity: For ESI, the subcarriers are
equidistantly allocated to the Tx antennas such that a subcarrier
is transmitted on a single Tx antenna only. This allocation is
done in the transmitter and can be carried out without additional
computational complexity. This is a small advantage of ESI over
RDMult, whose computational complexity in the transmitter
depends on the choice of Δϕk (cf. Section IV-C).

For ESI, the signal processing steps in the radar receiver
contain the standard element-wise division with the transmit
subcarrier symbols in frequency domain, the range IDFT, and
the Doppler DFT. The range IDFT requires NsymNTx IDFT
operations of length Nc/NTx (in case Nc is an integer multiple
of NTx). The Doppler DFT performs Nc/NTx DFTs operations
of length Nsym. These numbers are different for RDMult, which
uses Nsym IDFT operations of length Nc and Nc DFT operations
of length Nsym for range and Doppler processing, respectively.
Transferring these DFT/IDFT operations into required numbers
of multiplications indicates that the computational complexity in
the radar receiver is in general smaller for ESI than for RDMult.
The exact amount of multiplications, of course, depends on the
parametrization.

V. COMMUNICATION SYSTEM BASED ON RDMULT

The specific signal design of RDMult impacts the communi-
cation task as well, and is per se not optimal for this purpose,

TABLE I
COMMUNICATION SYSTEM PARAMETERS

as will be shown. However, a communication system capable
of dealing with this specific signal design is proposed in this
section. This communication system includes methods for chan-
nel estimation, data estimation, and synchronization [27], [30],
[31]. Here, the terms ‘receiver’ and ’Rx antenna’ refer to the
communication receiver and not to the radar receiver.

The communication system parameters are listed in Table I.
We note, that the proposed communication system is optimized
for these parameters. For different parameters, a very similar
analysis and optimization may be performed since the observed
effects will be very similar. Also note, that the number of Rx
antennas NRx in Table I is set to 1. It will be shown that this is
sufficient to enable communication. We note that the signalling
framework can easily be extended to the case of multiple receive
antennas if required. We would like to emphasize, that NRx = 1
refers to the communication receiver. The radar receiver itself
can have more receive antennas. Hence, in this section, we
continue to use the term MIMO OFDM system, or MIMO
OFDM joint radar and communication system.

The first part of this section focuses on the channel model for
the SISO and MIMO case, followed by establishing an ’effec-
tive’ channel. It will turn out that it is sufficient to estimate this
effective channel rather than the single channels for all possible
Tx/Rx combinations. The second part focuses on a channel
estimation technique based on preamble OFDM symbols suited
for estimating the effective channel. The third part is dedicated
to data estimation.

A. Channel Model

Fig. 6 shows the basic transmitter signal processing chain for
RDMult as well as the first two receiver signal processing steps.
At the transmitter, matrix S containing the subcarrier symbols
is multiplied with D∗

Nc
(Δϕk

2π ) for every antenna index k. The
results are then transformed into time domain and extended
with the CP. After a convolution of the transmit signal with the
NTx individual channel impulse responses (CIRs), the receiver
removes the CP and performs a DFT to recover the received
OFDM symbols in frequency domain.

There are three different possibilities in RDMult of repre-
senting the communication channel indicated in Fig. 6. The first
way is using the CIRs describing the time domain channel from
the Tx antennas to the Rx antenna. The second way is using the
channel frequency responses (CFRs), which include the CIRs as
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Fig. 6. Visualization of the CIRs, the CFRs, and the ECFR including the signal manipulations. The ADC, analog front-end and the parallel-to-serial conversion
are not shown.

well as all processing steps from the IDFTs in the transmitter up
to the DFT in the receiver. The third way takes into account that
the signals radiated by the different Tx antennas are all based
on a single data matrix S. In that case, the CIRs and all shown
processing steps form together one SISO channel denoted as
effective channel frequency response (ECFR).

Next, the model for the CIRs as well as the representations in
form of the CFRs and the ECFR are introduced, followed by a
discussion on the ECFR and its implications on the communi-
cation system.

