IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 5, NO. 3, MARCH 2006 481

Transactions Letters

BER Analysis of QAM on Fading Channels with Transmit Diversity
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Abstract—In this letter, we derive analytical expressions for
the bit error rate (BER) of space-time block codes (STBC) from
complex orthogonal designs (COD) using quadrature amplitude
modulation (QAM) on Rayleigh fading channels. We take a bit
log-likelihood ratio (LLR) based approach to derive the BER
expressions. The approach presented here can be used in the
BER analysis of any STBC from COD with linear processing for
any value of M in an M -QAM system. Here, we present the BER
analysis and results for a 16-QAM system with i) (2-Tx, L-Rx)
antennas using Alamouti code (rate-1 STBC), it) (3-Tx, L-Rx)
antennas using a rate-1/2 STBC, and iii) (5-Tx, L-Rx) antennas
using a rate-7/11 STBC. In addition to being used in the BER
analysis, the LLRs derived can also be used as soft inputs to
decoders for various coded QAM schemes, including turbo coded
QAM with space-time coding as in high speed downlink packet
access (HSDPA) in 3G.

Index Terms— Space-time block codes, transmit diversity,
QAM, bit log-likelihood ratio.

I. INTRODUCTION

HE potential capacity gains achieved by using multiple

antenna systems have led to considerable attention in the
area of space-time coding [1]. Space-time block codes (STBC)
from complex orthogonal designs (COD) are of interest as they
can be used for complex constellations such as quadrature
amplitude modulation (QAM) to achieve higher data rates in
wireless communication systems [2],[3]. Recent works have
reported analytical expressions for the symbol error rate (SER)
and the bit error rate (BER) of orthogonal STBCs. In [4],
Shin and Lee derived expressions for the SER of orthogonal
STBCs on Rayleigh fading channels. They derived the SER by
converting the multiple input multiple output (MIMO) system
model to an equivalent single input single output (SISO)
model. Recently, Simon in [5], and Taricco and Biglieri in
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[6], have reported exact expressions for the pairwise error
probability (PEP) as well as approximate expressions for the
BER for space-time codes.

In this letter, we derive analytical expressions for the BER
for linear STBCs from COD using QAM on Rayleigh fading
channels. We adopt a bit log-likelihood ratio (LLR) based
approach, where we first derive expressions for the LLRs
of the individual bits forming the QAM symbol, and then
use these LLRs to obtain the BER expressions. We point
out that this approach can be used in the BER analysis of
any STBC from COD with linear processing for any value
of M in an M-QAM system. Here, we present the BER
analysis and results for a 16-QAM system with i) (2-Tx, L-
Rx) antennas using the rate-1 Alamouti code, i7) (3-Tx, L-
Rx) antennas using a rate-1/2 code, and %) (5-Tx, L-Rx)
antennas using a rate-7/11 code. Another major usefulness of
this contribution is that the derived LLRs provide a soft metric
for each bit in the mapping, which can be used as soft inputs
to decoders for various coded QAM schemes with space-
time coding. Examples of such schemes include turbo coded
QAM with transmit diversity in high speed downlink packet
access (HSDPA) in 3G, and convolutionally coded QAM with
orthogonal frequency division multiplexing (OFDM) in digital
video broadcasting (DVB) and IEEE 802.11.

II. SYSTEM MODEL

We consider a wireless communication system with L
transmit and L, receive antennas. We consider space-time
block codes, where each codeword is a matrix with P rows and
L; columns, with complex valued symbols as its entries. Here,
P is the number of time slots required to transmit one code-
word. For some K information symbols, s1, sg, - - -, Sk, which
are selected from the 16-QAM constellation (see Fig. 1),
the entries of the codeword X = {zi, ¢t = 1,2,---,P; i =
1,2,---,L;} are a linear combination of the information
symbols si, k = 1,2,---, K, and their complex conjugates.
At time slot ¢, t = 1,2,---, P, the t*" row of the codeword
X (ie., z},22,---,2L*) is transmitted simultaneously from
L; antennas. The symbol transmission rate, R, is defined as
the number of information symbols transmitted per time slot,
i.e., R = K/P. The channel fade coefficients are assumed to

