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Subspace-Based Blind Channel Estimation for
OFDM by Exploiting Virtual Carriers
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Abstract—Reliable channel estimation is indispensable for into cyclic convolution or equivalently a (complex) multiplica-
orthogonal frequency-division multiplexing (OFDM) systems tive factor on each sub channel in the frequency domain. This
employing coherent detection and adaptive loading in order 10 natyrally facilitatescomputationally simple frequency domain
achieve high data rate communications. Several options exist channel estimatioby inserting a training sequence to estimate

in practical OFDM systems—including training symbols, cyclic ) .
prefix, virtual carriers, pilot tones, and receiver diversity—to the factor on each sub channel; see [2], [4] for an overview and

facilitate channel estimation. In this paper, a subspace blind [7], [8] for recent results on these lines.
channel estimation method based on exploiting the presence of However, CP-based systems incur a prisignificant loss

virtual carriers is proposed for OFDM systems over a time-disper- of channel utilizationthat may be the overriding constraint
sive channel. The method can be applied to conventional OFDM for fyture high-speed services. That provides the motivation
systems with cyclic prefix as well as OFDM systemwith no cyclic for methods such as those presented in this work. Usually,

prefix. The reduction/elimination of cyclic prefix thereby provides . . .
the OFDM systems the potential to achieve higher channel utiliza- 1€ 1€ngth of CP is conservatively chosen according to the

tion than most previously reported cyclic prefix based estimators. Maximum antipipated multipath spread; for the _|EEE 80_2'-113
Sufficient channel identifiability condition is developed as well. standard, this is 25% of an OFDM symbol duration. Addition-

Comparison with two other recently reported subspace methods ally, due to the time-varying nature of the channel in some
is presented via computer simulations to support the effectiveness yyireless applications (i.e., those that seek to provide mobility
of the proposed method. support), the training sequence needs to be transmitted periodi-

Index Terms—Blind channel estimation, cyclic prefix, or- cally, causing further loss of channel throughput. Consequently,
thogonal frequency-division multiplexing (OFDM), subspace there exists increasing interest in OFDM systems \vsitlort
approach, virtual carriers. or no CP. For example, the work [5] and [6] addressed this

issue and proposed multiple-input/multiple-output (MIMO)
l. INTRODUCTION equalization scheme for OFDM systemihout CP

O RTHOGONAL frequency-division multiplexing [1], [2] Literature Review

~ (OFDM) is a prom(ijsing candidate (;or high-data-rate e apove concerns naturally leads to efforts centered
WIreless commumcgﬂpns ue to its many a vantages—nota%{youndb“nd channel estimation methods that avoid the need
its h|gh spectral efficiency, _rqbustness to frequency _seIeptq.@r training and/or even the CP. The presence of CP has been
fading, as well as the feasibility of low-cost transceiver iMyijized to devise methods for blind or semi-blind channel

plementations. It is the basis of the European standard [Qliimation in [9]-[14]. Among these, the statistically inspired

digital audio/video broadcasting (€.9., DAB and DVB-T, targelégzd estimators in [9] and [10] rest on the inherent CP-induced

rates 1.7 and 20 MbJs, respectively) and is being developegqstationarity at the transmitter explicitly or implicitly, while
internationally for use in high-speed wireless LANs (e.g., IEE e estimators in [12] and [13] belong to the class of deter-

802|._11q [3], target r?)t/es 6-54 MbJs) and wireless-local-logpinistic subspace approach. Specifically, Heath and Giannakis
applications (1_1O.M S). . . . 9] proposed a blind method based on the cyclostationarity
Coher_ent detection and adaptl_ve I_oadmg (s_ee als_o [1]) Ins operty of the time-varying correlation of the received data
port of high speed data communications require fe"ab'? esti imples due to the CP insertion at the transmitter; however, this
“Of! of th(’.“ channel. In pract|'cal O'.:DM systems operating OVﬁbproach suffers from slow convergence of the estimatoreCai
a dispersive channel, a cyclic prefix (CP) longer than the antigr 11 31 jeyeloped amoise subspace methfith] by utilizing the
ipated multipath channel spread is usually inserted in the trallgs cyre of the filtering matrix introduced by the CP insertion
”!'“ed sequence. Itis vyell known that this converts the I'.neﬂ{at achieves faster convergence for smaller data records.
(time-domain) convolution between the channel and the INPUtGther than the CP, there exists another resource that has not
been fully exploited for purposes of channel estimation—the
presence of the virtual carrier (V€)as in the IEEE 802.11a
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Fig. 1. Baseband OFDM system (with VC) model.

