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On-Time Communications Over Fading Channels
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Abstract—We consider the on-time transmissions of a sequence
of packets over a fading channel. Different from traditional in-
time communications, we investigate how many packets can be
received J-on-time, meaning that the packet is received with a
deviation no larger than § slots. In this framework, we first
derive the on-time reception rate of the random transmissions
over the fading channel when no controlling is used. To improve
the on-time reception rate, we further propose to schedule the
transmissions by delaying, dropping, or repeating the packets.
Specifically, we model the scheduling over the fading channel as
a Markov decision process (MDP) and then obtain the optimal
scheduling policy using an efficient iterative algorithm. For a
given sequence of packet transmissions, we analyze the on-time
reception rate for the random transmissions and the optimal
scheduling. Our analytical and simulation results show that the
on-time reception rate of random transmissions decreases (to
zero) with the sequence length. By using the optimal packet
scheduling, the on-time reception rate converges to a much larger
constant. Moreover, we show that the on-time reception rate
increases if the target reception interval and/or the deviation
tolerance ¢ is increased, or the randomness of the fading channel
is reduced.

Index Terms—On-time communications, information fresh-
ness, packet scheduling, on-time reception rate.

I. INTRODUCTION

ITH the rapid development of the industrial Inter-
net technology, 5G communications, and Internet-of-
Things (IoT) technology, billions or even trillions of smart
devices will be connected to the internet to enable efficient
interactions between the physical world and its digital coun-
terpart. On the one hand, surge of industrial machine-type
communications furthered the possibilities for new applica-
tions in various industry areas. On the other hand, applications
like industrial sensing and controlling, remote surgery, and
automatic driving, require a very low latency (e.g., end-
to-end delay being smaller than 10 ms) and a very small
jitter (approximately several milliseconds) [1]-[4]. For ex-
ample, communications between the sensor, actuators, and
controller of an industrial Internet should be completed on-
time with a deterministic delay between 1 and 10 ms [3;
the braking/steering commands and advanced driver assistance
systems (ADAS) type data need to be delivered to/from the
actuators/sensors with a deterministic latency being less than
1 ms [3]. Therefore, how to deliver information in-time, or
even on-time, has become one of the the biggest challenge of
modern wire-line and wireless communications.
Owing to the high reliability of cable (or optical fiber)
communications, wire-line networks were the first choice
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Fig. 1. An exemplary 5G URLLC and TSN based vehicular network,
in which sensors are connected to the VCU through wire-line TSN
and the VCU is connected with other vehicles and the internet through
5G URLLC.

in deterministic-latency information deliveries. Based on the
widely used Ethernet, IEEE 802.1 working group has devel-
oped a series of time sensitive networking (TSN) standards
for time sensitive applications [6]]. By scheduling traffics with
timed transmission gates, filtering traffics based on priorities,
and forwarding traffics with repeating circles, TSN networks
can deliver the traffics with deterministic delays. Thus, TSN
has become the basis of time sensitive applications like in-
dustrial automation and automotive driving. In an in-vehicle
TSN network, for example, the communications between the
vehicle control unit (VCU) and the cameras, radars, lidars, and
the positioning module, can be guaranteed to be deterministic
and timely (less than 1 ms) [3]]. Furthermore, the inter-vehicle
communications can be realized by 5G ultra reliable low la-
tency communication (URLLC), as shown in Fig. Il By using
techniques such as mini-slot scheduling, multi-access comput-
ing, and downlink preemption scheduling, URLLC achieves a
round-trip air-interface delay of 2.7 ms (almost deterministic)
[4]]. Although the combination of TSN and URLLC can offer
a satisfying solution for vehicular communications [7]], one
important question remains: Is it possible to replace the wire-
lines of TSNs with wireless channels?

A. Overview and Main Contributions

In this paper, we will study how wireless channels can sup-
port on-time communications. Instead of delivering the packets
over fading channels using the best effort principle, we focus
more on how many packets can be delivered to the receiver at
the predefined epochs (with no delay or ahead of time) or in
reception ranges with small deviations (no larger than §). Note
that in case the packet can be delivered on-time, corresponding
delays and system status become more predictable, thereby
supporting numerous time-sensitive applications in 5G and 6G.

First of all, we note that due to the randomness and
time-varying property of wireless channels, the transmission
delays are also random. Therefore, to ensure 100 percent
deterministic transmissions directly is not possible for the
fading channels. For this reason, we propose a metric of on-
timeliness called d-on-time reception rate, which is defined
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as the proportion of received packets whose deviation is no
larger than §. Second, we derive the J-on-time reception rate
of the random transmissions over fading channels and show
that it goes to zero when a length of the packet sequence goes
to infinity. Specifically, we explicitly calculate the probability
for each packet to be received d-on-time. We also show
that the average number of packets received J-on-time is
equivalent to the sum of these probabilities, with which the
d-on-time reception rate can be obtained. Third, we propose
a scheme improving the on-time reception rate by optimally
delaying, dropping, or repeating the packets. By modeling
the packet scheduling problem as a Markov decision process
(MDP), we solve the optimal control problem using a simple
iterative algorithm. We also analyze the d-on-time reception
rates of the random transmissions and the optimally controlled
transmissions, from which we validate the effectiveness of
the proposed algorithm. The contributions of the paper are
summarized as follows.

o We propose a method of evaluating the on-time perfor-
mance of communications in terms of strictly on-time,
d-on-time, and the on-time reception range.

o« We explicitly derive the on-time reception rate of the
random transmissions over fading channels and show that
the on-time reception rate decreases monotonically (to
zero) with the length of the packet sequence.

« We improve the on-time reception rate over fading chan-
nels by delaying, dropping, and repeating packets. We
also solve the optimal packet scheduling policy through
an MDP formulation. We demonstrate from simulation
that the obtained scheduling policy matches with the
theoretical results with negligible error, which show that
by using the optimal packet scheduling, the on-time
reception rate converges to a constant and significantly
outperforms the random transmission scheme.

B. Related Works

The time-sensitive communications and networks have re-
ceived much attention in recent years, among which the
wired TSN [6] and wireless 5G deterministic network [8]]
are the most representative works. First, TSN follows the
standard Ethernet protocol system and reduces physical- and
link-layer delays by IEEE 802. 1AS clock synchronization,
IEEE 802. 1Qcc flow reservation, and IEEE 802. 1Qch cyclic
queuing. Most academic researches in this area focus on
the scheduling of messages. For example, a computational
efficient solution to the fully deterministic 802.1Qbv scheduler
was presented in [9]]; a bandwidth-efficient TSN scheduler was
investigated through a size based queueing method in [10]; an
asynchronous traffic scheduling algorithm which achieves both
low delay and low implementation complexity was proposed
in [L1]; and an online scheduling approach was proposed to
deal with the dynamic virtual machine migrations in multicast
TSN networks in [12]. In addition, the authors proposed a
simple hardware enhancement of switches to increase the
schedulability and throughput of time-triggered traffics in
[13]. Routing is also an important part of TSN networks, for
which an ILP-based scheduling and degree of conflict aware

multipath routings scheme was proposed in [14] while a joint
routing-scheduling optimization for time-triggered Ethernet
networks was investigated in [[L3)]. Second, URLLC is one of
the three major scenarios of the 5G mobile cellular systems
[4]]. Since 5G URLLC aims at transmitting packets with ultra
low delay (2~12 ms) and ultra high reliability (99.999%),
it is possible to support some dedicated networks providing
predictable and deterministic services, which are referred to
as the 5G deterministic networking (SGDN or 5G DeNet) [8]],
[L6]. As was reviewed in [[16], SGDN has great opportunities
to converge with applications including real-time monitoring,
remote controlling, material management, massive access, and
product life-cycle management, to name just a few.

