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Abstract—Extremely large-scale array (XL-array) has emerged
as a promising technology to improve the spectrum efficiency and
spatial resolution of future wireless systems. However, the huge
number of antennas renders the users more likely to locate in
the near-field (instead of the far-field) region of the XL-array
with spherical wavefront propagation. This inevitably incurs
prohibitively high beam training overhead since it requires a
two-dimensional (2D) beam search over both the angular and
distance domains. To address this issue, we propose in this
paper an efficient two-stage hierarchical beam training method
for near-field communications. Specifically, in the first stage, we
employ the central sub-array of the XL-array to search for a
coarse user direction in the angular domain with conventional
far-field hierarchical codebook. Then, in the second stage, given
the coarse user direction, we progressively search for the fine-
grained user direction-and-distance in the polar domain with
a dedicatedly designed codebook. Numerical results show that
our proposed two-stage hierarchical beam training method can
achieve over 99% training overhead reduction as compared
to the 2D exhaustive search, yet achieving comparable rate
performance.

Index Terms—Near-field communications, extremely large-
scale array (XL-array), beam training, hierarchical codebook.

I. INTRODUCTION

Extremely large-scale array/surface (XL-array/surface) has

emerged as a promising technology to achieve ultra-high

spectrum efficiency and super spatial resolution in future sixth-

generation (6G) communication systems [1]–[7]. Specifically,

with wireless communications migrating to higher frequency

bands, such as millimeter-wave (mmWave) and even terahertz

(THz) [8], XL-array/surface is expected to be widely deployed

at the base station (BS) to compensate for the severe path-loss

via highly directional beamforming.

With the sharp increase in the carrier frequency and number

of antennas, the well-known Rayleigh distance will expand to
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dozens to hundreds of meters, which means that the users

are more likely to locate in the near-field region of the XL-

array [1]. Different from conventional far-field communica-

tions with its electromagnetic (EM) field simply modeled

as planar waves, the EM field of near-field communications

should be accurately modeled by spherical waves. This unique

channel characteristic can be delicately leveraged to enable

flexible beam focusing, for which the beam energy can be

focused on a specific spatial location rather than a specific

direction as in conventional far-field communications [9].

Despite many advantages, near-field communications also face

critical challenges in practical implementation, such as low-

overhead beam training. In this paper, we propose an efficient

two-stage hierarchical beam training method to significantly

reduce the training overhead of existing schemes.

A. Related Works

1) Near-field Wireless Communications: Near-field com-

munications have attracted extensive research attention in

recent years that exploits XL-arrays/surfaces for improving the

performance of wireless systems. For example, a new concept

of location division multiple access (LDMA) was proposed

in [10] to enhance the multiple accessibility and system

capacity in the near-field region. Particularly, the additional

spatial resolution of near-field communications was exploited

by the XL-array to serve multiple users simultaneously without

introducing severe inter-user interference, even when the users

are located in the same spatial directions. In addition, the

near-field beam focusing property was utilized to improve

the charging efficiency of wireless power transfer (WPT)

systems [11]. In [12], an XL-surface aided communication

system was studied, where the XL-surface is integrated into

an access point to achieve transmit diversity and passive

beamforming simultaneously. For near-field localization, the

authors in [13] optimized the XL-array phase-shifts to improve

the localization accuracy, while the Cramér-Rao bound (CRB)

performance was studied in [14]. Moreover, the coexistence

of far-field and near-field communications may also appear

in future wireless communication systems [15]. In this con-

text, a mixed near- and far-field communication scenario was

investigated in [16], where the inter-user interference at the

near-field user caused by the far-field beam was analytically

characterized.

2) Conventional Far-field Beam Training: To fully reap the

prominent beamforming gain brought by XL-array/surface, it

is indispensable to perform efficient beam training at the BS

to establish a high-quality initial link before implementing

channel estimation and data transmission [17]. For far-field

http://arxiv.org/abs/2302.12511v1
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beam training, the BS conducts beam sweeping through mul-

tiple directional beams predefined in a codebook, while each

user identifies its optimal beam (codeword) and feed its index

back to the BS [18]. There have been substantial works on

the far-field beam training (codebook) design with the aim to

improve beam training accuracy and/or reduce its overhead,

see e.g., [19]–[22]. Specifically, in [19], the authors proposed

a hierarchical beam training method, where wide beams are

generated by activating a sub-array of the full-array. The beam

training accuracy was further improved in [20] by designing

another hierarchical codebook that jointly utilizes the sub-

array and deactivation techniques. Moreover, a novel multi-

beam training method was proposed in [21] that steers multiple

beams simultaneously at each time for reducing multi-user

beam training overhead. In [22], the authors proposed a

simultaneous multi-user hierarchical beam training scheme for

mmWave massive multi-input multi-output (MIMO) systems,

wherein an alternative minimization method was proposed to

design the hierarchical codebook, based on which the beam

training scheme at the BS was adaptively adjusted according

to the beam training results of previous layers.

However, these far-field beam training methods may not be

applicable to the near-field case, since the near-field user chan-

nel is related to not only the spatial angle-of-departure/arrival

(AoD/AoA), but also the (effective) BS-user distance. In

particular, when the far-field beams are applied to near-field

beam training, there may appear the so-called energy-spread

effect [23], in which the energy of a beam steering at a

specific direction will be spread into multiple angles. As such,

directly applying the far-field beam training methods [19]–[22]

to the near-field scenario will result in severe performance

degradation.