channel equalization or frequency offset estimation, as have [I. SIGNAL FORMULATION

already been shown in [16] and [17]. A method that exploits Consider an OFDM system (see Fig. 1) wigfsubcarriers, of

the presence of the VCs and _the finite alphabet prope_rty v%ich only P are modulated by the user’s data symbols; i.e., the
the input data was presented in [18] to develop a maximum

likelihood (ML) joint blind estimator of the channel and the:en:i'r?énggb; ; r”er:rsn?]dllﬂ]%tgf ;a;(r)rlers c?stltTt:r\éCss.:\jsfs;me
data symbols. In other related work, [19] reported a subspa & u ! u P po + 17— u

channel estimator based on a multichannel model for non- 5?&\]"/ hle:?)(;hls tfhg;ni%exl_oftttr;]e giﬁtgjlatic?irr:er:‘fﬁlso azsume
OFDM systems with receiver oversampling/diversity whic a .e,,.e fg Ot' ' bel be ockotthe firequency-
achieves performance comparable to [13], and, recently, [ main™ information Symbols be

showed a novel blind channel estimator relying on the finite

alphabet property of the information-bearing symbols. s(k) = [so(k), si(k), ..., sp_1(k)]%. 1)

o I Define aQ x @ IDFT matrix as
Specific Contribution

In this paper, we propose a new subspace-based (blind) [1 1 1
channel estimator for OFDM systems that exploits VCs and Q-1)
is applicable to OFDM systemwith and without CP For 1 Ly Ca(q-1)
the former (conventional CP systems), the exploitation of VC Waq = Nl L wg e Wg 2
brings additional performance gain to the already proposed : :
blind estimators such as in [13]. Further, the proposed method

—
|
—

—(
wQ . wQ

wg@D L G @Een

can be employed fonon-CP systems where CP-based esti- L1
mators cannot be usedhereby potentially achieving higher ) o . o
channel utilization. with wg = e=927/Q  Multicarrier modulation, which is

The rest of the paper is arranged as follows. A generaliz. plemented by IFFT, yields the "time-domain” signal vector

baseband signal model for the OFDM system viithth VC zo(k), 21(k), ..., 2g-1(R)]T = Ws(k), whereW is the

and CP is introduced in Section Il. The subspace channel Qs—x P partial IDFT matrix

timator is developed in Section I, where a sufficient condition

on the channel identifiability is provided. Computer simulations 1

are presented in Section IV to demonstrate the effectiveness of wy"”

the proposed algorithm in comparison to other two subspaceW = ) “Wq(, 1:P). (3)

methods [9], [13]. Finally, Section V concludes the paper. B Cpo(Q—1)

The notation used in this paper follows the usual conven- weQ

. H T

t('_‘)’?, a;/eeﬁ?%sp?éi Ssgjztge:tgyt?grrgzzlsem:r:)(!ldgiﬁigz?e( t)rahspgg’einsertion replicates the labt elements of the IFFT output
. y ' Véctor in the front and results.Ax 1 (J = Q + D) OFDM

of (-), respectivelyrank(-) yields the rank of-). range(-) and

; ; . . symbol vector

||-]| give respectively the range and Frobenius norm of matrix ar

gument.® stands for the Kronecker produet(s; : iz, j1 : j2)

denotes a submatrix obtained by extracting rewthroughi>  x(k)= [z _p(k),...,2q_1(k), zo(k), z1(k), ..., xo_1(k)]"

and columng; throughj, from matrix A. If no specific range

appears at the row or column position in notatibfi; : i2, j;1 : = W@-D+1:0Q,:) s(k) = Ws(k). 4)

j2) [e.9.,A(:, j1 : j2) or A(iy : ig, :)], then all rows or columns

are accounted for constituting the submatrix.

5{ <



LI AND ROY: SUBSPACE-BASED BLIND CHANNEL ESTIMATION FOR OFDM BY EXPLOITING VIRTUAL CARRIERS 143

Each element or “chip”in the vecta k) is then pulse shaped Consider an observation interval ov&f OFDM symbols
by g:-(t) to generate the continuous time signal sent on tifiom (to + ((k— M +1)J + L)T) to (to + ((k+ 1)J — 1)T).

channel The resulting received signal vectdvi(/ — L x 1) is
R rar(k) =[r((k—M+1)J+L), ..., r((k+1)J —1]"
wt)= Y D wpk)gult—@+k)T) ()
k=—c0 p=0 x(k—M+1) .
) v((k—M+1)J+ L)
whereT is the chip period. Thus, denoting= p + k.J, we =H ' + :
identify & = |q/J] (|=] is the largest integer contained:if x(k - 1) o((k +1)T — 1)
andp = g modulo J. Then the transmitted signal(¢) can be x(k) S .
rewritten as n(k)
s(k—M+1)
+oo :
2(t)= > gt —qT) (6) =H - (Ty @ W) : (k)
o —_—— s(k—1)
v s(k)
wherez, is an equivalent transmitted “chip” sequence corre- ~—
sponding to ther,(k)’s. S(k)
During the transmission, the signélt) passes through a dis- = HW S(k) + n(k) (11)
persive channel with impulse responge), is contaminated by A
AWGN noisen(t), and finally is input into a front-end receive _ ) ) _
filter g, (t). wherel; is anM x M identity matrix.