1) CIR Representation: The model for generating the CIRs
in this work is described in [32], [33]. This model was especially
developed for ultrawideband signals and for urban scenarios.
The characteristic multipath propagation of urban scenarios in
combination with the ultrawideband signals result in sparse
impulse responses, where different propagation paths produce
narrow bursts in the CIR. These bursts tend to appear in clusters.
Code for automated generation of CIRs is available in [34].

Within this code, we have chosen the following parameters:
An urban microcell operating scenario, a minimum and maxi-
mum Tx-Rx separation of 30 m and 100 m, respectively, 12 dBm
transmit power, a base station height of 15 m, 1013.25 mbar
pressure, 50 % air humidity, 20◦ C temperature, no rain, ‘Co-
Pol’ polarization, no foliage loss, and high ’O2I’ losses. On
the transmit side, we used a uniform linear array (ULA) with
NTx = 4 elements spaced 2 times the wavelength apart. The
3 dB half-power bandwidth (HPBW) of all antennas was chosen
to be 20 degrees.

The discrete-time representation of a CIR is denoted in vector
form as f ∈ CNf . For the chosen sampling time Ts in Table I,
a statistical evaluation based on a large set of generated CIRs
confirms an assumed CIR length of Nf = 256 to be sufficient
for adequate modelling.

For the MIMO case, the NTx individual CIRs are denoted as
fk ∈ CNf , 0 ≤ k < NTx. Since the antenna spacing is usually
much smaller than the propagation distance between transmitter
and receiver, the individual CIRs will be correlated. The effect
is known as spatial correlation [33], [35], [36] and is accounted
for by the code provided in [34].

2) CFR Representation: The CFRs are obtained via

pk = FNcBzpfk ∈ CNc . (15)

TABLE II
SCHEMATIC VISUALIZATION OF THE FIRST 5 ELEMENTS OF bk , 0 ≤ K < 4

AND h FOR AWGN CHANNELS. THE ARROWS INDICATE THE MAGNITUDE AND

PHASE OF A COMPLEX-VALUED SCALAR IN THE COMPLEX PLANE

The matrixBzp ∈ CNc×Nf zero-pads the CIRs fk of lengthNf =
256 to a length of Nc = 4096. FNc transforms the zero-padded
CIRs into the frequency domain. Hence, each element of pk

corresponds to a subcarrier.
3) ECFR Representation: The ECFR is denoted as h ∈ CNc

and, according to Fig. 6, can be derived as

h =

NTx−1∑
k=0

bk, (16)

where bk ∈ CNc is given as

bk = D∗
Nc

(
Δϕk

2π

)
pk. (17)

4) Properties of the ECFR: Equation (16) shows that the
ECFR is given by the sum of NTx terms. These terms may
add up constructively or destructively. It turns out that the
constructive/destructive interference appears in a special pattern
along the subcarriers. This pattern is caused by the matrices
D∗

Nc
(Δϕk

2π ), and it can be nicely shown for the case of additive
white Gaussian noise (AWGN) channels, since for this case (17)
reduces to bk = D∗

Nc
(Δϕk

2π )1Nc . These terms bk for 0 ≤ k <
NTx are sketched in form of arrows for the first 5 subcarriers
0 ≤ m < 5 in Table II. For the choice of Δϕk = {0, π

2 , π,
3π
2 },

the elements of b0 are not affected by any phase shift. The ele-
ments of b1 are affected by a phase shift of −π

2 from subcarrier
to subcarrier, and so on. Table II also sketches the first 5 elements
of the ECFR h. This ECFR is evaluated via (16) and it reveals
that the ECFR at the subcarriers m = 0, 4, 8, . . . will observe
constructive interference, while the ECFR at all other subcarriers



LANG et al.: RANGE-DIVISION MULTIPLEXING FOR MIMO OFDM JOINT RADAR AND COMMUNICATIONS 59

Fig. 7. Normalized power of an exemplary ECFR plotted over the subcarrier
index m.