3) Near-field Beam Training: To tackle this issue, several

research efforts have been made to design efficient near-

field beam training methods. Specifically, the authors in [23]

proposed a new polar-domain codebook, wherein the angular

domain is uniformly sampled while the distance domain is

non-uniformly sampled. Based on this polar-domain codebook,

the exhaustive-search based beam training method will incur

prohibitively high training overhead, which is the product of

the number of BS antennas and sampled distances. To reduce

the training overhead, an efficient two-phase beam training

method was recently proposed in [24], which decomposes the

joint estimation of the spatial angle and distance into two

separate phases. This scheme exploits a key observation that

when far-field beams are used for beam training, the true

user spatial direction approximately locates in the middle of

a dominant angular region with high received signal powers.

In [25], the authors proposed a deep-learning based beam

training scheme which predicts the best near-field codeword by

using neural networks with measurements of the beam gains

of conventional far-field wide beams. For near-field wide-

band communications, the effect of beam split was utilized

in [26] to enable fast beam training by focusing beams at

different frequencies on different desired locations. Besides,

the authors in [27] proposed a near-field hierarchical beam

training method based on a new rectangular coordinate system.

However, this scheme is highly sensitive to the sampling

steps and relies on the prior knowledge of the candidate

region. In [28], the authors customized a near-field hierarchical

beam training scheme for the digital precoding architecture by

designing a near-field multi-resolution codebooks using the

Gerchberg–Saxton (GS) based algorithm.

B. Our Contributions

In this paper, we propose an efficient near-field hierarchical

beam training design to further reduce the training overhead

of existing near-field beam training methods. The main con-

tributions of this paper are summarized as follows.

• First, we present one key observation that by properly

activating a central sub-array of the XL-array for beam

training, the near-field energy-spread effect can be effec-

tively mitigated. This thus inspires us to design a simple

yet efficient two-stage hierarchical beam training method.

Specifically, in the first stage, we estimate the coarse user

direction by employing the sub-array technique to imple-

ment the conventional far-field hierarchical beam train-

ing. Then, in the second stage, we further progressively

resolve the user direction and its effective distance by

devising a dedicated polar-domain hierarchical codebook

as well as a new beam training method.

• Second, we show that the training overhead of the pro-

posed two-stage hierarchical beam training design scales

with the number of XL-array antennas, N , in the order

of O(log2(N)). Moreover, we discuss the extensions of

the proposed beam training design to other systems with

planar arrays and metasurfaces.

• Finally, numerical results are provided to verify the

effectiveness of our proposed two-stage hierarchical beam

training design. In particular, we show that our proposed

hierarchical beam training design can achieve over 99%
and 95% beam training overhead reduction as compared

with the exhaustive-search based [23] and two-phase

[24] near-field beam training schemes, respectively, yet

achieving comparable rate performance.

The rest of the paper is organized as follows. In Section

II, we present the near-field communication system model.

Several existing benchmark schemes for near-field beam train-

ing are introduced in Section III. In Section IV, we present

our key observations and the proposed two-stage hierarchical

beam training method. In Section V, we discuss several key

parameters of our design and the extensions to other systems.

Numerical results are shown in Section VI, followed by the

conclusions in Section VII.

Notations: For a vector a, (a)T and (a)H denote its

transpose and conjugate transpose, respectively. For a set S,

S[n] returns its n-th element. ⌈·⌉ and ⌊·⌋ denote the ceil

and floor operator, respectively. 0n represents a vector with

n zero elements. CN (µ, σ2) denotes the circularly symmetric

complex Gaussian distribution with mean µ and variance σ2.

I(·) is the indicator function. ⊗ stands for the Kronecker

product.

II. SYSTEM MODEL

As shown in Fig. 1, we consider a narrow-band downlink

communication system, where a BS equipped with an N -
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Fig. 1: A narrow-band XL-array communication system.

antenna uniform linear array (ULA) communicates with a

single-antenna user.1 The antennas are placed along the y-axis

with the coordinate of the n-th antenna given by (0, δnd),
where δn = 2n−N−1

2 , and d = λc

2 is the antenna spacing

with λc denoting the carrier wavelength. Then, based on the

spherical wavefront propagation model, the near-field line-of-

sight (LoS) channel from the BS to the user can be modeled

as [23]

h =
√
Nhb(θ, r), (1)

where h =
√
ρ0

r
e− 2π

λc
r is the complex channel gain with ρ0

denoting the reference channel power gain at a distance of

1 m, θ is the sine of the spatial AoD φ, and r denotes the

distance between the geometric center of the BS and the user.

Besides, b(θ, r) denotes the near-field steering vector, given

by2

b(θ, r) =
1√
N

[

e− 2π
λc

(r(1)−r), ..., e− 2π
λc

(r(N)−r)
]T

, (2)

where r(n) =
√

r2(1 − θ2) + (rθ − δnd)2 represents the

distance between the n-th antenna at the BS and the user.

Note that we assume in this paper that the user is located in the

Fresnel region, i.e., r > rmin = max{ 1
2

√

D3

λc
, 1.2D}, where

the amplitude variations across the antennas are negligible

[29], [30]. It is worth pointing out that when r is sufficiently

large, b(θ, r) is equivalent to the conventional far-field steering

vector

a(θ) =
1√
N

[

1, e−πθ, ..., e−π(N−1)θ
]T

. (3)

This is because r(n) ≈ r − δndθ when r is sufficiently large.