Remarks: For the signal model (11) where the equivalent fil-
tering matrixA has dimensiond/.J — L x M P, anecessary
condition for the subspace method is thaf{Q + D — P) > L.
Note that the presence of VCs impli@s> P and the necessary

4o condition can always be satisfied by choosing an appropkigte
r(t) = Z zah(t — qI) + v(t). @) which is true even for non-CP OFDM systems. This condition
is assumed to hold throughout the paper.

Defining the composite channel filté(t) = g4, (t) * c(t) *
gr(t) and the filtered noise(t) = n(t) * g,.(t) wherex de-
notes linear convolution, the received sign@) is therefore

gq=—0o0

Assume the composite channk(t) to have finite support I1l. SUBSPACEBASED CHANNEL ESTIMATION
[0, LT] whereL < J (i.e., it is assumed that the channel
delay spread does not exceed the OFDM symbol duration); thi
implies that any intersymbol interference (ISI) is only restrictet
to the past neighboring symbol as is generally true for OFDM. o N o
A synchronized raté /T sampler after(t) yields ¢, denotes A Sufficient Conditions for Identifiability

gn this section, we develop a sufficient identifiability condi-
n for the proposed subspace-based channel estimator.

the sampling phase) From (11),A = HW (M.J — L x M P) whereH is anM.J —
L x M .J Toeplitz matrix andW = I,; ® W is anM.J x M P
L matrix. We first demonstrate necessary and sufficient conditions
r(i) =r(to +iT) = > with(to+IT) +v(i)  (8) for the filtering matrix.4 to have full column rank in Theorem
=0 1, as a preliminary step toward the (sufficient) identifiability
) ) condition in Theorem 2.
whereu(i) = v(to +iT). Theorem 1:ForQ + D — L > P, A has full column rank
Let h(l) = h(ty + IT) and the channel vector (i.e., rank(A) = MP) if and only if the channel frequency
response has no nulls at any of the data subcarrier frequencies.
h = [h(L), (L —1), ..., h(0)]*. 9) Proof: See Appendix B.

In the derivation hereafter, we assume that the above condi-
Define anMJ — L x M J Toeplitz matrix+ constructed from tions are satisfied. Also, the user’s transmitted information sym-

h as bolss;(k)s arei.i.d. sequences with zero mean and known vari-
ancer? (02 = 1 without loss of generality). In addition, Nyquist
H = Toeplitz(hY  0---0 ) pulse '_s_haping_ is employed so_that each elemen(b)‘ in (11)
Mm N is additive white Gaussian noise (AWGN) with zero mean and
(MJ—L-1)0's variances?. After collecting N, signal vectors, we have
h(L) ---  h(0)
h(L) -+ h(0) Y =[ra(1), .., rar(NVy)]

= ; - (10) —A[S(1), ..., S(N)]+N=X+N.  (12)

~ ~

WI) - h(O) Y
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Applying the singular value decomposition (SVD) on the un- Furthermore, we emphasize that no spectral null is only
perturbed received signal matiX yields sufficient andnot necessary condition for identifiability,
» VH as evidenced by simulation (notincluded in the paper) that
X=AS=[U; U,] [ 8 0} [V;} (13) channel with spectral null was uniquely identified via the

proposed method.

where[U; U, ]isanMJ — L x MJ — L unitary matrix. The 5) As stated in Theorem 2, an amplitude/phase ambiguity
M P columns ofU span the signal subspace, whitg§ Q+ D — exists in the channel estimate—this is inherent to all blind
P) — L column vectors olJ,, span the subspace (often known estimation approaches using second order statistics and
as the noise subspace as in practice the SVD is applied on the cannot be resolved without further side information. Prac-
noise perturbed signal matriX) orthogonal to the signal sub- tical OFDM systems provide pilot tones for tracking the
spaceX = diag(A1, Ae, ..., Ayp)is adiagonal matrix con- carrier frequency offset which can be exploited to resolve
sisting of M P significant singular values corresponding to the this ambiguity.

signal subspace. The orthogonality property between the signal

subspace and the noise subspace asserts that B. Blind Channel Estimator
(Ui A=0 i=1,...MQ+D-P)—L (14) &
whereU,, (i) is theith column ofU,,. Un (i) = [4i(0), ui(1), ... uws(MJ = L-1)]".  (15)