'Four bits, (r1,72,73,74) are mapped on to a complex symbol s =
Sk + Jskq- The horizontal/vertical line pieces in Fig. 1 denote that all bits
under these lines take the value 1, and the rest take the value 0.
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Fig. 1. 16-QAM Constellation.

remain constant over P time slots. The received codeword, Y,
can be written as

Y = XH+N, ey

where Y = {yg ct=1,2,---,P;j=12--- L.} is a
matrix of size P x L., whose entry y! is the signal received
at antenna j at time slot ¢; H = {h; ;} is the channel matrix
of size L; x L,, whose entry h;; is the complex channel
coefficient from the transmit antenna ¢ to the receive antenna j.
The random variables |h; ;|’s are assumed to be i.i.d Rayleigh
distributed with E(|h; ;|*) = Q. N = {n]} is the noise matrix
of size P x L,, whose entries are i.i.d complex Gaussian noise
with zero mean and variance o2.

Let C(.) be a mapping from a K-tuple complex message
vector s = (s1, S2, -+, Sk ) to the columnwise orthogonal P x
L, codeword X = C(s). Due to the columnwise orthogonality
of the linear orthogonal space-time block codes considered,
the L; x L; matrix C(s)f C(s) is given by

K
’ Z 9k, Lt|5k‘ }
k=1

2
where (.)f denotes the Hermitian operator, and G = {g,».n}
is a matrix of size K x L; whose entries can take non-
negative integer values (for example, for the Alamouti code
[7] gmn = 1, Vm,n). Assuming perfect knowledge of the
channel coefficients at the receiver, the combined signal output
for the symbol s is given by

K

C(s)" C(s) = diag {Z(gk 1/se[?)

k=1

Sk = Ag sk + G, 3)
where
Ly
Ar =" [gralhas® + grolha [+ + grr el
=1

“)
and (, is a complex Gaussian random variable with zero mean
and variance Ay, o2,

III. BIT LOG-LIKELIHOOD RATIOS
We define the LLR for the bit r;, ¢ = 1,2, 3,4, of symbol

sk, k=1,2,--- K, as
log
(rl = O\Y H)
(Tz - 1“9]@? )
= 10 5
g(Pr(rl—Osk, )) )
Assuming that all the symbols are equally likely and that the

fading is independent of the transmitted symbols, using Bayes’
rule, we have

LLR;, (r;)

> aes® oy H s, (5k|H, s = ) )

LLRS T‘,L- :log _
W (70) (ZBES@ JouH,sn (Sk‘H,Sk = ﬂ)

(26)
oo (o - aval’)
(6) can be written as
2 aesv (57 5k — Axall?) -
2 5es© eXP(&z 135 — AxBII?)

Since fgk‘HvSk (§k|H,Sk = Oé) =

where 67 = Ay 02,

LLR, (r;) = log (

Using the approximation log (Z] exp(—X j)) ~ —min; (X;),
LLR, (r;) can be approximated as?
1 N 2
LLRs, (1) = 52 (Brélé?)) Sk — Ag ﬂH

2
— min ‘?k AV aH ) . (8)
aeSEl)
Define k& complex variables, 2z, k = 1,2,---, K, as
- A 5
= — 9
2k AL 9

Using (9) in (8) and normalizing by 4/6%, LLR,, (r;) is
written as

Ay e e
LLR,, (r;) = — | min ||Zx — 8> — min ||Zx —a|? ] .
4\ ges©® acs™

(10)
Note that the set partitions Si(l) and Si(o) are delimited
by horizontal or vertical boundaries. As a consequence, two
symbols in different sets closest to the received symbol always
lie either on the same row (if the delimiting boundaries are
vertical) or on the same column (if the delimiting boundaries
are horizontal). Using the above fact, the LLRs for each of
the bits forming the symbol, sj, are obtained as