Thus, the near-field steering vector is a general model that

1The proposed beam training method can be readily applied to the multi-
user scenario by employing time division multiple access (TDMA). Therefore,
without loss of generality, we consider a typical user in this paper.

2In this paper, the near-field steering vector can represent the response of
a ULA/sub-array with arbitrary numbers of antennas.

characterizes the channel accurately.

Based on the BS-user channel in (1), the received signal at

the user is given by

y(v) = h
H
vx + z0, (4)

where x denotes the transmitted symbol of the BS, v repre-

sents the analog phase-shifter (PS) based transmit beamform-

ing vector at the BS, and z0 ∼ CN (0, σ2) is the additive white

Gaussian noise (AWGN) at the user with power σ2.

From (4), it can be easily obtained that the optimal BS

beamforming vector is v
∗ = b(θ, r). In practice, the beam

training method is usually performed to establish a high-

quality initial link before channel estimation and data trans-

mission, by finding the optimal beam codeword that matches

v
∗.

III. BENCHMARK SCHEMES

In this section, we introduce existing beam training schemes

for near-field communications and point out their limitations.

A. Exhaustive-Search Based Near-field Beam Training

Different from the far-field beam training, the near-field

beam training requires the beam search in both the angular

and distance domains. To this end, a polar-domain codebook

was proposed in [23], which is given by

W
pol =

{

w
pol
n,s = b(θn, r

(s)
n )|n ∈ N , s ∈ S

}

, (5)

where N = {1, ..., N}, S = {1, ..., S}, θn = 2n−N−1
N

represents the pointing angle of each codeword in W
pol,

which is uniformly sampled in the spatial angular domain

[−1, 1], S and r
(s)
n denote the number of sampled distances

and the s-th sampled distance for each angle θn, respectively.

Specifically, r
(s)
n is given by

r(s)n =
1

s
S∆(1− (θn)

2), s = 0, 1, ..., S − 1, (6)

where S∆ is a constant [23]. Note that ∀n, the distance

intervals, r
(s+1)
n −r

(s)
n , s = 0, ..., S−1, is larger as the distance

increases since the near-field effect gradually diminishes with

distance.

Based on the polar-domain codebook in (5), we denote

(n∗, s∗) = argmax
(n,s)

(|bH(θ, r)wpol
n,s|2) (7)

as the optimal codeword index for the user. In practice, the

exhaustive-search based method can be applied to find the

best beam that attains the maximum received signal-to-noise

ratio (SNR) at the user. However, this method incurs a total

overhead of NS, which is unaffordable when N is large. For

example, when N = 512, S = 6, the total beam training

overhead is 3072.

B. Two-phase Near-field Beam Training

To reduce the huge beam training overhead of the

exhaustive-search based scheme, a fast near-field beam train-

ing method was proposed in [24] that separately estimates

the spatial user direction and distance in two sequential
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phases. Specifically, a key observation shows that when the

far-field beams are used for beam training, the true spatial

direction of the near-field user approximately lies in the middle

of the dominant angular region with sufficiently high beam

powers (as illustrated in the blue curve of Fig. 2). Given this

observation, in the first phase, we employ the conventional

angular-domain far-field codebook given by

W
ang =

{

w
ang
n = a(θn)

∣

∣

∣
n = 1, ..., N, θn =

2n−N − 1

N

}

(8)

to perform beam sweeping over the whole angular domain.

Then, the K directions that lie in the middle of the dominant

angular region are selected as candidate spatial angles. In the

second phase, the effective distance of the user is estimated by

searching over the distance domain according to (6) for each

candidate spatial angle. Compared with the exhaustive-search

based beam training method, the beam training overhead of

this method is reduced to N +KS. However, this overhead is

still proportion to N , which is prohibitively high when N is

large. For instance, when N = 512, S = 6,K = 1, the total

overhead of the two-phase scheme in [24] is 518.

C. Conventional Far-field Hierarchical Beam training

Consider the conventional far-field hierarchical beam train-

ing method and its issues when applied in the near-field beam

training. The basic idea of hierarchical beam training is to

first search for a coarse user direction by employing wide

beams and then progressively identify fine-grained user spatial

directions by using narrower beams. The corresponding far-

field hierarchical codebook can be implemented by either the

deactivation or the joint sub-array and deactivation techniques,

with the details given in [19] and [20], respectively. When

N = 512, the total overhead of far-field hierarchical beam

training is 2 log2(N) = 18.

However, the conventional far-field hierarchical beam train-

ing is no longer applicable to the near-field case due to the

unique near-field energy-spread effect [23], which will be

specified in the next section.

IV. PROPOSED TWO-STAGE HIERARCHICAL BEAM

TRAINING

In this section, we propose a new two-stage hierarchical

beam training method to significantly reduce the overhead of

the existing near-field beam training methods, yet achieving

superior rate performance.

A. Key Idea

First, we define the beam gain as follows.

Definition 1. Define g(b(θ, r),w) as the normalized beam

gain of the beamforming vector w along the channel steering

vector b(θ, r), which is given by

g(b(θ, r),w) = |bH(θ, r)w|. (9)

Next, consider a near-field user with a channel steering

vector b(θ, r). We present two key observations when the far-

field beams based on the full- or sub-array are applied for

beam sweeping.
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Fig. 2: Normalized beam gain of the full-array and a central

sub-array, respectively. The Xl-array has N = 512 antennas

and the central sub-array includes Nc = 128 antennas. The

carrier frequency f is 100 GHz and the BS-user distance is

r = 5 m.