The set of constraints (14) suggests a possible way to identifyploiting the special structure 6{ yields
the channel vector. However, asserting the uniqueness of the

resulting estimate df (up to a complex scaling factor) requires U, (i)' H = h'Y; (16)

some care sincd is the product of a/./ — L x M.J matrixH  \yhere thel, + 1 x M.J dimension matrix/; is generated from

and anM J x M P matrix W. The following theorem provides the vectorU,, (i)

a characterization of conditions under whigltan be uniquely

identified. U; = Toeplitz ([U, (i) 0 --- 0]) . 17)
Theorem 2 (Sufficient Condition for Identifiability).et h’ L0s

andh be distinct/, + 1-dimension vectors 32’4/ be amatrix  \when only an estimate of the noise subspiceis available
constructed using’ as withAin (11), i.e., A’ = H'W.For: 1) ;, practice, (14) suggests the channel estimator
M >2;2)QQ + D — P > L; and 3)h has no null on any of

the data carrier frequencies, it follows thdt= oh wherex is . M(@Q+D_P)-L v
a complex scalar ifange(A') = range(A). h = arg ”I}PHIEI Z HU AH (18)
Proof: See Appendix C.
Remarks on Theorems 1 and 2: But, from (16), we have
1) The presence of the VCs and/or CPs is necessary for the ||U HA” L)HHWWHHHU (i)
subspace method to work. T Ho /T v
2) The condition) + D — L > P requires that the number =h \(Z/{ ) ,.W U ,h (9)
of VC and/or CP be greater than the channel memory. Itis G; GH

much stronger that/ (Q+ D — P) > L (thisis necessary e
for A to be a tall matrix and consequent possible emplo;T—hus’ by definingh = h*, and

ment of the subspace method) to assure channel identifi- G =[Gy, ..., Grr@+p—pr)-1] (20)
ability. This condition is satisfied in typical OFDM appli-

cation scenarios for both CP-OFDM and non-CP OFDMNe channel informatioh is determined by

3) Conditions for unique channel identification (up to an h = are min h¥GGHR (21)
unknown complex scalar inherent in second-order blind & lh||=1

methods) is guaranteed by the specific structurd dbr . . ) . }
whereg is the estimate of. It is well known thath (or equiva-

M > 2. Itis worth pointing out that (see the Appendix, ) _ X i
proof of Theorem 2) such uniquenesshist possible for lently h) is the e|g_er3\{ector corresponding to the smallest eigen-
value of the matrixgG*.

M = 1, i.e., stacking the received signal ovef > 1
OFDM symbol durations is required.

4) Note that the cyclospectra [9], [10] or the finite alphabet
property based methods [20] impose no restriction on theMonte Carlo simulations were conducted to assess the effec-
positions of channel spectral null, unlike Theorem 2 in oulveness of the proposed blind estimator with comparison to the
work. However, the probability that an exact spectral nuither two subspace channel estimation methods for OFDM [9],
is located on subcarriers is low; it is more likely that somp1.3]. To evaluate the estimation error, the normalized root mean
sub carriers are subject to deep fades. Deep fading of sgguare error (RMSE)
carriers does not prevent identifiability but does pose is-

IV. SIMULATION RESULTS

sues regarding robustness of our algorithm—such algo- 1 N, ﬁp _ th2
rithm robustness is verified by extensive computer exper- RMSE = Z 5 (22)
iments on a large number of random WSSUS channels. Nu(L +1) p=1 [[hy |
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10°

is used, where the subscript refers to thepth simula-

nentially decaying power-delay profite (7/™) (r stands for " © 5 10 Tl 2 % % 40
path delay) with the rms delay,s = 0.67 and raised cosine

pulse shaping with a roll-off factor 0.25. Also, we set the maxig. 2. RMSE versus SNRY, = 300).

imum Doppler shift to O to get a time-invariant channel, which

is plausible for burst packet transmission in wireless LAN aj 1° : , ‘ :

tion run andN,, denotes the number of runs. Information ;\:.—\»\5 e S o A S S

sequences;(k)'s are BPSK modulated. SNR is defined [ -~ f:%\\»:: L

as SNR log,o(Es/Ey,) for a fair comparison, where | - \\3}3\ e |

E, = Po? is the average OFDM symbol power afg = Jo2 RN T

is the average noise power. The ambiguity in the chann \g Ty o N

estimate is resolved by assuming that the true channel vhctog RN N Ty .

has unit norm and known phase of the first component. Thuz 10*} h- ST T

the estimate is normalized and the phasérdt) (0)/h(D(0)) £ Tha o By

is used for phase ambiguity resolution and compensation pri : \\:5 e .,

to MSE computations. ST
The number of subcarriers used in simulationfis= 15, 107k s B [

as used in [9] and [13]. The smoothing facflf is set to 2 as "% proposed(P=11,0-0) | : :

in [13]. Multipath fading channels with orddr = 3 are gener- E EE(EE;%?EEB‘%

ated according to Hoeher’s method [21] by assuming an exp llz Heath(P=15.0=4)

. . : * prop‘osed(P=11,D=0)
plications. We tested all methods over 300 randomly genera RN 8 propose(P-130-2)
. < E proposed(P=11,D=
channels, i.eV,, = 300. The average MSE results are show! Tl B Cation-)
below. B —