Fig. 8. Estimated distribution of the magnitude values of the CFR and ECFR
channel coefficients.

will be zero. Thus, a pattern with length 4 is observed. The length
of this pattern is due to the choice of Δϕk.

In case of a frequency selective channel, e.g., as described
earlier in this section, this effect will not be that severe as for the
AWGN case in Table II. Nevertheless, constructive/destructive
interference is still an issue. This is demonstrated in Fig. 7,
which shows the normalized power of the first 16 subcarriers
of an exemplary ECFR. A repetitive pattern with a length of 4
subcarriers is clearly visible. It is worth noting the difference
in power between the strong subcarriers (e.g. at m = 2) and
the weak subcarriers (e.g. at m = 4). This huge difference is
typical for the ECFR and can be explained the following way.
The ECFR is given by the sum of NTx terms according to (16).
These terms contain the NTx individual CFRs pk according to
(17). The individual CFRs are correlated due to the mentioned
effect of spatial correlation, which causes similar magnitude
values for a subcarrier in all NTx CFRs. Due to these similar
magnitude values, and due to the rotating phase values caused by
the phase shift Δϕk, destructive interference produces so-called
deep fading holes in the ECFR. These deep fading holes can
be observed as weak subcarriers in Fig. 7, which explains the
difference in power between the strong and weak subcarriers.

A statistical analysis of this effect is presented in Fig. 8 show-
ing averaged histograms as estimates of the probability density
functions (PDFs) of the magnitude values of the CFR and ECFR
channel coefficients. These histograms were evaluated over 1000
channel realizations, where every channel was normalized to
0 dB average power. These estimated PDFs clearly show that
deep fading holes are more likely for the ECFR than for the
CFRs.

A consequence of these deep fading holes is that several sub-
carriers will be less qualified for transmission. Hence, methods
for robustifying the communications are required.

5) Increasing Robustness of the Communications: A com-
mon means for increasing the robustness is incorporating re-
dundancy, e.g., by applying an adequate channel code, which
compensates for the non-idealities of the communication chan-
nel. Experiments not detailed in this work demonstrated that
applying a well-known [30] and usually powerful enough con-
volutional code with code rate r = 1/2 was not strong enough
to cope with the distortions coming along with the considered
channels. More specifically, the repetitive attenuation pattern
and the thereof resulting large number of fading holes over-
strained the possibilities of the applied code. A natural conse-
quence would be the utilization of a channel code with a lower
coding rate. However, the inherently increased computational
complexity of the channel decoder in combination with the
real-time constraints of the considered application limit the
applicability of this alternative. Furthermore, taking into account
the information about the attenuation pattern might be rather
difficult.

In this work, we propose to use a well-known convolutional
channel code with rate r = 1/2, but additionally add further
redundancy by transmitting the same data on 4 subcarriers in
parallel. These sets of subcarriers shall be selected taking into
account the observed attenuation pattern sketched in Fig. 7. As
such, the knowledge about the pattern can be utilized and explic-
itly incorporated in the design while ensuring a moderate com-
putational complexity in the decoding process. This approach
is inspired by space-frequency codes [37], [38], [39]. Similar
to these codes, our approach uses diversity gain to increase the
robustness of the communications. Adding redundancy natu-
rally entails a reduction in data rate. Fortunately, this data rate
reduction may be considered a rather moderate disadvantage
for OFDM-based systems, since the large bandwidths usually
employed for radar sensing applications allow for extraordinary
high data rates, which by far exceed those of competitive radar
waveforms [40].

Transmitting the same data on 4 subcarriers in parallel is
formally described by constructing the data matrix S in (6)
according to

S = BX (18)

where B ∈ RNc×Nc/4 is given by

B =

⎡
⎢⎢⎢⎢⎢⎣

M 0 . . . 0

0 M
...

...
. . . 0

0 . . . 0 M

⎤
⎥⎥⎥⎥⎥⎦ , (19)

with the matrix M defined as

M =

⎡
⎢⎢⎣

1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1
0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0

⎤
⎥⎥⎦
T

∈ R16×4. (20)

The matrix M is designed such that a subcarrier symbol within
X ∈ CNc/4×Nsym is spread over 4 non-neighboring subcarriers
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Fig. 9. Schematic visualization of the relation between the CIRs and the ECIR.

and such that a distance of 4 between the redundant subcarrier
symbols is avoided.