Observation 1 (Near-field energy-spread effect). Consider the

full-array beam sweeping with far-field beams given in (8). The

beam gain defined in (8) is large and fluctuates over a wide

spatial angular region (see the blue curve of Fig. 2).

This is the so-called energy-spread effect for near-field

communications [23], which can be explained as follows: The

XL-array can be equally divided into multiple sub-arrays, such

that the user locates in the far-field region of each sub-array,

while it lies in the near-field region of the full-array. This

thus leads to different AoDs (or called pointing directions)

from each individual sub-array to the user. As such, when

the full-array far-field beams are applied for beam sweeping

in the neighborhood of the true direction θ, the beam angle

will align with the pointing directions of certain sub-arrays,

hence yielding a wide angular region with strong beam gains.

Therefore, it is expected that if we use the full XL-array

for hierarchical beam training, the users cannot distinguish

the optimal beam direction by finding the maximum received

signal power among all beams.

Observation 2 (Sub-array beam sweeping without near-

field effect). Consider the sub-array beam sweeping with

far-field beams where only a central sub-array with

Nc = N/4 antennas are activated, i.e., wi =
[

0
T
3N
8

, aT
(

−1 + 2i−1
Nc

)

,0T
3N
8

]T

, i = 1, ..., Nc. The beam

gain of the central sub-array has a sharp peak pointing to

the true direction of the user, and the normalized beam gain

of the central sub-array approximates that of the full-array

(see the red curve in Fig. 2).

Observation 2 indicates that if we select a relatively small

number of antennas for beam training, the users can be

regarded as residing in the far-field region of the sub-array.

Motivated by the above, we propose a new two-stage

hierarchical beam training method, as illustrated in Fig. 3.

Specifically, in the first stage, we estimate the coarse user

direction by employing the sub-array for implementing the
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Fig. 3: Illustration of the proposed two-stage hierarchical beam training method (codebook).

conventional far-field hierarchical beam training based on an

upper-level codebook in the angular domain. Then, in the

second stage, we further resolve the user direction as well

as its effective distance by designing a dedicated lower-level

codebook in both the angular and distance domains as well as

devising a new beam training method. Referring to the far-

field binary-tree based hierarchical beam training [20], the

total number of layers of our hierarchical codebook can be

set as Lt = log2(N), while the upper-level and lower-level

codebooks include L and Lt − L layers, respectively. The

details will be presented in subsequent subsections.

B. Stage 1: Coarse User Direction Estimation

1) Upper-level 1D Hierarchical Codebook Design: For

Stage 1, we first devise its upper-level one-dimensional (1D)

hierarchical codebook in the angular domain and then present

the beam training method for coarse user direction estimation.

Specifically, similar to the conventional far-field hierarchical

codebook, the proposed upper-level codebook includes L lay-

ers of codewords based on the following two criteria. Firstly,

for each layer in the upper-level codebook, each codeword

should cover a specific angular region as well as the entire

distance domain, i.e., [rmin,∞]. Moreover, all the codewords

in each layer should equally divide the entire spatial angular

domain [−1, 1]. Secondly, the beam coverage of an arbitrary

codeword within a layer should be covered by the union of

those of two codewords in the next layer.

To satisfy the above two criteria, the upper-level codebook

is devised as follows. For the ℓ-th layer, Nℓ = 2ℓ antennas

in the center of the BS XL-array are activated, which can

generate a far-field beam with beam width of 2/Nℓ [19]. Note

that with a smaller Nℓ, the user is more likely to reside in

the far-field region of the BS. As such, for the ℓ-th layer,

it has Nℓ codewords, each pointing to a spatial direction

of −1 + 2i−1
Nℓ

, ℓ = 1, ..., Nℓ. Let W
(ℓ) = {w(ℓ)

1 , ...,w
(ℓ)
Nℓ

}

denote the set of the ℓ-th layer codewords in the first stage.

Mathematically, the i-th codeword in W
(ℓ) is given by

w
(ℓ)
i =

[

0
T
N−Nℓ

2

,bT

(

−1 +
2i− 1

Nℓ

,∞
)

,0T
N−Nℓ

2

]T

,

i = 1, ..., Nℓ.

(10)

It is worth noting that b(θ,∞) is equal to a(θ).

2) Hierarchical Beam Training of Stage 1: Based on the

designed upper-level codebook, the angular-domain hierarchi-

cal beam training in Stage 1 can be implemented by using

the binary-tree based beam search. Suppose that w
(L)
i∗ is the

optimal codeword in the L-th layer of Stage 1 with i∗ denoting

the best codeword index. The coarse direction is then estimated

as θ∗ = −1+ 2i∗−1
2L

, while the true direction lies in the angular

region [−1 + 2i∗−2
2L ,−1 + 2i∗

2L ].

For Stage 1, it takes two training beams for each layer of

beam training and thus the total overhead is 2L, which is

consistent with the conventional far-field case [19].

Remark 1. (Deactivation approach) Note that in the con-

ventional far-field hierarchical codebook design [19], the

activated sub-array can be selected arbitrarily from the en-

tire array. In contrast, for the proposed first-stage codebook

design, the activated sub-array are selected as those located

in the middle of the full-array for improving the beam training

performance. This is because the use of non-central sub-array

may cause a larger estimation error as it may not point to

the desired spatial directions during beam training. For the

same reason, the joint sub-array and deactivation technique

proposed in [20] is not applicable to our design.