Example 1—Estimator's MSE Dependence on SNR or De 1
Record LengthV,: As the proposed estimator is applicable tc 1'% % Tmmsdin 4

systems with or without CP, it was tested on different syste,, 0

settings: 2 : T

1) a system with no CP wher® = 0 and number of data § |, R et S N
carriersP = 11; ° N 1

2) system with insufficient CP whet@ = 2 (less than channel 107 & %o v ]
order) andP = 13; B e P

3) system with sufficient CP whe® = 4 andP = 11. TNge - s

The results of those settings are then compared with the p v T e

formance of the methods in [13] (marked “Cai”) and [9] (marke BRI
“Heath”). Note that the estimators in [13] and [9] require the Cl " s a0 s00 a0 700 1200 7400 a0 7800 2000
whose length is set to 4 by convention (i.e., the number of Cr OFOM Blocks No
equals as many as 25% of the number of total subcarriers). fig. 3. RMSE versus number of data blodks (SNR = 25 dB).

Fig. 2 shows the estimator RMSE as a function of SNR for

N, = 300, and Fig. 3 as a function of the number of data blocks . . . .,
N, for SNR = 25 dB. As expected, the estimator error of a”smoothmg factorM. Note that) must be increased in Cai's

methods decreases with increasing SNR and the data recrglfothOd’.Wh'Ch means alarger_ observation d.|men3|on'and aslg-
Icant increase in computational complexitpf the eigen-

. 1]
length V. Also notable is that our approach and the methods i .
[13] perform better than that of [9] (marked “Heath”), reflectin srtructtlrj];e-lzaiegcrtne;r:)(;c;lz (Scl:;]:' a?a?l;;sa?:gmc?; 52{' TPE; rgfeo_re,
the fast convergence property of the noise subspace estim 2 perspectiv W putal prexity, it

for small data record. sirable to exploit VC. Further, exploiting the additional redun-

Additionally, for a fixed degree of freedom (that equals gﬁnvcvy ic;:]vrc\? E)r arfsfrfrf]'mr?m\?l:: systtherfi’(fTh 1(1:’PD n:I 4) tem
in this example) through the combination of VCs and/or CP OWS Improved pertormance versus that ot the L. 7-only system.

. inally, it is worth reemphasizing that our proposed method is
a performance gap exists between the non-CP sysfem=( . . . . :
11, D = 0) and the CP-only systenP( = 15, D = 4) or applicable to systems without CP, potentially leading to higher

the insufficient CP system{ = 13, D = 2). That suggests throughput than [13].

that CP is more advantageous for the noise subspace-based e)%'tzilfoi';n EEe n?Xt e:amp}ki/, éN envc\j”/” :og;s Cc))rTI OlrJr eslzm;aﬁor trhallt
mator than VC is. However, the utilization of VCs provides th plofis the presence o andio : y resufts for purely

. . nop-CP system are shown since similar behavior is observed in
receiver with an extra source of redundancy other than CP and’ Y

makes the proposed subspace method feasible for a system Nt jems with both VC and CP.

insufficient CP (0 = 2 in this example) without increasing the,. xgmpé 2 - Robustness_ to Channel Or.d_er Overes-
timation: The proposed estimator is insensitive to the

2AS T.me. = 0.6T, a path with a delay larger tha¥" is negligible since it 3The computation complexity of eigenstructure-based methods is essentially
has an average power 20 dB lower than that of the path at the origin. O[(MJ — L)3].
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Fig. 4. RMSE versus SNR for different estimatelo{non-CP systemy, = .
300). Fig. 5. RMSE versus the number of VC.

overestimation ofL, as reflected by Fig. 4, where the rea|:hanr.1el estimation methods by compute_r simulation iIIustrate§
channel orded, = 3 is overestimated by 1 or 2. The Sys‘tenyleffe_ctlveness of the proposed method with regard to both esti-
assumes no CP insertio( = 0) and the number of data Mation accuracy and speed of convergence.
carriersP is set to 10.
Example 3 — Impact of Number and Location of Ve APPENDIX

dependence of the proposed estimator RMSE on the number PROOF OFIDENTIFIABILITY CONDITIONS
and the location of the available VCs is highlighted in Fig. 3. Some Important Relations
using SNR= 25 dB andN; = 300. The system assumesno CP _. . - .