Moreover, the age of information (Aol) theory provides a
new theoretic framework of evaluating the timeless of com-
munications [[17]. Distinct from the traditional delay measure
which only considers the latency to complete the transmission
of packets regardless of the packet generation machanism,
Aol is defined as the difference between the current epoch
and the generation epoch of the latest received packet. That
is, Aol considers the effects of both the information source
and transmission channel. In doing so, Aol characterizes the
freshness of the available packet at the receiver more precisely.
By modeling the arrivals and transmissions of packets as
a queueing system, the Aol of the various systems can be
obtained explicitly, such as the M/M/1 queue and the M/D/1
queue, with the first-come-first-service or the last-come-first-
service policy, respectively [17]. In [18], the author explored
the impact of service rate on the average Aol of both systems
with a fixed deadline and a random deadline. In addition to
this kind of timeliness characterizations, we can also optimize
the packet scheduling based on the Aol theory. For example,
the optimal link scheduling under some throughput and energy
constraints was studied in [19], [20]. The peak Aol and average
Aol minimizing scheduling of multi-channel networks was
investigated in [21]. In [22], [23], the authors constructed a
feasible scheduling set by traversal and deduced an average-
Aol minimizing scheduling strategy.

C. Organizations

This rest of the paper is organized as follows. In Section [}
we present the definitions of on-time reception, the channel
model, and the source model. In Section we analyze the
probability that each packet is received on time and also the
on-time reception rate of the random transmission scheme. In
Section we present three packet controlling strategies. In
Section [Vl we formulate an MDP optimization problem to
solve the optimal packet scheduling policy. For a sequence
of packet transmissions, we also derive the corresponding
reward in theory in this section. In Section [Vl we present the
simulation and numerical results on the on-time reception rates
over the fading channel, with both the random transmission
scheme and the optimal packet scheduling policy. Finally, we
conclude the paper in Section



II. SYSTEM MODEL
A. Definition of On Time

Different from conventional in-time communications in
which the packets are delivered with best-effort and are
expected be received before a certain deadline, the on-time
receptions (of the transmitted packets) studied in this paper
require that each packet should be received exactly at its
desired epoch, without any early arrivals or delays. However,
wireless channels are random and time-varying, and thus it is
very difficult to guarantee that all of the transmitted packets
could be received on-time. In this paper, we shall investigate
how fading channels can support the on-time transmissions in
terms of on-time reception ratio.

We consider the sequential transmissions of packets over a
fading channel. We assume that the transmission of a packet
starts from the beginning of a slot and is completed at the
end of the slot. Due to the fading property of the channel, the
transmission time (i.e., the number of slots) to successfully de-
liver a packet is random. Suppose that the packets are intended
to be received by the destination node at a sequence of preset
slots (i.e., {Tig, 2T1g1, 3T1gt, - - - }) with fixed intervals. The on-
timeliness of the corresponding transmissions are defined as
follows.

Definition 1. The m-th packet is said to be received strictly on-
time if the packet is received by the destination node exactly
in the mTig-th slot.

As mentioned, strictly on-time transmission over fading
channels is quite difficult so we allow the receptions of packets
to deviate from the target slot with a maximum tolerance of §
slots. A slightly relaxed version of the on-timeliness is defined
as follows.

Definition 2. The m-th packet is said to be received d-on-
time if the packet is received by the destination node in any
of the slots among {mTg — 0, mTig — 6 +1,--- ,mTie + 0}
(cf. Fig. ). Moreover, the period {mTiy — 6, mTie — 9§ +
1,--- ,mTy + 6} is referred to as the target reception range
of the m-th packet.

It is clear that the d-on-time returns to the strictly on-time
if we set the deviation tolerance to be § = 0.

©) ©

L]-
w——)
01 Ttgt 2Ttgt 37131
) 5 [} ) )

Fig. 2. The on-time reception model. Ti (> 1) is the preset interval
between target reception epochs, § > 0 is the tolerance of deviations,
mT is the target reception slot of the m-th packet.

B. Channel and Source Models

We consider the packet transmissions over a fading channel
with power gain distribution f.(z). We denote the distance
between the source and destination nodes as d, the path loss
exponent as «, and the transmit power of the source node as
FP;. In the n-th slot, the power of the received signal at the

destination node can then be expressed as P, ,, = v, P/d%, in
which -, is the random power gain of the channel in the n-th
slot. Thus, the signal-to-noise ratio (SNR) at the destination
node can be expressed as

Yl
Pn = dog2’

in which o2 is the power of the Gaussian white noises.

We assume that the minimum SNR for the destination node
to successfully decode the received packet is Vy. That is,
the destination can successfully decode the packet from the
received signal only if the corresponding SNR p,, is larger
than Vr. Otherwise, the packet cannot be decoded and shall
be retransmitted in the next slot. Thus, the probability that the
destination node can decode a packet from the received signal
can be expressed as
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It can be seen that the transmission time S to successfully

deliver a packet over the fading channel follows the geometric
distribution with parameter p:

Pr{S=jt=pl-p’~", j=12....

On the packet generations, we assume that the (m + 1)-st
packet will be generated immediately after the transmission
completion of the m-th packet. After the generation of the
packet, the source node begins to transmit the packet im-
mediately. In particular, irrespective of the packet generation
time, the desired reception time of the (m + 1)-st packet is
(m +1)Tig.

C. On-Time Reception Rate

The primary concern of this work is how many packets
can be received on time, i.e., within their respective target
reception ranges. In the transmission of a total number of M
packets, we denote the number of packets received with J-
on-time as xjps. Then the on-time reception rate pj; can be
defined as .
o 4)

We would like to mention that the on-time reception rate
is closely related to the length of the packet sequence M.
Specifically, the larger M is, the smaller the on-time reception
rate would probably be. This is because when more packets
are transmitted, there would be more unexpectedly large
transmission times, which makes the following packets more
difficult to be received on-time. As will be shown in Section
[VIL the on-time reception rate of the random transmission
scheme decreases moderately with M, even when M is very
large. In this paper, we will maximize the on-time reception
rate of the system by scheduling the transmissions of packets.

oM =

III. ON-TIME RECEPTION RATE OF RANDOM
TRANSMISSIONS

In this section, we consider the on-time performance of
the transmissions over the fading channel in the absence of



scheduling and controlling. By deriving the probability that
each packet is received d-on time, we can also obtain the
average number of packets received with d-on time and the
corresponding on-time reception rate.

We denote the total number of packets to be transmitted
as M, the transmission time of the m-th packet as 7,,, and
the probability that the m-th packet is received J-on time as
P(xy,) form=1,2,... M.

First, we consider the probability for the first (m = 1)
packet to be received §-on time and have

P(21) =Pr{lig—0 <71 <Tig+6}. )

Note that its transmission time satisfies 7,,, > 1 and follows
the geometric distribution with parameter p (see (3)). In case
Tiet <146, we have Ty — 6 < 1 and () is equivalent to

P(z1)=Pr{l <7 <Ty+ 6}
=Pr{n =1}+...+Pr{n =Tig + 6}
—p+...+p(1—p)leto!
=1—(1-p)"* ©6)

In case Tig > 1+ 9, we have

P(z1) =Pr{Tig — 6 <71 <Tig + 0}
=Pr{n <Tg+0} —Pr{n <Tig—6—1}
=(1-p) 0 - (1= p) et @)

By combining (@) and (@), the probability that the first
packet is received d-on time can be expressed as

{1—u—pﬁ“ﬁ T <146

Tige > 140
(8)

For the m-th packet, which is intended to be received within
{mTig— 06, mTig—3+1,- - ,mIi,+0}, the total transmission
time Y ;- , 7 follows the negative binomial distribution with
parameter p. The following proposition describes the proba-
bility of a packet being received d-on time.

Pl = (1—p)fe 7 — (1 —p) ™,

Proposition 1. For a sequence of M packet transmissions over
the fading channel, the probability of the m-th packet being
received d-on time is given by
mTig+d
> O (1=p) ", mGg <m+d
k=m

Plem) =\ mrg+s

>

k=mTiyu—95

C,Z”:llpm(l — p)k_m, mTig > m + 6,

©)

in which p is the probability of successful reception in a slot,
T is the target reception interval, J is the deviation tolerance,
and CF = (Z) is the combination operator.

Proof. See Appendix [Al [ |

From Proposition 1, we can observe the behavior of P (x,).
In Fig. Bl we compare P (x,,) obtained by analytical and
simulation results, in which p = 0.2 and T, = 5. We

—&— Theory, 6=0
0.9r — & —Simulation, §=0
08 Theory, §=3

‘ — B —Simulation, §=3
07 F Theory, 6=10
Simulation, =10

The indices of packets

Fig. 3. Probability being received d-on time. (p = 0.2 and Tig = 5).

observe that P (z,,) decreases with packet index m. That is,
the P(z,,) of the m-th packet is no larger than that of previous
packets. It is also seen that P (x,,) increases with the deviation
tolerance 9.

