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Abstract

Recently proposed physical-layer network coding (PNC)Ha$ demonstrated the promise to significantly
improve the throughput of wireless networks whose linkslmamodeled as additive white Gaussian noise (AWGN)
channels. However, the extension to multipath channelsolsl@matic, since the technique would then require both
amplitude and phase compensation at each transmittere Ritaspensation requires accurate distributed phase
tracking, whereas the required amplitude compensatiomen enore troubling, as it leads to an inefficient system
that yields no diversity even in the presence of perfect chbastimates. Here, a system that avoids these limitations
is obtained by reaching up one level higher in the networkahngdhy and performing distributed relay selection
with cognizance of the PNC technique that we will employ & ginysical layer. Since the resulting scheme will
achieve a form of selection diversity, we term it “networldow with diversity” (NCD). To facilitate performance
evaluation, two information-theoretic metrics, the oataand ergodic capacity, are studied. Our analytical and
simulation results show that the proposed protocol ackievere robust performance and higher system throughput
than comparable schemes. Finally, the proposed networkgadsl extended to the context of cooperative multiple
access channels, which yields a new cooperative protodal latiger outage and ergodic capacity compared with

existing transmission schemes.

I. INTRODUCTION

Network coding has emerged as a potentially powerful todhin design of communication networks
and has been widely studied since its introduction in [2]likéntraditional approaches to error control
coding in networks, where coding was performed at the edges'€nd-to-end”) or on individual packets
on a given link, network coding employs intermediate nodesdmbine and code packets. Originally
considered extensively in the context of wired communar®j there has recently been extreme interest

in applying network coding to wireless communication scmsa[3]-[6]. In fact, the broadcast nature of
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the wireless channel allows for the exploitation of somehef particular features of network coding. The
prototypical framework is that of two wireless transces/exchanging information through a relay that
lies geographically between them [7]. With standard nekwanding, the two transceivers each employ
one time slot to transmit a packet to the relay in a conveatitime-division multiple access (TDMA)
scheme. Next, the relay takes the exclusive-or of these wetgis and broadcasts the result during the
third time slot. Armed with the packet it sent to the relaycle®f the transceivers can then recover the
data originating at the other relay, with the network havamdy used three slots rather than the traditional
four [8].

Physical-layer network coding (PNC), as proposed in [1]ble 40 be even more efficient by reaching
down into the physical layer. In particular, when two tragigers wish to communicate through an
intermediate relay and the intervening channels can bemassuo be additive white Gaussian noise
(AWGN), accurate distributed transmitter phase compemsatf achievable, allows the PNC scheme to
have both transceivers transmit simultaneously duringiglesitime slot. Rather than attempting to decode
both of the packets, the relay only decodes the exclusivad-thre packets, which it then broadcasts during
the second time slot. As in the network coding example abeseh of the transceivers is then able to
decode the information sourced at the other transceivendw the network only required two time slots
for such an information exchange.

Hence, physical-layer network coding provides an idea thiépotentialfor significant throughput gains
in the wireless environment. However, due to the large spatld loss and multi-path fading generally
encountered on wireless links [9], there are significanblenms that need to be overcome. In particular,
the key step of PNC is to decode the sum received by the retagicdomplish such, the received signals
from the two transceivers must be both precisely phasehadtand have identical received powers. This
requires not only that each of the transmitters have prdeisgplitude and phase) channel estimates, but
also that each of the transceivers performs a form of predemion - a gain compensation to invert
the amplitude of the intervening channel from that transmeto the relay. Whereas the former issue
is problematic due to implementation difficulty, the latisrproblematic because channel inversion is
well-known to be quite inefficient. In particular, under rsard frequency-nonselective Rayleigh fading
channel assumptions, the average transmission power &fNiizscheme given by0°° ifx(:c)d:c — 0,
wherez = is exponentially distibuted andly(x) is the density function of, is unbounded.

The main aim of this paper is to design a new form of networkirggpavhich can exploit the core idea
of PNC to realize its significant throughput gain, but whisoids the difficult synchronization contraints
and large transmission power required to realize the poadeagtion. The solution we propose is arrived at

by viewing the problem more generally in the overall netwookitext. In particular, rather than assuming



that we are tasked with using a pre-selected relay, we iddteEas on exchanging the messages from the
two transceivers in a dense network where multiple relagsaarilable for selection as the intermediate
relay. By proper distributed relay selection, not only is theoughput gain of PNC realized, but a form
of multi-user diversity is provided. This leads to quite mmising results in terms of outage and ergodic
capacity, as demonstrated here.

The contributions of this paper are as follows. First, aritigted relay selection strategy is provided
that selects the relay whose resulting wireless links ast sadted for physical-layer network coding. The
operation of the distributed strategy will be similar to tilwd the strategy in [10], and our focus here
is how to determine the appropriate metric for relay sebectn the context of PNC. Second, an exact
expression for the outage capacity for the proposed NCD, #isawea simplified approximation for the
high signal-to-noise (SNR) region, are developed. Thirghempand lower bounds on the ergodic capacity
are provided for the NCD scheme, and it is subsequently shbanhthese bounds are relatively tight.
Finally, the proposed network coding with diversity is exded to the context of cooperative networks.
In particular, a new protocol is proposed in this paper fapmrative multiple access channels (CMA) by
exploring the features of network coding. It is well knowmtimany existing cooperative protocols, such
as those of [11] and [12], can yield large outage capacityshifer a loss in ergodic capacity compared
with direct transmission. By exploring the throughput mefitnetwork coding, the proposed CMA can
achieve larger ergodic capacity than existing coopergire¢ocols and direct transmission, which has not
been reported before.