—dZp1 Ay, |Zkr| < 2d

LLR;, (r1) = 2d(d — Z1 ) Ak, Zer > 2d (11)
—2d(d + /Z\k[)Ak, /Z\k[ < —-2d
—d%\kQAk, ‘EkQ| <2d

LLRSk (7‘2) = 2d(d — /Z\kQ)Ak, /Z\kQ > 2d (12)
—2d(d + /Z\kQ)Ak, /Z\kQ < —=2d

2As we will see in Sec. V, the analytical BER evaluated using this ap-
proximate LLR is almost the same as the BER evaluated through simulations
without this approximation.
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LLR;, (r3) = d(|Zk1| — 2d) Ay (13)
LLRSI€ (7"4) = d(‘/Z\kQ‘ — 2d)Ak. (14)

In the above equations, Z; and QkQ are the real and imaginary
parts of Zj, respectively, and 2d is the minimum distance
between pairs of signal points. We note that, likewise, the
LLR expressions for other values of M in M-QAM can be
derived. For example, we have derived the bit LLR expressions
for the 32-QAM constellation in Fig. 4 of [10] as well as the
64-QAM constellation in Fig. 4 of [11] and presented them
in Table I. These LLR expressions can be used to derive the
BER expressions for M-QAM as illustrated in the following
section.

IV. DERIVATION OF BER

In this section, we derive the probability of error for the bit
T, ©=1,2,3,4, forming a 16-QAM symbol. The probability
of error for bit 1 in symbol s, Plfl, can be written as

Py = Pyija——aPr(ser = —d) + Py, ——3a Pr(ser = —3d)
+ Pyijoy,—aPr(skr = d) + P, =34 Pr(ser = 3d), (15)
where si; represents the real part of sj. Let us first consider

Plfl|su——d’ which is given by

(16)

where the overline indicates averaging over the complex
random variables {h; ;}. Pf = _ _qp1 can be written as

k k
Pb1|3k1:*d PbllSu:*dyH

1skr=
Ploan = Pr(LLRSk(rl) <0 spr = —d, H)
dv/A
= Pr (C d) :Q(—’“), (17)
Ay or
where 07 = 02 /2. Let us define

1 L K
:FZZ Gk,i-

=1 k=1

(18)

d 4E, R .
We then have o = \/3N.L, 3 where FEj is the energy per

bit per transmit antenna and R is the rate of the STBC used.
From the above, we can write

4E, R Ay
Poim—anm = Q (U W) . 19)
To obtain Pl{gl|sk1* e we need to uncondition Pb1|s“ _4H
w.r.t A, which 1s given by
L,
A=) (Qk,1|hl,j|2 + gr2lho [ 4 +9k,Lt\th,j|2)
j=1
L, Ly
= Gk, (Z |h1,j|2> +-tGrL, (Z th7j2> (20)
j=1 j=1
Let us define 6, Z L hnjl?m = 1,2,---, L. Since

|h; ;|2 are i.id exponent1a1 w1th mean 2, the random variables
0, are i.i.d Gamma random variables with density function

1
fgn(x) = mCXp( — %) ILT717 (21)

and the moment generating function (MGF) is given by

1 b
Mo, (s) = <1+SQ> '

(22)
Since Ay, = Zﬁ;l Gk,n0n, its MGF, M4, , is given by
L¢ 1 Ly
= S . 23
s M () @

Using the above and Craig’s formula [8], we can show that

[4FE, R A
k _ b k
Pb1|sk1:7d = Q( m)

z Ly .2 L,
1 2
:_/ H 251n—¢ do, (24)
T Jo=0 ;21 \SIN"O + L1gkn

Eb. Similarly, the conditional

27 R
5L§

error probability P,

where p1 = and Yo =

1‘5M:_3d7H is given by

PR sam = Pr(LLRSk (r1) < 0] sps = —3d, H)