C. Stage 2: Fine-grained Direction-and-distance Estimation

Given the coarse user direction estimated in Stage 1, the

optimal near-field beam vector for the user can be found
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Fig. 4: Illustration of the sampled distances of the lower-level

codebook.

by exhaustively searching over all candidate direction-and-

distance pairs. However, the beam training overhead of this

method is the product of the number of remaining candidate

directions, i.e., 2Lt−L, and the number of sampled distances S,

and hence requiring 2Lt−LS training overhead in the second

stage. To further reduce the overhead, we devise below a

new lower-level two-dimensional (2D) hierarchical codebook

as well as its dedicated beam training design.

1) Lower-Level 2D Hierarchical Codebook Design: As

illustrated in Fig. 3, the lower-level codebook in Stage 2

consists of Lt−L layers of beam codewords, which is designed

to satisfy the following criteria to facilitate the binary-tree

search in the hierarchical beam training (see Section IV-C2).

First, each codeword of the lower-level codebook should cover

a specific angular region as well as a distance region in

the polar domain. Moreover, all the codewords in each layer

should jointly cover the entire angular domain [−1, 1] and the

distance domain [rmin,∞]. Second, the beam coverage of an

arbitrary codeword in one layer should be covered by the union

of those of two codewords in the next layer.

To satisfy the above criteria, we design the lower-level

codebook as follows. For the u-th layer, u = L + 1, ..., Lt,

Nu = 2u antennas in the center of the BS XL-array are

activated. Denote the set of the u-th layer codewords as

W̄
(u) = {w̄(u)

1,1 , ..., w̄
(u)
1,Su

, ..., w̄
(u)
i,1 , ..., w̄

(u)
i,Su

, ...}, wherein

each codeword w̄
(u)
i,j , i = 1, ..., Nu, j = 1, ..., Su, corresponds

to a near-field steering vector pointing to a specific direction-

and-distance pair, i.e., b(θ
(u)
i , r

(u)
i,j ), and Su = 2u−L is the

number of sampled distances for θ
(u)
i in the u-th layer. The

design of codeword w̄
(u)
i,j is specified as follows:

Firstly, for the u-th layer, each codeword points to a spatial

direction such that the sampled directions equally divide the

angular domain [−1, 1], i.e., θ
(u)
i = −1 + 2i−1

Nu
, i = 1, ..., Nu.

Mathematically, we have

Algorithm 1 Proposed two-stage hierarchical beam-training

1: Input: N, f, L, S∆, S.

2: Stage 1: Coarse user direction estimation

3: for ℓ = 1, ..., L do

4: Calculate the upper-level hierarchical codebook ac-

cording to (10).

5: Test two codewords and find the best codeword index

by measuring the received signal power of (4).

6: end for

7: Stage 2: Fine-grained direction-and-distance estima-

tion

8: for u = L+ 1, ..., Lt − 1 do

9: Calculate the lower-level hierarchical codebook ac-

cording to (11).

10: Test four codewords and find the best codeword index

by measuring the received signal power of (4).

11: end for

12: Calculate the sampled distances of the last layer by (15).

13: Test the signal power of the last-layer codewords.

14: Output: The best codeword w
∗, and the estimated user

direction and distance.

w̄
(u)
i,j =

[

0
T
N−Nu

2

,bT
(

θ
(u)
i , r

(u)
i,j

)

,0T
N−Nu

2

]T

,

i = 1, ..., Nu, j = 1, ..., Su.
(11)

Next, consider the sampled distances for the codewords with

the same direction θ
(u)
i . To cover the distance domain sampled

in (6), we define a distance index set as

S , {0, ..., S − 1} . (12)

Then, for each spatial direction θ
(u)
i of the u-th layer code-

words, Su sampled distances are chosen such that the distance

index set are progressively divided in the binary-tree manner,

as illustrated in Fig. 4. Specifically, let I(u, j) denote a

function that gives the index of the j-th sampled distance of

the u-th layer codewords, which is given by

I(u, j) =

⌈

2j − 1

2Su

S

⌉

. (13)

Consequently, the steering sampled distance of codeword w̄
(u)
i,j

is

r
(u)
i,j =

S∆

S[I(u, j)] (1− (θ
(u)
i )2). (14)

2) Hierarchical Beam Training of Stage 2: Based on the

devised lower-level codebook, the second-stage beam training

design is detailed as the following two cases:

1) Layers u = L+1, ..., Lt−1. For the lower layers except

the last layer, we implement the binary-tree based beam search

over both the angular and the distance domain to gradually

resolve the fine-grained direction-and-distance of the user.

Specifically, for each layer of beam training, four codewords

in (11) are tested, corresponding to the combinations of two

steering directions and two steering distances. According to the

received signal power at the user, we can decide the best beam
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in the u-th layer as well as its steering direction and distance.

Then, we enter the next layer and repeat this procedure.

2) Last layer, i.e., u = Lt. For the last layer, we aim to

determine the best near-field beam for the user to maximize the

beam training accuracy. Let w̄
(Lt−1)
i∗,j∗ denote the best codeword

obtained in layer (Lt − 1) with (i∗, j∗) denoting the corre-

sponding beam index. Then, for the beam training in Layer Lt,

the two beam directions are selected as θ1 = −1+ 2(2i∗−1)−1
N

and θ2 = −1 + 2(2i∗)−1
N

. For each direction, we select all

the beam codewords in S whose steering distance indices are

within [I(Lt − 1, j∗ − 1), I(Lt − 1, j∗ + 1)]. Mathematically,

the steering distances of the selected codewords for direction

θi with i = 1, 2 are

r ∈
{

S∆

S[k] (1 − (θi)
2)

}

, (15)

where I(Lt − 1, j∗ − 1) < k < I(Lt − 1, j∗ + 1).