This paper is organized as follows. The proposed networkngoprotocol is described in Section II.
For performance evaluation, two types of information-tleéic metrics, outage and ergodic capacity are
developed in Section Ill, and numerical results are showsection IV for performance comparison.
Then the proposed network coding with diversity is extenttedhe context of cooperative multiple

access channels in Section V. Finally, concluding remar&sgaven in Section VI.

Il. PROTOCOLDESCRIPTION

Consider a sensor network witN + 2 nodes, where two source nodes try to exchange information
with the help of theN relaying nodes. As shown in Fig. 1, the information exchaogesists of two
stages or time slots. During the first stage, both source snbdeadcast their information to the whole
network simultaneously. Unlike the PNC in [1], our propogedtocol does not rely on the assumption
of precise phase synchronizattorAnd note that no mechanism of channel pre-equalizatiomdsiired

at the transmitters here. The transmitted signals arrieer¢hays corrupted by additive Gaussian noise,

1Although we do need time synchronization, the use of time division dupletesys can ensure that time synchronization is a minor
difficulty compared with phase synchronization.



large-scale path loss, Raleigh fading distortion, and iatemnnel interference. Hence at the first time slot,

the observation of the relai, can be denoted as
Yr, = VPhig,s1 + VPhag,s; + wg,, 1)

where P is the source transmission powey,denotes the unit-power signal transmitted from the source
wg, denotes the additive Gaussian noise with powgr andh;r, denotes the gain from the sourcéo
the relay R,,. We employ a propagation model which includes path lossd@hdading and frequency-
nonselective Rayleigh fading [13]-[15], and can be modeked a

hir,, = jTR—R )
whered, ,, denotes the distance between the sousred the relay?,,, ﬁ depicts the large-scale behavior
of the channel gainy is the path loss exponent agg;, captures the channel fading characteristics due
to the rich scattering environment.

By using training symbols, it is reasonable to assume thdt eslay can obtain the knowledge of two
the incoming channels);z, and hog, (i.e. we make the standard assumption that the receiveas hav
channel state information). Due to the symmetry of timesion duplex systems, the incoming channel
and the return channel are assumed to be symmetiic,= hy, ;. Hence it is safe to conclude that each
relay node will have the access to its local channel infolmnavithout employing too much overhead. By
using such local channel information, a distributed stpatef relay selection can be carried out to ensure
the quality of the relayed transmission, where the detadisgussion of the strategy will be provided
at the end of this section. Consider that the ndtidas been chosen as the best relay. To simplify the
notations denote the channels between the two sources arzksh relay as,; andh,, respectively.

During the second stage, the best relay employs the aniplityard strategy and broadcasts the
compressed mixture/2hisityPhasstwy /P, to the two source nodes. Sinegis the information known

\/Plh1|2+Ph2|2+ Py
for sourcei, this part can be removed from the observation at the saunetich yields

B VPh;
\/P|h1|2 + P|h2|2 + P,
wherew; denotes the additive noise at the sourcafter algebraic manipulations, the mutual information

Yi (\/thsj + wg) + w;, (3)

that the sourceé can receive from the sourgecan be shown as
p*1ha|?|ho|?

2plhaf? + plhy 2+ 1]

where p = P/P, denotes the signal-to-noise ratio. As a comparable sch#émemutual information

Lijnep = log |1+ Vo i) & i,j€1,2], (4)

achieved by the direct transmission scheme is

Ipr = log [1—|—p|h|2] , )

whereh = — andd,, is the distance between the two sources.

Vi



A. Physical Network Coding

It is difficult to extend physical-layer network coding (PN@) the multipath environment, which is
the key motivation for this paper. However, we desire songechd extension as a standard of comparison
for our proposed scheme, and thus we employ the scheme frpmitfi a few modifications that make
it functional. In particular, we assume that the PNC scheimfl]ois able to obtain perfect transmitter
channel state information (CSI) to do its required distelouphase synchronization, but we also assume
that it uses such CSI to do pre-equalization of the amplit@eziously, one immediately imagines that
such pre-equalization will lead to inefficient signalingddonss of diversity gain, as noted above, but it is
required for the operation of the scheme. Note that the de@ischeme is only one of operable solutions
to extend PNC to multipath fading environments, and its psepis to provide a comparable scheme for
the proposed transmission scheme.

If the pre-equalization is perfect, the observation at #lay can be written as
Yr = VPsi + VPsy + wg, (6)

which will then be broadcast to the two source nodes. To beiggethe PNC scheme proposed in [1]
utilizes the decode-forward strategy, where the receivedume is decoded and mapped to a particular
constellation. As discussed in [11], the use of decode-dodvor amplify-forward strategy only results in
a slight difference for the outage capacity and diversityeor Hence, to facilitate analytical analysis, an
amplify-forward version of the original PNC scheme is pregd here.