Crr 36E, R Ay
(A_k > 3d> Q (, /75]\[0%€ )(25)

Unconditioning P, ——3au W r.t Ay, it can be shown that

bl‘sk[

[36E, R A,
Q( SNoLr & )

E S . 2 Ly
1 2
:_/ H 251n—¢ do, (26)
T Jg=0 o7 \SIN"P + pagkn

189, R

k
Pb1|3k1:*

=T 5 It can further be shown that Pbl‘s 4=
kI=
Pbl‘SM _yand Pb1|sk1:73d Pbl\sk1:3d' Moreover, for the 16-
QAM constellation considered, it can be shown that P}, = P,
and Pl = PF. With the above, the BER expressions for the

bits 71, ra, 13, 74 of the symbol s, can be written as

where o =

1
Phi=Ps = (P{“ + Pf) 27)

1
Ph=Ph = 3 (2131’*c + Pk ng), (28)

where Pf, j =1,2,3, are given by

1 3 L sin®¢ b
Pt o= - / 2 ) g, 29
J i ¢=0 g <51n2¢ + ﬂ]gk7n>

2 R 18y R 107 R
5L,¢° 5L.8 L.¢

Note that for STBCs where gy, = g, Vk,n, the integral in
(29) has a closed-form expression given by [9]
) k

LrLt p.L,—1
ph_ 1—X Z L.Ly—1+k 1+
i 2 ’ k 2
3D

and

i p2 = w3 = - (30)

k=0
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TABLE I

FADING. FOR 32-QAM, THE MAPPING OF BITS 7;’S TO BITS ij’S AND qj"S IN FIG. 4 OF [10] IS AS FOLLOWS:

1 =11,72 = q1,7T3 = 12,74 = q2,75 = 13.

| Bit | LLR Expressions for 32-QAM Expressions for 64-QAM
71 LLRSk (7’1) = —d/Z\j[Ak, |/Z\j[| S 2d —d/Z\j[Ak, ‘/Z\]1| S 2d
2d(d—/Z\j[)Ak, 2d < /Z\j[ <4d 2d(d—/Z\]1)Ak, 2d < /Z\j[ <4d
3d(2d — /Z\j[)Ak, 4d < /Z\j[ < 6d 3d(2d — fj[)Ak, 4d < /Z\j[ < 6d
4d(3d — %[)Ak, Ej[ > 6d 4d(3d — %[Ak, ,Z\j[ > 6d
—Qd(d + %‘[)Ak, —4d < Ej[ < —2d —Qd(d + %‘[)Ak, —4d < é\j[ < —2d
—3d(2d + ng)Ak, —6d < Ej[ < —4d —3d(2d—|— %])Ak, —6d < é\j[ < —4d
—4d(3d + /Z\j[)Ak, /Z\j[ < —6d —4d(3d + /Z\j])Ak, /Z\j[ < —6d
T2 LLRsk (’I"Q) = —dngAk, |§jQ| S 2d —dngAk, ‘%Q| S 2d
Qd(d — %}Q)Ak, :Z'\jQ > 2d Qd(d — %Q)Ak, 2d < ng <4d
—2d(d + /Z\jQ)Ak, Zio < —2d 3d(2d — ZiQ) Ak, 4d < zZjg < 6d
4d(3d — /Z\jQ)Ak, /Z\jQ > 6d
—2d(d + /Z’\jQ)Ak, —4d < Zjo < —2d
—3d(2d—|— %Q)Ak, —6d < ?jQ < —4d
—4d(3d + %Q)Ak, ?jQ < —6d
T3 LLRSk (7’3) = 2d(—3d+ ‘%1‘)Ak, |/Z\j[| S 2d 2d(—3d+ |/Z\jIDAk> ‘/Z\]1| S 2d
d(—4d +|Z1) A, 2d< |51l <6d | d(~4d+ [Z1]) Ak, 2d < |51] < 6d
2d(—5d+‘%[‘)Ak, 2d < ‘:2'\][| > 6d 2d(—5d+|5][‘)Ak, 2d < ‘:’i\][‘ > 6d
ra | LLRs, (ra) = | d(|Zjq| — 2d) Ak 2d(=3d+ [Zjg) Ak, [Zjql <2d
d(—4d+ 20D 2d< [l < 6d
2d(—5d+ |’Z\]‘QDA]€, 2d < ‘%Q| > 6d
rs | LLRs, (r5) = | d(2d — |Zj1]) A, |Zj1| < 4d d(2d — |zj1]) Ak, 21| < 4d
d(=6d + |Z;r[)Ak, |2 > 4d d(=6d + [Zr[)Ak,  |Zi] > 4d
ro | LLRyy (7o) = A2 TFoDAr, gl 24
d(=6d+ ZigD) A il > 4d
where \; = , /22 It is noted that, for STBCs including the following space time block codes:

1+gp;

rate-1 Alamouti code (C; given in the next section) and rate-
1/2 STBC (C; given in the next section), gj, are constants
(g = 1 for C; and g = 2 for C3), and hence the closed-
form expression in (31) can be used to compute the BER
for these STBCs. For STBCs where g, is not a constant
(e.g., rate-7/11 STBC Cs given in the next section), (29) can
be evaluated numerically and accurately using the Gauss-
Chebyshev Quadrature rule. The average BER for symbol
sk, k=1,2,--- K, PF, is then given by

e 1

P :Z(Pf1 + P+ Pl + P . (32)
Finally, the average BER of the system, P, is given by
1 X
Py = - kz_:l Pl (33)

The BER expressions for other values of M in M-QAM can
be derived likewise.

V. RESULTS AND DISCUSSIONS

We computed the BER performance of 16-QAM on
Rayleigh fading channels as a function of average SNR for

S1 52 53
—S52 S1 —54
—S3 54 S1
O G PR i
—S2 51 51 52 53
—s5 5] —5)
—s3  s;  S]
=S8y —83 8
and
S1 59 S3 0 S4
—s5 8] 0 53 S5
53 0 —s7 s S6
0 83 —85 —S1 St
sy 0 0 —s7 —s7
Cs = 0 sy 0 sg  —sh
0 0 sy s —sj
0 —sf —sg O 51
st 0 s7 0 So
—-sg —sy O 0 S3
ST —S¢ —S5 S4 0

C; is the well known Alamouti code with parameters P =
K=L;,=2 R=1,and CfCl is a 2 x 2 diagonal matrix with
the (i,7)" diagonal element, D(i, i), of the form Zi:l l|sx]|%
Cy is a rate-1/2 STBC with parameters P = 8, K = 4, L; = 3,
R =1/2,and C{1Cy is a 3 x 3 diagonal matrix with the (i,7)"
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4 I I
0 5 10 15
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Fig. 2. Comparison of the analytical BER evaluated using approximate LLRs
vs the simulated BER using the LLRs without approximation. 16-QAM with
rate-1 STBC (Alamouti code) in Rayleigh fading. 2-Tx/2-Rx and 2-Tx/1-Rx
antennas.

diagonal element, D(i, ), of the form Zizl(? l|sk]|?)- Cs is
a rate-7/11 STBC with parameters P = 11, K = 7,L; = 5,
R = 7/11, and Cfcg is a 5 x b diagonal matrix with the
(i,7)!" diagonal element, D(i, ), of the form