Accordingly, for Stage 2, it requires testing 4 codewords

for each layer u = L + 1, ..., Lt − 1 and the remaining

⌈ S
2Lt−L ⌉ codewords for the last layer u = Lt. The total beam

training overhead of Stage 2 is 4(Lt − L − 1) + ⌈ S
2Lt−L ⌉.

The detailed procedure of the proposed two-stage hierarchical

beam training design is summarized in Algorithm 1.

An example is provided as below to demonstrate the de-

tailed procedure of the proposed two-stage hierarchical beam

training method.

Example 1: Consider the case with N = 512. The user

is located at [θ, r] = [0, 40m]. The parameters are set as

Lt = 9, L = 7, and S∆ = 70. As introduced in Section

IV-B2, the coarse user direction is gradually estimated as

−0.0078 after 7 layers of beam training in Stage 1 (the best

codeword of Stage 1 is w
(7)
64 ). Then, we enter the second

stage. Four codewords are tested in the 8-th layer, i.e.,

w̄
(8)
i,j , i = 127, 128, j = 1, 2, with their sampled distances

given by r
(8)
i,1 = 68(1 − (θ

(8)
i )2), r

(8)
i,2 = 17(1 − (θ

(8)
i )2).

Suppose that w̄
(8)
128,1 is the best codeword for the 8-th layer.

Then, in the last layer, six beam codewords are tested, i.e.,

w̄
(9)
i,j , i = 256, 257, j = 1, 2, 3, corresponding to the sampled

distances r ∈ [∞, 68, 34] (see (15)). Finally, if w̄
(9)
256,3 yields

the maximum received signal power at the user, the best code-

word of the proposed two-stage hierarchical beam training

method is identified as w̄
(9)
256,3, which steers to the location

[θ, r] = [−0.0019, 35m].

V. DISCUSSIONS AND EXTENSIONS

In this section, we discuss several key parameters of our

proposed beam training design as well as its extensions to

other systems with planar array and metasurface.

A. Beam Training Overhead

Based on the above introduction, the total training overhead

of the proposed two-stage hierarchical method is given by

T = 2L+ 4(Lt − L− 1) +

⌈

S

2Lt−L

⌉

(a)≈ 2L+ 4(Lt − L)

= 2 log2(NL) + 4 log2(
N

NL

) ∼ O(log2(N)),

(16)

where (a) is obtained by assuming that four codewords are

tested in the last layer, similar as the preceding layers of Stage

2. Generally, it takes 2 training beams for each layer of Stage

1 for coarse user direction estimation, followed by 4 training

beams for each layer of Stage 2 to fine-tune both the beam

direction and distance. Note that the approximation in (16) is

not affected by S since N is practically much larger than S.

According to (16), the training overhead of our design scales

in the order of O(log2(N)), which is significantly lower than

the benchmark near-field beam training schemes introduced in

Section III.

Example 2: Consider the same system setup as that in Ex-

ample 1 with random user locations. The total beam training

overhead of our proposed design is 2× 7 + 4 + 6 = 24.

B. Proper Value of L

In fact, there exists a trade-off between the beam training

overhead and its accuracy with different L. In particular, when

L = Lt, the proposed hierarchical codebook reduces to the

conventional far-field hierarchical codebook [19]. Generally,

for minimizing the beam training overhead, it is desirable

to choose L as large as possible. However, for guaranteeing

the beam training performance in the near field, we should

properly choose a small number of activated antennas in

Stage 1 (a small L) to avoid the energy-spread effect, which

is affected by the number of activated antennas and user

distance. To balance the above trade-off, we first show in

Fig. 5(a) that if the user is located in the Fresnel region

(r ≥ rmin = 1
2

√

D3

λc
= λc

4

√

N3

2 ), there is little energy-spread

during the first-stage beam training when L ≤ Lt − 2. Then,

we plot in Fig. 5(b) the beam gain of all the codewords in

(11) for L = Lt − 2 and L = Lt − 3, respectively. It can

be observed that the beam gain of the codewords with the

first sampled distance (r = 9 m) approximates that of the

codewords with the second sampled distances (r = 68 m) for

N = 512, L = 7. This indicates that if Stage 2 starts at an

earlier layer than L = Lt−2, there is little enhancement in the

spatial resolution for our proposed two-stage hierarchical beam

training method, yet with increased training overhead as given

in (16). Therefore, L can be practically chosen as Lt − 2 for

an arbitrary number of antennas in the XL-array without loss

of generality. On the other hand, if the user locates in a region

with the BS-user distance larger than Rc (not equal to rmin but

known as a prior), the maximum number of activated antennas

in Stage 1, NL, should be chosen such that the user locates

within the Fresnel boundary of NL, i.e., NL = ⌊(4Rc

λc
)

2
3 ⌋.
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Fig. 5: Numerical results for the proper choice of L.

Correspondingly, the number of layers in Stage 1 should be

L = ⌈log2(NL)⌉.

C. Extensions to UPA and IRS:

1) UPA: The proposed two-stage hierarchical beam training

method for ULA can be readily extended to the systems with

a uniform planar array (UPA) at the BS.