Unlike the first stage, pre-equalization at the second stalj&e impossible since different destination
node requires different equalizer coefficients. Hence, ttemdcasted mixture will arrive the receivers
corrupted by path loss and fading distortion. After remgvthe known information, the sourcewill

observe
VP,
Yi = \/TTPUJ
whose mutual information can be shown as
p*|hil®
plhil2+2p+1]"

Comparing (4) and (8), one observation is that the proposed &&Dyield larger mutual information

(V'Ps;j +wg) +w;, @)

Zijpne =log |1+ V i#j & i,j€]1,2]. (8)

than the modified PNC scheme. Considering the large SNR regican be expected that both mutual
information can be written akg(1 + pz), wherex = % for NCD andz = ‘h'h‘T'; for PNC.
Provided that there are large number of relaying candigd#ttesuse of relay selection can make it possible
thatx > 1 for NCD. But x will be always less thani for PNC with or without relay selection, which

illustrates that wireless diversity gain is not fully utdid (as expected) by PNC. This is due to the fact that



PNC must treat the fading as a negative factor and uses thaei¢ee of pre-equalization to pre-cancel
channel fading. In the following sections, we will provideora detailed analytical and numerical results

to compare the performance of the two network coding schemes

B. A distributed strategy of relay selection

The distributed strategy is carried out at the medium acleg®s to select the best relaying node. To
be specific, the backoff period of each relay for carrier sgns inversely proportional to the quality of
its local channel information, where the detailed desmpfor such a distributed relay-selection strategy
can be found at [10]. Our focus here is how to determine thierasn for the link quality, which is
crucial to the implementation of the selection strategpnii(4), it is observed that the two destinations
have different preferences. Fortunately, these two peafes do not tend to contradict each other. The
relay whose channel$;; nop also has channels that yield a large value Zer ycp, if not exactly the
maximum.Although we currently do not have a formal proof tlas claim, which appears to be difficult
to establish with any reasonable utility, simulations shbet it is the case, as is provided Table I.

Consider two types of parameter setups. ThereMre 2 relaying candidates for the first setup and
N =10 relays for the second setup. The channel factor is geneeatgarding to (2) where the distance
between the relay?, and the source, d;g,, is random chosen from the rangern  10m]. For each
experiment, the best relay is chosen according to the fotipwriterion

|7 P ha?
2p1h 2+ plhal? + 1
which maximizes the value dfi; nop. Then using this chosen relay, the mutual information fa th

second sourcely; nep, IS calculated. Ergodic capacity is then obtained by imeleting Monte Carlo
simulation. Since such the chosen relay is suboptimal fersgtcond source, it can be expected that there
will some performance penalty for the capacity of the secamarce. However, as shown in Table I, such

performance loss due to the use of the suboptimal relay ikctadle.

[Il. | NFORMATION-THEORETICMETRICS. OUTAGE AND ERGODIC CAPACITY

In this section, we aim to study two different informatidrebretic metrics in order to evaluate the
performance of the proposed network coding protocol. Thst i termed as outage capacity, or outage
probability, which shows the robustness of a communicasigstem and measures the data rate that can
be supported with a certain error probability. The otherisnied as ergodic capacity, which is intended
to measure the long-term system throughput and obtained/énaging the mutual information over all
possible channel realizations. In the following, the espien of the two kind of capacity will be developed

for the proposed network coding protocol and compared withes existing schemes.



A. Outage capacity

First the definition of the outage capacity is given here.

Definition 1: a% outage capacity is the data rate that can be supporteda#ithi.e.,

P(Z < R) < a%.
From its definition, the outage capacity can be obtained fiteencumulative distribution function (CDF)
of the mutual informatior¥ . Provided the relay selection strategy is not applied, @oanrelay Rz,

is used for relaying. From (4), the mutual information agbtk by such a random relay can be written as

Iz,
Z,=log |1+ -——22" | 9
0g +2xn+yn+1 9)

wherex,, = 2p|hir,|* andy, = p|hag, |*. Due to the system symmetry, here we only focus on the mutual
informationZ,» yop and the subscriptiof12} will be omitted to simplify notations.

As can be seen from (2)hig,

2 will be exponentially distributed with the paramet&y, . So x,, will

be exponentially distributed with the parametey, = di% andy, will be exponentially distributed with

the parametep,,, = d"’/f". For the simplicity of analytical development, similar t5], it is assumed the

the distance between relays is far less than the distdpcavhich implies thatd;, = d;;, = d;, Vn # k.

Hence theN mutual information will be identically independent disuited, which can be ordered as
Iy <Z < < I (10)

And the relay corresponding to the largest value of the niutdarmation will be chosen according to
the description of relay selection, which means thaty = Zycp.

Hence it is desirable to first find the density functionZgf and then the order statistics can be applied
to find the CDF ofZ . Definez, = %i“—iﬂ and it is desirable to find the distribution function gf,
which is provided in the following lemma.

Lemma 1: Provided that: is exponentially distributed with, andy is exponentially distributed with

Ay, the CDF of the variable = —*%- can be shown as
z+y+1

Pz <z)=1—e M2 AN N 2(2 + DK (/4NN 2(2 + 1)) (11)

where K, (x) is the modified bessel function of the second kind.
Proof: See Appendix. [ |
From Lemma 1, it is interesting to remark thaémma 1lin [11] can be easily proved by using the
following approximation
Ki(x) ~ ~. (12)

Furthermore, we can have the following theorem about thagaiprobability of the proposed protocol.