. . First, some important preliminary results are stated prior to
also, and the number of VCs is varied from 3 to 7 (corresponﬁ!]-
: . e proofs of Theorems 1 and 2.
ingly, the number of the data carriefsgoes from 12 to 8). Re- )

. X , Let the frequency response of the channel coeffictents
sults corresponding to three different locations—on the low-fre- T . .
. fh(o), ..., h(L)]* on the active data carriers be tie x 1
guency side of the spectrum onlyo(= Q — P, marked as vector
“left”), on the high-frequency side of the spectrum only & 0,
marked as “right”), and on both sides of the spectrym £ H = [H(po)
[(Q — P)/2], marked as “center”)—are plotted together. From
(14), an increase in the number of VCs increases the ratio of the
noise subspace dimension to the observation space dimension
[(M(Q - P)—L)/(MQ — L) in this case], when the number
of subcarriers and the channel order are fixed. This increase is
advantageous for improving estimation accuracy as it imposes
more constraints on the channel order for estimation as seemirrotated” version of the frequency response denoteg liy
Fig. 5. Note that no transmit power normalization is employegiven by
(i.e., atransmitted OFDM symbol has constant energy irrespec-
tive of the number of data carriers). In case of power normalizag=[9(0), ..., g(P—1)]*
tion, the increase in number of VCs means more power is allo- [, -PoL
. . Q

cated to each of the fewer data carriers, thus leading to further _
performance improvement. While it is observed that the loca-
tion of VCsdoesaffect the performance, the impact is small. L

/7H(pU+P_1)]T

=(W(:L+1,:))% - h.  (23)

1

H (24)
—(po+P-1)L
'U}Q !

h(L)+h(L—1)wg" +- - -+ h(0)wg" "
V. CONCLUSION

In this paper, we presented a subspace-based blind channel _(1,0+P_1') —(po+P—1)L
estimator for OFDM systems with or without CP by exploiting L A(L)+h(L~ 1)“’Q + --I-h(())wQ
the presence of the VCs. A sufficient condition for identifiability (29)

Was_establlshed as well. The algp_rlthm is att_ractlve dueto _|ts PO~ry o structure of the matric g% (Toeplitz) andW allows the
tential for enhancing channel utilization as it can be applied ﬁo

OFDM systems with insufficient CP or even without CP. Com—rSt J = L elements inthéth (i = 1, ..., P) column of.A to
parison of the proposed method with other reported subspac@ote that the channel vecthris defined throughout §& (L), . .., h(0)]7.
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be given as shown in (26), at the bottom of the page. Hence, iBy exercising the structure exhibited by (27) and the expres-
is easy to see that the following relation holds that connects tsien (30), submatrix4(1 : .J, 1 : P) can be written as

channel “rotated” frequency response ve@do the submatrix
A(l:J—-L,1: P):

A(l:J—-L,1:P)
=H1:J-L,1:J)W
9(0)
=/QW(@1:J-L,>)
g(P—1)

~ /

Q4

=VQW(1:J~-L,)G. (27)

In order to further reveal the relation betwdemnd column
rank of filtering matrix.4, we next transform4 to some other
forms which are useful in later derivations.

Define two L. x L triangle matrices

A(l1:J,1:P)
=H(1:J,1: )W
rh(L) h(L—-1) --- h(0) 1

- h(L) h(L—1) ho) | .w
h(L) ........ h(l)
h(:L)_

T ) (32)
L Hu
Thus, we can partition the filtering matrig as shown in (33),
at the bottom of the next page.

In the sequel, we give proofs for the two theorems, where the
structure exhibited in (24) and (33) will be used repeatedly.

B. Proof of Theorem 1

h(L) ... h(1) Theorem 1:For (Q + D — L) > P, A has full column
H, = : (28) rank (i.e.,rank(A) = MP), if and only if channel frequency
h(L) response has no nulls at any of the data subcarrier frequencies.
) Proof:
h(0) Sufficiency: For Q + D — L. > P, we can extract the
H, = : . (29) rows(m —1)J +1to(m —1)J + P (recallJ = Q + D)
- ' form =1, ..., M from A [see (33)] to yield an\/ P x M P
LML —1) h(0) submatrix.A
A=Q
and twoL x P rectangular matrices W(1:P )G
W(l: P )G
H,=H,W(J-L+1:J,:) (30) W(: P, )G
1, =H,W(1:L,:). (31) (34)
M., —(Po+i=1)(Q=D)
Yq
h(L) --- h(0) :
o h(L) --- h(0) —(po+i—1)(Q—1
AL T =L i) =H(1: J = L, 1: YW, i) = ' , wg V@D

1

= (Po+i=1(@=1)

h(L)w(:)(pO"'i—l)(Q_D) Tt h(o)wé(p0+i—l)(Q—D+L)

i h(L)wé(PoJrifl)(Qfol) +...+h(0)wé(]10+i71)(@71)
- wé(po+i—1)(Q—D)(h(L)+__,_i_h(o)wc—g(poﬂ—l)L)

=W(L:J—L, i) g(i) (26)

_wé(po-i—i_l)(Q_L_l)(h(L) 4t h(O)wé(po-H_l)L)
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rank. We remark that showing necessity does not readily follow
from the structure aofd in (33), and an alternate form (as below)