6) Properties of the ECIR: The counterpart of the ECFRh in
time domain is the effective channel impulse response (ECIR)
g ∈ CNc obtained by applying an IDFT on h according to

g = F−1
Nc
h =

NTx−1∑
k=0

F−1
Nc
D∗

Nc

(
Δϕk

2π

)
FNcBzpfk. (21)

According to (21), the ECIR consists of NTx components
0 ≤ k < NTx. For every component, the phase shift Δϕk from
subcarrier to subcarrier in the frequency domain corresponds to
a circular shift of the zero-padded CIRs Bzpfk in time domain
by Nc

Δϕk

2π samples. For the choices of Δϕk = {0, π
2 , π,

3π
2 }

and Nc = 4096, the first component at k = 0 is not shifted, the
second at k = 1 is shifted by 1024 samples, the third at k = 2
by 2048 samples, and the fourth component at k = 3 by 3072
samples. All four components as well as the resulting ECIR are
sketched in Fig. 9. There, NTx = 4 areas are marked, each one
corresponding to a specific Tx antenna, with the corresponding
CIR fk, 0 ≤ k < NTx of length Nf = 256 at the beginning, fol-
lowed by zero padding up to 1024 samples in total per area. The
knowledge of zero padding will later be exploited for enhancing
the accuracy of the channel estimate.

B. Signal Model

In the following, a model for the receive signal of the commu-
nication receiver is introduced. This signal model is related to (4)
for the radar receiver, but it employs the channel model discussed
in Section V-A. With H = diag(h)B ∈ CNc×Nc/4, and (18), the
received time domain OFDM symbols after removing the CP are
given by

Ytf,ts = F−1
Nc

diag (h)SΛ+N ∈ CNc×Nsym (22)

= F−1
Nc
HXΛ+N, (23)

where N ∈ CNc×Nsym contains uncorrelated zero-mean white
Gaussian noise samples with variance σ2

n. The elements of the
diagonal matrix Λ ∈ CNsym×Nsym model the CPE and are given
by ejϕμ with ϕμ representing the unknown CPE for the μth
OFDM symbol.

Let the μth column of Ytf,ts be denoted as yμ ∈ CNc . The
corresponding frequency domain OFDM symbol is obtained by

Fig. 10. Exemplary allocation of preamble OFDM symbols and pilot subcar-
riers.

applying a DFT on yμ

zμ = FNcyμ ∈ CNc . (24)

The μth column of X is denoted as xμ ∈ CNc/4 such that xμ

and zμ are connected via

zμ = diag (h) sμejϕμ + nμ (25)

= Hxμejϕμ + nμ, (26)

whereas nμ ∈ CNc is the DFT transform of the μth column of
N. The vectorxμ contains data symbols as well as pilot symbols
used for synchronization later in this work. The number of pilot
symbols is denoted as Np, while the number of data symbols is
denoted as Nd with Nc/4 = Np +Nd

C. Channel Estimation

The following investigations focus on methods for estimating
the ECFR. A common means for channel estimation is the uti-
lization of preamble OFDM symbols known to the receiver [30],
[41]. Fig. 10 shows the allocation of Npr = 2 preamble OFDM
symbols, however, a modification to more or less preamble
OFDM symbols is straightforward. The received preamble
OFDM symbols are potentially affected by an unknown CPE
due to a possible relative velocity between transmitter and
receiver [42], [43]. This unknown CPE must be accounted for
by the channel estimation method.