Theorem 2: The exact expression of the outage probability for the pgedoNCD can be shown as

P(Inop < R) = (1 — e~ Qentd)r /6 K, (1/6,))Y. (13)

whered = 4\, \,,v(y + 1) andy = 2(2% — 1). And, at high SNR region, the outage probability of the
NCD can be shown as

ds 4+ 2d3) (2% — 1))V
P(Tyen < R) ~ L E i£ g (14)

Proof. See Appendix. [ |

From Definition 1, the outage capacity of the proposed pat@an be easily calculated by using
Theorem 2. Furthermore, an important conclusion from Téeo® is that the proposed network coding
protocol can achieve the diversity gaivi, which is due to its superior ability to explore the diveysit
of wireless multipath fading. Provided the existence of tipld relays, it is possible that we can find
one relay which has good connection with both two sourcesgiwfields the so-called multi-user/relay

diversity. As a comparable scheme, the PNC scheme can acthiewoutage probability as

2R 1 2R 1
P P

2R 1

~ Y ,
P
and the direct transmission scheme can have the outagehiiyba
L 2F—1

P(Ipr < R) ~ dlzTa (16)

where \; = d¢ and the last equality of (15) follows from the approximatiorf B~ 1 — . As can be
seen from (15) and (16), both the PNC scheme and the direxdnigsion can only achieve the diversity
gain 1. Hence, provided that NV R is large enough, it is safe to conclude that the proposed N@Brse
can have larger outage capacity than the PNC scheme, whitlordrates that the proposed NCD is
much more robust than the two comparable schemes.

Since the addressed scenario can be seen as a special cagealmftdd multiple-input multiple-output
system, to which the diversity-multiplexing tradeoff iss@alof interest. We recall the definition of the

diversity gain and multiplexing gain from [16], [17] as

log| P,
d= —lim —og[ e(P)]’ r £ lim _R(p)’ a7
p—oo  logp p—oolog p

where P. is the ML probability of detection error ang is the data rate in bits per symbol period. By
using Theorem 2, we can obtain the following corollary foe tradeoff.
Corollary 3: The diversity-multiplexing tradeoff for the proposed netw coding protocol can be
expressed as
d(r) =N(1—r). (18)



Proof: See Appendix. [ |
Again Corollary 3 confirms our claim that the proposed NCD protacan achieve the diversity gain
order N. Another important remark implied by Corollary 3 is that th€DI protocol can have the same
multiplexing gain as the direct transmission scheme, wdgereany exiting diversity schemes, such as the
ones in [11], [18], can only achieve the fraction of the npléking gainl. Such property is valuable
because higher multiplexing gain typically yields highegaglic capacity which will be discussed in detail

in the following subsection.

B. Ergodic Capacity

Recall that having larger outage capacity does not necbssamsure a system to have larger ergodic
capacity. For example, cooperative protocols typicallgldithe larger outage capacity than direct
transmission, but smaller ergodic capacity, which is duth&d relaying transmission could cost the extra
use of bandwidth resource. Recall that the proposed NCD onqlyines two time slots to accomplishing
information exchanging, the same amount bandwidth resoquired by the direct transmission scheme.
Hence an intuition tells us that the proposed NCD protocoukhbe able to avoid the loss of ergodic
capacity, which will be confirmed by the following developegsults. First the definition for the ergodic
capacity can be written as

Definition 2: Ergodic capacity is the long-term data rate that a systemsaaport, i.e.,

Ce = /OOO Zf7(T)dZ,

where fz(-) is the probability density function (PDF) of the mutual infeationZ.

Hence the calculation of the ergodic capacity requires tkgression of the PDF of the mutual
information Zycp. As can be seen from (11), the CDF of tlig includes the bessel function, which
makes that the exact expression of its PDF difficult to beinbth So it will be valuable for performance
evaluation to develop the lower and upper bounds of the @gmpacity. As a first step, the following
theorem provides the upper and lower bounds for the CDF of énable z,.

Lemma 4: Provided thatr is exponentially distributed with, andy is exponentially distributed with

Ay, the CDF of the variable = - can be bounded as

1—eWetM)z < Pz <2) <1 — (VRN (19)

Proof: See Appendix. [ ]
It can be expected that there are many other forms of boundB(fo < =), however, the two bounds in
Lemma 4 are chosen because of the similarity of their expmesH is interesting to observe that both two

bounds are exponentially distributed, which will simplifye the following derivation. The development
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of the upper and lower bounds of the ergodic capacity will xecdy same, just with different parameters.
By using Lemma 4, we can obtain the following theorem abouuttyger and lower bounds of the ergodic
capacity.
Theorem 5: The ergodic capacity of the proposed network coding prdtoao be bounded as the
following
log p — 210g(\/d23+ dy) + D < Cncp <logp — log(dg +d5)+ D (20)
whereC denotes the Euler’'s constant ahd= fo:_ol C¥(—1)"*1log(k+1) — Cloge — 1 is a constant
not related with SNR.
Proof: See Appendix. [ |

It can be easily to be obtained that the ergodic capacity ii@ctitransmission can be expressed as

Cpr = / h log(1 + x)\e Mdx (21)
= egloge[—Ei(—)\)}
~ —loge[C +In(\)] =logp —logdf, — Cloge
where\ = d—g’é’, Ei(-) denotes the exponential-integral function afid denotes the distance between the
two source nodes.
When SNR approximates to infinity, both two schemes will aghithe same ergodic capacify,r ~

Cnep =~ log(p). However, for moderate SNR, there will a constant differemeveen the ergodic capacity

achieved by two schemes, which can be bounded as

N—1
dOé
Cnep — Cpr > logdfy — 2log(\/ ?1 +/d3) + Z CNTH (=1 log(k + 1) — 1. (22)
k=0