We denote a subset of £ (not necessarily successive) packets
out of M as z!. We denote the probability that k out of the
M packets are received §-on time as P (z). Among the M
packets, therefore, the statistical average number of packets
received d-on time would be

M
KM = ZkP (:C,]cw)
k=1

Moreover, as shown in the following theorem, ks can be
further expressed in terms of P (xy).

(10)

Theorem 1. For the transmissions of a sequence of M packets
over the fading channel, the probability that packets are
received d-on time satisfies

M M

D RP(af) =3 P (),

k=1 k=1
where P (xj) is the probability for the k-th packet to be
received d-on time (cf. Proposition [[) and P (a:,]cw ) is the
probability for k out of the M packets being received d-on
time.

(1)

Proof. See Appendix [Bl [ |

From Theorem [1] we have

M M
Ky = ZkP (J:IJCW) = ZP(xk)
k=1 k=1

That is, the average number of packets that can be received
d-on time is equal to the sum probability for each of the
packets to be received d-on time. Since the probability P (zy)
for each of the packets being received J-on-time has been
given in Proposition [Tl we can calculate the on-time reception

12)



rate oy = kar/M by combing the results in Proposition [I]
Theorem [1 and equation (12).

IV. ON-TIME RECEPTION RATE OF CONTROLLED
TRANSMISSIONS

In this section, we present three controlling strategies to
improve the on-time reception rate of the system. We first
discuss the low on-time reception behavior of the random
transmissions and then discuss a scheme to improve the on-
time reception rate using delaying, dropping, and repeating the
packets.

A. Drawbacks of Random Transmissions

In the random transmission scheme, any packet that is not
received d-on time not only degrades system performance, but
also affects the transmissions of the subsequent packets. For
example, if a packet is received before its target reception
range, the probability that the next packet is received d-on time
will also be reduced since there is more than enough time for
its transmission so that the packet might be received earlier
than the desired time. If the transmission time of a packet is
large so the packet is received after the target reception range,
the probability for the subsequent packet being received §-on
time may also be reduced (even to zero), since the remaining
time for its transmission is shortened. Therefore, the on-time
reception rate of the random transmissions is often relatively
small.

B. Controlling with Delaying, Dropping or Repeating

We propose a scheme to control the transmission of packets
and improve the on-time reception rate of the system by
delaying dropping, or repeating the transmission of packets.

1) Delaying: At the beginning of each packet transmission,
the delaying strategy would delay the transmission for a period
of ng(ng =0,1,2,...) slots. This strategy is especially useful
when the previous packet is received before its target reception
range. In particular, when the delayed time nq is set to 0, the
delaying strategy is equivalent to the random transmissions.

2) Dropping: Under the dropping strategy, the packets can
be dropped on demand so that the next packet could be
transmitted immediately. This strategy is very useful if the
transmission time of the previous packet is so large that the
subsequent packet completely misses the chance to be received
d-on time.

3) Repeating: In case a packet is received before its target
reception range, the repeat strategy allows the packet to
be retransmitted. This is especially useful in the case the
destination node is periodically awaken only for a short period.
We limit the retransmissions to a finite number of times and
denote the maximum number of allowed retransmissions as
ny (ne > 0). In case n, = 0, the repeating strategy is equivalent
to random transmissions.

In the following, we investigate the performance of the
repeating strategy. Specifically, we consider a single packet
(M = 1) transmission over the fading channel. We denote the
target reception interval as Ty, the deviation tolerance as ¢

and the maximum number of retransmissions as n;. It should
be noted that once the packet is received within its target
reception range (i.e., J-on-time) or after the target reception
range (i.e., have missed its chance), the transmission stops
immediately and no more retransmission is needed. Under the
repeating strategy, therefore, the transmission time S, of a
packet can be expressed as

l
S’nr = E Sr,ia
=0

in which s, ; is the transmission time of the i-th retransmission
and follows the geometric distribution (see (@), and [ is the
random variable taking values among {0,1,2,--- ,n,}. It is
clear that the packet could be received §-on-time if and only
if |.Sy, — Tige| < 9. On the distribution of .S, , we further have
the following result.

13)

Proposition 2. Considering the transmission of a single packet
(M = 1) with the maximum number n, > 0 of retransmis-
sions, the probability distribution function of the transmission
time .S, is given by
PI‘ {Sn, - ﬂgt > j}
1, _] < ny — T’lgt

My

j+Tigt— .
SO (- p) T > o1
m=0

= (14)
SO (1 —p) T else
m=0
if Tige > 1+ n; + 9. In the case Tig < 1+ J, we have
Pr{S,, — Tig > j} = Pr{So — Tie > j}
(1—p) e, > Ty
= , (15)
17 J < _T‘tgl-
In case 1 + 9 < Tig < 1+ ny +J, we have
Pr {Snr - CZ—‘tg[ > j} = Pr {S,Tlgl_l_6 - CZ—‘tg[ > j}
_fa-p zei-s (o
1, j<—1-06.
Proof. See Appendix [T [ |

We see from Proposition [2] that the repeating strategy
changes the distribution of the transmission time of each
packet and improves the on-time performance of the trans-
missions. In fact, the probability that a packet is received o-
on-time increases substantially by repeating the transmission
of the packet for some times. In Fig.[d] we present the comple-
mentary cumulative distribution functions (CCDF) of S, —Tig
for various n, (the maximum numbers of retransmissions),
in which the probability of successful transmission is set to
p = 0.2, the target reception interval is set to Ti, = 20, and the
deviation tolerance is set to § = 1. We plot the target reception
range, i.e., the area in interval (—2, 1], by the shaded area. We
denote the y-coordinates of the intersections of each CCDF
curve and the shaded area as g1, and go .. It is clear that
G — Qin, = Pr{Sy, — Ty > —2} — Pr{S,, — T > 1}



CCDF

Fig. 4. Complementary cumulative distribution functions (CCDF) of
Sne — Tigt (p =0.2, Tt =20 and 6 = 1).

is the probability that the packet is received d-on-time, when
a maximum n, retransmissions are allowed. From Fig. 4] we
observe that as n, increases, the probability for the packet to be
received §-on-time will also increase, while the probabilities of
the packets being received before (i.e., 1 —g2,5,) and after (i.e.,
q1,»,) the target reception range are, respectively, decreases
and increases. However, it is clear that the uncertainty in
the reception time is unavoidable due to the randomness of
the fading channel. For example, we observe that in case
n, = Ty = 20, the probability that a packet is received
after the right boundary of the target reception range is still
quite large. Thus, the gain in the probability of J-on-time by
repeating the packets is also limited.

V. OPTIMAL PACKET SCHEDULING

In practical transmissions of a sequence of packets, a packet
may either be received before or after its desired target
reception range. To increase the probability of being received
d-on-time for the following packets, controlling strategies such
as the delaying, dropping, and repeating should be considered.

In this section, we shall maximize the on-time reception
rate of the system by modeling the optimal packet scheduling
problem as an MDP problem. Using the MDP formulation, we
can determine the optimal controlling strategy of a packet in
an online manner. That is, we shall determine the controlling
strategy of a packet based on the state of the system at
the starting time of its transmission. In particular, we solve
the optimal scheduling policy using the MDP-based iterative
algorithm.

To be specific, the state set, available actions, transition
probabilities, reward functions, and optimal packet scheduling
policy of the MDP problem are elaborated in the following
subsections 1 to 5, respectively.

1) States: Since the controlling strategies are selected in the
beginning of packet transmissions, we only need to consider
the states of the system when a packet starts its transmission.

To be specific, we define the state s,, of the system as
the difference between the transmission starting time and the

s J ‘ oS J ‘
e b T,
| 1 | |
mT,  (m+1)T,, ml, — (m+1)T,,
(a) Random transmissions (b) Delaying
§=0 .
u/ J |« y »le j >
[ i e et N [ i »le tet >
| | | 1
mTy  (m+1)T, mly  (m+1)T,
(c) Dropping (d) Repeating

Fig. 5. Illustration of controlling strategies, in which y = ¢+ Tig — j.

target reception time of the packet. For example, suppose the
(m — 1)-st packet is received in slot n — 1 and thus the m-th
packet has a chance to be transmitted from slot n. In slot n,
the state of the system would then be s, = mTiy —n + 1,
in which mTi, is the time when the packet is expected to be
received. Since the previous packet m—1 may be received even
later than the target reception time mTiy of the m-th packet,
the state s,, could also be negative. The state set, therefore,
would be S = Z, i.e., the integer set.