Without loss of generality, we assume that the UPA is

composed of M = My × Mz elements placed in the y-z
plane, and the user is located in the x-y plane, as shown in

Fig. 6. Denote (0, y0, z0) and (xu, yu, 0) as the coordinate

of the (1,1)-th element at the left-bottom of the UPA and

the coordinate of the user, respectively. Then, the coordinate

of the (my,mz)-th element of the UPA can be represented

as (0, ymy
, zmz

) with ymy
= y0 + (my − 1)d, zmz

=
z0 + (mz − 1)d, my = 1, ...,My, mz = 1, ...,Mz. Besides,

the distance from the (my,mz)-th element to the user is

Dr(my,mz) =
√

(xu)2 + (ymy
− yu)2 + (zmz

)2. Based on

Fig. 6: Extension to UPA and IRS.

the spherical wavefront propagation model, the near-field LoS

channel between the UPA and the user can be represented by

h
H
r = αcHr , (17)

where α =
√
ρ0

Dr(1,1)
is the complex channel gain between the

IRS and user, and cr is the near-field steering vector, given

by

cr =
[

e− 2π
λc

Dr(1,1), ..., e− 2π
λc

Dr(1,Mz), ...,

e− 2π
λc

Dr(My ,1), ..., e− 2π
λc

Dr(My ,Mz)
]T

.
(18)

Based on the UPA-user channel in (17), the received signal

at the user is given by

y(v) = h
H
r vx + z0. (19)

To facilitate beam training for the user, we can decouple the

joint three-dimensional (3D) XL-array beam training into two

sequential phases, corresponding to the horizontal and vertical

beam training for two mutually perpendicular ULAs, see e.g.,

ULA 1 and ULA 2 in Fig. 6. As such, our proposed method

can be adopted directly to the UPA case.

2) IRS/RIS: Intelligent reflecting surface (IRS) [2], also

known as reconfigurable intelligent surface (RIS) [3], [4], has

emerged as a promising technology for enhancing the spectral

efficiency of future wireless systems, by leveraging a massive

number of low-cost passive reflecting elements to reconfigure

the wireless propagation environment. In practice, the large-

size IRS is usually deployed near the users to enhance their

communication performance with associated BSs. This renders

the users more likely to reside in the near field of the IRS, and

hence making the beam training for the cascaded IRS channel

more challenging.

First, the IRS-user channel can be modeled similarly as (17)

and hence is omitted here. Assume that the BS is equipped

with a ULA placed along the x-axis and the IRS is located in

the far-field region of the BS. Then, the LoS channel between
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the BS and IRS can be modeled as [2]

G = βcta
H(θt), (20)

where β =
√
ρ0

Dt(1,1)
is the complex channel gain between the

BS and IRS, θt is the spatial AoD from the BS antennas to

the IRS, ct is the near-field steering vector, given by

ct =
[

e− 2π
λc

Dt(1,1), ..., e− 2π
λc

Dt(My,Mz)
]T

, (21)

where Dt(my,mz) =
√

(xb)2 + (ymy
)2 + (zmz

− zb)2,my =
1, ...,My,mz = 1, ...,Mz denotes the distance from the

(my,mz)-th IRS element to the BS, (xb, 0, zb) is the

coordinate of the BS. Let Φ , diag(eφ1 , eφ2 , ..., eφM )
denote the diagonal IRS reflecting matrix, where for simplicity

we assume that the reflection amplitude of each element is

set to one, and φm,m = 1, ...,M denotes the phase-shift of

the m-th element. Based on the channel models in (17) and

(20), the received signal at the user is given by

y(v,Φ) = h
H
r ΦGvx+ z0. (22)

Since the BS and IRS are usually deployed at fixed locations

with a LoS path, the BS-IRS link can be considered as quasi-

static and perfectly known at the BS by using existing channel

estimation methods, see e.g., [31]–[34]. To facilitate beam

training for the user, we first design the BS transmit beam-

forming to align with the BS-IRS channel, i.e., v = a(θt).
As such, the BS can be treated as having an equivalent single

antenna, and the received signal in (22) can be written as

y(Φ) = αβcHr Φctx+ z0. (23)

Next, to remove the effect of the near-field BS-IRS steering

vector, i.e., ct, we rewrite the IRS phase-shift matrix as Φ =
Φ̄diag(cHt ), where Φ̄ , diag(eφ̄1 , eφ̄2 , ..., eφ̄M ) is defined

as a pseudo phase-shift matrix of the IRS used for modifying

the directional beams during beam training, and diag(cHt ) is a

constant phase-shift matrix reserved for counteracting ct. By

doing so, (23) can be further written as

y(φ̄) = αβcHr φ̄x+ z0, (24)

where φ̄ = [eφ̄1 , eφ̄2 , ..., eφ̄M ]T . We can easily observe

that (24) has a similar form as (19) by treating φ̄ as the

transmit beamforming vector v. Hence, the beam traning for

the cascaded IRS channel reduces to the near-field beam

training for the IRS [21], which is similar to the case of a

UPA. Based on the above discussions, our proposed beam

training algorithm can also be applied to IRS-aided near-field

communication systems.

VI. NUMERICAL RESULTS

We provide numerical results in this section to validate

the effectiveness of our proposed two-stage hierarchical beam

training method. Consider an XL-array communication sys-

tem with N = 512 and f = 100 Ghz. Hence, we have

λc = 0.003 m, S∆ = 68.27, S = 6, rmin = 6.14
m [23]. The reference SNR is γ = PNβ0

r2σ2 with β0 = −72
dB, P = 30 dBm. The noise power is set as σ2 = −80
dBm. To characterize the beam identification accurcy, we
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Fig. 7: Success rate versus BS-user distance.
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Fig. 8: Achievable rate versus BS-user distance.

define Psuc = E(I((n̂∗, ŝ∗) = (n∗, s∗))) as the success rate

under the polar-domain codebook, where (n̂∗, ŝ∗) denotes

the obtained codeword index by the specific beam training

scheme and (n∗, s∗) is the optimal codeword index in (7).