Assume that the all relays are situated at the middle of tleestwurces, we can havk, = 2d;, and then

the difference of the two types of capacity can be simplifisd a

N—-1
1
CNCD — CDR > o — 210g(\/;+ 1) + Z C’]I%""l(_l)k-i-l 10g(/€ + 1) — 1. (23)
k=0

Note that for N > 2, we can havey n ' C5H(—1)¥'log(k + 1) > 1. Recall the typical value of the

path loss parameter is larger thar2. Hence we can obtain
Cnep —Cpr 2> 0, (24)

which demonstrates that the proposed NCD protocol can alamalfeve larger ergodic capacity than
the direct transmission scheme. Unfortunately, the cldead expression of the ergodic capacity for the
PNC protocol can not be found, but we will provide simulati@sults for detailed comparison in the

next section.
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IV. NUMERICAL RESULTS

In this section, we will provide detailed simulation resuib compare the performance of the proposed
network coding protocol with the two compared schemes, trecdtransmission and modified physical
network coding scheme. As discussed in Section II-A, thepstbPNC scheme is only one of feasible
solutions to extend PNC to wireless fading environments|, ié& purpose is to serve as a comparable
scheme and facilitate performance evaluation. Since Hothoutage capacity and ergodic capacity are
equally important information-theoretic measures, wd mibvide two subsections in the following for

the two types of capacity respectively.

A. Outage Capacity

Consider that the two sources are separated with the distgpee 2m, and all relays are situated at
the center of the two sourceg,, = ds,,, for n € [1,--- , N|. The path loss factor is set as= 2. Fig. 2
shows the outage capacity of the three transmission schandifferent SNR. As can be seen from the
two sub-figures, the proposed protocol can achieve largagewcapacity than the two compared schemes.
For example, at SNR 20 dB, 10% outage capacity of the proposed scheme with the use of tagsdés
3.5 bits/s/Hz whereas the physical network coding achiewds 2.5 bits/s/Hz and the direct transmission
scheme achieves even less, only 1.9 bits/s/Hz (see Figh2)cdpacity achieved by the proposed network
coding can be furthermore improved with the use of more gelay Fig. 2, the results obtained by using
the developed analytical formulations are also shown tolbgecto the Monte-Carlo simulation results,
which demonstrates the accuracy of our developed andlygsalts.

When the distance of the two sources is enlarged, the perfmenaf all schemes will be reduced as
expected. As shown in Fig. 3, it is interesting to observe tiha PNC can achieve larger outage capacity
than the proposed NCD at low SNR. But by increasing SNR, evegtttal PNC will be outperformed
by the proposed scheme. The reason for this phenomenon calarbieed as the following. Recall from
Theorem 1, the outage probability of the proposed protapltoportional topLN multiplied by a constant.
For low SNR, the constant multiplier could dominate the oatpgobability, and hence the difference
of the diversity gain is not much important. But at the highiosegof SNR, pLN becomes the dominant
factor, and eventually a scheme with higher diversity gdiousd achieve large outage capacity than the

one with lower diversity gain.

B. Ergodic Capacity

Recall that the ergodic capacity provides us the long-terouihput a system can achieve. In Fig. 4, the

ergodic capacity achieved by the three schemes is showruaston of SNR. As can be seen from the two
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sub-figures, the proposed protocol can achieve larger ergagacity than the direct transmission scheme
at all SNR and the source separation distance, which is stems$ito the analytical results developed at the
end of Section Ill. One interesting observation from Figs4hat the physical network coding is possible
to outperform the proposed protocol for the large distahhgeOne reason for this is that large scale path
loss becomes the dominant factor compared with the smd# sealtipath fading. But a more important
reason is thathe PNC utilizes the higher transmission power due to the usthefpre-equalization
technology.For example, the signal transmitted by the souroan be written a@, which means
the average transmission power of the sourcég{igimes of the power used by the proposed protocol.
Furthermore, Fig. 5 is provided to show the relationshipheftiwvo developed bounds and the actual value
of the ergodic capacity for the proposed protocol. As candendrom the figure, the capacity of the

propose scheme is accurately bounded within the area ddfindlde upper and lower bounds.

C. PNC with Diversity

The results provided previously show that our proposed edpesform the modified PNC and direct
transmission schemes. Note that the discussed relay iselex@n be also applied to the PNC scheme.
Hence it is an interesting question how the proposed netwoding protocol compares with the PNC
scheme with diversity, which is answered by Fig. 6. Recalt the mutual information for the PNC
scheme can be written as
P*|hg,il?
plhp,l* +2p+ 1]
which implies thatZ,, pyc prefers the relay with the largest value |éfz, 1 |*, but Zo; pyc prefers the

Iij,PNC =log |1+ V i#£7 & i,j€ [172] (25)

relay with the largest value ofir »|*>. As one possible tradeoff, we choose the relgy maximizing

|hrp1l?|hry2l?
[PR, 12+ ARy 2]?

\hg,:|* with constraint|hg,1|?/|hr,2/> = 1. As can be seen from the figure, the performance of the

during the simulation, which will pick up the relay with thargjest value of both two

PNC scheme could be improved by increasing the number ofinglacandidates. However, the proposed
scheme can achieve better performance than the PNC witlnsitjvespecially for the large number of
relaysN. For different source separation distance, the PNC schemesisible to outperform the proposed
scheme. But the PNC scheme will always suffer the following vawbacks. Firstly it requires the
perfect synchronization. Furthermore, the PNC schemedjlgirequires larger transmission power than

our proposed protocol, specially for the long distance ketwthe two sources.