Suppose the current state is s,, = ¢, the transmission time
of the packet is S, and the next state s,,+1 = j, we further
have

j=1—8+ Tig, i,j €S. an

2) Actions: In the beginning of the transmission of a packet
m, we schedule the packet by either delaying it by ng > 0
slots, dropping it, or repeating the transmission by n, > 0
times, which are referred to as taking an action a. The set of
all possible actions is referred to as the action set .A.

3) Transition probabilities: For a given state s, = % and
the corresponding action a € A, we denote the transition prob-

ability to state s,,+1 = j as pi; (a) = Pr{sm+41 = j|sm = i}

and have
Zpij (a) = 1
jES

(18)

By taking different actions, the transition probabilities are
also different. First, we consider the transition probability of
random transmissions. By combing (3) and (I7), and the fact
S > 1, we have (cf. Fig. B(a))

0, Jzi+ Ty

- 19

Pij =

p(1—p § <i+ Tig.

Second, we consider the transitions of delaying the trans-
mission by ng4 slots and denote the corresponding probability
as p;; (nq). Likewise, the transition probability of the delaying
action is (see Fig. B(b))

— O,
R VER

j Z 7 + T'tgl — g
)T e G <4 T — na

(20)

Third, given that the current state is s,,, = ¢ and the packet



m is dropped, its transmission time would be deterministic,

i.e., S = 0. In addition, the packet m + 1 will be generated

and then transmitted immediately. Thus, the time for the

transmission of the (m + 1)-st packet to be received strictly

on-time (i.e., its state) is j = i + Ty (cf. Fig. Blc)). That is,

the transition probability p;; from state 7 to state j is
j=1i+ Ttgt

1,
Pij = L.
0, j#i+ T
Fourth, when the packet is allowed to be repeated with a
maximum number n, retransmissions, we denote the transition

probability from state i to state j as p;;(n;), on which we have
the following proposition.

3y

Proposition 3. When a packet is allowed to be retransmitted
for at most n, times and if 7 < 1 + §, we have

0, J2i+ Ty
pij(ne) = T . (22)
! {p(l—p) Tl G < T
if 1+ <i<1+9+n, we have
0, J>21+0+ T
pij (ne) = p _ (23)
]( r) {p(l_p)5 ]+Ttgt’ j< 1+6+T’lgt7

if © > 1+ 6 + n,, we have

Pij (nr)
0, Yy < ng

C;}‘_lp“r"‘(l —p)ytm n<y<i—1-9¢

y—1l—m

Zcﬁl—épl+m(1—P) , y>i—1-4,
m=0

(24)
in which y =4 — j + Tig.

Proof. See Appendix As an intuitive explanation, y =
1 — j + Tig is time reserved for the transmissions and the
retransmissions of packet m (see Fig. Bld)). As long as the
packet is received at the destination before the target reception
range [mTie — 0, mTig + 6] and the number of retransmissions
is less than n,, the retransmission of packet m continues. H

4) Reward function: When the state of the system transits
from s,, = i to $;,11 = j, we define the reward r;; of the
system as

1a 1fﬂgl_6§]§ﬂgl+6

(25)
else.

That is, the total reward of the system (i.e. the number of
packets received d-on time) will increase by one if the m-th
packet is received d-on time. Otherwise, the reward is set to
Zero.

From a state ¢ and with an action a, we define the expected
reward function as r (4, a), which can be calculated by

r(i,a) =Y pi(a)rij,

JjE€S
in which p;; (a) (see to 24)) is the state transition prob-
ability under action a. In the following, we shall investigate

(26)

the reward functions of different controlling strategies case by
case.

First, we denote the reward function of the random transmis-

sions as R (). By combining equations (I9), @23), and 26),
we have

Tig+0
R(i)= >
j:ﬂg175
0, i< =0
Tig+0
> op(i—p) T i
= { i=Tu—6 27)
i+Tig—1
> op(1—p) T else,
j:Ttgt—is
which is equivalent to
0, i< =6
R@)={(0-p) " [1--p)"F], i>6 @8
1—(1=p)™, else.

Second, we denote the reward function of the delaying strat-
egy as Rpr (i,nq), where nq is the delay time. By replacing
17 in @28) with 7 — nq, we have

Rpv (4, n4)
0, ) < ng — )
={(1 —p)i_n"_é_1 [1 -1 —p)1+25} , >0+ ng
1—(1—p)tim, else.

(29)

Third, we denote the reward function of the dropping
strategy as Rpp (i). Since a dropped packet can never be
received on time, we immediately have

Rpp (i) = 0. 30)
Fourth, we denote the reward function of the repeating

strategy as Rgp (Z,n;), in which n, is the maximum allowed

retransmissions. From 23) and 26), we have

Tt
Ree(iyne) = Y piy(ne), 31)
j:Tlgl—(s
In case i < 1+ 6, from (22), we have
0, 1< =0
. it+Tig—1
R ny) = e o 32
rp (4, nr) S p(l—p) T s (32)
j:Ttgt—is
Incase 1 +6 <1 <1+ 6+ n, from 23), we have
Tig+9
Rep(i,n) = > p(1—p)° /"7 (33)
j:Tlgl—5



In case ¢ > 1+ 6 + n,, from @24), we have
Tig+0 n,

RRP (Z nr = Z Z

Jj= Tlgl 6 m=0

L4m i—j it Tig—1—m
T_sp (1 =p) “ .

(34)

By combing (3I)~(34), the reward function of the repeating
strategy can be expressed as

0, 1< =6
I-(1-p)™, —0<i<1456
Rep (i,nr) = 1—(1—p)t2 14+6<i<14+6+n,

D{1-(1-p)"™| i>14+6+n,

(35)

in which D = Er: Ci@l,(;pm(l _ p)i—l—ls—m.

5) Optimal I%clocet Scheduling Policy: A packet scheduling
policy 7 is a rule for choosing actions (i.e., delaying, dropping,
or repeating) for each packet, i.e., a mapping from the state
space S to the action space A. Specifically, for each state s = ¢
(can be negative), the corresponding element of 7 specifies
which action should be taken for the current packet. In case
the packet should be delayed, m; also indicates how long it
should be delayed, i.e., determining nq; in case the packet
should be repeated, 7; also indicates how many times it could
be retransmitted, i.e., determining n,; in case the packet should
be randomly transmitted or dropped, no other parameters are
needed to be determined.

For a sequence of packet transmissions, we seek such a
policy 7* that maximizes the average reward of the system
with any initial state s; = ¢. That is,

M

7R

m=1

in which s, (m=1,2,...,M,s,,, €S) is the state of the
m-th packet, a,, (m=1,2,..., M, a,, € A) is the action as-
signed for the m-th packet, R (s,,, a,,) is the reward function
of the m-th packet when the state is s,, and the action is
. From (26), we know that the reward function R (S, @)
is also the probability that the packet is received J-on time
after taking action a,, in state s,, so that we define the
corresponding cost as

C ($m,am) =1—R(s$m,am),

7" = argmaxE (Sms@m) |s1 =11, (36)
™

(37

which is non-negative. Therefore, we can also find out the opti-
mal packet scheduling policy 7w* by minimizing the following
average cost.

M

Z

m=

As shown in [24] Chap. 6.7, Theorem 6.17], (38) can be
solved by the following functional equation,

aeA 3 a +szj )

min
JjES

Vs (1) = mlnIE (38)

(Sm,am) |81 =1

g+h(i)= (39)

in which g is a constant, h (i) is a bounded function, p;; (a)
is the state transition probability of the packet from state ¢ to
state j when action a is taken.

It is noted, however, that (39) is not a contraction mapping
[24, Chap. 6.4, Theorem 6.10]. Thus, the searching process
with may not converge or converge very slowly. This
motivates us to consider an alternative expected total o-
discounted cost as shown below.