7
D(1,1) = D(2,2) = D(3,3) = D(4,4) =Y _ [|s*,(34)
3 7 =
D(5,5) = > (@lskl®) + Y skl (35)
k=1 k=3

In Fig. 2, we compare the analytical BER evaluated using
the approximate LLRs derived versus the simulated BER using
the LLRs without approximation for rate-1 STBC (Alamouti
code) using 16-QAM for 2-Tx/2-Rx and 2-Tx/1-Rx antennas.
It is observed that the analytically computed BER is almost the
same as the simulated BER, indicating that the approximation
to the LLRs results in insignificant difference between the
analytically computed BER and the true BER. We would like
to point out that the BER obtained using the approximate
LLR expression is the same as that of the ‘traditional BER
results for M-QAM’ (as published, for example, in the paper
by Cho and Yoon [10]). The reason for this observation is that
the decision statistic for each bit forming the QAM symbol
with Gray coding and approximate LLR is the same as that
of the conventional symbol-to-bit demapping approach. In
other words, without the approximation, the average BER
performance for M-QAM will be slightly better than the
conventional symbol-to-bit demapping approach. In [12], it
is shown that for all practical values of the bit SNR this
improvement can be negligible. We further point out that [13]
presents BER results for Gray-coded M-QAM by dividing
the SER by the number of bits per symbol. However, this
result is only approximate, as the exact BER analysis requires
evaluating the number of bit errors occurring for each possible
transmitted symbol. We also note that the approximate BER

—— No Diversity
—— 5Tx, 1 Rx
—— 5Tx, 2Rx
—=— 5Tx, 4Rx
—— 5Tx, 10Rx

Average Probability of Bit Error

¥, (dB)

Fig. 3. BER performance of 16-QAM with 5 transmit antennas and L, =
1, 2,4, 10 receive antennas using rate-7/11 STBC in Rayleigh fading.

Average Probability of Bit Error

—+— No diversity (1Tx, 1Rx)
—— 2Tx, 2Rx, Alamouti code
—— 3Tx, 2Rx Scheme (rate—1/2)
—&— 5Tx, 2Rx Scheme (rate-7/11)
-5 —— AWGN

Fig. 4. BER performance of 16-QAM with different STBCs in Rayleigh
fading; 7) 2 Tx antennas using rate-1 STBC (Alamouti code), 7z) 3 Tx antennas
using rate-1/2 STBC, %) 5 Tx antennas using rate-7/11 STBC. Number of
receive antennas, L, = 2.

results in [13] match the exact BER only at large-enough SNR
values.

In Fig. 3, we present the analytical results of the average
BER performance as a function of the average SNR, v, for
the rate-7/11 STBC, C3. The number of receive antennas
considered include L, = 1,2,4,10. Figure 4 presents the
comparative BER performance of the different STBCs Cy,
C> and C3 when the number of receive antennas L, = 2.
The performance in AWGN is also shown for comparison.
As we pointed out earlier, in addition to being used in the
BER analysis, the derived LLRs for the individual bits in the
QAM symbols can be used as soft inputs to the decoders in
various coded QAM schemes. As an example, we employed
the LLRs as soft inputs to the turbo decoder in a rate-1/3 turbo
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Average Probability of Bit Error

#——* AWGN
G——© Fading (No Diversity)|
-6 V—¥ 27Tx, 1Rx
G— 2Tx, 2Rx

2 25 3 35 45 5 55

4 y
Average SNR per bit (dB)

Fig. 5. BER performance of rate-1/3 turbo coded 16-QAM with two transmit
antennas and L, = 1,2 receive antennas using rate-1 STBC (Alamouti code)
in Rayleigh fading. LLRs of bits in QAM symbols used as soft inputs to the
turbo decoder.

coded 16-QAM scheme on Rayleigh fading without and with
transmit diversity using Alamouti code C;. Figure 5 shows
the simulated BER performance of the turbo coded 16-QAM
system using the derived LLRs as soft inputs to the decoder.
The turbo code used in the simulations is the one specified
in the 3GPP standard. Likewise, the LLRs can be used as
soft inputs to decoders in DVB and IEEE 802.11a, where
convolutionally coded QAM with OFDM is used.
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