V. EXTENSION TO COOPERATIVEMULTIPLE ACCESSCHANNELS

The network coding protocol discussed previously is onlgasle for the scenario that two sources

are exchanging information with each other. In this sectimidea of the network coding with diversity
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is extended to the cooperative multiple access channelssi@na centralized communication system
with 2 single-antenna sources, one relaying node and a central mdakre the described protocol can be
extended to the multi-user scenarios straightforwardniptas of such communication scenario could be
a cellular system with multiple users communicating to aelstation, or a sensor network controlled by
a data-fusion center.

Similar to the scheme discussed previously, the cooper&tnsmission consists of two stages. During
the first stage, both two sources are broadcasting theiragessimultaneously, where both the relay and
the common destination are listing. For the addressed alezetd system, the strategy of relay selection
can be easily implemented, which will be omitted due to thacsplimitation. The question of how to
choose the criterion for relay quality comparison will bealissed later. Denot® as the relay which is

chosen as the best relaying. Hence the observation at thedbeg can be written as

Yr = hirs1 + hagsz + ng, (26)
and the observation at the central node is

Yp1 = hipsi + hapss + ny, (27)

whereh,;, denotes the coefficient of the channel from the sourtethe noder.
During the second stage, the relay will compress its obsiervaand forward it to the central node.
Hence at the second time slot, the the destination will vecei

h
Ypo2 = %yr + ng. (28)

where = /|h1 r|? + |hor|*> + 1/p is the factor to meet the power constraint. And combining @Td

(28), the signal model for such cooperative multiple acazssbe expressed as
Yo = Hs + np, (29)
T h T
whereyp = [ym ym} , p = [m ny + ~%2ng| and

I hi,p ha.p
| hr,phi,r  hgr,Dho.R

g 2
Provided that a symmetric system is assumed here, the miafoanation each use is able to achieve

can be written as
1
Toma = ; logdet L + HC,'H], (30)

1 0
whereC, ' = F{nn”} = o2 ,a=1 /(1 + ””76—5'2> , o is the noise power and the factgris
0 «

due to the fact that communication happeng isuccessive channel uses.



14

After some algebraic manipulations, the mutual infornraan be written as

p*|hr.pl?
|h1,r|? + |h2,r[* + |hr,p|?
X (|h1,p*|ho,r|? + [ho,p|?|h1,r|* — 2R{h} pha.ph1rhS £})]

1
Zema = 3 log[l + palhrp|* + p(|h1,pl* + |he.p|?) + (31)

which provides the criterion for the relay quality comparisAccording to Jensen’s inequality, the ergodic
capacity of such a system can be shown as
E(Zona) > SogE{[L+ palhnp + pllhn,of? + ha,pl?) + L EOE
2 |h1r|? + |ho.r|? + |hr.D|
X(|h1,p*lha,r|? + |hao,p |l r|* = 2R{RT pha ph1 rh )]}

P?\hr.pl*
|h1,r|* + |ho,r|* + |hRD|?

(32)

1
5109;5{[1 + palhg pl? + p(|ha,p|* + |hop|?) +

X (Ihp*ho,rl* + |ho,p[*1ha,r ")}

Q

On the other hand, recall the signal model for direct trassian can be written as

hip O
Yp = S + npg, (33)
0  hep

which results the mutual information
1 2 2 2 2 2
Ipr > §log[1+p<lh1,p\ + h2,p|") + 2p7| b1 p|"|ha,p|7]- (34)

Assuming that there are sufficient candidates for relayiodes, it is possible that we can find a relay

with good-quality incoming and outgoing channels to swtisf

|h o (Iha,ml”> = vlhopl?) >0 & |hop|*(|hrl* = ylhiol?) >0 (35)
wherey = 1/|h1,R\2+:Z§}5‘22+|hR¢D|2' Now combining (34), (32) and (35), with sufficient candemtof

relays, we can obtain

E{Zomat > E{Tpr}- (36)

Such superior performance is due to the spectrally effigienic the proposed CMA. The whole
transmission process for the proposed scheme only reguwiesme slots, whereas relaying transmission
for most existing cooperative schemes requires the exwaotisime slots. For performance evaluation,
it will be desirable to obtain the exact expression of theagatprobability and ergodic capacity for the
proposed protocol. However, the expressioZgf; 4 in (30) is quite complex, and hence the performance
of the proposed CMA will be examined by using Monte-Carlo setiohs.

Consider an indoor rich-scattering environment which isidsily assumed by existing cooperative

schemes as in [11], [12]. Hence all addressed channels ctnedied as identically independent Raleigh
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distributed. The performance of the direct transmissidresee as well as the classical cooperative scheme
in [11], termed as the LTW scheme, is shown as the two comfsasahemes. To be fair for the comparison,
the strategy of relay selection is also applied to the LTWesoh. In Fig. 7, the ergogic capacity of the
three schemes is shown as a function of SNR. As can be seen l@rigure, the LTW protocol can
only realize a fraction of the capacity achieved by direah&mission. The reason for such phenomenon
is that the LTW scheme requires the extra use of one chaneetausicrease the reception reliability.
However, the proposed cooperative protocol does not satieh loss of ergodic capacity as shown by
the figure. The last figure, Fig. 8, shows the density functbrihe mutual information for the three
schemes. In general, the proposed cooperative scheme ki@veathe largest outage probability for any
outage probability, whereas the LTW scheme can only enfigréarger capacity than direct transmission

at small outage provability.