1M
i Z a™C (S, am) |$1 =1

m=1

Vrr (i) = minE (40)
for all i € S, in which 0 < o < 1 is a discounting factor.
Moreover, the a-optimal policy 7}, and the a-optimal cost

function V,, (i) satisfies [24] Chap. 6.7, (24)],

aE.A C(i,a) + « Zpij (a) V.

V4 (i) = min 41)
jES

Particularly, the following theorem shows that as o approaches
unity, 7, would converge to 7*.

Theorem 2. For some sequence «;,, — 1, we have h(s) =
hm Va, (8) = Va, (51), g = hm1 (1 - )V, (s1), for any
ﬁxed reference state s1. In particular, (38) and @Q) share the
same optimal policy.

Proof. Based on the state transition probabilities given in
@0, @, @2), and (24), it can be seen that each state
can reach all other states directly or indirectly through some
intermediate states, which means that the Markov chain is
irreducible. According to [24, Chap. 6.8, Corollary 6.20],
Vo (8) — Vi (s1) would be uniformly bounded, and hence
the conditions of [24, Chap. 6.7, Theorem 6.17] are satisfied,
which yield the results in Theorem [2] immediately. |

Theorem 2] shows that (36), (38) and have the same
optimal scheduling policy. Thus, the optimal scheduling policy
of the system can be calculated by the matrix iteration method.
To be specific, for each state ¢, we shall calculate the expected
costs C (i,a) + @) c5pij (a) Va(j) for each action a € A,
including the random transmission, dropping the packet, de-

laying the packet for some slots (ng = 1,2,---,n3'%), or
retransmit the packet for some times (n, = 1,2,--- ,n™®).

With the obtained expected costs, we can determine the best
action and update the cost V,, (i) with @I). In particular, it
was shown in [24] Chap. 6.8] that the mapping shown in (4]
is contract mapping. We denote the vector of all the states as
s and the cost vector as V. By applying to s (which is
done element by element) iteratively, the cost vector V', would
then converge to the optimal cost vector while the obtained
actions are all optimal for the corresponding states, as shown
in Algorithm 11

Since the state of a packet is the difference between its
transmission starting time and its target reception time, the
state space S is often infinitely large. The probability for the
state of packets to be very large or small, however, is very
small and can be neglected. Thus, we shall limit the state
space to the set of integers within the finite range [tmin, tmax)»



Algorithm 1 Solving the optimal packet scheduling policy

1: Input:
cost matrix Cpy, and transition probability matrix Pp. of the delaying strategy;
cost vector Cpp and transition probability matrix Ppp of the dropping strategy;
cost matrix Crp and transition probability matrix Prp of the repeating strategy;
2: Initialization:
Set iteration error to Av = +oc0, € = 1073;
Initialize the cost function vector Vo, = zeros (tmax — tmin + 1,1);
Initialize the policy vector 7}, = zeros (tmax — tmin + 1, 1);
3: Iteration:
while: Av > ¢, do
fop = Cpp + aPppV 4
for ng = 0 to ng"** do
FpL (:;na+1) =CpL (5,na + 1) + aPpL (5, :1,na + 1) Vg
end for
for n, = 0 to n*** do
Frp (:,nr +1) = Crp (5, + 1) + aPrp (5,5, + 1) Vs
end for
Vold — Voc§
S = [fpp, FoL, Fre]:
[Va, 7] = min (S, 2); %find the minimum over the 2-nd dimenssion
Av = max(|V, — VU|);
end while
4: Output: V, .

so that we can solve the problem more efficiently. In this case,
the number of desirable states iS tmax — tmin + 1.

From @0, @I), @2), @3), and @4) we can explicitly
express the transition matrices of delaying, dropping and
repeating, which are denoted, respectively, as Ppr, Ppp, and
Prp. In particular, Ppp, and Prp are three-dimensional matrices.
In Ppy, the first and the second dimensions represent the
states before and after the transition, while the third dimension
represents the number of slots the packets are delayed, i.e., nq.
Likewise, the third dimension of Prp represents the maximum
allowed number of retransmission, i.e., n;.

From 29), @0), (33), and (B7), we can also obtain the
cost functions of the three strategies, i.e., Cpr, Cpp and Cgp.
Matrices Cpr. and Cgp are two-dimensional matrices defining
the costs for each state and each n4 and n,.

Finally, (tmax — tmin + 1) X 1 vector of optimal packet
scheduling policy w}, can be obtained by Algorithm [l As
shown in Theorem [2l we have 7}, = 7*, which specifies the
actions for all the states.

With the obtained optimal scheduling policy 77, which can
be expressed by a state-action mapping table, we can then find
out the optimal action (i.e., transmit it without control, delay
it, drop it, or repeat it) of each packet based on its current state.
As shown in our simulations in Section [VI} the corresponding
d-on-time reception rate achieves the optimal reward of the
system exactly.

A. Theoretical Analysis of Expected Total Rewards

In this section, we will analyze the total expected reward
of two systems, in which the random transmission strategy
and the packet scheduling is used respectively. In particular,
the system with the packet scheduling would optimize the
controlling strategy of each packet by maximizing the expected
total reward of the system.

1) System with Random Transmissions: For the system
using the random transmission strategy, the expected reward
of a single transition from state ¢ can be expressed as

R(i):Zpijmj, iES,

JES

(42)

in which p;; (cf. (I9) and r;; (cf. 23)) are, respectively, the
probability and the reward of the transition from ¢ to j. We
denote the vector of expected transition rewards of all the
states as R = [R (tmin) , R (bmin +1),..., R (Lmax)]T

We denote the expected total reward of a sequence of m
.. . ’ . .
transitions from state ¢ as v,, (i), which can be calculated

’

based on v,,_; (j) and r;; as

v (1) =D pij [Hj + U (J')]

jES
=R()+ Y pijvm_1 ()i€S.  @3)
jES
We denote the vector of the expecte/d m-
transition rewards of all the states as V =

m

! ’ ’ T
Lvm (tmin) s Uy (bmin + 1) 5., 0, (Lmax)} . It is  clear
that

V. =R,
V, =R+PV

(44)
(45)

’

m=2,3,..., M,

m—1>

in which P is the state transition probability matrix of the
random transmission strategy (cf. (19)). Starting from (44), we
repeatedly use (43) to obtain the expected total reward vector
V/M of a sequence of M — 1 state transitions (Algorithm 2)).
Moreover, V/M is also the expected total reward of the system
for transmitting M packets to the destination node.

Remark 1. Note that the transmission of the first packet
starts from the first slot and the corresponding initial state
is s1 = Tig. When the transmission of all of M packets
have been completed, the expected total reward of the system
would then be v}, (Tigt), which can be obtained by Algorithm
2l Note also that the expected total reward of a system using
random transmissions equals to the number xp; (cf. (I0Q)) of
packets received d-on-time, which can be obtained through
classical probability methods, as shown equations (I0) and
(1), in Section In particular, it can be verified through
simulations that the U;w (Tet) obtained by Algorithm [2] equals
to ks exactly.

2) System with Scheduling: Likewise, we calculate the
expected total reward of the system with packet scheduling
iteratively, as shown in Algorithm 21

We note that the transition probability matrices Ppp(nq) =
[pij(na)l, Pop = [pis], Pre(nr) = [pij(n:)] of the delaying
strategy, the dropping strategy, and the repeating strategy are
given, respectively, by @20), and to 24). For each
state ¢ € S and each chosen strategy, therefore, the expected
reward of the next transition R (i) can be calculated by @2)), in
which p;; is replaced by p;;(na), pi;, and p;;(n,), respectively.

We denote the vector of expected m-transition

rewards of the system with scheduling as V,, =
T .