The first Npr columns of X contain the preamble symbols.
For the sake of simplicity, it is assumed that the same preamble
symbols denoted as xpr ∈ CNc/4 are transmitted Npr times such
that xμ = xpr for 0 ≤ μ < Npr. With (18), the preamble OFDM
symbol can be derived as spr = Bxpr.

Equation (25) serves as a basis for channel estimation. Ex-
changing the roles of the channel and the transmit symbols, and
incorporating (21), yields

zμ = SprFNcgejϕμ + nμ, (27)

where Spr = diag(spr). Without loss of generality, we assume
ϕ0 = 0 and estimate the CPE of the μth received preamble
OFDM symbol with respect to (w.r.t.) the first preamble OFDM
symbol via [31], [44], [45]

ϕ̂μ = arg
(
zH0 zμ

)
, (28)
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with ·̂ indicating an estimate. This estimated CPE is used for
synchronizing the received preamble OFDM symbols according
to

z̃μ = zμ · e−jϕ̂μ . (29)

After performing this synchronization step for 0 ≤ μ < Npr, the
synchronized preamble OFDM symbols are averaged according
to [41]

¯̃z =
1
Npr

Npr−1∑
μ=0

z̃μ. (30)

By utilizing ¯̃z, the model in (27) reduces to

¯̃z ≈ SprFNcg + n̄, (31)

whereas

n̄ =
1
Npr

Npr−1∑
μ=0

nμ. (32)

Based on (31), one can use the commonly employed best linear
unbiased estimator (BLUE) for ECIR estimation [30], [41], [46],
[47]. Since SprFNc in (31) is invertible, the BLUE for the ECIR
reduces to [46]

ĝ = MT
z MzF

−1
Nc
S−1

pr
¯̃z ∈ CNc , (33)

where Mz ∈ CNfNTx×Nc is a selection matrix that dismisses the
areas within the ECIR containing zeros only (cf. Section V-A6).
The BLUE for the ECFR follows as

ĥ = FNc ĝ ∈ CNc . (34)

Finally, an estimate for H is obtained via

Ĥ = diag
(
ĥ
)
B ∈ CNc×Nc/4. (35)

D. Data Estimation

A CPE due to a relative velocity has to be considered for
data estimation as well, which is known as synchronization.
Synchronization is achieved using pilot subcarriers indicated
in Fig. 10.

Replacing H in (26) by its estimate Ĥ from (35), and intro-
ducing wμ = xμejϕμ ∈ CNc/4 allows rewriting (26) as

zμ ≈ Ĥwμ + nμ. (36)

This result allows applying the linear minimum mean square
error (LMMSE) estimator for estimating wμ as [31], [46], [48]

ŵμ =
(
ĤHĤ+Ncσ

2
nC

−1
xx

)−1
ĤHzμ, (37)

where Cxx ∈ CNc×Nc is the covariance matrix of xμ. For the
sake of brevity, Cxx is assumed to be a diagonal matrix whose
elements are given by the average power (averaged over μ) of
the subcarrier symbols within xμ. The error covariance matrix
of the estimates in (37) is given by [31], [46], [47]

Cee = Ncσ
2
n

(
ĤHĤ+Ncσ

2
nC

−1
xx

)−1
. (38)

The vector ŵμ in (37) is a CPE distorted estimate of xμ. Thus,
ŵμ contains CPE distorted estimates of data symbols and pilot
symbols. The sub-vector containing the estimated data symbols
only is denoted as ŵd

μ ∈ CNd , and the sub-vector containing the
estimated pilot symbols only is denoted as ŵp

μ ∈ CNp . The CPE
is estimated through [31], [44], [45]

ϕ̂μ = arg
((

xp
μ

)H
Wŵp

μ

)
, (39)

wherexp
μ ∈ CNp is a vector containing the known true pilot sym-

bols, and whereW ∈ CNp×Np is an optional diagonal weighting
matrix to rate the pilots regarding their estimation quality. This
weighting matrix W might be constructed based on the inverse
main diagonal elements of the error covariance matrix Cee in
(38). Finally, the CPE is compensated via

̂̃xd

μ = ŵd
μ · e−jϕ̂μ ∈ CNd , (40)

which represents the desired estimated data symbols.