VI. CONCLUSION

Physical layer network coding (PNC) has demonstrated themigeto provide significant throughput
gains in wireless networks [1], but significant problems xteading the technique to multipath fading
channels have motivated questions about its widesprebiy.utlere, by reaching up to higher layers of
the network and selecting a relay resulting in channel dtarstics matched to the PNC approach, we
are able to achieve the promise of physical-layer netwodingpand also to couple it with multi-user
diversity gains. Two information-theoretic metrics, thetage and ergodic capacity, have been evaluated
for the proposed scheme. The analytical and confirming sitiaul results show that the proposed protocol
can achieve better performance than comparable schemileiffoiore, by using the proposed approach
to network coding, a new protocol of cooperative multipleess channels has been developed, which
is shown to achieve more robust performance and highermy8teoughput than a direct transmission

scheme and a classical cooperative protocol.

APPENDIX
Proof for Lemma 1 :Recall that both two variables an y are exponentially distributed. From the
definition, the CDF function can be written as

Pz < 2) = // A N\ e MY dady (37)

xy
TryTl P

Sincex > 0, the integral area can be separated into two parts, and waaan

Pz <2z2) = //\ye_’\yy/ Ape N dady (38)
0

0
zy+z

—I—/ )\yeAyy/yz Ao M dxdy.
z 0
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The first part at the left side of (38) can be easily calculaed

/ Aye Y / o€ M %dxdy =1 — e M. (39)
0 0
For the second part of (38), we can simplify it as
o0 e
/ Aye Y / Aee T dxdy (40)
z 0
= / )\yef)‘yy [1 —e Zyyjzz] dy
= e —)\ye_A“Ze_Ayz/ e O dt, (41)
t=y—z 0

wherea = )\, and 3 = 4\, z(z + 1). Unfortunately, the closed-form of the integral in (41) do®t exist,

and we have to rely on the bessel function. From Eq. (3.324.119], (41) can be written as

zy+z

/ Ay / T e dady (42)
. 0

4\ 1
— oM _ Ayef,\zze—Ayz @Kl( A Npz(z2 4+ 1)).

Y

Then combining (39) and (42), the lemma can be proved aftmesalgebraic manipulations.

[
Proof for Theorem 2 First the CDF of the mutual informatioh, is obtained as the following
P(T, < R) = P(— 2" 9(29f _ 1)), (43)
Ty +yn+1
By using Lemma 1, we can obtain
P(Z, < R) =1 — e QT2 /0 K, (\/0,) (44)
wheref,, = 4\, A\, y(y + 1) andy = 2(2% - 1).
By using the order statistics, the density function of thgdat value can be expressed as [20]
P(Iny<R) = (P(Z,<R)Y (45)

= (1 O B (V)Y

Sinced,, = 4\, \yny7(y+ 1), we can haved — 0 for p — oo and a fixed value of the data rai& Hence
by using the approximation in (12), the CDF of the outage poditya can be approximated as

P(Iivy<R) ~ (1—e Qentlomm)N (46)

~ fYN()\xn + )\yn>N>
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where the last inequality follows from the approximatiort ~ 1— 2. And the high-SNR approximation

xr—

of the outage capacity is proved. [ |

Proof for Corollary 3 :As pointed out in [16], [17], the optimal error probabilitarc be tightly bounded
by the outage probability, provided that the block lengtHoisg enough. So in the following, we will
develop the diversity-multiplexing tradeoff by using thetage probability.

Following the similar steps in [12], [16], [17], the divesimultiplexing tradeoff for the proposed PNC

can be obtained by substituting = r log p into the expression of the outage capacity (45) as

P(Inep <rlogp) = (1— e’Q(A’"Jr’\y")(”T’l)\/aKl(\/ 0,))". (47)

wheref,, = 8\ Ayn(p” — 1)(2(p" — 1) + 1). So from the definition of the diversity gain, we can have
log P(Z(ny < rlogp)

dir) = —lim .
e log p
o log p

[ [

Recall that),,, = dl;;” and )\, = d2§", which resultsf,, = 4%@” —1)(2(p" — 1) + 1). From the

definition of the multiplexing gain, we can have thag 1, which means thaf,, — 0 for p — co. So

again using the property of the bessel function, we can btai

d = —1li
(r) p1—>rgo log p

1 r—1\N
iy o)

p—oo logp
= N(1—-r).

(49)

And the proof for the corollary is completed. [ |

Proof for Lemma 4 Recall that the CDF of the variablecan be written as

Plz < 2) = 1— e O JIn A 2 (2 + DK (40D 2(2 + 1)), (50)

First of all, the upper and lower bounds of the bessel funcéiee found. Recall from 8.432.3 in [19], the

modified bessel function of the second kind can have thevimtig integral representation

T
RREETE

/OO e (2 — 1)V2dt, [z > 0], (51)
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wherel'(z) denotes the Gamma function. Since: 0, we can have the following inequality

- 2T L
= e_z/ e “dy
y=t—1 0

Ki(z) > zr(é)/we_“(t—l)dt (52)

ot
The upper bound of the bessel function can be found from i$hemn integral representation from 8.432.6
in [19] as