[Ur (tmin) s Um (tmin + 1) 5+ -+ U (tmax)] Given  the

expected m-transition reward vector V,,, we shall first
estimate the expected (m + 1)-transition rewards for all
the cases when the delaying (for all ng), dropping, and the



Algorithm 2 Total expected reward

1: Input:
reward vector R and transition probability matrix P of random transmission;
reward vector Rpp and transition probability matrix Ppp of drop strategy;
reward matrix Rpr and transition probability matrix Ppp of delay strategy;
reward matrix Rgp and transition probability matrix Prp of repeat strategy;
2: Initialization:
Initialize optimal scheduling policy vector Vo = zeros (tmax — tmin + 1, 1);
Initialize random transmission vector V:) = zeros (tmax — tmin + 1,1);
3: Tteration:
for: n =1t M do
V,, =R+PV, _:
fop = Rop +PppV i1
for ng = 0 to nJ"** do
FpL (:;na+1) =RpL (t,na+ 1) +PoL (5, 5,na + 1) Vi 13
end for
for n, = 0 to n*** do
Frp (:,nr+1) =Rpp (5, + 1) +Prp (555,00 + 1) Vi 13
end for
S = [fpp, FoL, Frel;
Vo = max (S, 2);
end for ,
4: Output: Vs, V.

repeating (for all n,) strategy are used. Specifically, we have

FpL (:,n4 + 1) =Rpr (5,na + 1) +PpL (1,00 + 1) Vi
(46)

fop =Rpp +PppV (47)

Frp (5, +1) =Rep (5, e + 1) + Prp (5,5, + 1) Vi,
(48)

for ng = 0,1,--- ,ng* and n, = 0,1,--- ,n™**. For each
state 7, therefore, we have obtained the expected total reward
for all controlling strategies (i.e., delaying, dropping, and
repeating) and parameters (i.e., ng and n;). By searching
the maximum reward among {Fpr(¢,1), -, Fpp (i, ng®* +
1), fop(i), Fre(i, 1), -+ ,Frp(i,n™** 4+ 1)}, we can then de-
termine the optimal controlling action and parameter. With the
obtained controlling strategy and parameter, we can further
update the expected (m + 1)-transition rewards V1 of
system. As shown in Algorithm ] this process continues
until the controlling strategies of all the packets has been
determined and the expected total reward of the system with
scheduling is vas (Tigt)-

VI. SIMULATION RESULTS

In this section, we investigate the on-time reception rate of
a sequence of M packets transmission over a Rayleigh fading
channel. In particular, we transmit a sequence of M packets
over the channel and schedule each packet with the optimal
scheduling policy obtained by Algorithm[Il We then calculate
the corresponding on-time reception rate (which is referred
to as the simulation result) by counting the packets received
d-on-time. Moreover, we also calculate the on-time reception
rate theoretically using Algorithm Pl which is referred to as
the theoretical results.

The distribution of the channel power gain of the Rayleigh
fading channel is given by

fy(x) = Xe . (49)

We set the channel parameter as A = 2, the transmit power
of the source node as P, = 1 W, the distance between the
source and destination nodes as d = 100 m, the path loss
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exponent as o = 2, and the channel noise as 02 = 10~* W. For
a given SNR threshold Vr, the probability that the transmitted
packet can be successfully decoded by the destination node
would be p = exp(—AVrd“o?) = exp(—2V7) (see @)). Thus,
we can adjust the probability of successful transmissions by
changing the threshold Vr, as shown in Fig. [6l For example,
we have p = 0.2 if Vp = 0.8047.

Without loss of generality, we consider a finite numbers
of states and set the maximum and the minimum state as
tmax = 900 and tnmin = —500, respectively, ie., s €
{=500,—499, - - - ,500}. In the simulation, we also limit the
delay time and the number of retransmissions by ng*** = 20
and n"** = 20. In the implementation of the MDP algorithm,
we set the discount factor as o = 0.999.

In Fig. [/ we investigate the behavior of the on-time
reception rate gps as a function of the deviation tolerance .
The probability of successful transmission is set to p = 0.2,
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the number of packets is set to M = 10000, and the target
reception interval is set to Ti, = 5. We observe that under
the optimal packet scheduling policy obtained by Algorithm
[Il the on-time reception rates are much larger than that of the
random transmission scheme. This shows that the proposed
MDP based packet scheduling is very effective. In case 6 = 0,
the J-on-time requirement reduces to the strictly on-time.
From the figure, it can be seen that the corresponding on-
time reception rates are relatively small, even though the
optimal packet scheduling is used. In fact, due to the fading
property of the wireless channel, it is very difficult to alleviate
the randomness of transmissions. Nevertheless, by using the
optimal scheduling policy, the strictly on-time reception rate
can be increased about 13%, which is much larger than that of
random transmissions. Moreover, it is seen that our simulation
results and theoretical results matches well.

Fig. [8 presents how the on-time reception rate op; changes
with the target reception interval Ti,. Besides the superior-
ity of the optimal scheduling, we observe that the on-time
reception rate increases with Tig. This is because when Tig
is relatively large, we have more freedom of scheduling. For
the random transmissions, it is observed that pjp; changes
differently and reaches its maximum at Ti; = 5, which
is exactly the expected value of the transmission time, i.e.,
E(S) = 1/p = 5. This is in consistent with our intuitions that
most of the transmission times fall into a finite range around
their common expectation.

We plot the on-time reception rate g, as a function of
the successful reception probability p (i.e., the reliability of
the fading channel) in Fig. Bl in which we set T = 4,
M = 10000, and § = 2. With the optimal scheduling
policy, it is seen that ops is increasing with p and almost
approaches the unity as p reaches 0.5. Under the random
transmission scheme, however, gj; does not change much as
p is increased. This is because when p increases, although
the variance (randomness) of the transmission time becomes
smaller, the expected reception time of a packet deviates the
target reception time more, unless Ti = 1 /p holds.
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In Fig. we present how the on-time reception rate
changes when the length M of the packet sequence increases.
For the random transmission strategy, we observe that the
on-time reception rate decreases with M and is expected to
approach zero as M goes to infinity. This is because the
channel gains are random and difficult to predict while the
accumulated deviation from the target times increases with M.
For the transmission with optimal packet scheduling, it is seen
that the on-time reception rate is much larger and converges
to a constant as M goes to infinity. By optimally scheduling
the packets, however, the gain in the on-time reception rate is
also limited, since the randomness of the channel cannot be
removed completely.

In Fig. {1l we present how many packets are delayed,
dropped, and repeated, respectively. As shown in the pie chart,
we see that over 60% of packets are repeated, which is because
Tig = 33 is relatively large. From the circle labeled curve, we
also see that most of these packets are repeated by 5 to 10
times, since Tig/E[S] = pTie = 6.6. Among the 36.3% of
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delayed packets, most of them are delayed for 20 slots, which
is also because Tiy is large. In addition, only 1% of packets
need to be dropped in this setting.

VII. CONCLUSION

In this paper, we have proposed an evaluation framework
for the on-time communication over a fading channel. Due
the fading property of the channel, the time to successfully
deliver a packet is random so that it is very difficult to receive
a packet in an expected slot. Thus, we increased the on-
time reception rate of the packets significantly by optimally
delaying, dropping, and repeating some of them. However,
the improvement is also limited and the 100% on-time trans-
mission can never be achieved, unless the randomness in the
channel gains can be completely removed (e.g., can be fully
predicted). In our future work, we shall further combat the
randomness of fading channels by power allocations, variable-
rate compressions, and parallel transmissions. By optimizing
the d-on-time reception rate jointly, it is expected that TSN
networks can be implemented over wireless networks in the
near future.