VI. SIMULATION SETUP AND PERFORMANCE COMPARISON

In this section, the BER performance of the proposed MIMO
OFDM system using RDMult is investigated. This BER perfor-
mance is compared with that of a SISO OFDM system [27],
[30], [31], with that of a MIMO OFDM system using ESI, and
with that of a MIMO OFDM system using the non-equidistant
dynamic subcarrier interleaving (NeqDySI) technique proposed
in [26]. For the latter one, we assume that the receiver perfectly
knows the allocation of the Tx antennas to the subcarriers from
the transmitter.

The system parameters of the MIMO OFDM systems are
listed in Table I. The SISO OFDM system employs the same pa-
rameters except for NTx = 1. Since only the MIMO OFDM sys-
tem using RDMult has to deal with the constructive/destructive
interference pattern visualized in Fig. 7, it is the only system
that adds additional redundancy by means of (18).

The transmitters of all four systems employ a convolutional
channel code with coding rate r = 1/2, constraint length 7
and the generator polynomials (133, 171)8 in octal represen-
tation [30], [31].2 The encoded bits are interleaved by a random
interleaver with a block length equal to the number of coded
bits in an OFDM symbol. The mapper transforms the binary
data into QPSK symbols. On the receiver side, the demapper
extracts the log-likelihood ratios (LLRs) from the estimated
data symbols [50], [51], [52], followed by a deinterleaver and a
Viterbi decoder with soft decision decoding. The time domain
noise varianceσ2

n is set to obtain a desiredEb/N0 value measured
at the receiver input. There, Eb denotes the average energy per
bit of information, and N0/2 denotes the double-sided noise
power spectral density of a bandpass noise signal [31]. Thus,
Eb/N0 serves as a measure for the SNR. The variance σ2

n is
given by [53]

σ2
n =

Ps

(Eb/N0)rbζν
, (41)

2The same code has been used during the standardization process of the
IEEE802.11a standard [49].
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Fig. 11. BER curves for coded (solid) and uncoded (dashed) transmission with
perfect channel knowledge and perfect synchronization. The curves for SISO,
ESI and NeqDySI in the coded case lie on top of each other.

where Ps represents the average power per time domain sample
measured at the receiver input. The parameter ζ is defined as
ζ = Nc/(Ncp +Nc) and accounts for the samples in the CP.
b corresponds to the number of coded bits per data symbol and
is set to 2 due to the considered QPSK symbol alphabet. The
redundancy by means of (18) is accounted for by ν. Hence, ν is
set to 1

4 for the MIMO OFDM system with RDMult, while it is
set to 1 for all other systems. Thus, the MIMO OFDM system
with RDMult will observe a higher noise variance σ2

n compared
to the competitive systems.

For zero relative velocity, the channels are quasi-static, mean-
ing that they stay constant during the transmission of one burst
of Nsym OFDM symbols and then change to independent chan-
nel realizations for the next burst. For the considered case of
non-zero relative velocity, whose effects are accounted for via
an ICI and a CPE, the channels are not quasi-static anymore.
This relative velocity is randomly drawn from a uniform dis-
tribution between ±60 m/s for every burst. The BER perfor-
mances were evaluated by averaging over 10 000 randomly gen-
erated channel instances, whereas 5 000 represent line of sight
(LOS) and the other 5 000 represent non-line of sight (NLOS)
scenarios.

In the following, four simulation scenarios and the resulting
BER performances are described.

1) Perfect Channel Knowledge; Perfect CPE Synchroniza-
tion: Fig. 11 visualizes the resulting BER curves for perfect
channel knowledge and perfect synchronization between trans-
mitter and receiver. There, coded and uncoded transmission
is considered. In both cases, the MIMO OFDM system with
RDMult significantly outperforms the SISO OFDM system as
well as the MIMO OFDM systems with ESI and NeqDySI.
The increase in performance obtained for the MIMO OFDM
system with RDMult is approximately 1.8 dB in the coded
case and can be explained by the diversity gain discussed in
Section V-A5.