K ) 53
O A ! (53
Sincet > 0, we can have* < 1, and hence
2 [Pe T
K < - 4
1
B z
Combining (52) and (54), the modified bessel function of theoed kind can be bounded as
. 1
¢ < K1(2> § -. (55)
z z
Applying the two bounds to the expression in (50), we can have
1 — e—()\x—l-)\y)z < P(Z < Z) < 1- 6—()\x+>\y)ze— A Ayz(z+1) (56)
< 1= e Cetrt2vAay/ Nz
And the lemma is proved.
[
Proof for Theorem 5 Recall that the the mutual informatidfiyop can be written as
1
Incp = log ll + §Z(N)] ) (57)

wherez(y) is the largest value of th&' variablesz, = %:f:—yﬁfﬂ By using the order statistics and Lemma 4,

the CDF ofz(y) can be bounded as
9 N
(1= X9 Y < Plagy < 2) < (1 — e~ (Vi) Z) . (58)
Hence the ergodic capacity of the proposed network codingppol can be bounded as

1@ (VA + V&))< Cuen < F2(A + ) (59)
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where f(-) is defined as
fA) = / h NXe (1 — e )N tlog(1 + 2)dz. (60)
0

The justification from (58) to (59) will be provided after tipeoof for Theorem 5. Define = y — 1 and

use the binomial coefficients to have
N—-1

FQ) = logeNAY  Ch_j(—1)FerD / A ydy (61)
k=0 1

N-1
1
— logeNAY Oy (—1)fer {——Em—u)} ,
k=0 K
where . = Ak + 1), E;(-) denotes the exponential-integral function and the secanuality follows

from Eq. 4.331.2 in [19]. Recall that the exponential-in#giunction can have the following series

representation
0 k
Ei(r) = C+In(—2) + Y ﬁ (62)
k=1 ’

which means that the exponential-integral function can fygg@imated as
Ei(x) = C+In(—z), for x— —0. (63)

Recall that bott2(), + A,) and 2 (vX; + /A,)” will be close to zero for large SNR, which results

the following approximation

N-1

f(A\) = logeN Z ch . (=1)

k=0

py1 1 eCAk +1)]
k41 '

(64)

where the approximation of * ~ 1 — x has also be applied. After some mathematics manipulations,

Tr—>

the expression of the functiofi\) can be written as

N-1

FO) & loge Y  CRT(=1)F " In[eCAk + 1)] (65)
k=0
N-1 N—-1

= loge Z C¥H (=1 In[e€(k 4+ 1)] + In Moge Z CrHA(—1)M
k=0 k=0
It is surprising to find that the summa&jk]\;1 C¥(—1)%+1 can be simplified as the following
N—-1 N
k41 1\k+1 _ AR

Z CY DM = ;Om 1) (66)

N . .
= ) Cu(-1' -1
1=0

1-DY —1=1.

—~ .
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Hence by using this result, we can have

N-1
FO) =Yk (=1 log(k + 1) — Cloge — log A. (67)
k=0
Combining (59) and (67), the theorem can be proved. [ |

Justification for(59): Combining (57) and (58), the CDF of the mutual information floe {proposed

protocol can be written as
N

e e R i A (1 — Vet Ay)Q(ZZ‘I)) . (68)
Without losing generality, we only focus on the first inedtyain (68). Define Fi(z) = P(Zyep < ),
Fy(z) = (1- e‘wz“y)@z‘l))N and f;(r) denotes the PDF function df(z). The justification of (59)
is equivalent to prove

/Oo zfi(x)dr < /OO z fo(x)dx (69)

0 0
provided thatF}(x) > Fy(x). The proof for this claim requires the following property thie two PDF

functions. There is only one unique solution for the equafigz) — f2(x) = 0 for z € (0, o), denoted as
x*. Although currently we are not able to find the formal proaf flois property, simulations show that it
is the case. Generally the two addressed PDF functions cahdven as in Figure 9. Sindg, (z) > F»(z),

hence we have,(z) — fo(x) <0 for z € (0,2*] and f,(z) — fo(z) > 0 for z € [z*, 00). Rewrite (69) as

*

/0 " o) — folw))dr = / " 2lhi(@) — folo)lda + / " alfu() — o)z (70)

< o [ 1@ - hele+a’ [ @) - A

It is interesting to find thatfox* [fi(z) — fo(x)]dz will be the area for the bounded pa#t shown in
Figure 9 and[ [ fo(z) — fi(z)]dx will be the area for the pa. Due to the constraint thaff” f,(z)dz =
f0°° f2(x)dx = 1, it can be obtained that the area for the parts equal to the one foB3. Using such

equality, (70) can be written as

/ " o) — fala))dz < 2° x 0 =0, (71)
0

and the claim in (69) is proved.
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Fig. 1. A diagram for the addressed information exchanging scenaddte transmission strategy for the proposed network coding with

diversity.
TABLE |

PERFORMANCE LOSS DUE TO THE USE OF A SUBOPTIMAL RELAY

C\SNR 5 10 15 20 25

Co1,optimal, N =2 0.2580 | 0.6899 | 1.5452| 2.7370| 4.2098
Ca1,suboptimal, [N = 2 0.2549 | 0.6744| 1.5115| 2.6687 | 4.1068
Ca1,0ptimal, N = 10 0.8953 | 1.9070| 3.2431| 4.8207 | 6.4140
Ca1,suboptimal, N = 10 | 0.8722| 1.8572| 3.1434 | 4.7216| 6.2969
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results obtained by using the Monte-Carlo simulations, and the dotted linesegyts the results calculated by using the proposed analytical

formulations.
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