1 . 1
w=Po w=PotP=1) is needed. . .
W(l:P )= b Q Q Let T be anM P x MP lower triangle matrix that has the
’ V@ : following structure: 1s on the main diagonal and;_,,) ®
WP P =0 +P=1)(P=1) [wgngl’O, w’mD(”“P’l)] as them Pth subdiagonals for
Q Q m =1, ... M —1; all other elements are zero. It is obvious that
w5p°(Q7D) T is nonsingular. Next we transforsito a newM .J — L x M P

Po+P-1)(Q-D) |’
(35)

—(
We

The first matrix on the right in (35) is a Vandermonde matrix
with unique elements, thu® (1 : P, :) has full column rank

(P). If the channel has no nulls at any of the data subcarri
frequenciesG is nonsingular by (24). Therefore, the matri

W(1: P, :)G and consequentlyl are nonsingular or, equiva-

lently, rank(A) = MP.

matrix

93

A=A-T (36)

which has the same column rank.dsThe first P columns of

v

7éare shown in (37), at the bottom of the pagi{; 1, P)in

«37) directly reveals that, if any element of the diagonal matrix

G is zero (equivalently, a null data subcarrier exists), then it is
column rank deficienfThus, necessity of the condition that the

Since the submatrix results fromA by row deletion, the channelkh hasno spectral null at any of the data subcarriers for

rank inequalitycondition [22] leads taW P = rank(A) <

rank(A) < MP, i.e., the filtering matrix4 has full column

rank.

Necessity: We now show that if the channbbsspectral

filtering matrix A to be full column rank is established.

C. Proof of Theorem 2
Theorem 2: Let h/, h be distinctL + 1 vectors; the matrix

null at a data subcarrier location, theincannotbe full column A’ is constructed usini’ as with.A in (11), i.e., A’ 2 H'W.

TW(:J-L,:)G
L R
N g
W(:J-1L, )G
i L
A=W =VQ! ve Q" (33)
Wl:J-1L,:)G
1 - .
— H, =
) g
) W(:J-1L,:)G |
[ W(:J-L, )G -
W(J-L+1:J,:)G
W(l g - L, )G dia‘q([wc—aDllo./ o wéD(Po-l-P—l):I)
W -L+1:J )G diag([wéDpo7 w(sD(p0+P_1):|)
A 1:P) = AT(:, 1: P) = /Q- o -

W(l:J-L,:)Gdiag

—2Dpo
(o

7

—2D(po+P—1)
w7 ])

W -L+1:J,:)G diag( [%wm? o wC—QZD(P0+P—1):|)

W(:J-L, )G diag([wé(Mfl)Dpo7 o wé(]\,lfl)D(p0+P71):|)
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For: 1)M > 2;2)Q + D — P > L; and 3)h has no null at the page, wher8; = /QW(1:J - L,:)GisaJ - Lx P
any of the data carrier frequenciesyifnge(.A’) = range(A), matrix,ByisaP — 1 x P — 1 matrix as
thenh’ = ah whereq is a complex scalar.

Comments:It is worth noting the importance of the threeB4 = VQ-F(J+2:J+P J+1:J+P)
conditions 1)-3). According to Theorem 1, assumptions 2) and g(1)
3) ensure that will be full column rank. The new requirement “W(1:P,2:P)- . (42)
that M > 2 arises from the fact that fal/ = 1, h cannotbe ’
uniquely determined. This is clear by studying the structure of 9P =1)

Aforthe casé\l = 1, whichis now aJ — L x P matrix the L + 1 x 1 vectorb (which is part of theP + 1th column
of B) is the product of a right lower triangle matrix and the
channel vectoh, as shownin (43) at the bottom of the page, and

B,, B3, B;, Bg, B7, Bg are submatrices with conformable
where the second equation is essentially (27). The ab én S 6, 27 28

imensions.
implies that the signal subspace is completely determined Yerom the proof of Theorem J—L)x P)is full column
the columns ofW (1 : J — L, :), which is known. Therefore P B (( )xP)

' rank. Next we will showB, that is full rank as well. Defining a

the noise subspace method (14) in this case is not able}to_ 1 % 1 vectore where

give a unigue solution td. Hence, in the sequel we assume

A=H1:J-L 1: )W =+/QW(:J-L,:)G (38)