For the sake of completeness, it shall be noted that also the per-
formances of the other communication systems would increase
when adding additional redundancy as done for RDMult at the
cost of a reduced data rate. In fact, adding the same redundancy
also to ESI would lead to a quite similar BER performance as
observed for RDMult.

Fig. 12. BER curves for coded (r = 1/2) transmission with perfect synchro-
nization. The solid lines are with perfect channel knowledge, and the dashed
lines are with imperfect channel estimation based on preamble OFDM symbols.
The curves for SISO and ESI with perfect channel knowledge lie on top of each
other.

In the remainder of this work, uncoded transmission is not
shown anymore due to its minor practical relevance.

2) Perfect CPE Synchronization; Imperfect Channel Estima-
tion Using Preamble OFDM Symbols: The second simulation
investigates the impact of imperfect channel knowledge on the
BER performance. The channel estimation procedures for a
SISO OFDM system and for a MIMO OFDM system using
ESI consist of similar steps as discussed in Section V-C. Both
derivations are omitted in this work for the sake of brevity.

In order to distinctly carry out the difference of the systems
in terms of sensitivity to channel estimation errors, we aim
at comparing the performance of them for the same distortion
properties. We therefore setNpr = 2 for the SISO OFDM system
and for the MIMO OFDM system using ESI, and Npr = 8 for
the MIMO OFDM system using RDMult, which in combination
with the different values for σ2

n result then in the same effective
SNR conditions when averaging over the Npr preambles.

For the MIMO OFDM system using NeqDySI, the channels
between all NTx = 4 transmit antennas and the receive antenna
are estimated separately withNpr = 2 preamble OFDM symbols
each. During those in total 8 preamble OFDM symbols only
a single Tx antenna occupies all Nc subcarriers. This ensures
the same effective SNR per estimated channel as for the other
systems.

Fig. 12 visualizes the resulting BER curves as well as the
curves for perfect channel knowledge from Fig. 11 as reference.
This comparison indicates that the MIMO OFDM systems using
ESI and RDMult are more sensitive to imperfect channel infor-
mation than the SISO OFDM system and the MIMO OFDM
system utilizing NeqDySI.

3) Perfect Channel Knowledge; Imperfect CPE Synchroniza-
tion Using Pilot Subcarriers: The third simulation assumes
perfect channel knowledge, while synchronization is performed
using pilot subcarriers. The number of pilot subcarriers for the
SISO OFDM system and for the MIMO OFDM systems using
ESI and NeqDySI is set to 16. Both systems employ a standard
pilot-based synchronization procedure similar to that discussed
in Section V-D and in [31]. The MIMO OFDM system using
RDMult employs 16 pilot symbols within xμ, which translates
to 64 pilot subcarriers within sμ according to (18). This ensures
the same effective SNR as discussed previously.



LANG et al.: RANGE-DIVISION MULTIPLEXING FOR MIMO OFDM JOINT RADAR AND COMMUNICATIONS 63

Fig. 13. BER curves for coded (r = 1/2) transmission with perfect channel
knowledge. The solid lines are with perfect synchronization, and the dashed
lines are with imperfect synchronization based on pilot subcarriers. The curves
for SISO, ESI, and NeqDySI lie on top of each other.

Fig. 14. BER curves for coded transmission with with perfect channel knowl-
edge and perfect synchronization. The simulations were carried out with (solid)
and without (dashed) ICI-induced distortions. The curves for SISO, ESI, and
NeqDySI lie on top of each other.

The 16 pilot symbols within xμ were allocated equidistantly
and their positions were kept constant for all simulations. The
first pilot symbol is at index 33 and all other pilot symbols follow
with a spacing of 64 indices. A very similar equidistant place-
ment of the subcarriers is employed for all other communication
systems.

The resulting BER curves are shown in Fig. 13 together
with the BER curves for the case of perfect synchronization.
These curves reveal that all systems behave similar to imperfect
synchronization with a rather moderate loss in performance.