The achievable rate in bits/second/Hz (bps/Hz) is given by

R = log2(1+γ|hH
v|2). All the numerical results are averaged

over 5000 random channel realizations.

For performance comparison, the following benchmark

schemes are considered:

• Perfect-CSI based beamforming: In this scheme, the

transmit beamforming vector v is designed to perfectly

align with the user’s channel, i.e., v
∗ = b(θ, r). This

scheme serves as a performance upper-bound when eval-

uating the achievable rate of our proposed scheme.

• Exhaustive-search based near-field beam training: as

introduced in Section III-A.

• Two-phase near-field beam training with K = 1 [24].

The detailed procedures are presented in Section III-B.

• Conventional far-field hierarchical beam training [19]:

In this scheme, the conventional far-field hierarchical

codebook is adopted for beam training.

1) Overhead Comparison: We first compare the beam
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TABLE I: Comparison of Beam Training Overhead of Different Schemes

Beam training method Total overhead In our setup

Exhaustive-search based near-field beam training NS 3072

Two-phase near-field beam training N + S 518

Far-field exhaustive-search based beam training N 512

Far-field hierarchical beam training 2 log2(N) 18

Proposed two-stage hierarchical beam training 2 log2(NL) + 4 log2(
N
NL

) 24
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Fig. 9: Success rate versus SNR.
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training overhead of different beam training schemes in Table

I. It is observed that the proposed two-stage hierarchical

beam training scheme requires a much smaller number of

training symbols than other near-field beam training schemes.

Specifically, our proposed scheme can achieve over 99% and

95% overhead reduction as compared to the exhaustive search-

based and two-phase beam training schemes, which, however,

only suffers little rate performance loss as will be shown in

Figs. 8 and 10.

2) Impact of BS-user Distance: Fig. 7 shows the effect of the

BS-user distance on the success rate by different beam training

schemes. It is observed that our proposed scheme with ex-

tremely small training overhead achieves comparable success

rate with the two-phase scheme. Moreover, the proposed two-

stage hierarchical beam training scheme maintains a relatively

high success rate (i.e., higher than 80%) for all distances.

This implies that our design is not sensitive to the BS-user

distance, thus being applicable to both far-field and near-field

communication scenarios. In contrast, the conventional far-

field hierarchical beam training scheme suffers a significantly

low success rate when the BS-user distance is short (e.g.,

r < 50 m). This shows that the far-field hierarchical beam

training scheme is not applicable to the near field since it

neglects the spherical-wavefront channel characteristic.

Besides, Fig. 8 illustrates the rate performance of different

beam training schemes versus the BS-user distance. Several

key observations are made as follows. Firstly, the proposed

scheme significantly outperforms the far-field hierarchical

beam training scheme, especially when the user is close

to the XL-array. This attributes to our second-stage design,

which effectively takes into account the near-field channel

characteristics. Secondly, our proposed scheme attains close

rate performance with the two-phase based near-field beam

training scheme especially when the BS-user distance is small,

yet with substantial reduced training overhead (i.e., 24 versus

518). Finally, the rate performance of our proposed scheme

approximates that of the exhaustive-search based scheme when

the BS-user distance is small, and finally degenerates to that

of the far-field hierarchical beam training scheme when the

BS-user distance is large. This also verifies that our proposed

two-stage hierarchical beam training method is universal for

both near-field and far-field communications.

3) Impact of the Effective SNR: Fig. 9 shows the success

rate of different beam training schemes versus the effective

SNR. It is observed that the success rate of our proposed

two-stage hierarchical beam training scheme monotonically

increases with the SNR, and finally converges to that of the

two-phase near-field beam training scheme. This is because

the beam identification error caused by AWGN starts to be

negligible in the high-SNR regime. In contrast, the success rate

of conventional far-field hierarchical beam training scheme is

always lower than 40%, even under a high SNR (over 30 dB).

This is because the far-field hierarchical beam training scheme

fails to capture the distance information of the user.

Fig. 10 presents the performance of achievable rate versus

the effective SNR under different beam training schemes. It

is observed that our proposed scheme always outperforms the

conventional far-field hierarchical beam training scheme by

over 1 bps/Hz, yet without compromising much rate perfor-

mance compared with the exhaustive-search based near-field
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Fig. 11: Achievable rate versus number of antennas, N .

beam training scheme.

4) Impact of the Number of BS Antennas: Finally, in

Fig. 11, we plot the achievable rates of different schemes under

different number of BS antennas N . The users are assumed

to be located near the Fresnel boundary. It is observed that

our proposed scheme always outperforms the conventional far-

field counterparts. This again validates that our design is robust

under different system setups.

VII. CONCLUSION

In this paper, we proposed a novel two-stage hierarchical

beam training method for near-field communications, where

a coarse user direction is found in the first stage, followed

by a second stage that further resolves fine-grained direction-

and-distance of the user. We proposed efficient hierarchical

codebook design for each stage as well as its corresponding

beam training method. It was shown that our proposed method

significantly reduces the training overhead of the existing near-

field beam training methods, yet achieving comparable rate

performance.
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