APPENDIX
A. Proof of Proposition [I]

Proof. We denote the transmission time of the m-th packet as
T, and the probability that the m-th packet is received d-on
time as P (z,,). For the m-th packet, we have

P(xm)_Pr{mﬂg[—(SgZTk§mTtg[+5}. (50)

k=1
Since transmission time 7 follows the geometric distribution

(cf. (@) and the total transmission time Z;le 71 follows the
negative binomial distribution with parameter p, we have

Pr{sz —J} =" —pY " j=mom 1,
k=1

(G

12

To calculate P (x.,,), we consider the following two cases.
m
1) mTie, < m+90: Since 7, > 1, we have > 7, > m,
k=1

and mTi — 0 < m < ) 7. Thus,
k=1

P (z,,) =Pr {ZTk <miig + 5}
k=1
m m— m mTig+5—m
=p +...+CmTlgll+571p (1—p) at
mTig+4d
m— ™m k—m
= > orpria-p)tm

k=m

(52)

2) mTige > m + 0: In this case, we have

P (zm) :PY{ZTk < mT[gt—i—é}
k=1
—PY{ZTk <mlg —0 — 1}

k=1
mTig+6
= > optra-pt. (53)
k=mTg—0
This completes the proof of Proposition [T} |

B. Proof of Theorem[I]

Proof. Let P (xy) and P (Ty) be the probability for the k-th
packet to be and to be not received §-on time, respectively. We
denote the probability that k& packets out of the M packets are
received é-on time as P (z}). Under this setting, We prove
the theorem by mathematical induction.
We start from M = 1 and readily see that P (z}) = P (z1).
We assume that Theorem [I] holds for M = n, i.e.,
M M
ZkP (a:,]cw) = P (x).
k=1 k=1

(54)

That is,
nP (x1x9 - xy,)
+(n=1)[P@we-an)+... + P21 Tp1Tp)] +
(n—2)[P(T1 Taxs - xn) + ...+ P21 Tp_oTn_1 Tp)]
+...+[P(1T2--Tp)+ ...+ P(@T1 T2 p)]
=P(x1)+ P(z2)+...+ P(xn).
For M = n + 1, we then have

n+1

> kP (@)
k=1

@ (n+1)P(x122 TpTpt1)

(55)

+n[P (T1re  Tp®py1) + ...+ P(x122 - 2 Trg1))
(=) [P@ET T3 Tns) + o Pan T i)

+.. P12 T3 Tor1)+ ...+ P(TT T2 Tpt1)]

® nP (x1xa - - xy)

+(n—=1)[P(@T1x2:xpn)+ ...+ P(x122 - Tpy)]



+(n=2)[P@T T2 an) +... + P(v122 Tp1 T
+. . P@1T2 T3 Tn)+ ...+ P (T T2 ap)]
+ [P(I1I2 “Tpy1) + ...+ P(T1 T2 T3 Tpt1)]
QD Pa1)+ P (@) + ...+ P(@ns1)

n+1
=" P(aw), (56)
k=

in which (¢) follows from (33) and (b) is obtained by re-
organizing the equation (a). For example, the first term of
(36 can be calculated by

(n+1)P (1 Zpt1) + nP (21 20 Tpi1)

=nP (r129- - xy) + P(v122 - TpTpy1) - (57)
Thus, (II) holds true for M = n + 1, and thus holds for all
M > 1 and the proof of Theorem [1]is completed. |

As an illustrative example, we have

3
SO kP (s3)
k=1
=3P ($1I2I3)
—|— 2 [P ($1ZC2I_3) —|— P (I1I_2$3) —|— P (I_l.IQIg)]
+ P (2173 T3) + P (1 Taws) + P (TraoTs)
= 2P (x122) + P (2173) + P (T122)
—|— [P ($1I2$3) —|— P (Il.I_QIg) + P ($_1I2I3) —|— P (I_l I_QI:,))]

= P(ax)

(58)

C. Proof of Proposition

Proof. Before proving Proposition 2| we first prove the fol-
lowing equation

—mil Yyr—1
z—m z—y1—(m—1) k=1
Z Z Z 1= z— 17 (59)
y1=1 y2=1 Yym=1

in which z>m+1, m > 1.

We prove (39) using the mathematical induction. For m =
1, it is clear that the equation is true. Suppose (39) holds for
m = n and we have

n—1
z—n z2—y1—(n—1) Z_kgl vl
YUY LY e @
y1=1 y2=1 Yn=1

For m = n + 1, we then have

n—1 n
z— Y yr—2z— > yr—1
z—(n+1) z—y1—n k=1 k=1

)OI VD

y1=1 Yyn=1 Ynt1=1

13

z—zyk QZ—Eyk 1

z—n—1 zZ—Yyi—n
-yl ¥
y1=1 y2=1 Yn=1 Yn+1= 1
n—1
z=y— 3 yr—1
z—n—1 zZ—y—n k=1
=2 | X > 1
y=1 y1=1 Yn=1
z—n—1
- Z Cg*yfl
y=1
:CQ—Q+CQ—3+"'+C'Z
= + Oy — O + 07 .- O+ o
=Cl,+CY
=t (61)

That is, (39) also holds for m = n + 1. Therefore, (39) holds
for all m > 1.

We denote the transmission time of a packet under the repeat
strategy and at most n, retransmissions as .Sy, , the transmission
time of the ¢-th retransmission as s, ;, the transmission time of
the first transmission as s; o. When a packet is received before
the target reception range, the packet will be retransmitted and
we have

PI‘{Sn _ﬂgt>j}
n,—1
_Pr{zsrz Ttgl>.77zsrz<Ttgl 5}
i=0 =0

ne—1 n,—1
{Zsrz Ttgl>.77zsrz<Ttgl 5<Zsrz}

+...+Pr{so—Ttg[>j,soZT[gt—é}. (62)

1) Tigt > 1+n,+6: When j > —1—6, we have j+ Ty >

Tigt—0 —1 and
PI' {Sn — ﬂgt > j}
ne—1
_Pr{zsrz Tlgt>]uzsrz<Tlgt 5}
i=0 =0
ne—1 ny—2
+Pr{z sri— T > 5, > Sri <Ttgl—5}
=0 1=0
+...+Pr{so— T > j}
Ny ne—1
—Pr {Zs — T >J, Y s0i < Tyt — 5}
1=0 =0
+Pr{S,-1— Tige > Jt
nr—2
Tlgl*‘;*'n«r Tlgl*(s*yf)*nr“rl Tlgl_(s_ igo vimt
= > > > Vv
yo=1 y1=1 Ynp—1=1

+Pr{Sn 1 — T > j}, (63)
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. . ny—1 n—2
in which +Pr { Z Sr,i Z T'tgl - 57 Z Sr,i < T'tgl - 5}

ne—1
Zyw Ny

i=0 i=0
V=p"(l-p)i + ...+ Pr{s,o> T — 0}
n,—1
. =1. 69
'Pr{sr,nr>]+Tlgt_ Zyiusr,i:yi} (69)
i=0 Therefore, the probability distribution function of the packet

ny—1

) . ) under the condition of Tig > 1+ n, + J is given by
pnr(l _p)]'i‘Ttgt r7 ,] 2 Z yl _ ﬂgt

o i=0 (64) Pr{Sn, — Tig > j}
e ol L, j<m—Tg

(1 - ) ) .7 < Yi — Tlgt e
, . T
=0 Z C%lgtftsflpz(l - p)JJr lglilv .] Z -1- 5
ny—1 ny,—1 = i= 0 (70)
Since j > —1 -6, Sri = y; < Ty — 0, we have , ,
ZZ:() 7 Z; 7 tgt Z p)]-i-Tlg[—z CISC.
ne—1 o +Ttgt )
J > > yi — Tig, and then V = p™(1 — p)? The =™ From
9. :;e? have 2) Tige < 14+ 6: In case Tig < 1+ 4, the transmission
] starting time of the packet falls within the target reception
Pr{Sn, — T > j} range. Thus the packet will not be received before the target
T 6_”'2 1 reception range and the packet will only be transmitted at most
leglf(s*nr ﬂglfafy()*(nrfl) e i= vi T
= Z Z Z % once. We have Ty — 0 < 1 < 5,9 < > r. From (62), we
= i=0
yo=1 y1=1 Ynp—1=1 then have
+Pr {Snrfl - T'tgl >Tj} ’ Pr{Snr — T‘tgl > ]} = Pr{sr)o — /Tlgt > ]}
T T Jr tgt — Tor . .
= O%gl—(;—lpn (1 —p)] gt — T + Pr{SnI,1 - ﬂgt > ]} (1 _ p>J+Tlg1, ] > _j'vtgl (71)
T j ﬂ t— Tor = .
C%gl 5— 1p (1 _p)]+ w 17 J < _ﬂgl

- j+Tig—me+1 j+ Tt
+c;1;gl_5 P = py Tl (1 - p) T

3) 146 <Tig <1+mn,+6: Wedenote QQ = Tige —0 — 1.
Since n; > Ty — 6 — 1, we can get (72). Thus, by substituting

— i % JH+Tig—1
- Zcﬂgr—5—1p (L=p) 7= (65) ny = Q =T — 1 — 0 into (Z0), we can get
i=0
Pr{Sy, — Tigt > J}
In case n, — Tigr < j < —1 — 4, we have (66) from (62), = Pr {STtgt—l?—l — Tig > j}
and we have (67) from (64). Finally, we have (68). Tig—0—1

j+Tig — .
> CR sapmA—p) T > 16
In case j < n, — Tig, we have j+ T < np < Tig— 6 — 1. m=0