4) Perfect Channel Knowledge; Perfect CPE Synchroniza-
tion; Disabled ICI: For the last simulation scenario of this work,
the influence of ICI on the BER performance is investigated.
This simulation scenario assumes perfect channel knowledge
and perfect CPE synchronization. Fig. 14 shows the resulting
BER curves with and without ICI-induced distortions. One
can observe that the BER degradations due to ICI are slightly
smaller for RDMult than for all other considered multiplexing
techniques.

VII. CONCLUSION

In this work, a novel MIMO OFDM joint radar sensing
and communication systems especially designed for the use
in combination with RDMult was proposed. RDMult modifies
the transmitted OFDM signals such that signal components
radiated by different Tx antennas can be separated along the
range axis in the RDM. A detailed analysis of RDMult for the

radar sensing task was carried out, which led to the insight that
the SNR performance of RDMult is approximately the same
as for ESI. In fact, these analysis confirmed that the RDMult
shows approximately the same performance as ESI for the radar
sensing task in terms of
� the maximum unambiguous range,
� the SNR in the RDM,
� the SNR at the output of the DBF.
In contrast to that, differences between RDMult and ESI for

the radar sensing task were observed for
� the processing gain, and
� the average power per active subcarrier.
The special transmit signals generated by RDMult were ana-

lyzed w.r.t. the communication task. We showed that a SISO
channel, denoted as ’effective’ channel, is sufficient for de-
scribing the communication channel, although several Tx an-
tennas are involved. It turned out that this effective channel is
affected by constructive/destructive interferences of the under-
lying CFRs, which may cause a pattern of deep fading holes
in the ECFR. This problem was combated by adding additional
redundancy in the transmit data especially designed for dealing
with the pattern of deep fading holes. This led to a very good
BER performance at the cost of a reduced data rate. Based on
the ECFR and the additional redundancy, a communication setup
including methods for data estimation, channel estimation and
synchronization was proposed.

APPENDIX A.
RANGE SHIFT INDUCED BY Δϕk

In this appendix we prove that an additional phase shift of
Δϕk = 2π p

Nc
with p ∈ Z results in a circular shift by p range

bins without any distortions of the amplitude or phase.
The phase shift Δϕk can be found in the argument of

u∗
Nc
(Δϕk

2π + τ̄i,k) in (14). To improve the readability, this ex-

pression is reformulated to u∗
Nc
(Δϕk

2π + τ).
At first, the same expression without the phase shift Δϕk is

inspected as a reference. According to the definition in (12), the
tth element of u∗

Nc
(τ) with 0 ≤ t < Nc is given by

[
u∗
Nc

(τ)
]
t
=

Nc−1∑
n=0

e−j2π(τ− t
Nc )n, (42)

where the real-valued window functionwNc [n] has been ignored
to further improve the readability. Note that the right-hand side
of (42) is periodic in t with a period of Nc. Next, including the
phase shift results in

[
u∗
Nc

(
Δϕk

2π
+ τ

)]
t

=

Nc−1∑
n=0

e
−j2π

(
Δϕk

2π +τ− t
Nc

)
n
, (43)

Choosing Δϕk = 2π p
Nc

with p ∈ Z allows rewriting (43) ac-
cording to

[
u∗
Nc

(
Δϕk

2π
+ τ

)]
t

=

Nc−1∑
n=0

e−j2π(τ− t−p
Nc )n. (44)
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Note that the right-hand side of (44) is periodic in t and p with
a period of Nc. Comparing (44) with (42), and considering the
mentioned periodicity, shows that the elements of the vector
u∗
Nc
(Δϕk

2π + τ) are circularly shifted by p elements compared
to the elements of the vector u∗

Nc
(τ). Since these elements

correspond to the range bins of the RDM, one can state that
peaks in the RDM are shifted by p range bins. The comparison
of (44) with (42) also shows that this shift is achieved without
any distortions of the magnitude or phase values.
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