thatM > 2. g(1)
Proof: Define anM J — L x M J — L nonsingular matrix e — . A(W(1, 2: P))T (44)
F whose main diagonal elements are 1s and '
g(P-1)
F(J+2:J+P J+1) . the P x P submatrixB(J +1:J+ P, P+ 1 : 2P) can be
=— [wépo, wo™, wé(”‘l)m} . (39) written as
All other elements ofF are zeros. B(J t1:J+ P P+1: 2P)
Left-multiplying F by A and A’ yields M .J — L x M P ma- 1
tricesB = FAandB’ = FA'. ForF being full rank, the knowl- —wé”“ 1 L
edge of the column space 6f characterizesA up to a scalar = : . : \/@W(l 1P, G
constant and thus [15] : :
_wc_QPO(P_l) 1
range(A") = range(A) & range(B') = range(B). (40) (45)
. [, —Po(Q-D)
By exercising the structure & and.4 [namely, (39) and (33) _ pro 9(0) e” . (46)
again],B can be partitioned as shown in (41), at the bottom of | Op—1)x1 B,
B, 07-Lx1 0j—LxP-1 07_Lx(M-2)P
B, b B3 Orsix—2)P
B = Op-1xpP Op-1x1 B, Op_1x(Mm-2)P (41)
07-pPxpP B; Bg B~
Ov—2)7—LxP Omr—2)s—Lx1 Or—2)7-Lx(P-1) Bsg
r w—Po(Q—D) ]
h(0) wépo(Q—D) Q
: . —po(Q—D+1)
b L | ' o = % : h
@ L=1) - h(0) : © WoP@=D) p=Po(@=D+L=1)
(L) -+ -+ h(0)] | ,zPe(@-D+L) @ Q
Q w—Po(Q—D) A w—Po(Q—D-l-L)
L We

(43)
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It can be seen that, from (45), the submatrix is full rank (oncg11] X. Zhuang, Z. Ding, and A. L. Swindlehurst, “A statistical subspace

again note thaW (1 : P, :) is full rank). Furthermore, (46) Qr%tch‘i?: R)srg:;ngo%@gln? iggggfigﬁgi%%”;’;%’\é' communications,” in
erIdeet(B4)-pr°(Q D)!I(O) =det(B(J+1:J+P, P+1: [12] B. Muquet, M. de Courville, P. Duhamel, and V. Buenac, “A subspace
2P)) # 0, wheredet(-) gives the determinant. Hendg, is full based blind and semi-blind channel identification method for OFDM
rank. wstTms,EinProciélgg\E—SP \I{Vorl\ljlsgo,\;jl onlggggnal PI:’Lo?cd Al(;\éances in
. ireless Comm. nnapolis, , May , Pp. -173.
Sincerange(B') = range(B), the vector[0]_;, (b")7, [13] X. Caiand A. N. Akansu, “A subspace method for blind channel iden-
0L _,, (BL)T, O(TM_Q)]_L]T, which is theP + 1th column of ) tification in (gFDM systems,” in;roc. |cchzooofooo, pp. 929-933. |
/ - 14] X.Wang and K. J. Ray Liu, “Adaptive channel estimation using cyclic
B, belongs tO”ange(B) also, namely prefix in multicarrier modulation system|EEE Commun. Lettvol. 3,
0, ; pp. 291-293, Oct. 1999.
[15] E. Moulines, P. Duhamel, J. Cardoso, and S. Mayrargue, “Subspace
b’ @ methods for the blind identification of multichannel FIR filter$EEE
0p_, - B. @ (47) Trans. Signal Processingol. 43, pp. 516-525, Feb. 1995.
- q2 [16] M. de Courville, P. Madec, and J. Palicot, “Blind equalization of OFDM
B'5 qQs system based on the minimization of a quadratic criterionPrc. ICC
0 '96, 1996, pp. 1318-1322.
(M=2)J-L [17] U. Tureli and H. Liu, “A high-efficiency carrier estimator for OFDM
whereqi, g2, qz areP x 1, P — 1 x 1 and(M _ 2)p % 1 communications,TEEE Commun. Lettvol. 2, pp. 104-106, Apr. 1998.
e ! S [18] Y.Song, S. Roy, and L. A. Akers, “Joint blind estimation of channel and
vectors whilex is a scalar. The above implies data symbols in OFDM,” ifProc. VTC Spring 200000, pp. 46-50.
[19] C. Li and S. Roy, “A subspace blind channel estimation method for
0 =B1q (48) OFDM systems without cyclic prefix,” ilProc. VTC Fall 2001 Oct.
o 2001, pp. 2148-2152.
b =ba + B2q; + Bsqy (49) [20] S.Zhou and G. B. Giannakis, “Finite-alphabet based channel estimation
0p 1 =B4qs. (50) for OFDM and related multicarrier systemdEEE Trans. Communp.

vol. 49, pp. 1402-1414, Aug. 2001.

The full column rank property dB; andB, yieldsq; = 0and  [21] P. Hoeher, “A statistical discrete-time model for the WSSUS multipath

_ o ; channel,”IEEE Trans. Veh. Technolol. 41, pp. 461-468, Nov. 1992.
q2 = 0. Therefore’b = ba or, equivalently, by the structure [22] R. A. Horn and C. R. JohnsoMatrix Analysis Cambridge, U.K.:
of (43),h’ = ah. This concludes the proof of Theorem 2. Cambridge Univ. Press, 1985, p. 13.
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