From (64), we obtain 1, j<—-1-96
. 1— Jj+1+90 > _1-§
Pr{S, — Tige > J} = ( p) ’ j - (73)
ne—1 1, j<—-1-6.
=P i <Tiet — 6 . ..
g { ; , & } This completes the proof of Proposition |

Pr {Snr - Ttgt > -7}

ny—1 nyp—1 ny—2
_Pr{zsrz_ﬂgl>]yZ3rz<ﬂét_6}+Pr{ZSrz>ﬂét_5 Zsrz<ﬂét_6} -+Pr{5r,02ﬂgl_6}

=0 =0 =0

ny—1 ny—1 ny—2
Zsrz ]_5>111gt 6zsrz<,—ngl }+Pr{25r,i>ﬂgt_67zsr,i<ﬂg1_6}

i=0 =0
+ ...+ Pr{sio> T — 6}

5
{Zs” j=6> Tig — 5}
-

Zs”—ing»y} (66)



D. Proof of Proposition

Proof. Note that in Proposition 2] the system transmits only
one packet and the state of the packet is i = Tig. Using the
results in Proposition [2| and substituting y = j + Ti and
i = Tiy into (I4), (I3) and (I6), for the case i > 1+ n, + ¢
we have

Pr{S, >y}

§fcyﬁ%1—pﬂ

n<y<i—1—9¢

Z Ssoap"(1=p)"", y>i—1-4
17 Y < Ny
(74)
when 7 < 1+ 4, we have
1-p)Y, y>0
Pris, >yt =Pr{sy=yi={ P Y20 g5
1, y < 0;
when 1 +6 <i <1+ n,+ 6, we have
Pr{S, >y} =Pr{Si-1_s > y}
1—p)? 7y >
_ )= oy ' 76
1, y<i—1-34.

We denote the transition probability of the packet from state
i to state j by adopting the repeat strategy as p;; (n,). From

(I7), we have
pij () = Pr{i — j + Tig = y}

= Pr {Snr = y}

15

=Pr{S,, >y—1} —Pr{S,, > y}.
1) i <1+3: Wheni <146, from (73) and (77), we have

(77)

pij (1)

=Pr{i—j+ T =y}

=Pr{S, =y}

=Pr{S, >y—1} —Pr{S, >y}

=Pr{S, >i—j+Tig—1} —Pr{S, >i—j+ T}

=g T (= p) e = 4 T > 0

_{1—1, i—j+Tu<0

) {p(l e R .
0, i < j— T

2) 1+6<i<l4+mn,+d6: Whenl+d<i<l+mn,+56,
from (Z6) and (77), we have

pij (1)
:Pr{i_j""Tlgt :y}
=Pr {Snr = y}

=Pr{S,, >y—1} —Pr{S,, >y}
:PI'{Snr >Z_]+ﬂgt_1}_Pr{Snr >Z_]+11[gt}
_¥m—m%j”,j<rw+ﬂg

. (79)
0, j>140+ Tigt-

3)i>1+mn,+6: In the case of i > 1 + n; + 6§, we
first consider the state transition probability when n, < y <
i — 1 — 6. From (74) and (77), we have

pij (nr)
= Pr{i_j'i'Tlgt :y}

ne—1
{Zsrz Ttgl>]azsrz<Ttgl }

n,—1

n,—1
{Zsrz Tlgt>.77zsrz<Tlgt 5]>Zsrz Tlgt}

nrl nrl

=0 1=0 =0

Nr
+Pr{zsr,i _T’lgt >j; Z Sr,i < ﬂgl_67j < Z Sr,i _T'tgl}

ny—1

ny—1

i=0

Ny ny—1
—Pr{zsr,i_T’lgt>j7jZ Zsr,i_T’tgt}+Pr{zsr,i<T’lgt_57j< Zsr,i_ﬂgl}
=0

i=0 i=0
nr—2
. . J+Tig— Yi
J+Tige—ne+1 j+Tige—yo—n:+2 @ igf)
yo=1 y1=1 Yny—1=1
nr—2
. ) j+Tig— i
J+Tig—(ne—1) j+Tig—yo—(n:—2) I igo Y
yo=1 y1=1 Ynr—1=1
ny—1
_ n, J+Tig—mn: )
CJJrrTll (1-p) + Pr Sri < Tigt —
=0

ny—1
5} _PY{Z Sr,i_TlgtSj}'
=0

n,—1 n,—1
v+Pr{Z s < T = 0,7 < ) sm-—Tlgt}

=0

=0

ny—1

ny—1
pn{(l - p)JJrTlglinr + Pr { Z St < Ttgt - 57] < Z Sri — Ttgt}

i=0 i=0

(67)
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Pr{Sn - T'tgt > j}

ny—1 ne—1 Ny—2
_Pr{zsm ﬂgl>]azsrz<ﬂgl }+PY{ZSr7iZﬂgl_6,ZSr7i<T‘tg[_6}+...+PY{Sr)02T‘tg[—§}

i=0 i—0

ny—1 ne—1
O;ler[gl p™ (1 — p)HTlgrnr + Pr { Z S < Tigt — 5} —Pr { Z Sri — Tigt < j}

=0 =0

ny—1
{ZSrzZﬂgt (SZSH<Tlgt }+...+Pr{sr702ﬂgl—6}

n,—1
O (1 - )T 1 pr { S s T < j}

=0

ny—1
= Oy, " (L —p) T 4 Pr { > sei—Tig > j}

1=0
= Ot (1= p)" T L Pr{S,, 1 — T > j}
= C”i:nglp"'(l p) T o T (L= py T L (1)t
Z L p (1= p) T (68)

Pr{S,, — Tis« > j}

Nr ny—1 Q Q Q-1
_Pr{zsm—Ttgt > 7, Z Sri <T[gt—5} +...+Pr{zsr7i—Ttg[ >jvzsr7i > Tigt — 6, Zsr,i <Ttg1—5}
1=0 i=0

=0 =0 =0
+ ...+ Pr{sio— Tige > J,5r,0 > Tige — 6}

Q Q Q-1
= Pr{zsrﬂ; _T’lgt >jaZSr,i > T’lgt _57 Z Sri < T’lgt — 5} +... +PI‘{SI-_’Z- _T'tgl > j75r_’i > T’lgt — 5}
=0 =0 1=0

Q Q-1 Q-1 Q-1 Q-2
_Pr{zsm—Ttgt >ja Zsr,i < Ttgt—(s} +Pr{Zsr7i—T[gt >j7 Zsrﬂ- Zﬂgl_avz Sri <ﬂgt_6}

i=0 i=0 i=0 i=0 i=0
+...+Pr{so—Tig > J,sr,0 > Tige — 0}
= Pr{So — T > j} (72)
- m m —1-m = m_m —m
=y Crpm(1-p) -y crpm(1-p)? 1 )
m=0 m=0 - Z Cyop™ (1= p)?
- m m —1-m m=1
- Z CyLip™(1 - p)” e L
" n, =2 O™ =gy
Y m m —1-m m=0
-(1-p) Z v—m v1P (1-p)* ne—1
m=0" _ Z m+1 p)y—l—m
m m 1-m
=P c —1P (1 - p)y n, n, Ny
7nZ:0 ! = Cyrp' (1 —P)y . (80)
M —1-m We then consider the state transition probability when y >
- (1- —C 1—p)?
( p)mzoy—m P =p) i —1— 9 and have

pij (nr)



Pr{i—j+ T =y}
Pr{i—j+Tg>y—1}—Pr{i—j+ T >y}

Z Cty_sp™(1 - p)y_m_l
m=0

Nr

—m—1
Zcﬁl—épprm(l—?)y "
m=0

Finally, when y < k, we have

pij (1)

=Pr{i—j+Tig=vy}
=Pr{i—j+Tg>y—1} —Pr{i—j+ T >y}
—1-1

=0, (82)

Thus when 7 > 1 + n, + J, we have

pij (1)

0 Y <y
et =y e <y<i—1-6
Yo ptra-p) T ysi-1-4,

m=0
(83)
in which y =i — j + Tig.
This completes the proof of Proposition [3 ]
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